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W/ ith American students fully prepared for the future, our 
communities will be best positioned to compete successfully 
in the global economy. — Common Core State Standards Initiative 


What is the goal of the Common Core 
State Standards? 


The mission of the Common Core State Standards is to provide a consistent, clear understanding 
of what you are expected to learn, so teachers and parents know what they need to do to help 
you. The standards are designed to be robust and relevant to the real world, reflecting the 
knowledge and skills needed for success in college and careers. 


Who wrote the standards? What are the major points of the standards? 

The National Governors Association Center for Best Practices The standards seek to develop both mathematical 

and the Council of Chief State School Officers worked with understanding and procedural skill. The Standards for 
representatives from participating states, a wide range of Mathematical Practice describe varieties of expertise that 
educators, content experts, researchers, national you will develop in yourself. The Standards for Mathematical 
organizations, and community groups. Content define what you should understand and be able to 


do at each level in your study of mathematics. 
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Preparing for Geometry 


Get Started on Chapter 0 


Pretest 
0-1 Changing Units of Measure Within Systems 
0-2 Changing Units of Measure Between Systems 
0-3 Simple Probability 
0-4 Algebraic Expressions 
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0-8 Systems of Linear Equations 
0-9 Square Roots and Simplifying Radicals 
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Unit 1 | Geometric Structure 


Tools of Geometry 


Get Ready for Chapter 1 


1-1 


1-2 


1-5 


1-7 


Points, Lines, and Planes 
LL) Extend: Geometry Lab Describing What You See 


Linear Measure 
LL) Extend: Extension Lesson Precision and Accuracy 
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= Mid-Chapter Quiz 


Angle Relationships 
A Extend: Geometry Lab Constructing Perpendiculars 


Two-Dimensional Figures 
Gel Extend: Geometry Software Lab Two-Dimensional Figures 


Three-Dimensional Figures 
o Extend: Geometry Lab Two-Dimensional Representations of Three-Dimensional Objects 
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= Study Guide and Review 
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= Preparing for Standardized Tests 

= Standardized Test Practice, Chapter 1 
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Unit 1 | Geometric Structure 


4 Mathematical 
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2-3 Conditional Statements 107 
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Unit 1 | Geometric Structure 
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Perpendicular Lines 
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Get Ready for Chapter 3 171 >) content 
3-1 Parallel Lines and Transversals 173 G.cO.1 

bel Explore: Geometry Software Lab Angles and Parallel Lines 179 G.C0.12 
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oy Your Digital Math Portal 
foyy) Animation Vocabulary Multilingual (—_]] Personal Tutor 
“4 pp. 215, 234 ind pp. 198, 237 eG eGlossary (er pp. 201, 297 


pp. 172, 236 


allalseyy/asnoypoom Awesar 


no 
(<2) 
i=) 
oS 
= 
= 
5S 
— 
N 
= 
= 
a 
x 
< 
a 
= 
c= 
i=) 
Oo 
(p) 


Unit 2 | Congruence 


Get Ready for Chapter 4 
4-1 Classifying Triangles 


hy Explore: Geometry Lab Angles of Triangles 
4-2 Angles of Triangles 


4-3 Congruent Triangles 


4-4 Proving Triangles Congruent—SSS, SAS 
A Extend: Geometry Lab Proving Constructions 


= Mid-Chapter Quiz 


4-5 Proving Triangles Congruent—ASA, AAS 
A Extend: Geometry Lab Congruence in Right Triangles 


4-6 Isosceles and Equilateral Triangles 


fq Explore: Graphing Technology Lab Congruence Transformations 
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4-8 Triangles and Coordinate Proof 
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= Study Guide and Review 

= Practice Test 

= Preparing for Standardized Tests 

= Standardized Test Practice, Chapters 1-4 
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Get Ready for Chapter 5 
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A Explore: Geometry Lab Constructing Bisectors 
Bisectors of Triangles 


A Explore: Geometry Lab Constructing Medians and Altitudes 
Medians and Altitudes of Triangles 


Inequalities in One Triangle 
m= Mid-Chapter Quiz 


# Explore: Geometry Lab Matrix Logic 
Indirect Proof 


fl Explore: Graphing Technology Lab The Triangle Inequality 
The Triangle Inequality 


Inequalities in Two Triangles 


ASSESSMENT 

= Study Guide and Review 

= Practice Test 

= Preparing for Standardized Tests 

= Standardized Test Practice, Chapters 1-5 
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Unit 2 | Congruence 


Get Ready for Chapter 6 


6-1 Angles of Polygons 
fel Extend: Spreadsheet Lab Angles of Polygons 


6-2 Parallelograms 


fq Explore: Graphing Technology Lab Parallelograms 
6-3 Tests for Parallelograms 


= Mid-Chapter Quiz 
6-4 Rectangles 
6-5 Rhombi and Squares 
6-6 Trapezoids and Kites 


ASSESSMENT 

= Study Guide and Review 

= Practice Test 

= Preparing for Standardized Tests 

= Standardized Test Practice, Chapters 1-6 
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G.MG.1 
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Self-Check 
y Practice 
. pp. 375, 444 


Unit 3 | Similarity 


Get Ready for Chapter 7 


7-1 


7-6 


7-7 


Ratios and Proportions 
fq Extend: Graphing Technology Lab Fibonacci Sequence and Ratios 


Similar Polygons 


Similar Triangles 
LL) Extend: Geometry Lab Proofs of Perpendicular and Parallel Lines 


Parallel Lines and Proportional Parts 
= Mid-Chapter Quiz 


Parts of Similar Triangles 
LL) Extend: Geometry Lab Fractals 


Similarity Transformations 
Scale Drawings and Models 


ASSESSMENT 

= Study Guide and Review 

= Practice Test 

= Preparing for Standardized Tests 

= Standardized Test Practice, Chapters 1-7 
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G.MG.3 
G.SRT.2 


G.SRT.4, G.SRT.5 
G.GPE.5 
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4 Mathematical 
Get Ready for Chapter 8 535 ss) content 
8-1 Geometric Mean 537 G.SRT.4, G.SRT.5 
hy Explore: Geometry Lab Proofs Without Words 546 = -G.C0.10 
8-2 The Pythagorean Theorem and Its Converse 547 G.SRT.8, G.MG.3 
LL) Extend: Geometry Lab Coordinates in Space 556 
8-3 Special Right Triangles 558 G.SRT.6 
fq Explore: Graphing Technology Lab Trigonometry 567 = G.SRT.6 
8-4 Trigonometry 568 — G.SRT.6, G.SRT.7 
fq Extend: Graphing Technology Lab Secant, Cosecant, and Cotangent 578 = G.SRT.6 
m= Mid-Chapter Quiz 579 
8-5 Angles of Elevation and Depression 580 G.SRT.8 
8-6 The Law of Sines and Law of Cosines 588 —G.SRT.9, G.SRT.10 
th Extend: Geometry Lab The Ambiguous Case 598 = G.SRT.11 
8-7 Vectors 600 G.GPE.6 
Wy Extend: Geometry Lab Adding Vectors 609 
ASSESSMENT 
= Study Guide and Review 610 
= Practice Test 615 
= Preparing for Standardized Tests 616 
= Standardized Test Practice, Chapters 1-8 618 
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Get Ready for Chapter 9 621 ) Content 
9-1 Reflections 623 G.C0.4, G.C0.5 
9-2 Translations 632  G.C0.4, G.CO.5 
. Explore: Geometry Lab Rotations 639 G.C0.2, G.CO.5 
9-3 Rotations 640 G.C0.4, G.C0.5 
Extend: Geometry Lab Solids of Revolution 647 G.GMD.4 
m Mid-Chapter Quiz 649 
fel Explore: Geometry Software Lab Compositions of Transformations 650 G.C0.2,G.C0.5 
9-4 Compositions of Transformations 651 G.C0.2, G.C0.5 
LL) Extend: Geometry Lab Tessellations 660 
9-5 Symmetry 663 6.c0.3 
A Extend: Geometry Lab Exploring Constructions with a Reflective Device 670 = G.C0.12 
bel Explore: Graphing Technology Lab Dilations 672  G.SRT.1 
9-6 Dilations 674 G.CO.2, G.SRT.1 
Wy Extend: Geometry Lab Establishing Triangle Congruence and Similarity 682  G.C0.8, G.SRT.3 
ASSESSMENT 
= Study Guide and Review 684 
= Practice Test 689 
= Preparing for Standardized Tests 690 
= Standardized Test Practice, Chapters 1-9 692 
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lA Mathematical 

Get Ready for Chapter 10 695 ss) Content 
10-1 Circles and Circumference 697 G.C0.1, 4.0.1 
10-2 Measuring Angles and Arcs 706 G.C.2,6.0.5 
10-3 Arcs and Chords 715 G.C.2,6.MG.3 
10-4 Inscribed Angles 723 G.C.2,6.C.3 

= Mid-Chapter Quiz 731 
10-5 Tangents 732  G.C0.12,G.C.4 

A Extend: Geometry Lab Inscribed and Circumscribed Circles 740 = G.C0.13, 6.6.3 
10-6 Secants, Tangents, and Angle Measures 741 
10-7 Special Segments in a Circle 750 
10-8 Equations of Circles 757 — G.GPE.1, G.GPE.6 

¥ Extend: Geometry Lab Parabolas 764 = G.GPE.2 

ASSESSMENT 

= Study Guide and Review 767 

= Practice Test 71 

= Preparing for Standardized Tests 772 

= Standardized Test Practice, Chapters 1-10 774 
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Get Ready for Chapter 11 777 >) content 
11-1 Areas of Parallelograms and Triangles 779 G.GPE.7 
f Explore: Graphing Technology Lab Areas of Trapezoids, Rhombi, and Kites 787 
11-2 Areas of Trapezoids, Rhombi, and Kites 789  G.MG.3 
iA Extend: Geometry Lab Population Density 797) = G.MG.2 
11-3 Areas of Circles and Sectors 798  G.C.5,G.GMD.1 
= Mid-Chapter Quiz 805 
A Explore: Geometry Lab Investigating Areas of Regular Polygons 806 
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Get Started on the Chapter 


You will review several concepts, skills, and vocabulary terms as you study Chapter 0. 


To get ready, identify important terms and organize your resources. 


[ZOD StudyOrganizer 


ReviewVocabulary 


Throughout this text, you will be invited to use Foldables to 
organize your notes. 


Why should you use them? 
© They help you organize, display, and arrange information. 


e@ They make great study guides, specifically designed for you. 


© You can use them as your math journal for recording main 
ideas, problem-solving strategies, examples, or questions you 
may have. 


e They give you a chance to improve your math vocabulary. 


HOW should you use them? 


© Write general information — titles, vocabulary terms, 
concepts, questions, and main ideas — on the front tabs of 
your Foldable. 


© Write specific information — ideas, your thoughts, answers to 
questions, steps, notes, and definitions — under the tabs. 


© Use the tabs for: 
e math concepts in parts, like types of triangles, 


e steps to follow, or 


e parts of a problem, like compare and contrast (2 parts) or 
what, where, when, why, and how (5 parts). 


© You may want to store your Foldables in a plastic zipper bag 
that you have three-hole punched to fit in your notebook. 


When should you use them? 


© Set up your Foldable as you begin a chapter, or when you start 
learning a new concept. 


© Write in your Foldable every day. 


e Use your Foldable to review for homework, quizzes, and tests. 
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English 


experiment 

trial 

outcome 

event 

probability 

theoretical probability 
experimental probability 
ordered pair 
x-coordinate 
y-coordinate 
quadrant 

origin 

system of equations 
substitution 
elimination 

Product Property 
Quotient Property 


p. P8 
p. P8 
p. P8 
p. P8 
p. P8 
p. P9 
p. PQ 
p. P15 
p. P15 
p. P15 
p. P15 
p. P15 
p. P17 
p. P17 
p. P18 
p. P19 
p. P19 


Espanol 

experimento 

prueba 

resultado 

evento 

probabilidad 
probabilidad tedrica 
probabilidad experimental 
par ordenado 
coordenada x 
coordenada y 
cuadrante 

origen 

sistema de ecuaciones 
sustitucion 

eliminacion 

Propriedad de Producto 
Propriedad de Cociente 


State which metric unit you would probably use to 
measure each item. 


1. length of a computer keyboard 


2. mass of a large dog 


Complete each sentence. 


3. 4ft=_? in. 4. 21ft=_? yd 
5. 180¢g=_? kg 6.3T= _? |b 

7. 32g = _? 02 8 3mi=_? km 
9. 35yd=_? m 10.51L=_? qt 


11. TUNA Acan of tuna is 6 ounces. About how many 
grams is it? 


12. CRACKERS A box of crackers is 453 grams. 
About how many pounds is it? Round to the 
nearest pound. 


13. DISTANCE A road sign in Canada gives the distance 
to Toronto as 140 kilometers. What is this distance 
to the nearest mile? 


PROBABILITY A bag contains 3 blue chips, 7 red chips, 
4 yellow chips, and 5 green chips. A chip is randomly 
drawn from the bag. Find each probability. 


14. P(yellow) 15. P(green) 
16. P(red or blue) 17. P(not red) 


Evaluate each expression if r= 3, q = 1, and w = —2. 
18. 4r + q 19. rw — 6 
r+ 3q 5w 
20 4r Ble 3r+4q 
22. |2—r| +17 23. 8 + |q — 5| 


Solve each equation. 


24.k+3=14 25.a—7=9 

26. 5c = 20 27.n+2=-11 
28. 6f — 18 = 30 29. 4x+7=-1 
30. 7 = -8 ai. 2 =-2 

32. —5 = -9 33. 3y-—15=y+1 
34. 27 — 6d =7+ 4d 35. 2(m — 16) = 44 


Solve each inequality. 
36. y—13 <2 

n 
38. Tore 
40.x+12>-14 


42. = =6 


37.f+8>19 
39. 9a < 45 
41. —2w < 24 
43. -—= < —6 


Write the ordered pair for each point shown. 


44, F 
45. H 
46. A 
47. D 


Graph and label each point on the coordinate 


plane above. 
48. B(4, 1) 
50. R(—2, —4) 


52. Graph the triangle with vertices J(1, —4), K(2, 3), 


and L(—1, 2). 


49. G(0, —3) 
51. P(—3, 3) 


53. Graph four points that satisfy the equation 


y= 2x —-1. 


Solve each system of equations. 


54, y = 2x 
y=-x+6 

56. y= 2x4+1 
y = 3x 

58. x + y= —6 
2x—y=3 

Simplify. 

60. V18 


62. \/24x7y3 


55. —3x —y=4 
4x + 2y = —8 
1 =— 
57. a 4= 1 
x—2y=5 
59. tx — 3y = —4 
x —9y = —12 
25 
61. ral 
3 
63. 
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:- Objective 


@ Convert units of measure 
within the customary and 
metric systems. 
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Changing Units of Measure 


Within Systems 


Example 1 


State which metric unit you would use to measure the length of your pen. 


A pen has a small length, but not very small. The centimeter is the appropriate 
unit of measure. 


Metric Units of Length Customary Units of Length 
1 kilometer (km) = 1000 meters (m) 1 foot (ft) = 12 inches (in.) 
1m = 100 centimeters (cm) 1 yard (yd) = 3 ft 


1.cm = 10 millimeters (mm) 1 mile (mi) = 5280 ft 


¢ To convert from larger units to smaller units, multiply. 
¢ To convert from smaller units to larger units, divide. 


¢ To use dimensional analysis, multiply by the ratio of the units. 


Example 2 


Complete each sentence. 


a 4.2km=_? m b. 13yd=_? ft 
There are 1000 meters in a kilometer. There are 3 feet in a yard. 
4.2 km x 1000 = 4200 m 13 yd x 3 = 39 ft 


Example 3 


Complete each sentence. 


a.17mm= _ ? m 
There are 100 centimeters in a meter. First change millimeters to centimeters. 
17mm=_? cm smaller unit — larger unit 
17 mm + 10 = 1.7 cm Since 10 mm = 1 cm, divide by 10. 


Then change centimeters to meters. 
L7cm=_? m smaller unit — larger unit 


1.7 cm + 100 = 0.017 m Since 100 cm = 1 m, divide by 100. 


b. 6600 yd=_ ?_ mi 
Use dimensional analysis. 


34 5 imi _ 
Oly saa mage 


Metric Units of Capacity Customary Units of Capacity 
1 liter (L) = 1000 milliliters (mL) 1 cup (c) = 8 fluid ounces (fl 02) 1 quart (qt) = 2 pt 
1 pint (pt) = 2c 1 gallon (gal) = 4 qt 


StudyTip 


Dimensional Analysis You 
can use dimensional analysis 
for any conversion in this 


lesson. 


Example 4 


Complete each sentence. 


a3.7L= ? 
There are 1000 milliliters in a liter. 
3.7 L x 1000 = 3700 mL 


mL 


fl oz 
There are 8 fluid ounces in a cup. 


¢.7pt=_ 7 
First change pints to cups. 
i: ae ae 
7ptx2=14c 
Then change cups to fluid ounces. 
14c=_? floz 
14c x 8= 112 fl oz 


b. 16qt=_? 


gal 


There are 4 quarts in a gallon. 
16 qt+4=4 gal 


.4gal=_? pt 


There are 4 quarts in a gallon. 
First change gallons to quarts. 
4gal=_? qt 

4 gal x 4= 16 qt 

Then change quarts to pints. 
logt=. 2 pt 

16 qt x 2=32pt 


The mass of an object is the amount of matter that it contains. 


Metric Units of Mass 


1 kilogram (kg) = 1000 grams (g) 


Customary Units of Weight 


1 pound (lb) = 16 ounces (02) 


1g = 1000 milligrams (mg) 


Example 5 


Complete each sentence. 


a. 547kg=_? mg 
Change kilograms to grams. 

5a7 ke =? g 

5.47 kg x 1000 = 5470 g 

Then change grams to milligrams. 
5470g=_? mg 

5470 g x 1000 = 5,470,000 mg 


There are 1000 milligrams in a gram. 


1 ton (T) = 2000 Ib 


.5T=_? oz 


There are 16 ounces in a pound. 
Change tons to pounds. 
ST=_* .Ib 

5 T x 2000 = 10,000 Ib 

Then change pounds to ounces. 
10,000 lb =_? oz 


10,000 Ib x 16 = 160,000 oz 


State which metric unit you would probably use to measure each item. 


1. radius of a tennis ball 
4. mass of a beach ball 


5. liquid in a cup 


Complete each sentence. 


7. 
10. 
13. 
16. 
19. 
22. 
25. 


120in.= _? ft 8. 18ft=_? yd 
210mm = _? cm 11.180 mm= _? m 
90in.=_?_ yd 14. 5280 yd = _?_ mi 
0.62km=_? m 17. 870mL=_ 7 _L 
S2floz= 7 _e¢ A. Sqt= 2 <6 
48c=_? gal 23.4gal=_? qt 
iIb=. f 02 26. 130g=_? kg 


2. length of a notebook 


3. mass of a textbook 
6. water in a bathtub 


9.10km= _? m 


12. 3100m = _ ? km 
15.8yd=_? ft 
18.12L= ? mL 


21. 10pt=_? qt 
24.36mg=_? g 
27. 9.05kg=_? g 
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:- Objective 


@ Convert units of measure 
between the customary 
and metric systems. 
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r Changing Units of Measure 


Between Systems 


The table below shows approximate equivalents between customary units of length 
and metric units of length. 


Units of Length 
Customary — Metric | Metric — Customary 


1 in. = 2.5cm tom = 0.4 in. 
1yd=0.9m 1m=1.1yd 
1 mi = 1.6 km 1 km = 0.6 mi 


Example 1 


Complete each sentence. 


a. 30in.= ? cm b. 5km=_?_ mi 
There are approximately There is approximately 0.6 mile 
2.5 centimeters in an inch. in a kilometer. 


5km x 0.6 =3 mi 


30 in. x 2.5 = 75 cm 


Example 2 


Complete: 2000 yd =_?_ km. 


There is approximately 0.9 meter in a yard. First find the number of meters in 
2000 yards. 


2000 yd x 0.9 = 1800 m 
Then change meters to kilometers. There are 1000 meters in a kilometer. 


1800 m + 1000 = 1.8 km 


The table below shows approximate equivalents between customary units of capacity 
and metric units of capacity. 


Units of Capacity 


Customary — Metric | Metric — Customary 


1 qt+09L tL=11at 
1 pt+05L 1L=2.1pt 


Example 3 


Complete each sentence. 


a. 7qgt=_? L b2L=_? pt 
There is approximately 0.9 liter There are approximately 2.1 pints 
in a quart. in a liter. 


7 gtx 0.9=63L 2Lx 2.1=4.2 pt 


Example 4 


Complete: 10L=_?_ gal. 


There are approximately 1.1 quarts in a liter. First find the number of quarts in 
10 liters. 


10Lx1.1=11 qt 


Then change quarts to gallons. There are 4 quarts in a gallon. 


StudyTip 


Dimensional Analysis If the 
unit that you want to 
eliminate is in the numerator, 
make sure it is in the 
denominator of the ratio 
when you multiply. If it is in 
the denominator, make sure 
that it is in the numerator of 
the ratio. 


11 gt + 4 = 2.75 gal 
You can also use dimensional analysis. 


1.1 1 gal 
ae ga 


LE 4 ot 


10kx = 2.75 gal 


The table below shows approximate equivalents between customary units of weight and 
metric units of mass. 


Units of Weight/Mass 


Customary — Metric | Metric — Customary 


10z = 28.39 1g = 0.04 0z 
1 lb + 0.5 kg 1kg = 2.2 Ib 


Example 5 


Complete each sentence. 


a 58.5kg=_? Ib b. 140z~_? g 
There are approximately 2.2 pounds There are approximately 28.3 grams 
in a kilogram. in an ounce. 


58.5 kg x 2.2 = 128.7 Ib 14 0z X 28.3 = 396.2 ¢ 


Complete each sentence. 


1.8in.=_? cm 2.15m~=_?_ yd 3.1 gts? -L 
4.250z=_? ¢ 5. 10mi=_? km 6. 32cm = _? in. 
7.20km=_?_ mi 8.95Lx_ 2? qt 9.6yd~_? m 
10.4.3kg=_? Ib 11. 10.7L=_? pt 12. 825g ? oz 
13, 24 1b~_?_kg 14. 10ft~_? m 15. 15 gal=_?_L 
16. 350g~_? Ib 17. 600in. =? m 18. 21km~_?_ yd 


19. CEREAL A box of cereal is 13 ounces. About how many grams is it? 


20. FLOUR A bag of flour is 2.26 kilograms. How much does it weigh? Round to the 
nearest pound. 


21. SAUCE A jar of tomato sauce is 1 pound 10 ounces. About how many grams is it? 
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:- Objective 


@ Find the probability of 


fat ; A situation involving chance such as flipping a coin or rolling a die is an experiment. 
simple events. 


A single performance of an experiment such as rolling a die one time is a trial. The result 
of a trial is called an outcome. An event is one or more outcomes of an experiment. 


a When each outcome is equally likely to happen, the probability of an event is the 
Obe | NewVocabulary ratio of the number of favorable outcomes to the number of possible outcomes. The 


~ experiment probability of an event is always between 0 and 1, inclusive. 
trial 
outcome equally likely to occur 
event 
probability 


impossible to occur certain to occur 


theoretical probability 
experimental probability 


0% 25% 50% 75% 100% 

\ Common Core 

| @aree State Standards 
Content Standards 
S.MD.6 (++) Use probabilities 
to make fair decisions (e.g., 
drawing by lots, using a 
random number generator). 
S.MD.7 (+) Analyze 
decisions and strategies 
using probability concepts 
(e.g., product testing, 
medical testing, pulling a 


hockey goalie at the end of 
a game). 


Example 1 
Suppose a die is rolled. What is the probability of rolling an odd number? 
There are 3 odd numbers on a die: 1, 3, and 5. 


There are 6 possible outcomes: 1, 2, 3, 4, 5, and 6. 


P(odd) = number of favorable outcomes 
number of possible outcomes 


28 ell 
=B oO 


Mathematical Practices 
4 Model with mathematics. 


The probability of rolling an odd number is + or 50%. 


For a given experiment, the sum of the probabilities of all possible outcomes must sum to 1. 


Example 2 


Suppose a bag contains 4 red, 3 green, 6 blue, and 2 yellow marbles. What is the 
probability a randomly chosen marble will not be yellow? 


Since the sum of the probabilities of all of the colors must sum to 1, subtract the 
probability that the marble will be yellow from 1. 


The probability that the marble will be yellow is a because there are 2 yellow marbles 
and 15 total marbles. 


P(not yellow) = 1 — a; 
=o 5 


_13 
~ 15 


The probability that the marble will not be yellow is 2 or about 87%. 
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The probabilities in Examples 1 and 2 are called theoretical probabilities. The theoretical 
probability is what should occur. The experimental probability is what actually occurs 


when a probability experiment is repeated many times. 


StudyTip 


Experimental Probability 
The experimental probability 
of an experiment is not 
necessarily the same as the 


Example 3 


The table shows the results of an 
experiment in which a number cube 
was rolled. Find the experimental 


theoretical probability, but 


when an experiment is probability of rolling a 3. 


repeated many times, the 


(3) = number of times 3 occurs , 7 
total number of outcomes 25 


experimental probability 


should be close to the 


theoretical probability. The experimental probability for getting 


a3 in this case is va or 28%. 


25 


A die is rolled. Find the probability of each outcome. 
1. P(less than 3) 2. P(even) 3. P(greater than 2) 
4. P(prime) 5. P(4 or 2) 6. P(integer) 


A jar contains 65 pennies, 27 nickels, 30 dimes, and 18 quarters. A coin is randomly 
selected from the jar. Find each probability. 


7. P(penny) 8. P(quarter) 
9. P(not dime) 10. P(penny or dime) 
11. P(value greater than $0.15) 12. P(not nickel) 
13. P(nickel or quarter) 14. P(value less than $0.20) 


PRESENTATIONS The students in a class are randomly drawing cards numbered 1 through 


28 from a hat to determine the order in which they will give their presentations. Find 


each probability. 
15. P(13) 16. P(1 or 28) 17. P(less than 14) 
18. P(not 1) 19. P(not 2 or 17) 20. P(greater than 16) 


The table shows the results of an experiment in which three coins were tossed. 


Outcome 


Tally 


Frequency 


21. What is the experimental probability that all three of the coins will be heads? The 
theoretical probability? 


22. What is the experimental probability that at least two of the coins will be heads? The 
theoretical probability? 


23. DECISION MAKING You and two of your friends have pooled your money to buy a new 


video game. Describe a method that could be used to make a fair decision as to who 
gets to play the game first. 


24. DECISION MAKING A new study finds that the incidence of heart attack while taking a 
certain diabetes drug is less than 5%. Should a person with diabetes take this drug? 
Should they take the drug if the risk is less than 1%? Explain your reasoning. 
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:- Objective 


@ Use the order of 
operations to evaluate 
algebraic expressions. 
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Algebraic Expressions 


An expression is an algebraic expression if it contains sums and/or products of 
variables and numbers. To evaluate an algebraic expression, replace the variable 
or variables with known values, and then use the order of operations. 
Order of Operations 
Step 1 Evaluate expressions inside grouping symbols. 


Step 2 Evaluate all powers. 


Step 3 Do all multiplications and/or divisions from left to right. 


Step 4 Do all additions and/or subtractions from left to right. 


Example 1 


Evaluate x —5 + yifx = 15 and y = —7. 


x-5+y=15-—5+4 (-7) Substitute. 
=10+(-—7)or3 — Subiract. 


Example 2 


Evaluate each expression if k = —2,n = —4, and p= 5. 
a. at b. —3(k? + 2n) 
a = se Substitute. —3(k2 + 2n) = —3[(—2)? + 2(—4)] 
= Multiply. = —3[4 + (-8)] 


Subtract. = —3(—4) or 12 


Example 3 
Evaluate 3|a — b| + 2|c — 5| if a = —2,b = —4, andc =3. 

3|a — b| + 2|c — 5] = 3|—2 — (—4)| + 2|3 — 5] Substitute for a, b, and c. 
= 3|2| + 2|—2| Simplify. 


= 3(2) + 2(2) or 10 Find absolute values. 


Evaluate each expression if a = 2, b = —3,c = —1, and d = 4. 
1. 2atc pis = 4. 3d —c 
2c b 
a 6. 5bc 7. 2cd + 3ab g, <— 2d 
Evaluate each expression if x = 2, y = —3, and z = 1. 
9. 24 + |x —4| 10. 13 + |8 + y| 11. [5-2/4 11 12. |2y — 15| +7 


:- Objective 


Linear Equations 


@ Use algebra to solve linear 


equations. 


If the same number is added to or subtracted from each side of an equation, the resulting 
equation is true. 


Example 1 


Solve each equation. 


a.x—7=16 
x—7=16 Original equation 
x—-7+7=164+7 Add 7 to each side. 
x= 23 Simplify. 
b. m+12=—5 
m+12=-—5 Original equation 
m +12 + (—12) = —5 + (—12) Add —12 to each side. 
m= —17 Simplify. 
c. k+31=10 
k+31=10 Original equation 
k+31-—31=10-31 Subtract 31 from each side. 
k= —21 Simplify. 


If each side of an equation is multiplied or divided by the same number, the resulting 
equation is true. ae 


Example 2 


Solve each equation. 


a. 4d = 36 
4d = 36 Original equation 
4d _ 36 - . 
3 Divide each side by 4. 
x=9 Simplify. 
t =— 
b == 7 
3 =—-—7 Original equation 
-8(—4) = —8(—7) Multiply each side by —8. 
t= 56 Simplify. 
3 =— 
Cc. 5t = 8 
Sx = —8 Original equation 
5(3), — 5¢_ 5 
3(3)x = 3 ( 8) Multiply each side by z 
x= 2 Simplify. 


To solve equations with more than one operation, often called multi-step equations, undo 


operations by working backward. 


WatchOut! 


Order of Operations 

Remember that the order of 
operations applies when you 
are solving linear equations. 


Example 3 


Solve each equation. 


a. 8q —15 = 49 
8q —15=49 Original equation 
8q = 64 Add 15 to each side. 
qg=8 Divide each side by 8. 


b. 12y +8 =6y—5 
12y+8=6y—5 Original equation 

Subtract 8 from each side. 

Subtract 6y from each side. 


Divide each side by 6. 


When solving equations that contain grouping symbols, first use the Distributive 
Property to remove the grouping symbols. 


Example 4 


Solve 3(x — 5) = 13. 


3(x — 5) = 13 Original equation 
3x —15=13 Distributive Property 
3x = 28 Add 15 to each side. 


x= * Divide each side by 3. 


Solve each equation. 


1.r+11=3 2.n+7=13 3.d—7=8 
ae ae x 
4, =a =—6 5. 5 =6 6. =8 
Zp _— 6, = 
7, Sf = 18 8. >= —11 9. Sy =3 
10.c—14=-11 11. #14 = —29 12. p—21=52 
13.b4+2=-5 14. ¢+10=22 15. —12q = 84 
16. 5¢ = 30 17. 5c -7=8c —4 18. 20+6=6¢—10 
19, 7, +15 =21 20 —gt7=5 21. 8 +1=3t-19 
22. 92n+4=5n+18 23. 5c — 24 = —4 24, 3n + 7 = 28 
=o at u9= a 
25. —2y +17 = -13 26. —-2=3 a. ox -4=4 
28.9 —4¢ = -15 29, -4-p=-2 30. 21—b=11 
31. —2(n +7) =15 32. 5(m — 1) = —25 33. —8a — 11 = 37 
34, 2g -2=-5 35. 2(5 — n) =8 36. —3(d — 7) =6 
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:- Objective 


Linear Inequalities 


@ Use algebra to solve linear 
inequalities. 


Statements with greater than (>), less than (<), greater than or equal to (=), or less than 
or equal to (<) are inequalities. If any number is added or subtracted to each side of an 
inequality, the resulting inequality is true. 


Example 1 


Solve each inequality. 


a.x—17>12 
x—17>12 Original inequality 
x—17+17>12+17 Add 17 to each side. 
x > 29 Simplify. 


The solution set is {x|x > 29}. 


b y+11<5 
y+11<5 Original inequality 
y+11—-11<5-11 Subtract 11 from each side. 
y<-6 Simplify. 


The solution set is {y|y < —6}. 


If each side of an inequality is multiplied or divided by a positive number, the resulting 
inequality is true. 


Example 2 


Solve each inequality. 


a f>1 b. 8p <72 
é > 11 Original inequality 8p < 72 Original inequality 
(6). > (6)11 Multiply each side by 6. = < & Divide each side by 8. 
t > 66 Simplify. p<9 Simplify. 


The solution set is {t|t => 66}. The solution set is {p|p < 9}. 


If each side of an inequality is multiplied or divided by the same negative number, the 
direction of the inequality symbol must be reversed so that the resulting inequality is true. 


Example 3 


Solve each inequality. 


a. —5c > 30 
—5c > 30 Original inequality 
== < = Divide each side by —5. Change > to <. 
c<—6 Simplify. 


The solution set is {c|c < —6}. (continued on the next page) 


WatchOut! 
Dividing by a Negative 


Remember that any time you 


divide an inequality by a 


negative number you reverse 


the direction of the sign. 


22. 


d 
~ a < -—4 Original inequality 
13. 
(-13)(=4 > (—13)(—4) Multiply each side by —13. Change < to >. 
d=52 Simplify. 


The solution set is {d|d > 52}. 


Inequalities involving more than one operation can be solved by undoing the operations 
in the same way you would solve an equation with more than one operation. 


Example 4 


Solve each inequality. 


a. —6a + 13 < —7 


—6a+13<—-7 Original inequality 
—6a+ 13-13 < —7—-13 Subtract 13 from each side. 
—6a < —20 Simplify. 
—6a —20 a . 
= > = Divide each side by —6. Change < to >. 
a> 2 Simplify. 
. F 10 
The solution set is {a a> 2h 


b. 4z+7>8z-1 


4z+7>8z-1 Original inequality 
4z7+7-—7>8z-1-7 Subtract 7 from each side. 
4z > 8z-8 Simplify. 
4z — 8z > 8z -— 8 — 8z Subtract 8z from each side. 
—4z > —-8 Simplify. 
= < = Divide each side by —4. Change = to <. 


Z<2 Simplify. 
The solution set is {z|z < 2}. 


.xXx-7<6 2a+7>-5 3. 4y < 20 

<=Pe5 5. i> —7 6. + <8 
.d+8<12 8. m+14>10 9. 12k > —36 

. 6E — 10 > 4¢ 1. 3z24+8<2 12) 44-03 = 13 
.m—21<8 14.x-6>3 15. —3b < 48 
.-f214 17. 22-9<7z41 18. —4h > 36 
.2b-6<-2 20. $¢+1>-5 21. 7q +3 >—4q +25 
—3n —8>2n+7 23. -3w+1<8 24. -#k-17>11 
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:- Objective 


Ordered Pairs 


@ Name and graph points in 
the coordinate plane. 


@>) NewVocabulary 
= ordered pair 
x-coordinate 
y-coordinate 
quadrant 
origin 


Points in the coordinate plane are named by ordered pairs of the form (x, y). The first 
number, or ¥-coordinate, corresponds to a number on the x-axis. The second number, or 
y-coordinate, corresponds to a number on the y-axis. 


Example 1 


Write the ordered pair for each point. 


a. A 
The x-coordinate is 4. 


The y-coordinate is —1. 
The ordered pair is (4, —1). 


b. B 
The x-coordinate is —2. 


The point lies on the x-axis, so its y-coordinate is 0. 
The ordered pair is (—2, 0). 


The x-axis and y-axis separate the coordinate plane 
into four regions, called quadrants. The point at 
which the axes intersect is called the origin. The 
axes and points on the axes are not located in any 
of the quadrants. 


Example 2 


Graph and label each point on a coordinate plane. 
Name the quadrant in which each point is located. 


a. G(2, 1) 
Start at the origin. Move 2 units right, since the 
x-coordinate is 2. Then move 1 unit up, since the 


y-coordinate is 1. Draw a dot, and label it G. 
Point G(2, 1) is in Quadrant I. 


b. H(—4, 3) 


Start at the origin. Move 4 units left, since the 
x-coordinate is —4. Then move 3 units up, since 
the y-coordinate is 3. Draw a dot, and label it H. 
Point H(—4, 3) is in Quadrant IL. 


c. J(0, —3) 
Start at the origin. Since the x-coordinate is 0, the point lies on the y-axis. 
Move 3 units down, since the y-coordinate is —3. Draw a dot, and label it J. 
Because it is on one of the axes, point J(0, —3) is not in any quadrant. 


StudyTip 


Lines There are infinitely 
many points on a line, so 
when you are asked to find 
points on a line, there are 
many answers. 


Example 3 


Graph a polygon with vertices A(—3, 3), 
B(1, 3), C(0, 1), and D(—4, 1). 


Connect each pair of consecutive points. The 
polygon is a parallelogram. 


Example 4 


Make a table. 
Choose four values for x. 


Graph the ordered pairs on a coordinate plane. 


Graph four points that satisfy the equation y = 4 — x. 


Plot the points. 


Evaluate each value of x for 4 — x. 


Write the ordered pair for each point shown 
at the right. 
1. B 2.C 3. D 
4E 5. F 6. G 
7.H a 9. J 
10. K 11. W 12. M 
13. N 14. P 15. Q 


Graph and label each point on a coordinate plane. Name the quadrant in which each 
point is located. 


16. M(—1, 3) 17. S(2, 0) 18. R(—3, —2) 19. P(1, —4) 
20. B(5, —1) 21. DG, 4) 22. T(2, 5) 23. L(—4, —3) 
Graph the following geometric figures. 

24, a square with vertices W(—3, 3), X(—3, —1), Z(1, 3), and Y(1, —1) 

25. a polygon with vertices J(4, 2), K(1, —1), L(—2, 2), and M(1, 5) 

26. a triangle with vertices F(2, 4), G(—3, 2), and H(—1, —3) 

Graph four points that satisfy each equation. 

27. y = 2x 28. y=1+x 29. y=3x-1 30. y=2-x 
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:- Objective 


Systems of Linear Equations 


@ Use graphing, substitution, 
and elimination to solve 
systems of linear 
equations. 


@>J NewVocabulary 
= system of equations 
substitution 
elimination 


Two or more equations that have common variables are called a system of equations. 
The solution of a system of equations in two variables is an ordered pair of numbers 
that satisfies both equations. A system of two linear equations can have zero, one, or 
an infinite number of solutions. There are three methods by which systems of equations 
can be solved: graphing, elimination, and substitution. 


Example 1 


Solve each system of equations by graphing. Then determine whether each system 
has no solution, one solution, or infinitely many solutions. 


ay=—-x+3 y | 
y =2x-3 | 


The graphs appear to intersect at (2, 1). ly=—x+3 
Check this estimate by replacing x with 


2 and y with 1 in each equation. (e) x 


CHECK y=-x+3 
12-243 
l=lVv 


y=2x-3 y=2x-3 
122(2) -—3 | 
feiv Bae Bane 


The system has one solution at (2, 1). 


b. y— 2x =6 y 
3y — 6x =9 

The graphs of the equations are parallel lines. 
Since they do not intersect, there are no solutions 
of this system of equations. Notice that the lines 
have the same slope but different y-intercepts. 
Equations with the same slope and the same ra) 
y-intercepts have an infinite number of solutions. L | 


It is difficult to determine the solution of a system when the two graphs intersect at 
noninteger values. There are algebraic methods by which an exact solution can be found. 


One such method is substitution. 


Example 2 


Use substitution to solve the system of equations. 
y = —4x 

2y + 3x =8 

Since y = —4x, substitute —4x for y 
in the second equation. 


Use y = —4x to find the value of y. 
First equation 


2y + 3x =8 Second equation _ -4(—8) oa 
2(—4x) + 3x =3 y=—4x or ee 
8x + 3x =8 Simplify. 5 als 
—5x =8 Combine like terms. The solution is (-2 2) 
5’ oy 
5x _ 8 Divide each side by —5. 
—5 —5 
x= 3 Simplify. 


are correct by substituting 
the values into both of the 
original equations. 


Sometimes adding or subtracting two equations together will eliminate one 
variable. Using this step to solve a system of equations is called elimination. 


Example 3 
3x + 5y=7 
4x + 2y=0 


3x + 5y =7 


4x + 2y =0 


4x + 2y =0 
4x + 2(2) =0 
4x+4=0 
4x+4-—4=0-4 
(- ; 4x = —4 
StudyTip a 
Checking Solutions You can 4° 4 
confirm that your solutions x=-1 


The solution is (—1, 2). 


Use elimination to solve the system of equations. 


Either x or y can be eliminated. In this example, we will eliminate x. 


E> 120) - sy -0 


12x + 20y = 28 


14y = 28 Add the equations. 
l4y _ 28 - ; 
7 a Divide each side by 14. 


y=2 Simplify. 


Now substitute 2 for y in either equation to find the value of x. 


Second equation 

y=2 

Simplify. 

Subtract 4 from each side. 
Simplify. 

Divide each side by 4. 
Simplify. 


Solve by graphing. 

ly=—-x+2 2. y= 3x —3 3. y—2x=1 
y=—pxtl y=x+l1 2y —4x=1 

Solve by substitution. 

4, —5x + 3y = 12 5. x — 4y = 22 6. y+5x = —3 
x+2y=8 2x + 5y = —21 3y — 2x =8 

Solve by elimination. 

7. -3x +y=7 8. 3x + 4y = —-1 9. —4x + 5y=—-11 
3x + 2y = 2 —9x — 4y = 13 2x + 3y = 11 


Name an appropriate method to solve each system of equations. Then solve the system. 


10. 4x -—y=11 11. 4x + 6y =3 12. 3x — 2y = 6 
2x — 3y =3 —10x — 15y = —4 5x — Sy =5 

13. 3y+x=3 14. 4x — 7y =8 15. x + 3y =6 
—2y + 5x = 15 —2x + 5y=—1 4x — 2y = —32 


—— 
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Square Roots and Simplifying Radicals 


:- Objective 


@ Evaluate square roots 
and simplify radical 
expressions. 


A radical expression is an expression that contains a square root. The expression is in 
simplest form when the following three conditions have been met. 


¢ No radicands have perfect square factors other than 1. 
¢ No radicands contain fractions. 
¢ No radicals appear in the denominator of a fraction. 


Gog NewVocabulary The Product Property states that for two numbers a and b > 0, Vab = Va- Vb. 
= Product Property 
Quotient Property 


Example 1 


V45=V3-3°5 Prime factorization of 45 


= 37. V5 Product Property of Square Roots 
= 3/5 Simplify. 


=V6-15 Product Property 
= V3+2+3°5 Prime factorization 
= 32 . V10 Product Property 
Simplify. 


For radical expressions in which the exponent of the variable inside the radical is even 
and the resulting simplified exponent is odd, you must use absolute value to ensure 
nonnegative results. 


Example 2 


Simplify 1/20x75z°. 

Bxtyiz? = 4/2? Box? > + 2° Prime factorization 
=V22-V5-Vx8-V/y- Vo Product Property 
=2-V5bex-Vxey?+J/¥+|z5| Simplify. 
= 2xy?|z3)\/5xy Simplify. 


The Quotient Property states that for any numbers a and b, where a > 0 and b = 0, ft = 


als 


Example 3 


Simplify 22. 


95 V25 : 
Fe eal Quotient Propert 
16 4/16 ’ 
_5 si 
= Simplify. 


WatchOut! 


Rationalizing the 
Denominator Don’t forget to 
multiply both the numerator 
and denominator by the 
radical when you rationalize 
the denominator. 


Rationalizing the denominator of a radical expression is a method used to eliminate radicals 
from the denominator of a fraction. To rationalize the denominator, multiply the expression 
by a fraction equivalent to 1 such that the resulting denominator is a perfect square. 


Example 4 


Simplify. 
a. -2- 4 
V3 V18 
2 2 v3 V3 v13y v i3sy — 
== ° Multiply by —. — = Prime factorization 
v3 V3 (V3 v3 Vi8 -V¥2-3-3 
13 
= 2v3 Simplify. = plant Product Property 
3V2 
13 
= pha v2 Multiply by v2 
3V2. V2 v2 
\/ 26y 
=" Product Property 


Sometimes, conjugates are used to simplify radical expressions. Conjugates are binomials 


of the form p,/q + rV't and Pq - Vt. 


Example 5 


5 ‘ 3 

Simplif : 

Pp Y5_v2 

3. 8 2 5+v2_, 

5-V2 5-vV2 54-2 5+Vv2 
me (a— b(at+ b+ = a — b* 
52 — (V2) 
_ 154+3V2 ‘ 2 
_ 154+3V2 re 
a Simplify. 


Simplify. 

1. ¥32 2. V75 3. V50 - V10 4. V12 - 20 
5. V6-V6 6. 16 - V25 7. 98x36 56a2b4c> 
81 121 63 288 

9. 75 10. ae aes 12. [55 
10p? V108 4 73 
13. 14, 15. 16. 
V27 298 5 — 2V3 5 —2V6 
3 V24 3v5 3 
17, 13, “= 19. 20. —~_— 
V48 125 -Vv2 —2+V13 
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State which metric unit you would probably use to 
measure each item. 


1. mass of a book 


2. length of a highway 


Complete each sentence. 
3. 8in.= _? ft 4.6yd= _? ft 
6.3.7kg=_? Ib 
8. 285¢g= 2? kg 


10. 1.9L= 2 qt 


5. 24 floz=_? pt 
7.4.2km= 2? m 
9. 0.75kg=_? mg 


11. PROBABILITY The table shows the results of an 
experiment in which a number cube was rolled. 
Find the experimental probability of rolling a 4. 


Outcome Tally 


2 vi 6 
3 vie 5 
3 


Frequency 


4 Il 
5 vill 7 


CANDY A bag of candy contains 3 lollipops, 8 peanut 
butter cups, and 4 chocolate bars. A piece of candy is 
randomly drawn from the bag. Find each probability. 


12. P(peanut butter cup) 
13. P(lollipop or peanut butter cup) 
14. P(not chocolate bar) 


15. P(chocolate bar or lollipop) 


Evaluate each expression if x = 2, y = —3, and z = 4. 
16. 6x —z 17. 6y + xz 
18. 3yz 19. ua 
20, 2+ 21. ae ly — 1 
10z 


Solve each equation. 


22.9+s5=21 23. h-—8=12 
4m _ 24 

24. Ti 18 25. gf = 10 

26. 3(20 — b) = 36 27. 37 + w= 5w — 27 
x Al. = 

28. ene 29. q(t + 5) = 16 


Solve each inequality. 


30. 4y-9>1 31. -2z2+15>4 
32. 3r+7<r—8 33. 2k — 20 < 10 
34. —3(b — 4) > 33 35. 2—m<6m—12 
36. 8<r—14 a7. 2n<Sn—5 


Write the ordered pair for each point shown. 


38. M 
39. N 


40. P 
41.0 


Graph and label each point on the coordinate 
plane above. 


42. A(—2, 0) 
44, D(—4, —4) 


43. C(1, 3) 
45. E(3, —5) 


46. Graph the quadrilateral with vertices 
R(2, 0), S(4, —2), T(4, 3), and W(2, 5). 


47. Graph three points that satisfy the equation 


y=ox-5. 


Solve each system of equations. 


48. 2r+m=11 49. 2x + 4y = 6 
6r — 2m = —2 7x =4+ 3y 
50. 2c + 6d =14 51. 5a—b=17 
24 2c=-d 3a + 2b =5 
52. 6d + 3f = 12 53. 4x — 5y = 17 
2d =8—f 3x + 4y=5 
Simplify. 
54. 80 55 a 
2 
56. 36 - V81 57. x 


59. 1/ 12x>y? 
yy EL P21 


/ 5 
58. BI 


Then Now -Why? a 


© You graphed points © Inthis chapter, you © MAPS Geometric figures and terms can be used to represent and describe 
on the coordinate will: real-world situations. On a map, locations of cities can be represented by points, 
plane and evaluated Find distances highways or streets by lines, and national parks by polygons that have both 
mathematical . perimeter and area. The map itself is representative of a plane. 


between points and 
midpoints of line 
segments. 


expressions. 


= Identify angle 
relationships. 


= Find perimeters, 
areas, surface 
areas, and 
volumes. 


Self-Check 
Practice 


SwYy = 


pire Inceary Personal Virtual = Graphing ~ ' pe ai hi 
Animation Vocabulary  eGlossary Titar Manipulatives Calculator Audio Foldables Worksheets 


fe Pe a NB 


= —— =| 


as \ oat 
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Get Ready for the Chapter 


Diagnose Readiness | You have two options for checking Prerequisite Skills. 


| 1 Textbook Option Take the Quick Check below. Refer to the Quick Review for help. 


Graph and label each point in the coordinate plane. Example 1 


1. WO, 2) 2. X(0, 6) Graph and label the point Q(—3, 4) in the coordinate plane. 
3. Y—3, —1) 4. Z(4, —2) Start at the origin. Since the 
& -yeuigne eacsiaaisuaaath ia a ati x-coordinate is negative, move 

" arolna Is using tne 3 units to the left. Then move 


diagram to record her chess 
moves. She moves her knight 

2 spaces up and 1 space to the 
left from f3. What is the location 
of the knight after Carolina 
completes her turn? 


4 units up since the y-coordinate 
is positive. Draw a dot and label 
it Q. 


-NWOROADN OW 
-=-NWOBKR ODN © 


abcdefgh 


Find each sum or difference. 


2,5 148 ind 32. + 22. 
6B5+5 7. 2g t 47 Find $5 + 27. 
135 3 7 1 93 _ 19 , 11 : . . 
8. 1B 5 9, 14, - 55 35 + 1 + i. Write as improper fractions. 
‘ 1 : ‘ — _ 19/2 11/3 The LCD is 12 
10. FOOD Alvin ate a of a pizza for dinner and took & of it = Slo) +43 @ LUV Is Ic. 
for lunch the next day. How much of the pizza does he — 38 , 33 Multiply. 
have left? 12 12 
Hippel ian 
= 15 or 945 Simplify. 


Evaluate each expression. 
11. (—4 — 5)? 12. (6 — 10)? Evaluate the expression [—2 — (—7)]? + (1 — 8)’. 
13. (8 — 5)? + [9 — (—3)]? Follow the order of operations. 
[-2 —(-7)? + (1-8) 

=52+4(-7)? Subtract. 


= 25+ 49 5? = 25, (7)? = 49 
15. 8x— 7=53 — 2x = 74 Add. 


—," 
2 Online Option Take an online self-check Chapter Readiness Quiz at connectED.mcgraw-hill.com. vV/ 


Solve each equation. 
14. 6x+5+2x-—11=90 


Get Started on the Chapter 


You will learn several new concepts, skills, and vocabulary terms as you study 
Chapter 1. To get ready, identify important terms and organize your resources. 
You may refer to Chapter 0 to review prerequisite skills. 


[ZED StudyOrganizer 


NewVocabulary 


Tools of Geometry Make this Foldable to help you organize 
your Chapter 1 notes about points, lines, and planes; angles 
and angle relationships; and formulas and notes for distance, 
midpoint, perimeter, area, and volume. Begin with a sheet 

of 11” x 17” paper. 


1 Fold the short sides to meet in 
the middle. 


2 Fold the booklet in thirds 
lengthwise. iy’ 


3 Open and cut the booklet 
in thirds lengthwise. 


4 Label the tabs as shown. 
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English Espanol 
collinear p.5 — colineal 
coplanar p.5 — coplanar 
congruent p.16  congruente 
midpoint p.27 punto medio 
segment bisector p.29 _ bisectriz de segmento 
angle p.36  angulo 
vertex p.36 _ vertice 
angle bisector p.39 _ bisectriz de un angulo 
perpendicular p.48 — perpendicular 
polygon p.56  poligono 
perimeter p.58 — perimetro 
volume p.69  volumen 


ReviewVocabulary 


ordered pair par ordenado a set of numbers or coordinates 
used to locate any point on a coordinate plane, written in the 
form (x, Y) 

origin origen the point where the two axes intersect at their 
Zero points 

quadrants cuadrantes the four regions into which the x-axis 
and y-axis separate the coordinate plane 

X-coordinate coordenada x the first number in an ordered pair 
y-coordinate coordenada y the second number in an 

ordered pair 


X-coordinate 
coordenada x 


7) | y-coordinate 
coordenada y 


al 


Points, Lines, and Planes 


:- Then :-‘Now :-Why? 


@ You used basic @ Identify and model © Onasubway map, the locations of 
geometric concepts points, lines, and stops are represented by points. The 
and properties to planes. route the train can take is modeled 
solve problems. by a series of connected paths that 

look like /ines. The flat surface of 

the map on which these points and — 
lines lie is representative of a plane. 


Identify intersecting 
lines and planes. 


ed NewVocabulary Points, Lines, and Planes Unlike the real-world objects that they model, shapes, 
= undefined term points, lines, and planes do not have any actual size. In geometry, point, line, and 
point plane are considered undefined terms because they are only explained using examples 
line and descriptions. 
plane 
collinear You are already familiar with the terms point, 
coplanar line, and plane from algebra. You graphed on 
intersection a coordinate plane and found ordered pairs 
definition that represented points on lines. In geometry, 
defined term these terms have a similar meaning. 
space 


The phrase exactly one in a statement such as, 
“There is exactly one line through any two 
points,” means that there is one and only one. 


Common Core 
y State Standards KeyConcept Undefined Terms 

Content Standards . . 5 
G.CO.1 Know precise A point is a location. It has neither shape nor size. P 
definitions of angle, circle, : 
perpendicular line, parallel Named by a capital letter 4 
line, and line segment, based Example point A 
on the undefined notions of 
point, line, distance along a A line is made up of points and has no thickness or width. 


line, and distance around a 


Anau Ree There is exactly one line through any two points. i 
m 


Mathematical Practices Named by __ the letters representing two points on the line 


4 Model watvanaihemates or a lowercase script letter 
6 Attend to precision i on ii ap 
p : Example line m, line PQor PQ, line QPor QP 


A plane is a flat surface made up of points that extends 
infinitely in all directions. There is exactly one plane 
through any three points not on the same line. 


Named by a Capital script letter or by the letters naming 
three points that are not all on the same line 


Example plane K, plane BCD, plane CDB, plane DCB, 
plane DBC, plane CBD, plane BDC 


\ dé 


Collinear points are points that lie on the same line. Noncollinear points do not lie on the 
same line. Coplanar points are points that lie in the same plane. Noncoplanar points do 
not lie in the same plane. 


Brand X Pictures/Jupiterimages 


Mcomecteomegrwnitcon) = 5 Qy 


StudyTip 


Additional Planes Although 
not drawn in Example 1b, 
there is another plane that 
contains point X. Since points 
W, T, and X are noncollinear, 
point X is also in plane WTX. 


_ . Sal i = 
Real-WorldCareer 


Drafter Drafters use 
perspective to create 
drawings to build everything 
from toys to school buildings. 
Drafters need skills in math 
and computers. They get their 
education at trade schools, 
community colleges, and 
some 4-year colleges. Refer 
to Exercises 50 and 51. 


Example 1 


Use the figure to name each of the following. 
a. a line containing point W 


The line can be named as line n, or any two 
of the four points on the line can be used to 
name the line. 

— — —_—_ —_ —_—_ —_ 

VW WV VX XV VY YV 

— — — — —_—_ — 

WX XW WY YW XY YX 


b. a plane containing point X 


One plane that can be named is plane ?. You can also use the letters of any three 
noncollinear points to name this plane. 


plane XZY plane VZW plane VZX 
plane VZY plane WZX plane WZY 


The letters of each of these names can be reordered to create other acceptable 
names for this plane. For example, XZY can also be written as XYZ, ZXY, ZYX, 
YXZ, and YZX. In all, there are 36 different three-letter names for this plane. 


GuidedPractice 


1A. a plane containing points T and Z 1B. a line containing point T 


Real-World Example 2 


MESSAGE BOARD Name the geometric 
terms modeled by the objects in 
the picture. 


The push pin models point G. 


The maroon border on the card 
models line GH. 


The edge of the card models line HJ. 
The card itself models plane FG]. 


GuidedPractice 
Name the geometric term modeled by each object. 


2A. stripes on a sweater 2B. the corner of a box 


Intersections of Lines and Planes The ifitersection of two or more geometric 
figures is the set of points they have in common. Two lines intersect in a point. 


Lines can intersect planes, and planes can intersect each other. 


L 
a a 
Prepresents the intersection Line 7 represents the intersection 
of lines 2 and m. of planes 4 and B. 
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sabew| Aya9/uols!, [ey!61q 


Example 3 


Draw and label a figure for each relationship. 


a. ALGEBRA Lines AB and CD intersect at E for A(—2, 4), B(0, —2), 
C(—3, 0), and D(3, 3) on a coordinate plane. Point F is coplanar 
with these points, but not collinear with AB or CD. 


—_—_ —_—” 
Graph each point and draw AB and CD. y 


Label the intersection point as E. 


An infinite number of points are coplanar with A, 
B,C, D and E but not collinear with AB and CD. C [e) x 
In the graph, one such point is F(2, —3). B 


StudyTip 


Three-Dimensional Drawings 
Because it is impossible to 
show an entire plane in a 
figure, edged shapes with 
different shades of color are 
used to represent planes. 


b. QR intersects plane J at point S. 
Draw a surface to represent plane J and label it. 


Draw a dot for point S anywhere on the plane 
and a dot that is not on plane T for point Q. 


Draw a line through points Q and S. Dash the line 
to indicate the portion hidden by the plane. 


Then draw another dot on the line and label it R. 


GuidedPractice 
3A. Points J(—4, 2), K(3, 2), and L are collinear. 
3B. Line p lies in plane N and contains point L. 


Definitions or defined terms are explained using undefined terms and/or other defined 
terms. Space is defined as a boundless, three-dimensional set of all points. Space can 
contain lines and planes. 


Example 4 


a. How many planes appear in this figure? 
Six: plane X, plane JDH, plane JDE, 


StudyTip plane EDF, plane FDG, and plane HDG. 
[> 

ccSs Precision A point has 
no dimension. A line exists in 
one dimension. However, a 
circle is two-dimensional, and 
a pyramid is three-dimensional. 


b. Name three points that are collinear. 
Points J, K, and D are collinear. 


c. Name the intersection of plane HDG with plane X. 
Plane HDG intersects plane X in HG. 


—_—_ —_ 
d. At what point do LM and EF intersect? Explain. 


It does not appear that these lines intersect. EF lies in plane x, 
but only point L of LM lies in X. 


GuidedPractice 

Explain your reasoning. 

4A. Are points E, D, F, and G coplanar? 

4B. At what point or in what line do planes JDH, JDE, and EDF intersect? 


aS 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Use the figure to name each of the following. 
1. a line containing point X 
2. a line containing point Z 


3. a plane containing points W and R 


Example 2 Name the geometric term modeled by each object. 


4. abeam from a laser 5. a floor 


Example 3 Draw and label a figure for each relationship. 


6. A line in a coordinate plane contains A(0, —5) and B(3, 1) and a point C that is not 


collinear with AB. 


7. Plane Z contains lines x, y, and w. Lines x and y intersect at point V and lines x and w 


intersect at point P. 


Example 4 Refer to the figure. 
8. How many planes are shown in the figure? 
9. Name three points that are collinear. 
10. Are points A, H, J, and D coplanar? Explain. 
11. Are points B, D, and F coplanar? Explain. 
12. ASTRONOMY Ursa Minor, or the Little Dipper, is 


a constellation made up of seven stars in the 
northern sky including the star Polaris. 


a. What geometric figures are modeled by 
the stars? 


b. Are Star 1, Star 2, and Star 3 collinear on 
the constellation map? Explain. 


c. Are Polaris, Star 2, and Star 6 coplanar on 
the map? 


Practice and Problem Solving 


Example 1 Refer to the figure. 
13. Name the lines that are only in plane Q. 
14. How many planes are labeled in the figure? 
15. Name the plane containing the lines m and t. 


16. Name the intersection of lines m and t. 


Name a point that is not coplanar with points 
A, B, and C. 


18. Are points F, M, G, and P coplanar? Explain. 
19. Name the points not contained in a line shown. 
20. What is another name for line t? 


21. Does line n intersect line q? Explain. 
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Ursa Minor 
Constellation Map 


@ Polaris 


Example 2 Name the geometric term(s) modeled by each object. 
22. 23. 


\ 


24. 25. 


26. a blanket 27. a knot in a rope 28. a telephone pole 
29. the edge of a desk 30. two connected walls 31. a partially opened folder 


Example 3 Draw and label a figure for each relationship. 
32. Line m intersects plane ® at a single point. 
33. Two planes do not intersect. 
34. Points X and Y lie on CD. 
35. Three lines intersect at point J but do not all lie in the same plane. 
36. Points A(2, 3), B(2, —3), C and D are collinear, but A, B, C, D, and F are not. 
37. Lines LM and NP are coplanar but do not intersect. 
38. FG and JK intersect at P(4, 3), where point F is at (—2, 5) and point J is at (7, 9). 
39. Lines s and t intersect, and line v does not intersect either one. 

Example 4  ¢SS MODELING When packing breakable 
objects such as glasses, movers frequently 


use boxes with inserted dividers like the 
one shown. 


40. How many planes are modeled in 
the picture? 


41. What parts of the box model lines? 
42. What parts of the box model points? 


Refer to the figure at the right. 

43. Name two collinear points. 

44. How many planes appear in the figure? 
(45) Do plane A and plane MNP intersect? Explain. 
46. In what line do planes 4 and QRV intersect? 


47. Are points T, S, R, Q, and V coplanar? Explain. 


48. Are points T, S, R, Q, and W coplanar? Explain. 


Mcomected negrw-hitcon]] 9 ®) 


@ FINITE PLANES A finite plane is a plane that has 


50. 


51. 


52. 
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boundaries, or does not extend indefinitely. 
The street signs shown are finite planes. 


a. If the pole models a line, name the geometric 
term that describes the intersection between 
the signs and the pole. 


b. What geometric term(s) describes the 
intersection between the two finite planes? 
Explain your answer with a diagram if 
necessary. 


ONE-POINT PERSPECTIVE One-point perspective drawings use lines to convey depth. 
Lines representing horizontal lines in the real object can be extended to meet at 

a single point called the vanishing point. Suppose you want to draw a tiled ceiling 
in the room below with nine tiles across. 


ceiling 


a. What point represents the vanishing point in the drawing? 


b. Trace the figure. Then draw lines from the vanishing point through each 
of the eight points between A and B. Extend these lines to the top edge 
of the drawing. 


c. How could you change the drawing to make the back wall of the room 
appear farther away? 


TWO-POINT PERSPECTIVE Two-point perspective 
drawings use two vanishing points to convey depth. 


a. Trace the drawing of the castle shown. Draw 
five of the vertical lines used to create the 
drawing. 


b. Draw and extend the horizontal lines to 
locate the vanishing points and label them. 


c. What do you notice about the vertical lines 
as they get closer to the vanishing point? 


d. Draw a two-point perspective of a home or a room ina home. 


la~ 

CESS ARGUMENTS Name two points on the same A 
line in the figure. How can you support your ~~ 
assertion? 


Points, Lines, and Planes 


sabewiuaydne/yo0}SyulyL 


53. 


54. 


56. 


TRANSPORTATION When two cars 

enter an intersection at the same time 
on opposing paths, one of the cars 
must adjust its speed or direction to 
avoid a collision. Two airplanes, 
however, can cross paths while 
traveling in different directions without 
colliding. Explain how this is possible. 


of? MULTIPLE REPRESENTATIONS Another way to describe a group of points is called a 
locus. A locus is a set of points that satisfy a particular condition. In this problem, 
you will explore the locus of points that satisfy an equation. 


a. Tabular Represent the locus of points satisfying the equation 2 + x = y using a table 
of at least five values. 


b. Graphical Represent this same locus of points using a graph. 
c. Verbal Describe the geometric figure that the points suggest. 
PROBABILITY Three of the labeled points 
are chosen at random. 


a. What is the probability that the points 
chosen are collinear? 


b. What is the probability that the points 
chosen are coplanar? 


of? MULTIPLE REPRESENTATIONS In this problem, you will explore the locus of points that 
satisfy an inequality. 


a. Tabular Represent the locus of points satisfying the inequality y < —3x — 1 using 
a table of at least ten values. 


b. Graphical Represent this same locus of points using a graph. 


c. Verbal Describe the geometric figure that the points suggest. 


H.0.T. Problems — Use Higher-Order Thinking Skills 


57. 


58. 


59. 


60. 


61. 


OPEN ENDED Sketch three planes that intersect in a line. 


ERROR ANALYSIS Camille and Hiroshi are trying to determine the most number of 
lines that can be drawn using any two of four random points. Is either correct? Explain. 


Camille Hivoshi 
Since theve ave fouv points, You can draw 3-2-1 or 


4-3 ov |2 lines can be 6 Lines between the points. 
Avawn between the points. 


la~ 
CESS ARGUMENTS What is the greatest number of planes determined using any 
three of the points A, B, C, and D if no three points are collinear? 


REASONING Is it possible for two points on the surface of a prism to be neither 
collinear nor coplanar? Justify your answer. 


WRITING IN MATH Refer to Exercise 49. Give a real-life example of a finite plane. 
Is it possible to have a real-life object that is an infinite plane? Explain your reasoning. 


Meonoestedmegraw-nitcom|] 14 is) 


Standardized Test Practice 


62. Which statement about the figure below is 63. ALGEBRA What is the value of x if 3x + 2 = 8? 
not true? F -2 GO H2 J 6 
a : 64. GRIDDED RESPONSE An ice chest contains 3 types 
ee C of drinks: 10 apple juices, 15 grape juices, and 
od 15 bottles of water. What is the probability that 
G ~~ ##™ a drink selected randomly from the ice chest 
FE D does not contain fruit juice? 
A Point H lies in planes AGE and GED. 65. SAT/ACT A certain school’s enrollment increased 
: 6% this year over last year’s enrollment. If the 
B pees poe ae school now has 1378 students enrolled, how 
an P . : a6 ; many students were enrolled last year? 
7 ee : ; ei i A 1295 C 1350 E 1500 
oints A, H, and D are collinear. B 1300 D 1460 


Spiral Review 


Simplify. (Lesson 0-9) 


66. V72 67. V18 - V14 68. 1/44x4y3 69. i 
6 
70. 4/28 Ti 72, — 73, V3 
75 108 4-2 24V5 


74, FINANCIAL LITERACY Suppose you buy 3 shirts and 2 pairs of slacks on sale at a clothing 
store for $72. The next day, a friend buys 2 shirts and 4 pairs of slacks for $96. If the 
shirts you each bought were all the same price and the slacks were also all the same 
price, then what was the cost of each shirt and each pair of slacks? (Lesson 0-8) 


Graph the following points, and connect them in order to form a figure. (Lesson 0-7) 
75. A(—5, 3), B(3, —4), and C(—2, —3) 
76. P(=2, i), Q(3, 4), R65, 1), and S(0, —2) 


GROCERIES Find an approximate metric weight for each item. (Lesson 0-2) 
78. 


Net Wt: 8.2 oz 


Net Wt: 15 oz Net Wt: 2.5 Ib 


Skills Review 


Replace each © with >, <, or = to make a true statement. 


es 1; 33 5s 3. 6. 
83. 18 mm © 2cm 84. 32 mm © 3.2 cm 85. 0.8m°8cm 
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Geometry Lab 


Describing What You See 


When you are learning geometric concepts, it is critical to have 
accurate drawings to represent the information. It is helpful to 


al 


know what words and phrases can be used to describe figures. 


Likewise, it is important to know how to read a geometric 
description and be able to draw the figure it describes. 


(ess Common Core State Standards 

“= Content Standards 
G.MG.1 Use geometric shapes, their measures, and their properties 
to describe objects (e.g., modeling a tree trunk or a human torso as 
a cylinder). %* 


Mathematical Practices 6 


The figures and descriptions below help you visualize and write about 
points, lines, and planes. 


ale a 
isa it 


Point W is the intersection 


Point Q is on £. 
cont 0. 


Point W is on r. Point W is on t. 


Line £ and point R are in N, AB is in P and Q, 
es in Points A and B lie in both P and Q, 
Planes P and Q both contain 
Planes ? and Q intersect in AB. 
Point R is the int AB is the intersection of P and Q. 


Lines @ and m do not inter: 


Write a description for each figure. 


. 2. 
tng m 


4. Draw and label a figure for the statement Planes Nand contain line a. 
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Linear Measure 


:-‘Now :-Why? 


@ You identified and @) 1 Measure segments. @ When the ancient Egyptians found a need for a measurement system, they used the 
modeled points, human body as a guide. The cubit was the length of an arm from the elbow to the 
lines, and planes. fingertips. Eventually the Egyptians standardized the length of a cubit, with ten royal 


2 EALCTEV aN cubits equivalent to one rod. 


measures. 


(Bj Newvocabutary Measure Line Segments Unlike a line, a line Segment, or segment, can be 
' line segment measured because it has two endpoints. A segment with endpoints A and B 
betweenness of points can be named as AB or BA. The measure of AB is written as AB. The length or 
between measure of a segment always includes a unit of measure, such as meter or inch. 
congruent segments 


All measurements are approximations dependent upon the smallest unit of 


construction ; tesa te 
measure available on the measuring instrument. 


Example 1 
‘ce)\ Common Core 
CCss) State Standards 


Content Standards 
G.CO.1 Know precise 
definitions of angle, circle, 
perpendicular line, parallel 
line, and line segment, based 
on the undefined notions of 


Find the length of AB using each ruler. 
a A B b. 


point, line, distance along a The ruler is marked in centimeters. The long marks are centimeters, and 

line, and distance around a ‘ p P wage 

Circular are Point B is closer to the 4-centimeter the shorter marks are millimeters. 
mark than to 3 centimeters. There are 10 millimeters for each 


G.C0.12 Make formal 
geometric constructions with 
a variety of tools and 
methods (compass and 
straightedge, string, 
reflective devices, paper 
folding, dynamic geometric 


wee centimeter. 
Thus, AB is about 4 centimeters long. a: : 


Thus, AB is about 3.7 centimeters long. 


GuidedPractice 


software, etc.). Cc D 

1A. Measure the length of a dollar bill in o—___-. 
Mathematical Practices centimeters. l l l l l 
6 Attend to precision. a sae 

1B. Measure the length of a pencil in millimeters. cm 1 2 3 4 

1C. Find the length of CD. 


sabew A29/1dSs/oynqujUog/Auesgr] aunyaig Ayal90g »Y aouUa!IS(q) ‘AN ‘2ouNOsay Ly/WNasny sig aul Jo sae}sny aul (y) 
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StudyTip 


Using a Ruler The zero point 
on aruler may not be clearly 
marked. For some rulers, zero 
is the left edge of the ruler. 
On others, it may be a fine 
line farther in on the scale. If 
it is not clear where the zero 
is, align one endpoint on 1 
and subtract 1 from the 
measurement at the other 
endpoint. 


that a < n < b. This relationship also applies to points on a line 


and is called betweenness of points. In the figure, point N is 


between points A and B, but points R and P are not. 


Example 2 


Find the length of CD using each ruler. 
a. Cc D b. G D 


| 
0 1 2 


in. in. 


Each inch is divided into fourths. Each inch is divided into sixteenths. 


Point D is closer to the 14 -inch mark. Point D is closer to the 14-inch mark. 
CD is about 4 inches long. CD is about 14 or 4 inches long. 
GuidedPractice 

2A. Measure the length of a dollar bill in inches. 


2B. Measure the length of a pencil in inches. 


Calculate Measures Recall that for any two real numbers 
a and b, there is a real number n that is between a and b such 


Measures are real numbers, so all arithmetic operations can be 
used with them. You know that the whole usually equals the sum 
of its parts. That is also true of line segments in geometry. 


| & KeyConcept Betweenness of Points | 
Words Model 
Point Mis between points P and Q if and only if P, PQ 
Q, and Mare collinear and PM + MQ = PQ. i ‘ 
P M Q 
PM [MQ >| 


StudyTip 


Comparing Measures 
Because measures are real 
numbers, you can compare 
them. If points X, Y, and Zare 
collinear in that order, then 
one of these statements is 
true: XY = YZ, XY > YZ, or 
XY < YZ. 


Example 3 


Find EG. Assume that the figure is not drawn to scale. 


EG is the measure of EG. Point F is between E and G. 
Find EG by adding EF and FG. 


PFs G= FC 
3 3 _ 

25 +25 = EG 
55 in. = EG Add. 


Betweenness of points 


Substitution 


GuidedPractice 


3. Find JL. Assume that the figure is 
not drawn to scale. 


aS 
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Example 4 


Point B is between A and C. 


AB+BC=AC 
AB + 5.8 = 13.2 
AB + 5.8 — 5.8 = 13.2 —5.8 
AB=74m 
GuidedPractice 


is not drawn to scale. 


Example 5 


and YZ = 14. 


XZ=XY+ YZ 
5a —4=30a+14 
5a —4—3a = 3a4+ 14 —- 3a 


2a—-4=14 
2a—4+4=144+4 
2a = 18 
2a _ 18 
De 6D 
a=9 
Now find XY. 
XY = 3a Given 
= 3(9) or 27 a= 
GuidedPractice 


Find AB. Assume that the figure is not drawn to scale. A B 


4. Find QR. Assume that the figure 


Draw a figure to represent this information. 


Betweenness of points 
Substitution 
Subtract 5.8 from each side. 


Simplify. 


ALGEBRA Find the value of a and XY if Y is between X and Z, XY = 3a, XZ = 5a —4, 


5a-4 
b 3a 14 : 
Betweenness of points 4 Y Z 


Substitution 

Subtract 3a from each side. 
Simplify. 

Add 4 to each side. 
Simplify. 

Divide each side by 2. 


Simplify. 


5. Find x and BC if B is between A and C, AC = 4x — 12, AB = x, and BC = 2x + 3. 


Segments that have the same measure are called congruent segments. 


WatchOut! 
& t Congruent Segmen 

Equal vs. Congruent Lengths = KeyConcep Co oie LSegments 
are equal and segments are Words Congruent segments have the same measure. eee, 
congruent. It is correct to say A 
that AB = CD and AB = CD. Symbols = is read is congruent to. Red slashes on Cc 
However, it is not correct to the figure also indicate congruence. 
say that AB = CD or that oo 1.7cm 
AB = CD. Example AB = CD B 

X 
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Matt Stroshane/Getty Images 


Real-WorldLink 


The first commercial 
skateboard was introduced in 
1959. Now there are more 
than 500 skate parks in the 
United States. 


Source: Encyclopaedia Britannica 


Real-World Example 6 


6B. Name the congruent segments 
in the sign shown. 


SKATE PARKS In the graph, suppose a segment was drawn along the top of each bar. 
Which states would have segments that are congruent? Explain. 


Skate Parks in Various States 


Oklahoma 
Nebraska 
Kansas 

South Carolina 
Mississippi 


Alabama 


10 12 14 16 18 20 22 24 26 28 30 32 
Number of Parks 


Source: SITE Design Group, Inc. 


GuidedPractice 


The segments on the bars for Nebraska and South Carolina would be congruent 
because they both represent the same number of skate parks. 


6A. Suppose Oklahoma added another skate park. The segment drawn along the bar 
representing Oklahoma would be congruent to which other segment? 


Cc 


Drawings of geometric figures are created using measuring tools such as a ruler and 
protractor. Constructions are methods of creating these figures without the benefit of 
measuring tools. Generally, only a pencil, straightedge, and compass are used in 
constructions. Sketches are created without the use of any of these tools. 


You can construct a segment that is congruent to a given segment. 


A Construction Copy a Segment 


FXG) Draw a segment JK. Elsewhere 
on your paper, draw a line and 
a point on the line. Label the 
point Q. 


EX] Place the compass at point J and 
adjust the compass setting so 
that the pencil is at point K. 


Step 3| Using that setting, place the 


compass point at Q and draw an arc 
that intersects the line. Label the 
point of intersection R. JK = QR 


Q R 


4 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Find the length of each line segment or object. 


1. i 2 C¢ D 
ao 


ARI VARRY (ORRITUARY (LUAN TUE) (LELARLE 
cm 1 2 3 4 


(eee 


I 
I 
1 
I 
I 
I 
o 


4. A B 
—— 


pe | aaa 
0 1 


in. 


Example 2 3. 


1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
& 


ar) ae 
2 


0 1 
In. 


Examples 3-4 Find the measurement of each segment. Assume that each figure is not drawn to scale. 


5. CD 6. RS 


C 1.1 in. R S 16cm 7 
Pe iin. | hae 7 


D 


Example 5 ALGEBRA Find the value of x and BC if B is between C and D. 
@ ce = 2x, BD = 4x, and BD = 12 
8 CB =4x —9,BD = 3x + 5,and CD = 17 


Example 6 9. CSS STRUCTURE The Indiana State Flag was adopted in 1917. 
The measures of the segments between the stars and the flame 
are shown on the diagram in inches. List all of the congruent 
segments in the figure. 


Practice and Problem Solving Extra Practice is on page R1. 


Examples 1-2 Find the length of each line segment. 


10. =#&€ F 11. xX Y 
__— Saas 
| MT] ar ye PP ye mp rye Mii 
0 1 2 mm 1 2 3 4 
in. 


sabewy A99/3}Aq490}S(q) ‘SlayOo/UYey AD2I1 (3) 


al 
*) 18 | Lesson 1-2 | Linear Measure 


(I)moodboard/CORBIS, (r)Coinery/Alamy 


13. 


@ =<] 5====-= 


3 
: 


er tnt tn 
cm 1 2 3 4 ; 


0 1 2 
In. 


Examples 3-4 Find the measurement of each segment. Assume that each figure is not drawn to scale. 


14. EF 15. ie 16. PR 
0.75 cm 0.35 cm 
e—_____e_-® 
J K ji — 5.8mm 
P 
a ee 
3.7 mm Ss 
18. WY 19. FG 
| igen |-—— 8.8 mm——+| |}-——16.8 cm ———| 
re o— o_o} 0 |_0 
—* 6m, T Ww Y x F G H JK 


cS) 


20. C88 SENSE-MAKING The stacked bar graph 
shows the number of canned food items 
donated by the girls and the boys ina 
homeroom class over three years. Use the 
concept of betweenness of points to find 
the number of cans donated by the boys 
for each year. Explain your method. 


Homeroom Canned Food Donations 


30 40 50 60 70 80 
Number of Cans 
= Girls = Boys 


Example 5 ALGEBRA Find the value of the variable and YZ if Y is between X and Z. 
21. XY = 11, YZ = 4c, XZ = 83 22. XY = 6b, YZ = 8b, XZ = 175 
23. XY = 7a, YZ = 5a, XZ = 6a + 24 24. XY = 11d, YZ = 9d — 2, XZ = 5d + 28 
25. XY = 4n + 3, YZ =2n —7, XZ = 22 26. XY = 3a — 4, YZ = 64 + 2, XZ = 5a + 22 


Example 6 Determine whether each pair of segments is congruent. 


@ Kj AL 28. AC, BD 29. EH, FG 
K 4 in. J A_2ft B f 
3 tt 3 ft 0.45 cm 
3in 3in 0.5 cm 
C 7 tt D H 
G 


H 4in. L 


30. VW, UZ 31. MN, RO 
Y Z M 4x N 
2y 
x U 3x P 
2y 
W V R 4x Q 


[ CoE BR) 


(33) TRUSSES A truss is a structure used to support a load C 


34. 


35. 


36. 


over a span, such as a bridge or the roof of a house. B D 
List all of the congruent segments in the figure. 


A H G F E 

CONSTRUCTION For each expression: x 
° construct a segment with the given measure, 

F W 
e explain the process you used to construct the segment, and 
e verify that the segment you constructed has the given measure. 
a. 2(XY) b. 6(WZ) — XY Z 

Y 


BLUEPRINTS Use a ruler to determine at least five 
pairs of congruent segments with labeled 
endpoints in the blueprint at the right. 


LIVING ROOM 


DINING ROOM 


of? MULTIPLE REPRESENTATIONS Betweenness of points ensures that a line segment may 
be divided into an infinite number of line segments. 


a. Geometric Use a ruler to draw a line segment 3 centimeters long. Label the endpoints 
A and D. Draw two more points along the segment and label them B and C. Draw a 
second line segment 6 centimeters long. Label the endpoints K and P. Add four more 
points along the line and label them L, M, N, and O. 


b. Tabular Use a ruler to measure the length of the line segment between each of the 
points you have drawn. Organize the lengths of the segments in AD and KP into a 
table. Include a column in your table to record the sum of these measures. 


c. Algebraic Give an equation that could be used to find the lengths of AD and KP. 
Compare the lengths determined by your equation to the actual lengths. 


H.0.T. Problems Use Higher-Order Thinking Skills 


37. 


38. 


39. 


40. 


41. 
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WRITING IN MATH If point B is between points A and C, explain how you can find AC if 
you know AB and BC. Explain how you can find BC if you know AB and AC. 


OPEN ENDED Draw a segment AB that measures between 2 and 3 inches long. Then 
sketch a segment CD congruent to AB, draw a segment EF congruent to AB, and 
construct a segment GH congruent to AB. Compare your methods. 


CHALLENGE Point K is between points J and L. If JK = x* — 4x, KL = 3x — 2, and JL = 28, 
write and solve an equation to find the lengths of JK and KL. 


>_> 
CESS REASONING Determine whether the statement If point M is between points C and D, 
then CD is greater than either CM or MD is sometimes, never, or always true. Explain. 


EA) WRITING IN MATH Why is it important to have a standard of measure? 


Linear Measure 


Standardized Test Practice 


42. SHORT RESPONSE A 36-foot-long ribbon is cut 44. SAT/ACT If f(x) = 7x? — 4x, what is the value 
into three pieces. The first piece of ribbon is half of f(2)? 
as long as the second piece of ribbon. The third 


piece is 1 foot longer than twice the length of the F -8 J 17 
second piece of ribbon. How long is the longest G2 K 20 
piece of ribbon? H 6 

43. In the figure, points A, B, Heme 


C, D, and E are collinear. If 
AE = 38, BD = 15, and 
BC = CD = DE, what is 


Simplify (8x? — 2)(2x + 4) — 2x? + 6x + 7. 
A 4x24 14x -1 


B 
the length of AD? e B 4x? — 14x +15 
A 75 C205 D C 6x3 + 12x? + 2x -1 
B 15 D 30.5 E D 6x9 + 10x? + 2x-1 


Spiral Review 


Refer to the figure. (Lesson 1-1) 
46. What are two other names for AB? 
47. Give another name for plane P. 


48. Name the intersection of plane P and ZB. 


49. Name three collinear points. 


50. Name two points that are not coplanar. 


51. CLOCKS The period of a pendulum is the time required for it to make 
one complete swing back and forth. The formula of the period P in 


£ 


seconds of a pendulum is P = 27 30’ 


pendulum in feet. (Lesson 0-9) 


where £ is the length of the 


a. What is the period of the pendulum in the clock shown to 
the nearest tenth of a second? 


b. About how many inches long should the pendulum be in 
order for it to have a period of 1 second? 


Solve each inequality. (Lesson 0-6) 
52. —14n > 42 53. p+6>15 
54. —2a-—5 < 20 55. 5x < 3x — 26 


Skills Review 


Evaluate each expression if a = —7,b = 4,c = —3, andd=5. 


56. b—c 57. |a —d| 58. |d—c|l 


59, 2=4 60. (a — c)? 61. (a — b)2 + (cd)? 
{MconecteD megrew-hil.con 21 Ky 


:‘ Objective 
@ Determine precision 
of measurements. 


Determine accuracy 
of measurements. 


StudyTip 


Precision The absolute error 
of a measurement in 
customary units is 
determined before reducing 
the fraction. For example, if 
you measure the length of an 
object to be 4 inches, then 


the absolute error 

measurement is precise to 
iPmas. [ine 

within 32 inch. 
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Extension Lesson 


Precision and Accuracy 


As stated in Lesson 1-2, all measurements are approximations. Two main factors are 
considered when determining the quality of such an approximation. 

¢ How precise is the measure? 

¢ How accurate is the measure? 


Precision Précision refers to the clustering of a group of measurements. It depends 

only on the smallest unit of measure available on a measuring tool. Suppose you are 
told that a segment measures 8 centimeters. The length, to the nearest centimeter, of each 
segment shown below is 8 centimeters. 


Notice that the exact length of each segment above is between 7.5 and 8.5 centimeters, or 
within 0.5 centimeter of 8 centimeters. The absolute error of a measurement is equal to 
one half the unit of measure. The smaller the unit of measure, the more precise the 
measurement. 


Example 1 


Find the absolute error of each measurement. Then explain its meaning. 

a. 6.4 centimeters 
The measure is given to the nearest 0.1 centimeter, so the absolute error of this 
measurement is $(0.1) or 0.05 centimeter. Therefore, the exact measurement 


could be between 6.35 and 6.45 centimeters. The two segments below measure 
6.4 + 0.05 centimeters. 


b. 24 inches 
The measure is given to the nearest 1 inch, so the absolute error of this 


measurement is +(4) or ; inch. Therefore, the exact measurement could be 
1 


between 25 and 23 inches. The two segments below measure 24 t3 inches. 


Oe fff 
ee 


ee ae 
0 1 2 3 


in. 


GuidedPractice 


1A. 5 inches 1B. 4 centimeters 


Precision in a measurement is usually expressed A eB 
by the number of significant digits reported. 
Reporting that the measure of AB is 4 
centimeters is less precise than reporting that the 
measure of AB is 4.1 centimeters. 


To determine whether digits are considered significant, use the following rules. 


¢ Nonzero digits are always significant. 

e In whole numbers, zeros are significant if they fall between nonzero digits. 

e In decimal numbers greater than or equal to 1, every digit is significant. 

e In decimal numbers less than 1, the first nonzero digit and every digit to the right 
are significant. 


Example 2 


Determine the number of significant digits in each measurement. 


a. 430.008 meters 
Since this is a decimal number greater than 1, every digit is significant. So, this 
measurement has 6 significant digits. 

b. 0.00750 centimeter 


This is a decimal number less than 1. The first nonzero digit is 7, and there are two 
digits to the right of 7, 5 and 0. So, this measurement has 3 significant digits. 


Real-WorldLink 


Precision in measurement 
in the real world usually 
comes at a price. 


e Precision in a process to 3 
significant digits, commercial 
quality, can cost $100. 

e Precision in a process to 4 
significant digits, industrial 
quality, can cost $500. 

e Precision in a process to 5 
significant digits, scientific 
quality, can cost $2500. 


Source:Southwest Texas Junior 
College 


GuidedPractice 


2A. 779,000 mi 2B. 50,008 ft 2. 230.004500 m 


Accuracy Accuracy refers to how close a measured value comes to the actual or 
desired value. Consider the target practice results shown below. 


OM CMOMO, 


accurate and accurate but precise but not accurate and 
precise not precise not accurate not precise 


The relative error of a measure is the ratio of the absolute error to the expected measure. 
A measurement with a smaller relative error is said to be more accurate. 


StudyTip 


Accuracy The accuracy or 
relative error of a 
measurement depends on 
both the absolute error and 
the size of the object being 
measured. 


MANUFACTURING A manufacturer measures each part for a piece of equipment to be 
23 centimeters in length. Find the relative error of this measurement. 


absolute error _ 0.5cm ~ 0.022 or 2.2% 


relative error = ———_———__ = 
expected measure 23cm 


GuidedPractice 


Find the relative error of each measurement. 


3A. 3.2 mi 3B. 1 ft 3C. 26 ft 


Simon Battensby/Getty Images 


SS 23 


Extension Lesson 


Precision and ACCuracy continued 


Practice and Problem Solving 


Find the absolute error of each measurement. Then explain its meaning. 


1. 12yd 2. 50-4 in. 3. 3.28 ft 4, 2.759 cm 


5. ERROR ANALYSIS In biology class, Manuel 
and Jocelyn measure a beetle as shown. 
Manuel says that the beetle measures 


between I > and 1 inches. age = 
that it ae aoe 1 and 2B inches. 


Is either of their statements about fhe beetle’s 
measure correct? Explain your reasoning. 


eer a pry a | 

6. PYRAMIDS Research suggests that the design dimensions 0 1 2 
of the Great Pyramid of Giza in Egypt were 440 by 440 
royal cubits. The sides of the pyramid are precise within 
0.05%. What are the greatest and least possible lengths of 
the sides? 


Determine the number of significant digits in each measurement. 


7. 4.05 in. 8. 53,000 mi 9. 0.0005 mm 10. 750,001 ft 


11. VOLUME When multiplying or dividing measures, 
the product or quotient should have only as many 
significant digits as the multiplied or divided 
measurement showing the least number of significant 
digits. To how many significant digits should the volume 
of the rectangle prism shown be reported? Report the 85.75 cm 
volume to this number of significant digits. 


Find the relative error of each measurement. 
12. 48 in. 13. 2.0 mi 14. 11.14 cm 15. 0.6m 


Determine which measurement is more precise and which is more accurate. Explain 
your reasoning. 


16. 22.4 ft; 5.82 ft 17. 25 mi; 8 mi 18.9.2cm;42mm_ 19. 18} in.; 125 yd 


For each situation, determine the level of accuracy needed. Explain. 


20. You are estimating the height of a person. Which unit of measure should you use: 


1 foot, 1 inch, or 6 inch? 


21. You are sonal; the height of a mountain. Which unit of measure should you use: 


1 foot, 1 inch, or = 73 1 inch? 


22. PERIMETER The perimeter of a geometric figure is the sum of the lengths of its sides. 
Jermaine uses a ruler divided into inches and measures the sides of a rectangle to be 


24 inches and 4s inches. What are the least and greatest possible perimeters of the 
rectangle? Explain. 


23. EA) WRITING IN MATH How precise is precise enough? 
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Distance and Midpoints 


:‘Now :* Why? GEORGIA { 


@ You graphed points © 1 Find the distance @ The location of a city on a map is 
on the coordinate between two points. given in degrees of latitude and 


plane. Find the midpoint of longitude. For short distances, the 
aleecraent Pythagorean Theorem can be 
9 : used to approximate the distance 
between two locations. 
ope NewVocabulary Distance Between Two Points The distance between two points is the length of 
=~ distance the segment with those points as its endpoints. The coordinates of the points can be 
irrational number used to find this length. Because PQ is the same as QP, the order in which you name the 
midpoint endpoints is not important when calculating distance. 
segment bisector 
of KeyConcept Distance Formula (on Number Line) 
a) Common Core Words Be renee ae leat sours 
>)) State Standards absolute value of the difference between P Q 
—_ their coordinates. 
Content Standards x, Xp 
EOE) ynmuylase Symbols If Phas coordinate x, and @ has coordinate 
definitions of angle, circle, X>, PQ=|X> —X, | orl|xX, — x. 
perpendicular line, parallel a Peers 2|- 


line, and line segment, based \ 
on the undefined notions of 
point, line, distance along a 
line, and distance around a 
circular arc. 

G.CO.12 Make formal 
geometric constructions with 
a variety of tools and 
methods (compass and 
straightedge, string, 
reflective devices, paper 
folding, dynamic geometric 
software, etc.). 


Example 1 


Use the number line to find BE. AB Cc OD E F 


—7-6-5-4-3-2-1 0123 45 67 


The coordinates of B and E are —6 and 2. 


BE = |x, —x4| Distance Formula 
Mathematical Practices 


2 Reason abstractly and = |2-(-6)| X, = —6 and x, = 2 


quantitatively. 
7 Look for and make use of =8 Simplify. 
structure. 
GuidedPractice 


Use the number line above to find each measure. 


1A. AC 1B. CF 10. FB 


Pal 
fC 25 GC») 


7 
StudyTip oe find the distance between two points y A (x;, ¥;) 


Pythagorean Theorem A and B in the coordinate plane, you can 
Recall that the Pythagorean form a right triangle with AB as its 

Theorem is often expressed hypotenuse and point C as its vertex as 

as a? + b? = c”, where a shown. Then use the Pythagorean Theorem 
and b are the measures of to find AB. 


the shorter sides (legs) of a 
right triangle, and cis the 

measure of the longest side 
(hypotenuse). You will prove 


(CB)* + (AC)? = (AB)? Pythagorean Theorem 


and learn about other (|¥2—*1))? + (|¥2— yi |)? = (AB) CB=|x,— X,|, AC=|¥o—Yy| 
applications of the 
Pythagorean Theorem (5 — x + (Yo - iy = (AB)? The square of a number is always positive. 
in Lesson 8-2. 1 ; 7 

L J (%_ — X14)" + Yo — ¥1)° = AB Take the positive square root of each side. 


This gives us a Distance Formula for points in the coordinate plane. Because this 
formula involves taking the square root of a real number, distances can be irrational. 
Recall that an irrational number is a number that cannot be expressed as a terminating 
or repeating decimal. 


KeyConcept Distance Formula (in Coordinate Plane) 


If Phas coordinates (x,, y,) and Q has coordinates 


PQ =f (Xp — %)? + (Yo — Jy). 


Example 2 
Find the distance between C(—4, —6) and D(5, —1). 
CD =f (x2 — x1)? + (Yo — yy)” Distance Formula 


— [5 = (—4)]7+ (-1 re (—6)]? (X4; ys) = (—4, —6) and (Xp, Vo) = (5, —1) 


= V9? + 5 or V106 Subtract. 


The distance between C and D is V 106 units. Use a calculator to find that ¥ 106 units 
is approximately 10.3 units. 


CHECK Graph the ordered pairs and check by using 
the Pythagorean Theorem. 


(CD)? = (EC)* + (ED)? 
(CD)? 4 5? + 92 
(CD)* = 106 

CD = V106 v 


GuidedPractice 
Find the distance between each pair of points. 


2A. E(—5, 6) and F(8, —4) 2B. ](4, 3) and K(—3, —7) 
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Midpoint of a Segment The midpoint of a segment is the point halfway between 

the endpoints of the segment. If X is the midpoint of AB, then AX = XB and AX = XB. 
You can find the midpoint of a segment on a number line by finding the mean, or the 
average, of the coordinates of its endpoints. 


= 


KeyConcept Midpoint Formula (on Number Line) 


if AB has endpoints at x, and x, on a number line, A M B 
then the midpoint M of AB has coordinate 
X4 X4 + Xo Xo 


2 


StudyTip 


Alternative Method 

In Example 3, the coordinate 
of the midpoint could also 
have been located by first 
finding the length of AB, 
which is 37.5 — 15 or 22.5 
inches. Half of this measure 
is the distance from one 
endpoint to the point midway 
between A and B, aS or 
11.25. Add this distance to 


Real-World Example 3 


DECORATING Jacinta hangs a picture 15 inches B 
rou the lett side of 4 wall. How far feo thé TUTTI TTT TTT TTT TT TTT TTT TTT 
edge of the wall should she mark the location 
for the nail the picture will hang on if the right 
edge is 37.5 inches from the wall’s left side? 


The coordinates of the endpoints of the top of 
the picture frame are 15 inches and 37.5 inches. 
Let M be the midpoint of AB. 


Xy +X paced 
point A’s distance from the he Midpoint Formula 
left wall. So the midpoint 

A Ve 
between A and Bis = ——— X, = 15, Xp = 37.5 


15 + 11.25 or 26.25 inches 
from the left wall. 


= = or 26.25 Simplify. 


The midpoint is located at 26.25 or 264 inches from the left edge of the wall. 


GuidedPractice 


3. TEMPERATURE The temperature on a thermometer dropped from a reading of 
25° to —8°. Find the midpoint of these temperatures. 


You can find the midpoint of a segment on the coordinate plane by finding the average 
of the x-coordinates and of the y-coordinates of the endpoints. 


KeyConcept Midpoint Formula (in Coordinate Plane) 


If PQ has endpoints at P(x, y;) and Q(x>, Yo) in_ j 

the coordinate plane, then the midpoint M of PQ 
has coordinates 

Xi +X Vy + Vo Vite 
aie 


X44+Xo Yi + Ya) 
2 * 2 


When finding the midpoint of a segment, the order of the 
coordinates of the endpoints is not important. 


{Mfcoroerteb negraw-hi con] mp | 27 is) 


Example 4 
Find the coordinates of M, the midpoint of ST, for S(—6, 3) and T(1, 0). 


M= = = *2 ne) Midpoint Formula 
2 2 
—6+1 3+0 
[| (1,44) = SB, 3), (Xp, Yo) = TE, 0) 
= (=> 3 aol qt ‘anil 
= a 3) or M( 257 15) Simplify. 
CHECK Graph S, T, and M. The distance from S toM y | 
Pe : S(-6, 3) | 
oes appear to be the same as the distance 
from M to T, so our answer is reasonable. (-2 5 I 5) | 
Ps . (0) xX 
GuidedPractice 71,0) 
Find the coordinates of the midpoint of a | 


segment with the given coordinates. — 
4A. A(5, 12), B(—4, 8) 
4B. C(—8, —2), D(5, 1) 


You can also find the coordinates of the endpoint of a segment if you know the 
coordinates of its other endpoint and its midpoint. 


Example 5 


Find the coordinates of J if K(—1, 2) is the midpoint of JL and L has coordinates 
(3, —5). 


| Step 1 | Let J be (x1, y,) and L be (x,, y,) in the Midpoint Formula. 


gars y, + (-5) 
2 y 


5 = K(-1, 2) (Xp, Yo) = (3, —5) 


| Step 2 | Write two equations to find the coordinates of J. 


x, +3 y,+(-5 
1 = —1 Midpoint Formula = =2 Midpoint Formula 
x,+3=-2 Multiply each side by 2. y,-9=4 Multiply each side by 2. 
x,=-5 Subtract 3 from each side. y,=9 Add 5 to each side. 


StudyTip The coordinates of J are (—5, 9). 
Check for Reasonableness , 
Always graph the given CHECK Graph J, K, and L. The distance from J to K 


does appear to be the same as the distance 
from K to L, so our answer is reasonable. 


information and the 
calculated coordinates of 
the third point to check 
the reasonableness of 
your answer. 


GuidedPractice 


Find the coordinates of the missing endpoint 


if P is the midpoint of EG. 
5A. E(—8, 6), P(—5, 10) 


5B. P(—1, 3), G(5, 6) 
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StudyTip 

(css Sense-Making and 
Perseverance The four-step 
problem solving plan is a tool 
for making sense of any 
problem. When making and 
executing your plan, 
continually ask yourself, “Does 
this make sense?” Monitor 
and evaluate your progress 
and change course if necessary. 


StudyTip 


Segment Bisectors There 
can be an infinite number of 
bisectors and each must 
contain the midpoint of the 
segment. 


You can use algebra to find a missing measure or value in a figure that involves the 
midpoint of a segment. 


Example 6 
ALGEBRA Find the measure of PQ if Q is the midpoint of PR. 


Understand You know that Q is the midpoint of PR. gy—2 
You are asked to find the measure of PQ. 
Q 
Plan Because Q is the midpoint, you know that 14 + 5y 
PQ = QR. Use this equation to find a value for y. 
R 


Solve PQ=QR Definition of midpoint 
Sy —2= 14+ 5y PQ = 9y — 2, QR= 14 + Sy 
4y —2=14 Subtract 5y from each side. 
4y = 16 Add 2 to each side. 
y=4 Divide each side by 4. 


Now substitute 4 for y in the expression for PQ. 


PQ=9y—2 Original measure 
= 9(4) — 2 y=4 
= 36 — 2 or 34 Simplify. 

The measure of PQ is 34. 


Check Since PQ = QR, when the expression for QR is evaluated for 4, it should 


also be 34. 
QR = 14+ 5y Original measure 
+144 5(4) y=4 
=34Vo Simplify. 
GuidedPractice 


6A. Find the measure of YZ if Y is the midpoint of XZ and XY = 2x — 3 and 
YZ = 27 — 4x. 


6B. Find the value of x if C is the midpoint of AB, AC = 4x + 5, and AB = 78. 


Any segment, line, or plane that intersects a P 
segment at its midpoint is called a segment “ 
bisector. In the figure at the right, M is the 

midpoint of PQ. Plane A, My, kM, and point \ 

M are all bisectors of PQ. We say that they 

bisect PQ. 


Q 


The construction on the following page shows how to construct a line that bisects 
a segment to find the midpoint of a given segment. 


LS 
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[ A Construction Bisect a Segment ] 


FS@RE Draw a segment and name it AB. | [XGi 89 Using the same compass setting, | EQGMEY Use a straightedge to draw CD. 


Place the compass at point A. place the compass at point B and Label the point where it 

Adjust the compass so that its draw arcs above and below AB intersects AB as M. Point Mis 
width is greater than AB. so that they intersect the two the midpoint of AB, and CDis a 
Draw arcs above and below AB. arcs previously drawn. Label the bisector of AB. 


points of the intersection of the 
arcs as Cand D. 


Check Your Understanding = Step-by-Step Solutions begin on page R14. 
Example 1 Use the number line to find each measure. 
Ww x Z y 
-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 


1. XY 2. WZ 


Example 2 TIME CAPSULE Graduating classes have buried time capsules 
on the campus of East Side High School for over twenty 
years. The points on the diagram show the position of 
three time capsules. Find the distance between each pair 
of time capsules. 


@ 44,9, Be, -3) 


4. A(4, 9), C(9, 0) 


5. B(2, —3), C(9, 0) 


=> 
6. GOSS REASONING Which two time capsules are the closest to 
each other? Which are farthest apart? 


Example 3 Use the number line to find the coordinate of the midpoint of each segment. 


A B C D 
Se aa A SS a 
+12 -6 0 6 12 18 24 
7. AC 8. BD 


Example 4 Find the coordinates of the midpoint of a segment with the given endpoints. 
9. J(5, —3), K(3, —8) 10. M(7, 1), N(4, -1) 
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Example 5 (a1) Find the coordinates of G if F(1, 3.5) is the midpoint of GJ and J has coordinates 
(6, —2). 


Example6 12, ALGEBRA Point M is the midpoint of CD. What is the value 
of a in the figure? 


Practice and Problem Solving Extra Practice is on page R1. 


Example 1 Use the number line to find each measure. 
J kK L WM N P 
—7-6—5—4-3-2-1 012 345 6 
13. JL 14. JK 15. KP 
16. NP 17. JP 18. LN 


Example 2 Find the distance between each pair of points. 


19. 20. 


25. X(1, 2), Y(5, 9) 26. P(3, 4), Q(7, 2) 27. M(—3, 8), N(—5, 1) 
28. Y(—4, 9), Z(—5, 3) 29. A(2, 4), B(5, 7) 30. C(5, 1), D(3, 6) 


31. CESS REASONING Vivian is planning to hike to the top of 
Humphreys Peak on her family vacation. The coordinates 
of the peak of the mountain and of the base of the trail are 
shown. If the trail can be approximated by a straight line, 
estimate the length of the trail. (Hint: 1 mi = 5280 ft) 


LA. 
yy RL 31 6p 


32. (tSs MODELING Penny and Akiko live in the locations shown on the map below. 


== wc 
& 
Penny | = z 
= 
ij Bue 
® = 2 
Mog’ Cons) ot | & 
SS 
st 
as oe 
give | 
Akiko 
| Cooper Ave aw il 
33 


a. If each square on the grid represents one block and the bottom left corner of the grid 
is the location of the origin, what is the straight-line distance from Penny’s house to 
Akiko’s? 


b. If Penny moves three blocks to the north and Akiko moves 5 blocks to the west, how 
far apart will they be? 


Example 3 Use the number line to find the coordinate of the midpoint of each segment. 
E F G H J KL 


-6 -4 -2 0 2 4 6 8 10 


33. HK 34. JL 35. EF 
36. FG 37. FK 38. EL 
Example 4 Find the coordinates of the midpoint of a segment with the given endpoints. 
(39) C(22, 4), B(15, 7) 40. W(12, 2), X(7, 9) 
41. D(—15, 4), E(2, —10) 42. V(—2, 5), Z(3, —17) 
43. X(—2.4, —14), Y(—6, —6.8) 44, J(—11.2, —3.4), K(—5.6, —7.8) 
45. 46. 


Example 5 Find the coordinates of the missing endpoint if B is the midpoint of AC. 
47. C(—5, 4), B(—2, 5) 48. A(1, 7), B(—3, 1) 49. A(—4, 2), B(6, -1) 
50. C(—6, —2),B(—3, —5) 51. A(4, 0.25), B(—4, 6.5) 52. c(3, -6), a(S, 4) 


Example 6 | ALGEBRA Suppose M is the midpoint of FG. Use the given information to find the 
missing measure or value. 


53. FM = 3x — 4, MG = 5x — 26,FG =? 54. FM = Sy + 13, MG = 5 — 3y, FG =? 
55. MG = 7x — 15, FG = 33,x =? 56. FM = 8a + 1,FG=42,a=? 


A.) 
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67) BASKETBALL The dimensions of a basketball court are shown below. Suppose a player 
throws the ball from a corner to a teammate standing at the center of the court. 


“ 94 ft 


a. If center court is located at the origin, find the ordered pair that represents the 


location of the player in the bottom right corner. 


b. Find the distance that the ball travels. 


i> 

CCS TOOLS Spreadsheets can be used to perform calculations quickly. The spreadsheet 
below can be used to calculate the distance between two points. Values are used in formulas 
by using a specific cell name. The value of x, is used in a formula using its cell name, A2. 


Row 1 


contains Midpoint 
labels for 
each B [ 


114 


column. ae Y1 [Midpoint x-value | Midpoint y-value || 


Row 2 


Oe 


yA 


contains 


numerical 


calculate the x-coordinate — 


of the midpoint. 


Write a formula for the indicated cell that could be used to calculate the indicated value 
using the coordinates (x,, y,) and (x, y,) as the endpoint of a segment. 


58. E2; the x-value of the midpoint of the segment 
59. F2; the y-value of the midpoint of the segment 


60. G2; the length of the segment 


Name the point(s) that satisfy the given condition. 


61. two points on the x-axis that are 10 units from (1, 8) 


62. two points on the y-axis that are 25 units from (—24, 3) 


63. COORDINATE GEOMETRY Find the coordinates of B if B is 
the midpoint of AC and C is the midpoint of AD. 


ALGEBRA Determine the value(s) of n. 
64. J(n,n + 2), K(3n,n — 1), JK=5 


65. P(3n,n — 7), Q(4n,n + 5),PQ=13 


—— 
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a 

66. CESS PERSEVERANCE Wilmington, North Carolina, is located at (34.3°, 77.9°), which 
represents north latitude and west longitude. Winston-Salem is in the northern part 
of the state at (36.1°, 80.2°). 


TENNESSEE 


Py) 


- Cape 
Hatteras 


SOUTH 
CAROLINA 


a. Find the latitude and longitude of the midpoint of the segment between Wilmington 
and Winston-Salem. 


b. Use an atlas or the Internet to find a city near the location of the midpoint. 


c. If Winston-Salem is the midpoint of the segment with one endpoint at Wilmington, 
find the latitude and longitude of the other endpoint. 


d. Use an atlas or the Internet to find a city near the location of the other endpoint. 


of MULTIPLE REPRESENTATIONS In this problem, you will explore the relationship 

between a midpoint of a segment and the midpoint between the endpoint and the 

midpoint. 

a. Geometric Use a straightedge to draw three different line segments. Label the 
endpoints A and B. 


b. Geometric On each line segment, find the midpoint of AB and label it C. Then find 
the midpoint of AC and label it D. 


c. Tabular Measure and record AB, AC, and AD for each line segment. Organize your 
results into a table. 


d. Algebraic If AB = x, write an expression for the measures AC and AD. 


e. Verbal Make a conjecture about the relationship between AB and each segment if 
you were to continue to find the midpoints of a segment and a midpoint you 
previously found. 


H.0.T. Problems Use Higher-Order Thinking Skills 


68. WRITING IN MATH Explain how the Pythagorean Theorem and the Distance Formula 
are related. 


69. REASONING Is the point one third of the way from (x1, 7) to (X», Y) sometimes, always, 


Xy+X YWy+ 
or never the point (25%, fete, Explain. 


70. CHALLENGE Point P is located on the segment between point A(1, 4) and point D(7, 13). 
The distance from A to P is twice the distance from P to D. What are the coordinates of 
point P? 


71. OPEN ENDED Draw a segment and name it AB. Using only a compass and a straightedge, 
construct a segment CD such that CD = BAB. Explain and then justify your construction. 


72. WRITING IN MATH Describe a method of finding the midpoint of a segment that has 
one endpoint at (0, 0). Give an example using your method, and explain why your 
method works. 
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Standardized Test Practice 


73. Which of the following best 
describes the first step in 
bisecting AB? 

A From point A, draw equal 
arcs on CD using the same 
compass width. 

B From point A, draw equal 


arcs above and below AB 
using a compass width 


‘ll — 
C From point A, draw equal arcs above and 
below AB using a compass width greater 
than $ AB. 
D From point A, draw equal arcs above and 
below AB using a compass width less 
than + AB. 


74. 


75. 


76. 


ALGEBRA Beth paid $74.88 for 3 pairs of jeans. 
All 3 pairs of jeans were the same price. How 
much did each pair of jeans cost? 


F $24.96 H $74.88 
G $37.44 J $224.64 


SAT/ACT If 52% —° = 1, then x = 


A 0.4 D 1.6 
B 0.6 E 2 
C15 


GRIDDED RESPONSE One endpoint of AB has 
coordinates (—3, 5). If the coordinates of the 
midpoint of AB are (2, —6), what is the 
approximate length of AB? 


Spiral Review 


Find the length of each object. (Lesson 1-2) 
77. 


Draw and label a figure for each relationship. (Lesson 1-1) 


79. FG lies in plane M and contains point H. 


80. Lines rand s intersect at point W. 


78. 


81. TRUCKS A sport-utility vehicle has a maximum load limit of 75 pounds for its roof. 
You want to place a 38-pound cargo carrier and 4 pieces of luggage on top of the roof. 
Write and solve an inequality to find the average allowable weight for each piece of 


luggage. (Lesson 0-6) 


Skills Review 


Solve each equation. 
82. 8x — 15 = 5x 
85. 9k — 7 = 21 — 3k 


83. 5y—3+y=90 
86. 11z— 13 =32+17 


84. 16a + 21 = 20a —9 
87. 15 + 6n = 4n + 23 


LS 
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Angle Measure 


:- Then :-‘Now :-Why? 


@ You measured ® Measure and @ One of the skills Dale must learn in 
line segments. Classify angles. carpentry class is how to cut a miter 
joint. This joint is created when two 
boards are cut at an angle to each other. 
He has learned that one miscalculation 
in angle measure can result in mitered 
edges that do not fit together. 


fe 


miter joint ( 


Identify and use 
congruent angles 
and the bisector of 
an angle. 


NewVocabulary Measure and Classify Angles A fay is a part of a line. 

en ray It has one endpoint and extends indefinitely in one P 
opposite rays direction. Rays are named by stating the endpoint first 
angle and then any other point on the ray. The ray shown O 
side cannot be named as OM because O is not the endpoint 
eae of the ray. M _ a 
neh ray MP, MP, ray MO, or MO 
degree 
right angle 


If you choose a point on a line, that point determines exactly two rays called opposite 


acute angle . ; : . 
obtuse te trays. Since both rays share a common endpoint, opposite rays are collinear 
angle bisector — e 
H J K 
ECs) Common Core a 
y/ State Standards JH and JK are opposite rays. 
Content Standards 
G.CO.1 Know precise : : 
definitions of ane ircle An angle is formed by two noncollinear rays that —= 
perpendicular line, parallel have a common endpoint. The rays are called sides of y 
line, and line segment, based | the angle. The common endpoint is the vertex. 


on the undefined notions of 


point, line, distance along a 3 
line, and distance around a Xx <_(vertex x) 


When naming angles using three letters, the vertex 


Bical must be the second of the three letters. You can name Zz 
Rae Le with an angle using a single letter only when there is 
a variety of tools and exactly one angle located at that vertex. The angle 

methods (compass and shown can be named as 2X, ZYXZ, ZZXY, or Z3. 


straightedge, string, 

reflective devices, paper 

folding, dynamis geometric An angle divides a plane into three distinct parts. 
software, etc.). 


° Poi li hi le. 
Mathematical Practices Srna a aN ae OEE 


sabeul| Aya9/anlyay UoYNH/UeU|eH sluuag 


5 Use appropriate tools ¢ Points S and R lie in the interior of the angle. 
strategically. 
6 Attend to precision. ¢ Points P and O lie in the exterior of the angle. 
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Real-World Example 1 
MAPS Use the map of a high school shown. 


Faculty 
Parking 


a. Name all angles that have B as a vertex. 
Z1 or ZABD, and Z2 or ZDBC 


StudyTip 


Segments as Sides Because 
a ray can contain a line 
segment, the side of an angle 
can be a segment. 


b. Name the sides of 23. 
—»> —— —_ —— 
CA and CE or CB and CE 


c. What is another name for ZGHL? 
Z7, ZH, or ZLHG 


d. Name a point in the interior of ZDBK. 


Point E 
GuidedPractice 
1A. What is the vertex of 25? 1B. Name the sides of 45. 
1€. Write another name for ZECL. 1D. Name a point in the exterior of ZCLH. 


Angles are measured in units called degrees. a 

The degree results from dividing the distance 1° = 369 ofa 

around a circle into 360 parts. tum around a 
circle. 


( 22) To measure an angle, you can use a 

| K protractor. Angle DEF below is a 50 degree 
(50°) angle. We say that the degree measure 
of ZDEF is 50, or mZDEF = 50. 


The protractor has two Since ED is aligned with the 0 on 
scales running from 0 to the inner scale, use.the inner 
180 degrees in opposite F scale to find that EF intersects 
directions. a Minny the scale at 50 degrees. 


1 Ninp 
og 
0 


Place the center point 4 ; Align the 0 on either 
of the protractor on / , | Side of the scale with 
the vertex. one side of the angle. 


RE } 
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ReadingMath 


Straight Angle Opposite rays 
with the same vertex form a 
straight angle. \ts measure is 
180. Unless otherwise 
specified in this book, 
however, the term angle 
means a nonstraight angle. 


WatchOut! 


Classify Before Measuring 
Classifying an angle before 
measuring it can prevent you 
from choosing the wrong 
scale on your protractor. In 
Example 2b, you must decide 
whether ZLUP measures 75 
or 105. Since ZLJP is an 
obtuse angle, you can reason 
that the correct measure 
must be 105. 


Angles can be classified by their measures as shown below. 


KeyConcept Classify Angles | 
acute angle obtuse angle 
' : 
| ] 
| ] 
| ] 
| 
I 
B c 
mZA = 90 mZB < 90 180 > mZC > 90 


Example 2 


Copy the diagram below, and extend each ray. Classify each angle as right, acute, or 
obtuse. Then use a protractor to measure the angle to the nearest degree. 


a. ZMJP 
ZMIJP is marked as a right angle, so mZMJP = 90. 


b. ZLJP 


Point L on angle ZLJP lies on the exterior of right angle ZMJP, so ZLJP is an obtuse 
angle. Use a protractor to find that mZLJP = 105 


CHECK Since 105 > 90, ZLJP is an obtuse angle. ¥ 


c. ZNJP 


Point N on angle ZNJP lies on the interior of right angle ZMJP, so ZNJP is an acute 
angle. Use a protractor to find that mZNJP = 20. 


CHECK Since 20 < 90, ZNJP is an acute angle. ¥ 


GuidedPractice 
2A. ZAFB 
2B. ZCFA 
2C. ZAFD 
2D. ZCFD 
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Congruent Angles Just as segments that have the same measure are congruent 
segments, angles that have the same measure are congruent angles. 


In the figure, since mZABC = 


mZFED, then ZABC 


= ZFED. Matching numbers of arcs on 


a figure also indicate congruent angles, so ZCBE = ZDEB. 


You can produce an angle congruent to a given angle using a construction. 


| A Construction Copy an Angle 


a 


=| 


EGER Draw an angle like ZB on your 
paper. Use a straightedge to 
draw a ray on your paper. 
Label its endpoint G. 


Geo—<em@_ —q 


ESGhZJ Place the point of your compass 


ESGRP] Place the tip of the compass at 
point B and draw a large arc that 
intersects both sides of ZB. 
Label the points of intersection 
Aand C. 


ES Without changing the setting, 


EXE] Using the same compass setting, 
put the compass at point G and 
draw a large arc that starts 
above the ray and intersects 
the ray. Label the point of 
intersection H. 


H 


Fm Use a straightedge to draw GF. 


on Cand adjust so that the pencil place the compass at point H and ZABC = ZFGH 
tip is on A. draw an arc to intersect the 
larger arc you drew in Step 4. 
Label the point of intersection F. 
A F F 
B 
Cc G re G - 
StudyTip A ray. that divides an angle into two congruent angles is called an 


Segments A line segment 
can also bisect an angle. 


xX 


If YW is the angle bisector of 2XYZ, then point W lies in the interior of ZXYZ and 
ZXYW = ZWYZ. 


Just as with segments, when a line, segment, or ray divides an angle into smaller angles, 
the sum of the measures of the smaller angles equals the measure of the largest angle. 
So in the figure, mZXYW + mZWYZ = mZXYZ. 


ye 


7 


StudyTip 


Checking Solutions Check 
that you have computed the 
value of x correctly by 
substituting the value into the 
expression for ZNKL. lf you 
don’t get the same measure 
as ZJKN, you have made an 
error. 


Example 3 


ALGEBRA In the figure, Ky and KM are opposite rays, 
and KN bisects ZJKL. If mZJKN = 8x — 13 and 
mZNKL = 6x + 11, find mZJKN. 


| Step 1 | Solve for x. 


Since KN bisects ZJKL, ZIKN = ZNKL. 


mZJKN = mZNKL Definition of congruent angles 


8x —13 = 6x+ 11 Substitution 


8x = 6x + 24 Add 13 to each side. 
2x = 24 Subtract 6x from each side. 
x= 12 Divide each side by 2. 


Use the value of x to find mZJKN. 


mZJKN = 8x — 13 Given 
= 8(12) — 13 x= 12 
= 96 — 13 or 83 Simplify. 


GuidedPractice 
3. Suppose mZJKL = 9y + 15 and mZJKN = 5y + 2. Find mZJKL. 


You can produce the angle bisector of any angle without knowing the measure of the angle. 


L A Construction Bisect an Angle 


a 


— 


FSGEE Draw an angle on 


your paper. Label the 
vertex as P. Put your 
compass at point P 
and draw a large arc 
that intersects both 
sides of ZP. Label 
the points of 
intersection Q and R. 


= 


ISGP with the compass at | FXG Keeping the same 
point Q, draw an arc compass setting, 
in the interior of the place the compass at 


point R and draw an 
arc that intersects 
the arc drawn in Step 
2. Label the point of 
intersection T. 


angle. 


—=_> — => ) 
ESGnZ] Draw PT. PT is the 
bisector of ZP. 
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Check Your Understanding 


Example 1 Use the figure at the right. 
1. Name the vertex of 24. 
2. Name the sides of 23. 
3. What is another name for 22? 
4, What is another name for ZUXY? 
Example 2 Copy the diagram shown, and extend each ray. Classify 


each angle as right, acute, or obtuse. Then use a protractor 
to measure the angle to the nearest degree. 


5. ZCFD 6. ZAFD 
7. ZBFC 8. ZAFB 
—> — 
Example 3 ALGEBRA In the figure, KJ and KL are opposite rays. 
KN bisects ZLKM. 
9. If mZLKM = 7x — 5 and mZNKM = 3x + 9, 
find mZLKM. 
10. If mZNKL = 7x — 9 and mZJKM = x + 3, 
find mZJKN. 


lay 
11. cess PRECISION A miter cut is used to build picture frames 
with corners that meet at right angles. 
a. José miters the ends of some wood for a picture frame 
at congruent angles. What is the degree measure of his 
cut? Explain and classify the angle. 


b. What does the joint represent in relation to the angle 
formed by the two pieces? 


Practice and Problem Solving Extra Practice is on page R1. 


Example 1 For Exercises 12-29, use the figure at the right. 
Name the vertex of each angle. 


12. 24 13. 27 14, 22 15. 71 


Name the sides of each angle. 


16. ZTPQ 17. ZVNM 18. 26 19. 23 


Write another name for each angle. 


20. 29 21. ZQPT 22. ZMQS 23. 25 


24. Name an angle with vertex N that appears obtuse. 
25. Name an angle with vertex Q that appears acute. 
26. Name a point in the interior of ZVRQ. 

27. Name a point in the exterior of ZMRT. 


28. Name a pair of angles that share exactly one point. 


(29) Name a pair of angles that share more than one point. 


LAS 
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Example 2 Copy the diagram shown, and extend each ray. Classify each 
angle as right, acute, or obtuse. Then use a protractor to 
measure the angle to the nearest degree. 


30. ZGFK 31. ZEFK 
32. ZLFK 33. ZEFH 
34. ZGFH 35. ZEFL 


36. CLOCKS Determine at least three different times during the day 
when the hands on a clock form each of the following angles. 
Explain. 

a. right angle 
b. obtuse angle 
c. congruent acute angles 


Example 3 ALGEBRA In the figure, BA and BC are opposite rays. 
—> 
BH bisects ZEBC. 


If mZABE = 2n + 7 and mZEBF = 4n — 13, 
find mZABE. 


38. If mZEBH = 6x + 12 and mZHBC = 8x — 10, 
find mZEBH. 


39. If mZABF = 7b — 24 and mZABE = 2b, find mZEBF. 

40. If mZEBC = 31a — 2 and mZEBH = 4a + 45, find mZHBC. 
41. If mZABF = 8s — 6and mZABE = 2s + 11), find mZEBF. 

42. If mZEBC = 3r + 10 and mZABE = 2r — 20, find mZEBF. 


43. MAPS Estimate the measure of the angle 
formed by each city or location listed, 
the North Pole, and the Prime Meridian. 
a. Nuuk, Greenland 
b. Fairbanks, Alaska 
c. Reykjavik, Iceland 
d. Prime Meridian 


Fairbanks, 
Alaska 


la~ 

44, CCSSTOOLS A compass rose is a design on a map that shows 
directions. In addition to the directions of north, south, east, 
and west, a compass rose can have as many as 32 markings. 


a. With the center of the compass as its vertex, what is the 
measure of the angle between due west and due north? 


b. What is the measure of the angle between due 
north and north-west? 


c. How does the north-west ray relate to the angle in part a? 
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Prime 
Meridian 


Reykjavik, 
Iceland 


Nuuk, 
Greenland 


a}ejSaHewl/SHAII\ LIWIG 
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Plot the points in a coordinate plane and sketch ZXYZ. Then classify it as right, acute, 
or obtuse. 


45. X(5, —3), Y(4, -1), Z(6, —2) 46. X(6, 7), Y(2, 3), Z(4, 1) 


(a7) PHYSICS When you look at a pencil in water, 
it looks bent. This illusion is due to refraction, 
or the bending of light when it moves from 
one substance to the next. 

a. What is 121? Classify this angle 
as acute, right, or obtuse. 

b. What is 122? Classify this angle 
as acute, right, or obtuse. 


Sunlight 


Refracted 
Sunlight 


c. Without measuring, determine how many 
degrees the path of the light changes after 
it enters the water. Explain your reasoning. 


48, 9G? MULTIPLE REPRESENTATIONS In this problem, you will explore the 
relationship of angles that compose opposite rays. D 


a. Geometric, Draw four lines, each with points A, B, and C. 
Draw BD for each line, varying the placement of point D. A B C 
Use a protractor to measure ZABD and ZDBC for each figure. 


b. Tabular Organize the measures for each figure into a table. Include a row in 
your table to record the sum of these measures. 


c. Verbal Make a conjecture about the sum of the measures of the two angles. 
Explain your reasoning. 


d. Algebraic If x is the measure of ZABD and y is the measure of ZDBC, write an 
equation that relates the two angle measures. 


H.0.T. Problems Use Higher-Order Thinking Skills 


49. OPEN ENDED Draw an obtuse angle named ABC. Measure ZABC. Construct an angle 
bisector BD of ZABC. Explain the steps in your construction and justify each step. 
Classify the two angles formed by the angle bisector. 


50. CHALLENGE Describe how you would use a protractor to measure the 


angle shown. (z 
51 


a~ 
. GSS ARGUMENTS The sum of two acute angles is sometimes, 
always, or never an obtuse angle. Explain. 


aS eed ed 
52. CHALLENGE MP bisects ZLMN, MQ bisects ZLMP, and MR bisects ZOMP. 
If mZRMP = 21, find mZLMN. Explain your reasoning. 


53. WRITING IN MATH Rashid says that he can estimate the measure of an 
acute angle using a piece of paper to within six degrees of accuracy. 
Explain how this would be possible. Then use this method to estimate 
the measure of the angle shown. 
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Standardized Test Practice 


54. Which of the following angles measures closest 56. In the figure below, if mZBAC = 38, what must 
to 60°? be the measure of ZBAD in order for AC to be 
an angle bisector? 


ZL & 
LZ \ 


F 142 H 52 
G 76 J 38 
55. SHORT RESPONSE Leticia surveyed 50 English 57. SAT/ACT If 11 is divisible by 2,5, and 14, which of 
majors at a university to see if the school should the following is also divisible by these numbers? 
play jazz music in the cafeteria during lunch. An+7 D n+20 


The school has 75 different majors and a total Bn+10 En+70 
of 2000 students. Explain why the results of 

Leticia’s survey are or are not representative Cn+14 

of the entire student body. 


Spiral Review 


Find the distance between each pair of points. Round to the nearest hundredth. 


(Lesson 1-3) 
58. A(—1, —8), B(3, 4) 59. C(0, 1), D(-2, 9) 60. E(—3, —12), F(5, 4) 
61. G(4, —10), H(9, —25) 62. i(, +), K(-3, 4 63. {-5, 8), (5, 2| 


Find the value of the variable and ST if S is between R and T. (Lesson 1-2) 
64. RS = 7a, ST = 12a, RT = 76 65. RS = 12, ST = 2x, RT = 34 


66. PHOTOGRAPHY Photographers often place their cameras on tripods. In the diagram, 
the tripod is placed on an inclined surface, and the length of each leg is adjusted 
so that the camera remains level with the horizon. Are the feet of the tripod 
coplanar? Explain your reasoning. (Lesson 1-1) 


Complete each sentence. (Lesson 0-1) 


67. 54in.=_? ft 68. 275 mm = _?_m 69. 7gal=_? pt 


Skills Review 


Solve each equation. 
70. (90 — x) -—x=18 71. (5x + 3) + 7x = 180 72. (13x + 10) + 2x =90 
73. (180 — x) — 4x = 56 74, (4n + 17) + (n — 2) = 180 75. (8a — 23) + (9 — 2a) = 90 
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Mid-Chapter Quiz 


Lessons 1-1 through 1-4 


Use the figure to complete each of the following. (Lesson 1-1) 


1. Name another point that is collinear with points U and V. 


2. What is another name for plane Y? 


3. Name a line that is coplanar with points P, Q, and W. 


Find the value of x and AC if Bis between points A and C. 
(Lesson 1-2) 


4. AB= 12, BC = 8x — 2, AC = 10x 

5. AB= 5x, BC = 9x — 2,AC = 11X+ 7.6 

6. Find CD and the coordinate of the midpoint of CD. 
Cc D 


-10-9-8-7-6-5-4-3-2-10123456/7 


Find the coordinates of the midpoint of each segment. Then find 
the length of each segment. (Lesson 1-3) 


Find the coordinates of the midpoint of a segment with the 
given endpoints. Then find the distance between each pair 
of points. (Lesson 1-3) 


9. P(26, 12) and Q(8, 42) 
10. M(6, —41) and M—18, —27) 
11. MAPS A map of a town is drawn on a coordinate grid. The 


high school is found at point (3, 1) and town hall is found 
at (—5, 7). (Lesson 1-3) 


a. If the high school is at the midpoint between the town hall 
and the town library, at which ordered pair should you find 
the library? 


b. If one unit on the grid is equivalent to 50 meters, how far 
is the high school from town hall? 


12. MULTIPLE CHOICE The vertex of ZABC is located at the 
origin. Point A is located at (5, 0) and Point Cis located at 
(0, 2). How can ZABC be classified? 


C right 


D scalene 


A acute 


B_ obtuse 


— —_ . 
In the figure, XA and XE are opposite rays, and ZAXC is 
bisected by XB. (Lesson 1-4) 


A X E 


13. If mZAXC = 8x — 7 and MZAXB = 3x + 10, find MZAXC. 


14. lf mZCXD = 4x + 6, MZDXE = 3x + 1, and 
mZCXE = 8x — 2, find mZ DXE. 


Classify each angle as acute, right, or obtuse. (Lesson 1-4) 


WwW Q Z 


16. ZYQZ 


(7 cccaeecean 45 


15. ZWQY 


God 


--Now 


You measured and © 

classified angles. 

NewVocabulary 
~ adjacent angles 

linear pair 


Oem: 


vertical angles 
complementary angles 
supplementary angles 
perpendicular 


Common Core 
State Standards 


Content Standards 
Preparation for G.SRT.7 
Explain and use the 
relationship between the 
sine and cosine of 
complementary angles. 


Mathematical Practices 

2 Reason abstractly and 
quantitatively. 

3 Construct viable 
arguments and critique 
the reasoning of others. 
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Identify and use 
special pairs of 
angles. 


Identify perpendicular 
lines. 


Angle Relationships 


Why? 


@ Cheerleaders position their 
arms and legs at specific 
angles to create various 
formations when performing 

at games and at competitions. 

Certain pairs of angles have 

special names and share 

specific relationships. 


Pairs of Angles Some pairs of angles are special because of how they are positioned 
in relationship to each other. Three of these angle pairs are described below. 


KeyConcept Special Angle Pairs 


Adjacent angles are two angles that lie in the same plane and have a common vertex and a common 
side, but no common interior points. 


Examples 21 and 22 are adjacent angles. Nonexamples 23 and ZABC are nonadjacent 


angles 


A 
9 3/ B C 
1\2 { 3 


A linear pair is a pair of adjacent angles with noncommon sides that are opposite rays. 


Example 21 and 22 


A 
Le? B C 
D 


Nonexample ZADB and ZADC 


Vertical angles are two nonadjacent angles formed by two intersecting lines. 


Examples 21 and 22; 23 and 24 Nonexample ZAFB and ZDEC 


sabew Aye9/eoiu0a/|iajos BIZ 


Photodisc/Getty Images 


StudyTip 


Linear Pair vs. 
Supplementary Angles 
While the angles in a linear 
pair are always 
supplementary, some 
supplementary angles do not 
form a linear pair. 


Real-World Example 1 


CHEERLEADING Name an angle pair that 
satisfies each condition. 


a. two acute adjacent angles 
ZHJK, ZLJM, ZMJN, and ZNJO are 
acute angles. 


ZLJM and ZMJN are acute adjacent 
angles, and ZMJN and ZNJO are 
acute adjacent angles. 


b. two obtuse vertical angles 


ZHJN and ZKJM are obtuse vertical 
angles. 


GuidedPractice 
1A. a linear pair 


1B. two acute vertical angles 


Some pairs of angles are special because of the relationship between their angle 
measures. 


_KeyConcept Angle Pair Relationships 


Vertical angles are congruent. Cc 
Examples ZABC = ZDBE and ZABD = ZCBE 


are two angles with 
measures that have a sum of 90. 


Examples 21 and 22 are complementary. 1 


ZAis complementary to ZB. a 


A 
D 
2 
A 
B 
Supplementary angles are two angles with measures 
that have a sum of 180. 3 
4 
Examples 23 and 24 are supplementary. 
P 


ZPand ZQ are supplementary. 


The angles in a linear pair are supplementary. 


1 \ 2 
Example mZ1 + mZ2 = 180 


Remember that angle measures are real numbers. So the operations for real numbers and 
algebra can be used with angle measures. 
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Problem-SolvingTip 


Write an Equation While you 
could use the guess-and- 
check strategy to find two 
measures with a sum of 180 
and a difference of 18, writing 
an equation is a more 
efficient approach to this 
problem. 


Example 2 


ALGEBRA Find the measures of two supplementary angles if the difference in the 
measures of the two angles is 18. 


Understand The problem relates the measures of two supplementary angles. You know 
that the sum of the measures of supplementary angles is 180. You need to 
find the measure of each angle. 


Plan Draw two figures to represent the 
angles. Let the measure of one angle 
be x. If mZA = x, then because ZA x° 
and ZB are supplementary, 
mZB + x = 180 or mZB = 180 — x. 


The problem states that the difference of the two angle measures is 18, 
or mZB —mZA = 18. 


Solve mZB — mZA= 18 Given 
(180 — x) -x=18 mZA= x,mZB = 180 — x 
180 — 2x = 18 Simplify. 


—2x = —162 Subtract 180 from each side. 
x= 81 Divide each side by —2. 


Use the value of x to find each angle measure. 
mZA =x mZB = 180 — x 
= 81 = 180 — 81 or 99 


Check Add the angle measures to verify that the angles are supplementary. 
mZA + mZB = 180 
81+ 99 = 180 ¥ 


GuidedPractice 


2. Find the measures of two complementary angles if the measure of the larger angle 
is 12 more than twice the measure of the smaller angle. 


Perpendicular Lines Lines, segments, or rays that form right angles are 
perpendicular. 


[ oS KeyConcept Perpendicular Lines 


e Perpendicular lines intersect to form four right angles. 
e Perpendicular lines intersect to form congruent adjacent angles. 


e Segments and rays can be perpendicular to lines or other line segments 
and rays. 


e The right angle symbol in the figure indicates that the lines are 
perpendicular. 


Symbol is read is perpendicular to. Example AD 1 CB 
. vy, 
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Example 3 


—_— —_ 
ALGEBRA Find x and y so that PR and SQ are perpendicular. 
If PR’ 1 SQ, then mZSTR = 90 and mZPTQ = 90. 


To find x, use ZSTW and ZWTR. 
mZSTR = mZSTW + mZWTR Sum of parts = whole 


90 = 2x + (5x + 6) Substitution 
90 = 7x + 6 Combine like terms. 
84 = 7x Subtract 6 from each side. 
12=x Divide each side by 7. 
To find y, use mZPTQ. 
mZPTQ = 4y — 2 Given 
90 = 4y — 2 Substitution 
92 = 4y Add 2 to each side. 
23=y Divide each side by 4. 
GuidedPractice 


3. Suppose mZD = 3x — 12. Find x so that ZD is a right angle. 


In the figure at the right, it appears that FG 1 JK. However, 
you cannot assume this is true unless other information, 
such as mZFH] = 90, is given. 


In geometry, figures are sketches used to depict a situation. 
They are not drawn to reflect total accuracy. There are certain 
relationships that you can assume to be true, but others you 
cannot. Study the figure and the lists below. 


_KeyConcept Interpreting Diagrams 


CAN be Assumed CANNOT be Assumed 
—_—= —_ 
All points shown are coplanar. Perpendicular lines: HM 1 HL 
G, H, and Jare collinear. Congruent angles: ZJHK = ZGHM 
paw ders diners 2 —=— 
HM, HL, HK,and GJ intersect at H. ZJHK = ZKHL 
His between Gand J. ZKHL = ZLHM 


Lis in the interior of ZMHK. Congruent segments: GH= HJ 


ZGHM and ZMHL are adjacent HJ = HK 
angles. AK ~= AL 
ZGHL and ZLHJare a linear pair. AL = AG 


ZJHK and ZKHG are supplementary. 


The list of statements that can be assumed is not a complete list. 
There are more special pairs of angles than those listed. 


yf cas 
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P 
StudyTip Example 4 


Additional Information 
Additional information for a 
figure may be given using 
congruent angle markings, 
congruent segment markings, 
or right angle symbols. 

\ 


Determine whether each statement can be 
assumed from the figure. Explain. 


a. ZKHJ and ZGHM are complementary. 


No; they are congruent, but we do not 
know anything about their exact measures. 


b. ZGHK and ZJHK are a linear pair. 


Yes; they are adjacent angles whose 
noncommon sides are opposite rays. 


—- — 
c. HL is perpendicular to HM. 


Yes; the right angle symbol in the figure indicates that HL 1 HM. 


GuidedPractice 
4A. ZGHL and ZLH] are supplementary. 
4B. ZGHM and ZMHK are adjacent angles. 


Check Your Understanding 


Example 1 Name an angle pair that satisfies each condition. 
1. two acute vertical angles 


2. two obtuse adjacent angles 


Examples 1-2 3. CAMERAS Cameras use lenses and light to capture images. 


Image 
Lens on Film 


a. What type of angles are formed by the object and its image? 


b. If the measure of Z2 is 15, what is the measure of 71? 


Examples 2-3 4, ALGEBRA The measures of two complementary angles are 7x + 17 and 3x — 20. Find 
the measures of the angles. 


(5) ALGEBRA Lines x and y intersect to form adjacent angles 2 and 3. If mZ2 = 3a — 27 and 
mZ3 = 2b + 14, find the values of a and b so that x is perpendicular to y. 
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Example 4 Determine whether each statement can be assumed 
from the figure. Explain. E 


6. ZCAD and ZDAB are complementary. 


7. ZEDB and ZBDA are adjacent, but they are neither 
complementary nor supplementary. 


Practice and Problem Solving Extra Practice is on page R1. 


Examples 1-2 Name an angle or angle pair that satisfies each condition. 
8. two adjacent angles 
9. two acute vertical angles 
10. two obtuse vertical angles 
11. two complementary adjacent angles 
12. two complementary nonadjacent angles 


13. two supplementary adjacent angles 


14. a linear pair whose vertex is F 

15. an angle complementary to ZFDG 
16. an angle supplementary to ZCBF 
17. an angle supplementary to ZJAE 


\@ 
ya~ 
18. CESS REASONING You are using a compass to drive 23° east 
of north. Express your direction in another way using an 
acute angle and two of the four directions: north, south, 23° 
east, and west. Explain your reasoning. Ww E 
Ss 


Example 2 Find the value of each variable. 
19. 20. 


(4x + 108)° 


25. ALGEBRA ZE and ZF are supplementary. The measure of ZE is 54 more than the 
measure of ZF. Find the measures of each angle. 


26. ALGEBRA The measure of an angle’s supplement is 76 less than the measure of the 
angle. Find the measure of the angle and its supplement. 
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27. ALGEBRA The measure of the supplement of an angle is 40 more than two times the 
measure of the complement of the angle. Find the measure of the angle. 


28. ALGEBRA 23 and 24 form a linear pair. The measure of 23 is four more than three 
times the measure of 74. Find the measure of each angle. 


Example 3 ALGEBRA Use the figure at the right. 


If mZKNL = 6x — 4and mZLNM = 4x + 24, find the value 
of x so that ZKNM is a right angle. 


30. If mZJNP = 3x — 15 and mZJNL = 5x + 59, find the value 
of x so that ZJNP and ZJNL are supplements of each other. 


31. If mZLNM = 8x + 12 and mZJNL = 12x — 32, find mZJNP. 


32. If mZJNP = 2x + 3, mZKNL = 3x — 17, and mZKNJ = 3x + 34, 
find the measure of each angle. 


33. PHYSICS As a ray of light meets a mirror, the light is reflected. 
The angle at which the light strikes the mirror is the angle of 
incidence. The angle at which the light is reflected is the angle 


of reflection. The angle of incidence and the angle of reflection ab ae 

are congruent. In the diagram at the right, if mZRMI = 106, 

find the angle of reflection and mZRMJ. ee 
angle of 
incidence 


34, ALGEBRA Rays AB and BC are perpendicular. Point D lies in the interior of ZABC. 
If mZABD = 3r + 5 and mZDBC = 5r — 27, find mZABD and mZDBC. 


35. ALGEBRA WX and YZ intersect at point V. If mZWVY = 4a + 58 and mZXVY = 2b — 18, 
———? ——? 
find the values of a and b so that WX is perpendicular to YZ. 


Example 4 Determine whether each statement can be assumed from the figure. Explain. 
36. 24 and 27 are vertical angles. 
37. Z4 and Z8 are supplementary. 
38. p Lt 
39. 23 = 26 
40. 45= 23+ 26 


41. 25 and 27 form a linear pair. 


42. CESS ARGUMENTS In the diagram of the pruning shears shown, mZ1 = mZ3. What 
conclusion can you reach about the relationship between 24 and 22? Explain. 
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FLIGHT The wing of the aircraft shown can pivot up to 60° 
in either direction from the perpendicular position. 


43. Identify a pair of vertical angles. 
44, Identify two pairs of supplementary angles. 
@ IF mZ1 = 110, what is mZ3? mZ4? 


46. What is the minimum possible value for mZ2? 
the maximum? 


47. Is there a wing position in which none of the 
angles are obtuse? Explain. 


48, 6G? MULTIPLE REPRESENTATIONS In this problem, you will explore the relationship 
between the sum of the interior angles of a triangle and the angles vertical to them. 


a. Geometric Draw three sets of three intersecting 


lines and label each as shown. 5 


b. Tabular For each set of lines, measure and record mZ1, 
mZ2,and mZ3 ina table. Record mZ1 + mZ2 + mZ3 6 
in a separate column. 


c. Verbal Explain how you can find mZ4, mZ5, and 
mZ6 when you know mZ1, mZ2, and mZ3. 


d. Algebraic Write an equation that relates mZ1 + mZ2 + mZ3 tomZ4 + mZ5 + mZ6. 
Then use substitution to write an equation that relates mZ4 + mZ5 + mZ6 to an 
integer. 


H.0.T. Problems Use Higher-Order Thinking Skills 
lA 
49. CCSS/REASONING Are there angles that do not have a complement? Explain. 


50. OPEN ENDED Draw a pair of intersecting lines that forms a pair of complementary 
angles. Explain your reasoning. 


51. CHALLENGE If a line, line segment, or ray is perpendicular 
to a plane, it is perpendicular to every line, line segment, 
or ray in the plane that intersects it. 


a. If a line is perpendicular to each of two intersecting 
lines at their point of intersection, then the line is 
perpendicular to the plane determined by them. If 
line a is perpendicular to line @ and line m at point X, 
what must also be true? 


b. If a line is perpendicular to a plane, then any line perpendicular to the given line at 
the point of intersection with the given plane is in the given plane. If line a is 
perpendicular to plane ? and line m at point X, what must also be true? 


c. If a line is perpendicular to a plane, then every plane containing the line is 
perpendicular to the given plane. If line a is perpendicular to plane ?, what 
must also be true? 


52. WRITING IN MATH Describe three different ways you can determine that an angle is a 
right angle. 
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Standardized Test Practice 


53. What is 1 ZRMS in the figure below? 55. ALGEBRA Which inequality is graphed below? 
y 
x 
oO 
A 26 
B 38 
C 52 1 1 
D 128 Fy>—3x+1 Hy2—3x +1 
Gy<-grtl Jys—pxtl 
54. EXTENDED RESPONSE For a fundraiser, a theater 56. SAT/ACT One third of a number is three more 
club is making 400 cookies. They want to make than one fourth the same number. What is 
twice as many chocolate chip as peanut butter the number? 
cookies and three times as many peanut butter A 3 D 42 
as oatmeal raisin cookies. Determine how many B12 E 48 
of each type of cookie the theater club will make. 
Show your work. C 36 
Spiral Review 
Copy the diagram shown and extend each ray. Classify each angle 
as right, acute, or obtuse. Then use a protractor to measure the 2 
angle to the nearest degree. (Lesson 1-4) Cc 
57. ZABC 
58. ZDBC 
59. ZABD A B 
Find the coordinates of the midpoint of a segment with the given endpoints. (Lesson 1-3) 
60. P(3, —7), QQ, 6) 61. A(—8, —5), B(1, 7) 62. J(—7, 4), K(3, 1) 


63. SNOWBOARDING In the design on the snowboard shown, BD 
bisects SN at R. If SN = 163 centimeters, find RN. (Lesson 1-2) 


Skills Review 


Name the congruent sides and angles in each figure. 


64, A 6. G H 66, N 67. W x 
L K 
B c RQ . . 
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Ed-Imaging 


Geometry Lab 
Constructing Perpendiculars 


You can use a compass and a straightedge to construct a line perpendicular «ss Common Core State Standards 


to a given line through a point on the line, or through a point noton the line. —« Content Standards Daa cue 
G.C0.12 Make formal geometric constructions with a variety of tools 


and methods (compass and straightedge, string, reflective devices, 
paper folding, dynamic geometric software, etc.). 
Mathematical Practices 5 


Activity Construct a Perpendicular 


a. Construct a line perpendicular to line £ and passing through point P on @. 


Place the compass at P. Draw With the compass at A, draw an Use a straightedge to draw OP. 
arcs to the right and left of P arc above line £ using a setting 

that intersect line ¢ using the greater than AP. Using the 

same compass setting. Label the same compass setting, draw an 

points of intersection A and B. arc from B that intersects the 


previous arc. Label the 
intersection Q. 


b. Construct a line perpendicular to line {and passing through point P not on k. 


Place the compass at P. Draw With the compass at C, draw an Use a straightedge to draw PO. 
an arc that intersects line Kin arc below line « using a setting 

two different places. Label the greater than lep. Using the 

points of intersection C and D. same compass setting, draw an 


arc from D that intersects the 
previous arc. Label the 
intersection Q. 


Model and Analyze the Results 


1. Draw a line and construct a line perpendicular to it through a point on the line. 


2. Draw a line and construct a line perpendicular to it through a point not on the line. 


3. How is the second construction similar to the first one? 
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Two-Dimensional Figures 


:-‘Now :-Why? 


@ You measured @ Identify and name @ Mosaics are patterns or pictures 
one-dimensional polygons. created using small bits of colored am 
figures. glass or stone. They are usually set Ff 

into a wall or floor and often make 

use of polygons. 


Find perimeter, 
circumference, 

and area of two- 
dimensional figures. 


ope NewVocabulary Identify Polygons Most of the closed figures shown in the mosaic are polygons. 
= polygon The term polygon is derived from a Greek word meaning many angles. 
vertex of a polygon 
concave 
convex KeyConcept Polygons 
n-gon ; : a 
equilateral polygon A polygon is a closed figure formed by a finite number ae 
equiangular polygon of coplanar segments called sides such that side GH 5 vere 
eae * the sides that have a common endpoint are % J 
sPeMTiferoACa noncollinear, and G : 
area each side intersects exactly two other sides, 
but only at their endpoints. M 
The vertex of each angle is a ; 
Common Core A polygon is named by the letters of its vertices, polygon GHJKLM 
 @arne State Standards written in order of consecutive vertices. 
Content Standards te . 
G.GPE.7 Use coordinates to 
compute perimeters of The table below shows some additional examples of polygons and some examples of 
polygons and areas of figures that are not polygons. 
triangles and rectangles, 
e.g., using the distance Polygons Not Polygons 
formula. 


Mathematical Practices 

2 Reason abstractly and 
quantitatively. 

6 Attend to precision. 


Polygons can be concave or convex. Suppose the line containing each side is drawn. If 
any of the lines contain any point in the interior of the polygon, then it is concave. 
Otherwise it is convex. 


No points of the 
lines are in the 


interior. 


Auwe|y/PY1 10Xld 


convex polygon concave polygon 
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StudyTip In general, a polygon is classified by its number of sides. Nunber 


Naming Polygons The Greek The table lists some common names for various ofSides | Polygon 
prefixes used to name categories of polygon. A polygon with n sides is an triangle 
polygons are also used to n-gon. For example, a polygon with 15 sides is a 15-gon. - 
denote number. For example quadrilateral 
a bicycle has two wheels, An equilateral polygon is a polygon in which all sides pentagon 
and a tripod has three legs. are congruent. An equiangular polygon is a polygon in hexagon 
which all angles are congruent. heptagon 
A convex polygon that is both A —_ 
equilateral and equiangular nopagn 
is called a regular polygon. EF B decagon 
An irregular polygon is a hendecagon 
polygon that is not regular. dedecaaon 
D Cc 
regular pentagon ABCDE 


Example 1 


Name each polygon by its number of sides. Then classify it as convex or concave 
and regular or irregular. 


3G 


ReadingMath 


Simple Closed Curves 
Polygons and circles are 
examples of simple closed 
curves. Such a curve begins 
and ends at the same point 
without crossing itself. The 
figures below are not simple 
closed curves. 


The polygon has 6 sides, so it is There are 8 sides, so this is an 
c* a hexagon. octagon. 
Two of the lines containing the No line containing any of the 
sides of the polygon will pass sides will pass through the 
through the interior of the interior of the octagon, so it 
hexagon, so it is concave. is convex. 
ral 


All of the sides are congruent, so 

“a it is equilateral. All of the angles 
are congruent, so it is 

™ equiangular. 


# Since the polygon is convex, 
equilateral, and equiangular, it 
is regular. So this is a regular 
octagon. 


Only convex polygons can be 
regular, so this is an irregular 
hexagon. 


GuidedPractice 
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Perimeter, Circumference, and Area The périmeté? of a polygon is the sum of 

the lengths of the sides of the polygon. Some shapes have special formulas for 
perimeter, but all are derived from the basic definition of perimeter. You will derive these 
formulas in Chapter 11. The circumference of a circle is the distance around the circle. 


The area of a figure is the number of square units needed to cover a surface. Review the 
formulas for the perimeter and area of three common polygons and circle given below. 


KeyConcept Perimeter, Circumference, and Area 


Triangle Square Rectangle Circle 


s 


b § L 


ReadingMath 
Pi The symbol 7 is read pi. P=b+c+d P=S+S+54+S5 P=€iw+lt+w C= 2nror 
This is not a variable but an 
irrational number. The most = 4s = 2+ 2w C= xd 
accurate way to perform a A= 14bh A=? A= ew A=rr 
calculation with 7 is to use a 2 
calculator. If no calculator is P = perimeter of polygon A = area of figure C = circumference 
available, 3.14 is a good 
estimate for 7. b = base, h = height é = length, w = width r= radius, d = diameter 
L \ y, 
Example 2 
Find the perimeter or circumference and area of each figure. 
a. b. 
3.2 cm 
P=2£+2w Perimeter of rectangle C=2ntr Circumference 
= 2(3.2) + 2(2.1) €=3.2,w=2.1 =2n(3) r=3 
= 10.6 Simplify. = 18.85 Use a calculator. 
The perimeter is 10.6 centimeters. The circumference is about 18.9 inches. 
A=tw Area of rectangle A= Tr’ Area of circle 
= (3.2)(2.1) £=3.2,w=2.1 =7(3)* r=3 
ia ee 
StudyTip = 6.72 Simplify. = 28.3 Use a calculator. 
Perimeter vs. Area Since The area is about 6.7 square centimeters. The area is about 28.3 square inches. 
calculating the area of a 
figure involves multiplying - ; 
two dimensions (unit x unit), GuidedPractice 
square units are used. There 2A. 6 Tt 2c. 
is only one dimension used 
when finding the perimeter 
(the distance around), thus, it 
is given simply in units. 


10.2 in. 
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Test-TakingTip 

Mental Math When you are 
asked to compare measures 
for varying figures, it can be 
helpful to use mental math. 
Estimate the perimeter or 
area of each figure, and then 
check your calculations. 


StudyTip 


Irrational Measures Notice 
that the triangle perimeter 
given in Example 3 is only an 
approximation. Because the 
length of the hypotenuse is 
an irrational number, the 
actual perimeter of the 
triangle is the irrational 
measure (14 + V'98) 
centimeters. 


Standardized Test Example 3 


Yolanda has 26 centimeters of cording to frame a photograph in her scrapbook. 
Which of these shapes would use most or all of the cording and enclose the 
largest area? 


A right triangle with each leg about 7 centimeters long 


B circle with a radius of about 4 centimeters 


C rectangle with a length of 8 centimeters and a width of 4.5 centimeters 


D square with a side length of 6 centimeters 


Read the Test Item 


You are asked to compare the area and perimeter of four different shapes. 


Solve the Test Item 


Find the perimeter and area of each shape. 


Right Triangle 
Use the Pythagorean Theorem to find the length of the hypotenuse. 
c2 =a? +b? Pythagorean Theorem 
c* = 77 + 7* or 98 a=7,b=7 
c = V98 or about 9.9 Simplify. 77cm 7 
P=a+b+ec Perimeter of a triangle 
= 7+ 7 + 9.9 or about 23.9 cm Substitution a 
A= Sbh Area of a triangle 
= S(7)(7) or 24.5 cm? Substitution 
Circle Rectangle Square 
C=2mtr P=20 + 2w P=4s 
= 27(4) = 2(8) + 2(4.5) = 4(6) 
= 25.1 cm = 25cm = 24cm 
A=mtr? A= lw A=s* 
= n(4)? = (8)(4.5) = 
= 50.3 cm? = 36 cm? = 36 cm? 


The shape that uses the most cording and encloses the largest area is the circle. 
The answer is B. 


GuidedPractice 


3. Dasan has 32 feet of fencing to fence in a play area for his dog. Which shape of play 
area uses most or all of the fencing and encloses the largest area? 


F 
G 
H 


J 


circle with radius of about 5 feet 

rectangle with length 5 feet and width 10 feet 
right triangle with legs of length 10 feet each 
square with side length 8 feet 


Le 
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You can use the Distance Formula to find the perimeter of a polygon graphed ona 
coordinate plane. 


Example 4 


COORDINATE GEOMETRY Find the perimeter and area of APQR with vertices 
P(—1, 3), Q(—3, —1), and R(4, —1). 


| Step 1 | Find the perimeter of APQR. 
Graph APQR. 


To find the perimeter of APQR, first find the 
lengths of each side. Counting the squares on the 
grid, we find that QR = 7 units. Use the Distance 
Formula to find the lengths of PQ and PR. 


PQ has endpoints at P(—1, 3) and Q(—3, —1). 

PQ =f (x2 — x4)? + (Yo — 93)” Distance Formula 
=\[-1 — (-3)? + [3 — DP Substitute. 
= 224.42 Subtract. 
= V20 or about 4.5 Simplify. 

PR has endpoints at P(—1, 3) and R(4, —1). 


2 


PR = \f (xq — x4)? + (Yo — yy) Distance Formula 


= (-1- 4)? + [3 — (-p/? Substitute. 
= /(—5)? + 42 Subtract. 


= VA4l1 or about 6.4 Simplify. 


StudyTip 


Linear and Square Units 
Remember to use linear units 
with perimeter and square 
units with area. 


The perimeter of APQR is 7 + V20 + V41 or about 17.9 units. 


| Step 2 | Find the area of APQR. 


To find the area of the triangle, find the lengths of the height and base. The 
height is the perpendicular distance from P to QR. Counting squares on the 
graph, the height is 4 units. The length of QR is 7 units. 
A= Sh Area of a triangle 

= $(7)(4) or 14 Substitute and simplify. 


The area of APQR is 14 square units. 


GuidedPractice 


4. Find the perimeter and area of AABC with vertices A(—1, 4), B(—1, —1), 
and C(6, —1). 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Name each polygon by its number of sides. Then classify it as convex or concave and 
regular or irregular. 


A B 
—€ 
is D 


SIGNS Identify the shape of each traffic sign and classify it as regular or irregular. 


3. stop 4. caution or warning 5. slow moving vehicle 


& 


Example 2 Find the perimeter or circumference and area of each ae Round to the nearest tenth. 


6. 11 ft 7. — 15m 
L_| Se. 


Example 3 9. MULTIPLE CHOICE Vanesa is making a banner for the game. She has 20 square feet of 
fabric. What shape will use most or all of the fabric? 


A asquare with a side length of 4 feet 

B arectangle with a length of 4 feet and a width of 3.5 feet 
C acircle with a radius of about 2.5 feet 

D aright triangle with legs of about 5 feet each 


Example 4 10. CESS REASONING Find the perimeter and area of AABC with vertices A(—1, 2), B(3, 6), 
and C(3, —2). 


Practice and Problem Solving Extra Practice is on page R1. 


Example 1 Name each polygon by its number of sides. Then classify it as convex or concave and 


regular or irregular. 
12. a (13) 
15. | 16. - 
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Examples 2-3 Find the perimeter or circumference and area of each figure. Round to the nearest tenth. 


17. 0 L 18. 


2.8m 


20. (21) 22. 


6.5 cm 


45cm 


23. CRAFTS Joy has a square picture that is 4 inches on each side. The picture is framed 
with a length of ribbon. She wants to use the same piece of ribbon to frame a circular 
picture. What is the maximum radius of the circular frame? 


24, LANDSCAPING Mr. Jackson has a circular garden with a diameter of 10 feet surrounded 
by edging. Using the same length of edging, he is going to create a square garden. 
What is the maximum side length of the square? 


Example 4 ESS REASONING Graph each figure with the given vertices and identify the figure. Then 
find the perimeter and area of the figure. 


25. D(—2, —2), E(—2, 3), F(2, -1) 26. J(=3, =3), KG; 2), 13, =3) 
27. P(—1, 1), Q(3, 4), R(6, 0), S(2, —3) 28. T(—2, 3), U(1, 6), V(5, 2), W(2, -1) 


29. CHANGING DIMENSIONS Use the rectangle at the right. 
a. Find the perimeter of the rectangle. 


b. Find the area of the rectangle. 


c. Suppose the length and width of the rectangle are doubled. 
What effect would this have on the perimeter? the area? Justify 
your answer. 


d. Suppose the length and width of the rectangle are halved. What effect does this 
have on the perimeter? the area? Justify your answer. 


30. CHANGING DIMENSIONS Use the triangle at the right. 
a. Find the perimeter of the triangle. 


b. Find the area of the triangle. 


15m 12m 
c. Suppose the side lengths and height of the triangle were doubled. 
What effect would this have on the perimeter? the area? Justify dq 
your answer. 6m 


d. Suppose the side lengths and height of the triangle were divided by three. 
What effect would this have on the perimeter? the area? Justify your answer. 


31. ALGEBRA A rectangle of area 360 square yards is 10 times as long as it is wide. Find its 
length and width. 


32. ALGEBRA A rectangle of area 350 square feet is 14 times as wide as it is long. Find its 
length and width. 
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(33) DISC GOLF The diameter of the most popular brand of flying disc used in disc golf 
measures between 8 and 10 inches. Find the range of possible circumferences and 
areas for these flying discs to the nearest tenth. 

ALGEBRA Find the perimeter or circumference for each figure described. 

34. The area of a square is 36 square units. 

35. The length of a rectangle is half the width. The area is 25 square meters. 
36. The area of a circle is 257% square units. 

37. The area of a circle is 327% square units. 

38. A rectangle’s length is 3 times its width. The area is 27 square inches. 
39. A rectangle’s length is twice its width. The area is 48 square inches. 

i> 

cess PRECISION Find the perimeter and area of each figure in inches. Round to the 

nearest hundredth, if necessary. 


40. 41. 42. 6.2 ft 


3.1 ft 


0.75 yd 


43. Gp MULTIPLE REPRESENTATIONS Collect and measure the diameter 
and circumference of ten round objects using a millimeter 
measuring tape. 


Object 


a. Tabular Record the measures in a table as shown. 


b. Algebraic Compute the value of & to the nearest 
hundredth for each object and record the result. 


c. Graphical Make a scatter plot of the data with d-values 
on the horizontal axis and C-values on the vertical axis. 


d. Verbal Find an equation for a line of best fit for the data. What does this equation 
represent? What does the slope of the line represent? 


H.0.T. Problems Use Higher-Order Thinking Skills 


44, WHICH ONE DOESN’T BELONG? Identify the term that does not belong with the other 
three. Explain your reasoning. 


square circle triangle pentagon 


45. CHALLENGE The vertices of a rectangle with side lengths of 10 and 24 units are on a 
circle of radius 13 units. Find the area between the figures. 


46. REASONING Name a polygon that is always regular and a polygon that is sometimes 
regular. Explain your reasoning. 


47. OPEN ENDED Draw a pentagon. Is your pentagon convex or concave? Is your pentagon 
regular or irregular? Justify your answers. 


48. CHALLENGE A rectangular room measures 20 feet by 12.5 feet. How many 5-inch square 
tiles will it take to cover the floor of this room? Explain. 


49. WRITING IN MATH Describe two possible ways that a polygon can be equiangular but not 
a regular polygon. 
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Standardized Test Practice 


50. Find the perimeter of the figure. 52. SHORT RESPONSE Miguel is planning a party for 
80 guests. According to the pattern in the table, 


ea) how many gallons of ice cream should 
Miguel buy? 
oo) 6cm Number of | Gallons of 
30m Guests Ice Cream 
A 17cm C 28cm 
B 25cm D 31cm 


51. PROBABILITY In three successive rolls of a fair 


number cube, Matt rolls a 6. What is the 53. SAT/ACT A frame 2 inches wide surrounds a 
probability of Matt rolling a 6 if the number painting that is 18 inches wide and 14 inches tall. 
cube is rolled a fourth time? What is the area of the frame? 
F ; H A 68 in2 D 252 in? 
G + Ji B 84 in? E 396 in? 

C 144 in? 


Spiral Review 


Determine whether each statement can be assumed from the figure. K L M 
Explain. (Lesson 1-5) | 

54. ZKJN is a right angle. 

55. ZPLN = ZNLM L L 

56. ZPNL and ZMNL are complementary. J P N 


57. ZKLN and ZMLN are supplementary. 


center line 


‘=a. 
J 


Name an appropriate method to solve each system of equations. Then solve the system. (Lesson 0-8) 


59. —5x + 2y = 13 60. y= —5x+7 61. x — 8y = 16 
2x + 3y = —9 y = 3x —17 7x — 4y = —18 


58. TABLE TENNIS The diagram shows the angle of play for a table tennis player. 
If a right-handed player has a strong forehand, he should stand to the left 
of the center line of his opponent’s angle of play. (Lesson 1-4) 


a. What geometric term describes the center line? 


b. If the angle of play shown in the diagram measures 43°, 
what is mZBAD? 


Skills Review 


Evaluate each expression if P = 10, B = 12,h = 6,r = 3, and £ = 5. Round to the nearest 
tenth, if necessary. 


62. sPe +B 63. +Bh 64. amr7h 65. 2arh + 27? 
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Geometry Software Lab 


Two-Dimensional Figures 


You can use The Geometer’s Sketchpad® to draw and investigate polygons. 


Activity 1 Draw a Polygon 
Draw AXYZ. 


| Step 1 | Select the segment tool from the toolbar, and 
click to set the first endpoint X of side XY. Then 
drag the cursor, and click again to set the other 
endpoint Y. 


| Step 2 | Click on point Y to set the endpoint of YZ. 
Drag the cursor and click to set point Z. 


| Step 3 | Click on point Z to set the endpoint of ZX, 
Then move the cursor to highlight point X. 
Click on X to draw ZX. 


| Step 4 | Use the pointer tool to click on points X, Y, and Z. 
Under the Display menu, select Show Labels to label 
the vertices of your triangle. 


Activity 2 Measure Sides 
Find XY, YZ, and ZX. 
EM Use the pointer tool to select XY, YZ, and ZX. 


| Step 2 | Select the Length command under the Measure menu 
to display the lengths of XY, YZ, and ZX. 


XY = 1.79 cm 
YZ = 3.11 cm 
ZX = 3.48 cm 


¢CSS Common Core State Standards 
“= Content Standards 


G.C0.12 Make formal geometric constructions with a variety of tools 
and methods (compass and straightedge, string, reflective devices, 
paper folding, dynamic geometric software, etc.). 

Mathematical Practices 5 


Draw a Polygon 


Draw a Polygon [S) | 
| 
. 

x Z ‘E 


Measure Sides 


XY = 1.79 cm 
YZ = 3.11 cm 
ZX = 3.48 cm 


os 
G3 


(continued on the next page) 
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Geometry Software Lab 
Two-Dimensional Figures continued 


Activity 3. Find Perimeter 
Find the perimeter of AXYZ. 4 
Perimeter 
| Step 1 | Use the pointer tool to select points X, Y, and Z. 
XY = 1.79 cm 


| Step 2 | Under the Construct menu, select Triangle Interior. YZ = 3.11 cm 
The triangle will now be shaded. ZX = 3.48 cm 

; . F . : Perimeter AXYZ = 8.38 cm 
| Step 3 | Select the triangle interior using the pointer. Y 


| Step 4 | Choose the Perimeter command under the Measure 
menu to find the perimeter of AXYZ. 


The perimeter of AXYZ is 8.38 centimeters. 


Activity 4 Measure Angles 
Find mZX, mZY, and mZZ. 


SLUR Recall that ZX can also be named ZYXZ or ZZXY. 
Use the pointer to select points Y, X, and Z in order. 


Measure Angles 


XY = 1.79 cm 
YZ = 3.11 cm 
| Step 2 | Select the Angle command from the Measure menu ZX = 3.48 cm 
to find mZX. Perimeter AXYZ = 8.38 cm 
mZYXZ = 63.16° x 


Ei] Select points X, Y, and Z. Find mZY. mZXYZ = 86.05° 
| Step 4 | Select points X, Z, and Y. Find mZZ. nee = S000 


mZX = 63.16, mZY = 86.05, and mZZ = 30.8. 


Analyze the Results 
1. Add the side measures from Activity 2. How does this compare to the result in Activity 3? 


2. What is the sum of the angle measures of AXYZ? 
3. Repeat the activities for each figure. 
a. irregular quadrilateral b. square c. pentagon d. hexagon 


4. Draw another quadrilateral and find its perimeter. Then enlarge your figure using the 
Dilate command. How does changing the sides affect the perimeter? 


. Compare your results with those of your classmates. 
. Make a conjecture about the sum of the measures of the angles in any triangle. 
. What is the sum of the measures of the angles of a quadrilateral? pentagon? hexagon? 


. How are the sums of the angles of polygons related to the number of sides? 


oOo nN Oo 


. Test your conjecture on other polygons. Does your conjecture hold? Explain. 


10. When the sides of a polygon are changed by a common factor, does the perimeter of 
the polygon change by the same factor as the sides? Explain. 
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Three-Dimensional Figures 


:- Then :-‘Now :-Why? 


@ You identified and C 1 Identify and name @ Architects often provide three- 


named two- three-dimensional dimensional models of their ideas 
dimensional figures. figures. to clients. These models give their 


clients a better idea of what the 


Bind Sifts a}ea an mpleted etllctire willlook like 


volun than a two-dimensional drawing. 

Three-dimensional figures, or 

solids, are made up of flat or hi 4 

curved surfaces. 4 

Ope NewVocabulary Identify Three-Dimensional Figures A solid with all 
~ polyhedron flat surfaces that enclose a single region of space is called 
face a polyhedron. Each flat surface or face is a polygon. The line 
edge segments where the faces intersect are called edges. The point 
vertex where three or more edges intersect is called a vertex. Below 
ideal are examples and definitions of polyhedrons and other types 
be é of solids. 
pyramid 
cylinder 
Gone KeyConcept Types of Solids 
sphere 
regular polyhedron Polyhedrons 
: oa A prism is a polyhedron with two parallel A pyramid is a polyhedron that has a polygonal 
volume congruent faces called bases connected base and three or more triangular faces that 
by parallelogram faces. meet at a common vertex. 
vertex 
(cs) Common Core 
State Standards base 
Content Standards 
G.GMD.3 Use volume Not Polyhedrons 
PANE Cea A cylinder is a solid with A Cone is a solid with a circular A Sphere is a set of points in 
spheres to solve problems. + congruent parallel circular base connected by a curved space that are the same 
: z bases connected by a surface to a single vertex. distance from a given point. 
Mathematical Practices curved surface. A sphere has no faces, edges, 
2 Reason abstractly and : 
quantitatively. or vertices. 
6 Attend to precision. eS vertex 
base 
base 
XN y. 


Polyhedrons or polyhedra are named by the shape of their bases. 


triangular rectangular pentagonal triangular rectangular pentagonal 
prism prism prism pyramid pyramid pyramid 
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Example 1 


Determine whether each solid is a polyhedron. Then identify the solid. If it is a 
polyhedron, name the bases, faces, edges, and vertices. 


a Ss The solid is formed by polygonal faces, so it is a 
R polyhedron. There are two parallel congruent 
(F - — T rectangular bases, so it is a rectangular prism. 
ReadingMath M O Bases: COMNOP, CIRSTQ 
Symbols Symbols can be : Faces: CORQPM, CARSNM, STON, 
used in naming the focus of COTOP, RSTO, SMNOP 
polyhedra. The symbol (4 Oe te et ee 
means rectangle. The symbol Edges: MN, NO, OP, PM, RS, ST, TQ, QR, RM, 
A means triangle. The SN, TO, OP 
symbol © means circle. Vertices: M,N, 0,P,Q,R,S,T 
Ne Ty ¥ y F a - £ 
b. The solid has a curved surface, so it is not a 


polyhedron. It has two congruent circular bases, 
so it is a cylinder. 


c D The solid is formed by polygonal faces, so it is a 
polyhedron. The base is a triangle, and the three 
faces meet in a vertex, so it is a triangular pyramid. 
Bases: AABC 

A B Faces: AABC, AADC, ACDB, ABDA 
Edges: AB, BC, CA, DA, DB, DC 
Cc Vertices:; A,B,C,D 


GuidedPractice 
x 


A polyhedron is a regular polyhedron if all of its faces are regular congruent polygons 
and all of the edges are congruent. There are exactly five types of regular polyhedrons, 


called Platonic Solids because Plato used them extensively. 


Math HistoryLink 


Plato (427-347 B.c.) 

Plato, a philosopher, 
mathematician, and scientist, 
lived in Athens, Greece. He is 
best known for founding a 
school known as “The 
Academy.” In mathematics, 
he was concerned with the 
idea of proofs, and he insisted 
that definitions must be 


KeyConcept Platonic Solids 


Hexahedron 
or Cube 


Icosahedron 


A 


Dodecahedron 


e 


Octahedron 


E 


Tetrahedron 


af 


accurate and hypotheses 
must be clear. 


4 equilateral 
triangle faces 


6 square faces 


8 equilateral 
triangular faces 


12 regular 
pentagonal faces 


20 equilateral 


triangular faces | 
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Surface Area and Volume Swirface area is a two-dimensional measurement of the 
( ; surface of a solid figure. The surface area of a polyhedron is the sum of the areas of 
StudyTip each face. Volume is the measure of the amount of space enclosed by a solid figure. 
Euclidean Solids The 
Euclidean solids include the 
cube, the pyramid, the 
cylinder, the cone, and the 


Review the formulas for the surface area and volume of five common solids given below. 
You will derive these formulas in Chapter 12. 


L SHniales KeyConcept Surface Area and Volume 
: Regular } 
Prism Pyramid Cylinder Cone Sphere 


h 


S= Pl +B S=2nrmh+2ne | S=netinre | S=4nr 


V=Bh V= +Bh V=nrh V= anh V= one 
S = total surface area V= volume h = height of a solid 
LP = perimeter of the base B= area of base £ = slant height, r= radius J 


Example 2 


Find the surface area and volume of the square pyramid. 


WatchOut! 


Height vs. Slant Height The 
height of a pyramid or cone 
is not the same as its s/ant 
height. 


Surface Area 


Since the base of the pyramid is a square, the perimeter P of 
the base is 4 - 6 or 24 centimeters. The area of the base B is 
6 - 6 or 36 square centimeters. The slant height is 5 centimeters. 


slant 


S= SPE +B Surface area of pyramid 
height 


height 


= F(24)(5) + 36 or 96 P= 24cm, €=5cm, B= 36cm? 


The surface area of the square pyramid is 96 square centimeters. 


Volume 
The height of the pyramid is 4 centimeters. 


V= 3Bh Volume of pyramid 
= $(36)(4) or 48 B= 36cm’, h=4cm 


The volume is 48 cubic centimeters. 


GuidedPractice 


Find the surface area and volume of each solid to the nearest tenth. 


2A. 6 Tt 2B. 2c. 17 in. 
man Li, 5°. 
5.2 cm 
18 ft 


10cm 
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StudyTip 
cess Precision Be sure that 


you have converted all units 
of measure to be consistent 
before you begin volume or 
surface area calculations. 


Real-World Example 3 


POOLS The diameter of the pool Mr. Sato purchased is 
8 feet. The height of the pool is 20 inches. Find each 
measure to the nearest tenth. 


a. surface area of the pool 


‘ The pool is a cylinder. 
A = 2trh + mr? Surface area of cylinder with one base 
= 2m(4)(12) + 74)? r= 4 ft, n= 20 in. or 12 ft 
= 92.2 Use a calculator. 


The surface area of the pool is about 92.2 square feet. 


b. the volume of water needed to fill the pool to a depth of 16 inches 


V=nrh Volume of cylinder 
= m(4)?(12) r=4ft,h=16 in. or 12 ft 
= 67.0 Use a calculator. 


The volume of water needed is approximately 67.0 cubic feet. 


GuidedPractice 


3. CRAFTS Jessica is making spherical candles using a 
mold that is 10 centimeters in diameter. Find each 
measure to the nearest tenth. 


A. the volume of wax needed to fill the mold 


B. the surface area of the finished candle 


Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Determine whether the solid is a polyhedron. Then identify the solid. 
If it is a polyhedron, name the bases, faces, edges, and vertices. 


2. J 


K N 


Example 2 Find the surface area and volume of each solid to the nearest tenth. 


(3) 4. 


4cm 


3cm 


Example 3 5. PARTY FAVORS Lawana is making cone-shaped hats 4 inches in diameter, 
6.5 inches tall, with a slant height of 6.8 inches for party favors. Find each 
measure to the nearest tenth. 


a. the volume of candy that will fill each cone 


b. the area of material needed to make each hat assuming there is no overlap of 
material 
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Practice and Problem Solving Extra Practice is on page R1. 


Example 1 Identify the solid modeled by each object. State whether the solid modeled is a 


polyhedron. 
6. 7. 8. 
t 
* 
9, : 10. e 11. ul 
(€SS\ STRUCTURE Determine whether the solid is a polyhedron. Then identify the solid. 
If it is a polyhedron, name the bases, faces, edges, and vertices. 


12. 


Example 2 


Example 3 24. SANDBOX A rectangular sandbox is 3 feet by 4 feet. The depth of the box is 8 inches, 


but the depth of the sand is : of the depth of the box. Find each measure to the 
nearest tenth. 


a. the surface area of the sandbox assuming there is no lid 


b. the volume of sand in the sandbox 
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(25) ART Fernando and Humberto Campana designed the Inflating 


26. 


27. 
28. 


29. 


30. 


31. 


Table shown. The diameter of the table is 155 inches. Suppose 
the height of the cylinder is ns inches. Find each measure to 
the nearest tenth. Assume that the sides of the table are 
perpendicular to the bases of the table. 

a. the volume of air that will fully inflate the table 


b. the surface area of the table when fully inflated 


CESS SENSE-MAKING In 1999, Marks & Spencer, a British department 
store, created the biggest sandwich ever made. The tuna and cucumber 
sandwich was in the form of a triangular prism. Suppose each slice of 
bread was 8 inches thick. Find each measure to the nearest tenth. 


a. the surface area in square feet of the sandwich when filled 


b. the volume of filling in cubic feet to the nearest tenth 


ALGEBRA The surface area of a cube is 54 square inches. Find the length of each edge. 


ALGEBRA The volume of a cube is 729 cubic centimeters. Find the length of each edge. 


PAINTING Tara is painting her family’s fence. Each 
post is composed of a square prism and a square 
pyramid. The height of the pyramid is 4 inches. 
Determine the surface area and volume of each post. 


COLLECT DATA Use a ruler or tape measure and 
what you have learned in this lesson to find the 
surface area and volume of a soup can. 


Gin. 
CAKES Cakes come in many shapes and sizes. Often they are stacked in two or more 
layers, like those in the diagrams shown below. 


a. If each layer of the rectangular prism cake is 3 inches high, calculate the area 
of the cake that will be frosted assuming there is no frosting between layers. 


b. Calculate the area of the cylindrical cake that will be frosted, if each layer is 4 inches 
in height. 


c. If one can of frosting will cover 50 square inches of cake, how many cans of frosting 
will be needed for each cake? 


d. If the height of each layer of cake is 5 inches, what does the radius of the cylindrical 
cake need to be, so the same amount of frosting is used for both cakes? Explain 
your reasoning. 
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32. CHANGING UNITS A gift box has a surface area of 6.25 square feet. What is the surface 
area of the box in square inches? 


CHANGING UNITS A square pyramid has a volume of 4320 cubic inches. What is the 
volume of this pyramid in cubic feet? 


34, EULER’S FORMULA The number of faces F, vertices V, and edges E of a polyhedron are 
related by Euler’s (OY luhrz) Formula: F + V = E + 2. Determine whether Euler’s 
Formula is true for each of the figures in Exercises 18-23. 


35. CHANGING DIMENSIONS A rectangular prism has a length of 12 centimeters, width of 
18 centimeters, and height of 22 centimeters. Describe the effect on the volume of a 
rectangular prism when each dimension is doubled. 


36. 9? MULTIPLE REPRESENTATIONS In this problem, you will 
investigate how changing the length of the radius of a 
cone affects the cone’s volume. 


a. Tabular Create a table showing the volume of a cone 
when doubling the radius. Use radius values between 
1 and 8. 


b. Graphical Use the values from your table to create a 
graph of radius versus volume. 


c. Verbal Make a conjecture about the effect of doubling the radius of a cone on the 
volume. Explain your reasoning. 


d. Algebraic If 1 is the radius of a cone, write an expression showing the effect doubling 
the radius has on the cone’s volume. 


H.0.T. Problems Use Higher-Order Thinking Skills 


a~ 
37. CCSS/CRITIQUE Alex and Emily are calculating the 
surface area of the rectangular prism shown. Is either cu 


of them correct? Explain your reasoning. Af 
In. 


Alex 


(5 +3) * 6 faces 2(5* 4* 3) 


= 90 ine = 120 in® 


38. REASONING Is a cube a regular polyhedron? Explain. 
39. CHALLENGE Describe the solid that results if the number of sides of each base increases 
infinitely. The bases of each solid are regular polygons inscribed in a circle. 


a. pyramid b. prism 


40. OPEN ENDED Draw an irregular 14-sided polyhedron which has two congruent 
bases. 


41. CHALLENGE Find the volume of a cube that has a total surface area of 54 square 
millimeters. 


42. WRITING IN MATH A reference sheet listed the formula for the surface area of a prism 
as SA = Bh + 2B. Use units of measure to explain why there must be a typographical 
error in this formula. 
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Standardized Test Practice 


43. GRIDDED RESPONSE What is the surface area of 45. The length of each side of a cube is multiplied by 5. 
the triangular prism in square centimeters? What is the change in the volume of the cube? 

F The volume is 125 times the original volume. 

G The volume is 25 times the original volume. 


eae H The volume is 10 times the original volume. 


J The volume is 5 times the original volume. 


4cm 
46. SAT/ACT What is the difference in surface area 
44, ALGEBRA What is the value of (—0.8)? + (—0.3)°? between a cube with an edge length of 7 inches 
and a cube with edge length of 4 inches? 
A 0.627 C 0.370 — = 
B 0.613 D 0.327 poem pe 
B 33 in? E 198 in? 


C 66 in? 


Spiral Review 


Name each polygon by its number of sides. Then classify it as convex or concave and regular 
or irregular. (Lesson 1-6) 


Oye 


Find the value of each variable. (Lesson 1-5 


50. 51. 
5x° (x—6)° 


GAMES What type of geometric intersection is modeled in each photograph? (Lesson 1-1) 


. . | | . an 


Sketch the next two figures in each pattern. 


52. 


Skills Review 


57. . 
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™) Geometry Lab & 


Two-Dimensional Representations 

of Three-Dimensional Objects P 
If you see a three-dimensional object from only (css Common Core State Standards 
one viewpoint, you may not know its true shape. a a rat ae 7 eT ae shapes, their measures, and 
Here are four views of a square pyramid. their properties to describe objects (e.g., modeling a 


top left front right tree trunk or a human torso as a cylinder). * 
view view view view Mathematical Practices 5 


The two-dimensional views of the top, left, front, 
and right sides of an object are called an 


Activity 1 


Make a model of a figure for the orthographic drawing shown. 


ee Start with a base that matches 


the top view. we. 
front right 


top left front right 
Bee] The front view indicates that view view view view 


the front left side is 5 blocks 
high and that the right side is 
3 blocks high. However, the 
dark segments indicate breaks 
in the surface. 


front right 

Xe] The break on the left side of XY The break on the right side 
the front view indicates that of the front view indicates 
the back left column is that the back right column 
5 blocks high, but that the is 3 blocks high, but that the 
front left column is only front right column is only 
4 blocks high, so remove 1 block high, so remove 
1 block from the front left 2 blocks from the front 
column. front right right column. 


Ke sUse the left and right views and the breaks in those views to confirm that you have made the 
correct figure. 


Model and Analyze 


1. Make a model of a figure for the orthographic 2. Make an orthographic drawing of the figure shown. 
drawing shown. 


Hop A a 


top left front right front right 
view view view view 
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Geometry Lab 


Two-Dimensional Representations of 
Three-Dimensional Objects continued 


If you cut a cardboard box at the edges and lay it flat, you will have a two-dimensional diagram called a 
Net that you can fold to form a three-dimensional solid. 


Make a model of a figure for the given net. Then identify the solid 
formed, and find its surface area. 

Use a large sheet of paper, a ruler, scissors, 5 in. 
and tape. Draw the net on the paper. Cut 
along the solid lines. Fold the pattern on the 
dashed lines and secure the edges with tape. 
This is the net of a triangular prism. 


10 in. 


Use the net to find the surface area S. 
$=2 [5@)| + 4(10) + 3(10) + 5(10) Area of two congruent triangles plus area of three rectangles 


= 12 + 40 + 30 + 50 or 132 in? Simplify. 


Model and Analyze 


Make a model of a figure for each net. Then identify the solid formed and find its 
surface area. If the solid has more than one name, list both. 


4. |. 4in. -| 5. 


5cm 
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To draw the net of a three-dimensional solid, visualize cutting the solid along one or more of its edges, 
opening up the solid, and flattening it completely. 


Draw a net for the solid shown. Then label its dimensions. 


12cm 


Model and Analyze 


Draw a net for each solid. Then label its dimensions. 


11. 


35 mm 
13cm 


5cm 


12. PACKAGING A can of pineapple is shown. 
a. What shape are the top and bottom of the can? 


b. If you remove the top and bottom and then make a vertical cut 
down the side of the can, what shape will you get when you uncurl 
the remaining body of the can and flatten it? 


NETWT 8 OZ (22/ g) 


c. If the diameter of the can is 3 inches and its height is 2 inches, 
draw a net of the can and label its dimensions. Explain your 
reasoning. 
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Study Guide and Review 


Study Guide 


KeyConcepts 


KeyVocabulary 


Points, Lines, and Planes (Lesson 1-1) 
e There is exactly one line through any two points. 
e There is exactly one plane through any three noncollinear points. 


Distance and Midpoints (esson 1-3) 

e Onanumber line, the measure of a segment with endpoint 
coordinates a and bis|a— bl. 

e Inthe coordinate plane, the distance between two points 
(X1, Y;) and (x5, Yo) is given by d= \/(X> — x)? + (Yo — yy)? 

e Onanumber line, the coordinate of the midpoint of a segment 
with endpoints a and bis a 

e Inthe coordinate plane, the coordinates of the midpoint of a 
segment with endpoints that are (x,, y,) and (X., yp) are 
Gaee aa.) 

2° 2 


Angles (Lessons 1-4 and 1-5) 


e An angle is formed by two noncollinear rays that have a 
common endpoint, called its vertex. Angles can be classified 

by their measures. 

Adjacent angles are two coplanar angles that lie in the same 
plane and have a common vertex and a common side but no 
common interior points. 

Vertical angles are two nonadjacent angles formed by two 
intersecting lines. 

A linear pair is a pair of adjacent angles with noncommon sides 
that are opposite rays. 

Complementary angles are two angles with measures that have 
a sum of 90. 


Supplementary angles are two angles with measures that have 
a sum of 180. 


[SaETES| StudyOrganizer 


Be sure the Key Concepts 
are noted in your Foldable. 
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acute angle (p. 38) 
adjacent angles (p. 46) 
angle (p. 36) 

angle bisector (p. 39) 
area (p. 58) 

base (p. 67) 

between (p. 15) 
circumference (p. 58) 
collinear (p. 5) 
complementary angles (p. 47) 
concave (p. 56) 

cone (p. 67) 

congruent (p. 16) 
construction (p. 17) 
convex (p. 56) 

coplanar (p. 5) 

cylinder (p. 67) 

degree (p. 37) 

distance (p. 25) 

edge (p. 67) 

equiangular polygon (p. 57) 
equilateral polygon (p. 57) 
exterior (p. 36) 

face (p. 67) 

interior (p. 36) 
intersection (p. 6) 

line (p. 5) 

line segment (p. 14) 
linear pair (p. 46) 


midpoint (p. 27) 

n-gon (p. 57) 

obtuse angle (p. 38) 
opposite rays (p. 36) 
perimeter (p. 58) 
perpendicular (p. 48) 
plane (p. 5) 

Platonic solid (p. 68) 
point (p. 5) 

polygon (0. 56) 
polyhedron (p. 67) 

prism (p. 67) 

pyramid (p. 67) 

ray (p. 36) 

regular polygon (p. 57) 
regular polyhedron (p. 68) 
right angle (p. 38) 
segment bisector (p. 29) 
side (p. 36) 

space (p. 7) 

sphere (p. 67) 
supplementary angles (p. 47) 
surface area (p. 69) 
undefined term (p. 5) 
vertex (pp. 36, 67) 

vertex of a polygon (p. 56) 
vertical angles (p. 46) 
volume (p. 69) 


VocabularyCheck 


Fill in the blank in each sentence with the vocabulary term that 


best completes the sentence. 


1A is a flat surface made up of points that extends 


infinitely in all directions. 


2. A set of points that all lie on the same line are said to be 


3. If two lines intersect to form four right angles, the lines are 


4. If the sum of the measures of two angles is 180, then the 
angles are called angles. 


Lesson-by-Lesson Review 


Points, Lines, and Planes 


Use the figure to complete each of the following. 


. Name the intersection of lines a and c. 
. Give another name for line b. 


. Name a point that is not contained in any of the three lines 
a, b, or Cc. 


. Give another name for plane WPX. 


Name the geometric term that is best modeled by each item. 


Linear Measure 


Find the value of the variable and XP, if Xis between P and Q. 


11. XQ = 13, XP = 5x — 3, PQ = 40 
12. XQ = 3k, XP= 7k — 2, PQ= 6k + 16 


Determine whether each pair of segments is congruent. 
13. AB, CD 14. XY, YZ 


y 3a+2 


a=4 
D Xx 


15. DISTANCE The distance from Salvador’s job to his house is 
3 times greater than the distance from his house to school. 
If his house is between his job and school and the distance 
from his job to school is 6 miles, how far is it from Salvador’s 
house to school? 


Example 1 
Draw and label a figure for the relationship below. 


Plane X contains line a, line b intersects line a at point Q, 
but line bis not in plane Xx. 


Draw a surface to represent plane X and label it. 
Draw a line in plane X and label it line a. 


Draw a line b intersecting both the plane and line a and label 
the point of intersection Q. 


Example 2 


Use the figure to find the value of the variable and the length 
of YZ. 


10 3x+7 
x Z 
I + 


XZ = XY + YZ 
29=10+ 3x+7 
29 = 3x+ 17 
12 = 3x 

4=x Divide each side by 3. 
YZ= 3x+7 Given 

= 3(4) + 7or 19 

So, X= 4 and YZ= 19. 


Betweenness of points 
Substitution 
Simplify. 


Subtract 17 from each side. 


Substitution 


——— 79 


Distance and Midpoints 


Find the distance between each pair of points. 


16. A(—3, 1), B(7, 13) 

17. P(2, —1), Q10, —7) 

Find the coordinates of the midpoint of a segment with the 

given endpoints. 

18. L(—3, 16), M(17, 4) 

19. C(32, —1), DO, —12) 

Find the coordinates of the missing endpoint if Mis the 

midpoint of XY. 

20. X(—11, —6), M(15, 4) 

21. M(—4, 8), Y(19, 0) 

22. HIKING Carol and Marita are hiking in a state park and decide 
to take separate trails. The map of the park is set up ona 


coordinate grid. Carol’s location is at the point (7, 13) and 
Marita is at (3, 5). 


a. Find the distance between them. 


b. Find the coordinates of the point midway between their 
locations. 


Angle Measure 


For Exercises 23-26, refer to the figure below. 


. Name the vertex of 77. 

. Write another name for 24. 

. Name the sides of 22. 

. Name a pair of opposite rays. 


. SIGNS A sign at West High 
School has the shape shown. 
Measure each of the angles 
and classify them as right, 
acute, or obtuse. 
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Example 3 
Find the distance between X(5, 7) and Y(—7, 2). 
Let (x,, ¥;) = (5, 7) and (x5, Yo) = (—7, 2). 
=V(-7 -5% +2-72 
= V169 or 13 


The distance from X to Yis 13 units. 


Example 4 


Find the coordinates of the midpoint between P(—4, 13) 
and Q(6, 5). 
Let (x,, ¥4) = (—4, 13) and (x5, >) = (6, 5). 
Xy +X Vit V2) 4 f—-44+6 1345 
(5 52) = (At Be) 
= M(1,9) 


The coordinates of the midpoint are (1, 9). 


Example 5 


Refer to the figure below. Name all angles that have Q as 
a vertex. 


ZOQN, ZNQP, ZPQR, ZRQS, ZSQ0, Z0QP, ZNQR, 
ZPQS, Z0QR 


Example 6 


In the figure above, list all other names for 21. 
ZNOQ, ZQON, ZM0Q, ZQOM, ZMOR, ZROM, ZNOR, ZRON 


Angle Relationships 


For Exercises 28-30, refer to the figure below. 


. Name an angle supplementary to Z7VY. 
. Name a pair of vertical angles with vertex W. 


. If mZSXW = 5x — 16, find the value of xso that SX_L WY. 


. PARKING The parking arm shown below rests in a 
horizontal position and opens to a vertical position. After the 
arm has moved 24°, how many more degrees does it have 
to move so that it is vertical? 


Two-Dimensional Figures 


Name each polygon by its number of sides. Then classify it 
as convex or concave and regular or irregular. 


32. 33. 


34, Find the perimeter of quadrilateral ABCD with vertices 
A(—3, 5), B(0, 5), C(2, 0), and D(—5, 0). 


35. PARKS Westside Park received 440 feet of chain-link fencing 
as a donation to build an enclosed play area for dogs. The park 
administrators need to decide what shape the area should 
have. They have three options: (1) a rectangle with length of 
100 feet and width of 120 feet, (2) a square with sides of 
length 110 feet, or (3) a circle with radius of approximately 
70 feet. Find the areas of all three enclosures and determine 
which would provide the largest area for the dogs. 


Example 7 


Name a pair of supplementary angles and a pair of 
complementary angles in the figure below. 


Sample answers: 
Supplementary angles: ZRXA and ZRXD 
Complementary angles: ZRXC and ZCXD 


Example 8 


Name the polygon by its 
number of sides. Then classify 
it as convex or concave and 
regular or irregular. 


There are 6 sides, so this is a hexagon. If two of the sides are 
extended to make lines, they will pass through the interior of 
the hexagon, so it is concave. Since it is concave, it cannot 
be regular. 


Example 9 


Find the perimeter of the polygon in the figure above. 


Definition of perimeter 
Substitution 


P=, +S) + 83+ S,+ S5 + Se 
=74+74+9+6+6+4 
= 39 Simplify. 
The perimeter of the polygon is 39 units. 
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Three-Dimensional Figures 


Identify each solid. Name the bases, faces, edges, and Example 10 


venice: Identify the solid below. Name the bases, faces, edges, 
36. x . and vertices. 


A B M This solid has congruent circular bases in a pair of parallel 


Find the surface area and volume of each solid. planes. So, it is a cylinder. 
38. 6 cm Bases: circle O and circle P 


A cylinder has no faces, edges, or vertices. 


Find the surface area and volume of the rectangular 
prism below. 


Qin. 
15 in. 


T= Ph+ 2B Surface area of a prism 
= (48)(9) + 2(135) Substitution 
= 702 Simplify. 


The surface area is 702 square inches. 


V=Bh Volume of a prism 
= (135)(9) Substitution 


= 1215 Simplify. 
. BUILDING Chris is building a trunk like the one shown 
below. His design is a square prism. What is the volume The volume is 1215 cubic inches. 
of the trunk? 


an 3 ft 
. HOCKEY A regulation hockey puck is a cylinder made of 
vulcanized rubber 1 inch thick and 3 inches in diameter. 
Find the surface area and volume of a hockey puck. 
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Practice Test 


Use the figure to name each of the following. 


1. the line that contains points Q and Z 


2. two points that are coplanar with points W, X, 
and Y 


3. the intersection of lines a and 6 


Find the value of the variable if P is between J and K. 
4. JP = 2x, PK = 7x, JK = 27 
5. JP = 3y+1,PK = 12y —4,JK =75 
6. JP = 8z — 17, PK = 5z + 37, JK =17z —4 
Find the coordinates of the midpoint of a segment 
with the given endpoints. 
7. (16, 5) and (28, —13) 
8. (—11, 34) and (47, 0) 
9. (—4, —14) and (—22, 9) 


Find the distance between each pair of points. 

10. (43, —15) and (29, —3) 

11. (21,5) and (28, —1) 

12. (0, —5) and (18, —10) 

13. ALGEBRA The measure of ZX is 18 more than three 


times the measure of its complement. Find the 
measure of ZX. 


14. Find the value of x that will make lines a and 6 
perpendicular in the figure below. 
(3x + 4)° 


For Exercises 15-18, use the figure below. 


HG FE 


15. Name the vertex of 23. 

16. Name the sides of 21. 

17. Write another name for 26. 

18. Name a pair of angles that share exactly one point. 


19. MULTIPLE CHOICE If 221 = mZ2, which of the 
following statements is true? 


£ 


1}2 
4/3 


A 22= 24 

B Z2is aright angle. 
Clim 

D All of the above 


Find the perimeter of each polygon. 


20. triangle XYZ with vertices X(3, 7), Y(—1, —5), and 
Z(6, —4) 


21. rectangle PORS with vertices P(0, 0), Q(0, 7), 
R(12, 7), and S(12, 0) 


22. SAFETY A severe weather siren in a local city can be 
heard within a radius of 1.3 miles. If the mayor of 
the city wants a new siren that will cover double 
the area of the old siren, what should the radius of 
the coverage area of the new siren be? Round to the 
nearest tenth of a mile. P 


Refer to the figure at the right. = 12m 


23. Name the base. 


24. Find the surface area. A 
¥ 10cm 


L 10cm O 
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25. Find the volume. 


= 


Preparing for Standardized Tests 


Solving Math Problems 
Strategies for Solving Math Problems 


The first step to solving any math problem is to read the problem. 
When reading a math problem to get the information you need to 
solve, it is helpful to use special reading strategies. 


Read the problem to determine what information is given. 
e Analyze: Determine what exactly the problem is asking you to solve. 


e Underline: If you are able to write in your test book, underline any 
important information. 


Reread the problem to determine what information is needed to solve 
the problem. 


e Think: How does the information fit together? 


e Key Words: Are there any key words, variables or mathematical terms 
in the problem? 


e Diagrams: Do you need to use a diagram, list or table? 


e Formulas: Do you need a formula or an equation to solve the problem? 


Devise a plan and solve the problem. Use the information you found in Steps 1 and 2. 
e Question: What problem are you solving? 
e Estimate: Estimate an answer. 


e Eliminate: Eliminate all answers that do not make sense and/or vary greatly from 
your estimate. 


Check your answer. 
e Reread: Quickly reread the problem to make sure you solved the whole problem. 
e Reasonableness: Is your answer reasonable? 


e Units: Make sure your answer has the correct units of measurement. 
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Standardized Test Example 


Read the problem. Identify what you need to know. Then use the information in 
the problem to solve. 


Carmen is using a coordinate grid to make a map of her backyard. She plots the 
swing set at point S(2, 5) and the big oak tree at point O(—3, —6). If each unit on the 
grid represents 5 feet, what is the distance between the swing set and the oak tree? 
Round your answer to the nearest whole foot. 


A 12 ft B 25 ft C 60 ft D 74 ft 


Determine what exactly the problem is asking you to solve. Underline any 
important information. 


Carmen is using a coordinate grid to make a map of her backyard. She plots the 
swing set at point 5(2, 5) and the big oak tree at point O(—3, —6). If each unit on the 
grid represents 5 feet, what is the distance between the swing set and the oak tree? 
Round your answer to the nearest whole foot. 


The problem is asking for the distance between the swing set and the oak tree. The 
key word is distance, so you know you will need to use the Distance Formula. 


2 


d =\/(xX_ — x4)? + Yo — ¥) Distance Formula 


= (-3 — 2)? + (-6— 5)? (x, yy) = (2,5) and (x, y») = (—3, —6) 
=) (=5)? + (=11)7 Subtract. 
= V¥25 + 121 or V 146 Simplify. 


The distance between swing set and the oak tree is V 146 units. Use a calculator to 
find that V 146 units is approximately 12.08 units. 


Since each unit on the grid represents 5 feet, the distance is (12.08) + (5) or 60.4 ft. 
Therefore, the correct answer is C. 


Check your answer to make sure it is reasonable, and that you have used the 
correct units. 


Read each question. Then fill in the correct answer 
on the answer document provided by your teacher 
or on a sheet of paper. 


1. Aregular pentagon has a perimeter of 24 inches. 
What is the measure of each side? 
A 3 inches C 4inches 
B 3.8 inches D 4.8 inches 


2. What is the value 
of x in the figure 
at the right? 


F 10 62° ><(5x + 2)° 
G 12 
H 14 
J 15 
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_a 
Standardized Test Practice 


Cumulative, Chapter 1 


Multiple Choice 


Read each question. Then fill in the correct answer on 
the answer document provided by your teacher or on 
a sheet of paper. 


1. If the dimensions of the prism below were doubled, 
by what factor would the volume of the prism 


increase? 
5cm 
6cm 
8cm 
A 2 C 8 
B 4 D 16 


2. Find the distance between M(—3, 1) and N(2, 8) ona 
coordinate plane. 


F 6.1 units 
G 6.9 units 
H 7.3 units 
J 8.6 units 


3. Which of the following terms best describes points 
F, G, and H? 


A collinear C coplanar 


B_ congruent D skew 


Test-TakingTip 

Question 3 Understanding the terms of geometry can help you 
solve problems. The term congruent refers to geometric figures, 
and skew refers to lines, therefore both answers can be eliminated. 
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4. What is the length of segment BD? 


67mAp 
Cas 
B 


H 188m 
J 191m 


F 174m 
G 18.3m 


. In the figure below, what is the measure of 


angle CDN? 
M O 
L D 
Cc 

68° 

N 
A 58° C 68° 
B 62° D 70° 


. Find the perimeter of the figure below. 


AN 
| 


12cm 


F 20cm 
G 29cm 


H 32cm 
J 41cm 


. What is the relationship of 21 and 22? 


~ 


A complementary angles 
B_ linear pair 
C supplementary angles 


D vertical angles 


Short Response/Gridded Response 


Record your answers on the answer sheet provided 
by your teacher or on a sheet of paper. 


8. Find the distance between points R and S on the 
coordinate grid below. Round to the nearest tenth. 


9. SHORT RESPONSE Find the value of x and AB if B is 
between A and C, AB = 2x, AC = 6x — 5, and BC =7. 


10. Suppose two lines intersect in a plane. 


a. What do you know about the two pairs of 
vertical angles formed? 


b. What do you know about the pairs of adjacent 
angles formed? 


11. GRIDDED RESPONSE How many planes are shown in 
the figure below? 


Need ExtraHelp? 


12. GRIDDED RESPONSE What is the 


total surface area of the cone? 
Round your answer to the 
nearest square centimeter. 


. GRIDDED RESPONSE 
What is the value of x 
in the figure? 
1049 
(3x —19)° 


Extended Response 


Record your answers on a sheet of paper. Show 
your work. 


14, 


Julie’s room has the 
dimensions shown 
in the figure. 11 ft 


18 ft 
a. Find the perimeter of her room. 
b. Find the area of her room. 


c. Ifthe length and width doubled, what effect 
would it have on the perimeter? 


d. What effect would it have on the area? 


If you missed Question... 1 2, 3 4 5 


Go to Lesson... 
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© Youused segment © In this chapter, © SCIENCE AND NATURE Biologists and other scientists use 


and angle you will: inductive and deductive reasoning to make decisions and 
draw logical conclusions about animal populations. 


relationships. » Make conjectures 


and find 
counterexamples 
for statements. 


« Use deductive 
reasoning to reach 
valid conclusions. 


= Write proofs 
involving segment 
and angle 
theorems. 


~connectED.mcgraw-hill.com BA(autie Funnel 


Animation Vocabulary eGlossary Tutor Manipulatives Calculator 


Personal Virtual Graphing Audio Foldables Self-Check 


Practice 


Worksheets. 
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Get Ready for the Chapter 


Diagnose Readiness | You have two options for checking prerequisite skills. 


| 1 Textbook Option Take the Quick Check below. Refer to the Quick Review for help. 


Evaluate each expression for the given value of x. Example 1 


1. 4x+7;x=6 2. (x — 2)180; x = 8 Evaluate x* — 2x + 11 for x= 6. 

3. 5x* — 3x x=2 4. ss 3), x=5 | fa oye dt Original expression 

5. X+(X+ 1) + (X+ 2); x=3 = (6)? — 2(6)+ 11 Substitute 6 for x. 
Write each verbal expression as an algebraic expression. = 36 — 2(6)+ 11 Evaluate the exponent. 

6. eight less than five times a number = 36—-12+11 Multiply. 


7. three more than the square of a number =o sung 


Solve each equation. 

8. 8x— 10 = 6x Solve 36x — 14 = 16x + 58. 

9. 18 + 7x= 10x + 39 36x — 14 = 16x + 58 Original equation 
10. 3(11x— 7) = 13x+4+ 25 36x — 14 — 16x = 16x + 58 — 16x Subtract 16x from 
11. 3x+8=1r+ 35 | — 

2 20x — 14=58 Simplify. 
12. =x+1=5- 2x 
3 20x—- 144+ 14=584+ 14 Add 14 to each side. 
13. CLOTHING Nancy bought 4 shirts at the mall for $52. Write 20x = 72 Simplify. 
and solve an equation to find the average cost of one shirt. 20x 72 . : 
— = = Divide each side by 20. 
20 20 
X= 3.6 Simplify. 
Refer to the figure in Example 3. | Example3 | 
14. Identify a pair of vertical angles that appear to be obtuse. lf mZBXA = 3x+5 
15. Identify a pair of adjacent angles that appear to be PF peer 56, 
complementary. . 
16. Identify a linear pair. 
17. If mZDXB = 116 and mZEXA = 3x +4 2, find x. | mZBXA= mZDXE Vertical 4 are =. 
18. If mZBXC = 90, MZCXD = 6x — 13, and mZDXE = 10x + 7, 3x+ 5 = 56 Substitution 
find x. 3x= 51 Subtract 5 from each side. 
x=17 Divide each side by 3. 


7, 
2 Online Option Take an online self-check Chapter Readiness Quiz at connectED.mcgraw-hill.com. v/ 
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Get Started on the Chapter 


You will learn several new concepts, skills, and vocabulary terms as you study 
Chapter 2. To get ready, identify important terms and organize your resources. 
You may refer to Chapter 0 to review prerequisite skills. 


NewVocabulary 


[ZED StudyOrganizer 


Reasoning and Proof Make this Foldable to help you organize English Espanol 
your Chapter 2 notes about logic, reasoning, and proof. Begin 
with one sheet of notebook paper. 


inductive reasoning p.91 = razonamiento inductivo 


conjecture p.91  conjetura 


counterexample p.94 — contraejemplo 
negation p.99 negacidn 
‘1 Fold lengthwise to the holes. ° if-then statement p.107 enunciado si-entonces 


hypothesis p.107  hipotesis 


se} 


U conclusion p.107 conclusion 


converse p.109  reciproco 


: inverse p.109 — inverso 
postulate p.127 postulado 
2 Cut five tabs in the top sheet. oll| proof p.128 demostracidn 
= 
== theorem p.129  teorema 
 — 
ReviewVocabulary 
complementary angles angulos complementarios two angles 
vocal with measures that have a sum of 90 
Reasoning 
—— supplementary angles angulos suplementarios two angles 


3 Label the tabs as shown. 


ee with measures that have a sum of 180 


| Kconditionals 
vertical angles angulos opuestos por el vértice two 
nonadjacent angles formed by intersecting lines 


| OReasoning© and Proof 0 
i 


Proof 


ZLRMand ZMRD 
are supplementary 


angles. 


D 


ZMRNand ZQRP 
are vertical angles. 
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Inductive Reasoning and Conjecture 


--Now :-Why? i. 7 
@ You used data to find @ Make conjectures @ Market research is conducted by an 7 4 
patterns and make based on inductive analyst to answer specific questions ' . a 
predictions. reasoning. about products. For example, a 
Find company that creates video games z 
might hire focus group testers to play — 
counterexamples. 


an unreleased video game. The 
process of using patterns to analyze 
the effectiveness of a product involves 
inductive reasoning. 


Che : NewVocabulary Make Conjectures Inductive reasoning is reasoning that uses a number of specific 
~ inductive reasoning examples to arrive at a conclusion. When you assume that an observed pattern will 
conjecture continue, you are applying inductive reasoning. A concluding statement reached using 


counterexample inductive reasoning is called a conjecture. 


Example 1 


Write a conjecture that describes the pattern in each sequence. Then use your 
conjecture to find the next item in the sequence. 


a. Movie show times: 8:30 A.M., 9:45 A.M., 11:00 A.M., 12:15 P.M., ... 


Step 1| Look for a pattern. 


8:30 a.m., 9:45 4.m., 11:00 4.m., 12:15P™M.,... 
nS_L_- | NT nnV—___ 
+1hri5min +7hr15min +1 hr15 min 


| Step 2| Make a conjecture. 


The show time is 1 hour and fifteen minutes greater than the previous show 
time. The next show time will be 12:15 p.m. + 1:15 or 1:30 P.M. 


b. | 
= =) a FS | 
a cial) 
28 


4 10 18 


Step 195 10, 18, 28 40 
a ee | oe | | The numbers increase by 
+6 +8 +10 +12 6, 8, 10, and 12. 


BH] The next figure will increase by 12 + 2 or 14 segments. So, the next figure 
will have 40 + 14 or 54 segments. 


CHECK Draw the next figure to check your conjecture ¥ 


Junko Kimura/Getty Images 
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StudyTip GuidedPractice 
Figural Patterns Patterns 
that involve a sequence of 
figures, like those in Example 


Write a conjecture that describes the pattern in each sequence. Then use 
your conjecture to find the next item in the sequence. 


1b and in Guided Practice 1C, 1A. Follow-up visits: Dec., May, Oct., Mar., ... 
are called figural patterns. 
L 1B. 10,4, —2, -8,... 
To make some algebraic and geometric conjectures, you will need to provide examples. 
(pr) 
Example 2 
Make a conjecture about each value or geometric relationship. List or draw some 
examples that support your conjecture. 
a. the sum of two odd numbers 
Step 1 BGs examples. 
14+3=4 14+5=6 34+5=8 7+9=16 
Bow Look for a pattern. 
Notice that the sums 4, 6, 8, and 16 are all even numbers. 
Step 3| Make a conjecture. 
The sum of two odd numbers is an even number. 
@ ‘ 
StudyTip b. segments joining opposite vertices of a rectangle 


—_ 
CESS Arguments Examples 


that support a conjecture are 
not enough to show that a 
conjecture is true. To show 
that an algebraic or geometric 
conjecture is true, you must 
offer a logical argument 
called a proof. You will 

learn more about proofs in 
Lesson 2-5. 


EE Notice that the segments joining opposite vertices of each rectangle appear 
to have the same measure. Use a ruler or compass to confirm this. 


| Step 3] Conjecture: the segments joining opposite vertices of a rectangle 
are congruent. 


GuidedPractice 


2A. the sum of two even numbers 
2B. the relationship between AB and EF, if AB = CD and CD = EF 


2C. the sum of the squares of two consecutive natural numbers 
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Real-world conjectures are often made based on data gathered about a specific topic 
of interest. 


ia 


Real-World Example 3 


BUSINESS The owner of a hair salon collected data on the number of customers her 
salon had each Friday, Saturday, and Sunday for 6 months to decide whether she 
should increase the number of stylists working each weekend. The data she 
collected are shown below. 


Number of Customers on the Weekend 


255 321 406 540 450 


Saturday 


Sunday 
Total 


Real-WorldCareer 
Hair Stylist Hair stylists work 
in salons where various 
services, including skin and 
nail treatments, may be 


a. Make a statistical graph that best 


displays the data, Weekend Customers 


Bo ae te Since you want to look for a pattern 

provided in addition to hair : : 

Care bank 4806 of hair over time, use a scatter plot to display a 

stylists are self-employed and the data. Label the horizontal axis z 

own their own businesses. with the months and the vertical axis 2 e Friday 

Hair stylists must attend with the number of customers. Plot S e Saturday 

cosmetology school and each set of data using a different color, S e Sunday 

obtain a license. and include a legend. 2 © Total 
5 
z 

b. Make a conjecture based on the data, 


and explain how this conjecture is 
supported by your graph. 


Look for patterns in the data. The 
number of customers on each day 
usually increases each month, and the 
total number of customers increases 
every single month. 


Survey data supports a conjecture that the amount of business on the weekends has 
increased, so the owner should schedule more stylists to work on those days. 


GuidedPractice 


3. POSTAGE The table at the right shows the price 


Rate (cents) 
of postage for the years 1982 through 2009. 


A. Make a statistical graph that best displays 
the data. 


B. Predict the postage rate in 2015 based on 
the graph. 


C. Does it make sense that the pattern of the 
data will continue over time? If not, how 
will it change? Explain your reasoning. 


image100/CORBIS 


yf SR 
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Find Counterexamples To show that a conjecture is true for all cases, you must 

prove it. It takes only one false example, however, to show that a conjecture is not 
true. This false example is called a counterexample, and it can be a number, a drawing, 
or a statement. 


VocabularyLink Example 4 


Counterexample 

Everyday Use The prefix 
counter- means the 
opposite of. 

Math Use A counterexample 


is the opposite of an 
example. 


Find a counterexample to show that each conjecture is false. 
a. If n is a real number, then n? > n. 


When 1 is 1, the conjecture is false, since 1? $1. 


b. If JK = KL, then K is the midpoint of JL. J if 


When J, K, and L are noncollinear, the ee 


conjecture is false. In the figure, JK = KL, 
but K is not the midpoint of JL. 


GuidedPractice 
4A. If nis a real number, then —n is a negative number. 


4B. If ZABC = ZDBE, then ZABC and ZDBE are vertical angles. 


Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Write a conjecture that describes the pattern in each sequence. Then use your conjecture 
to find the next item in the sequence. 


1. Costs: $4.50, $6.75, $9.00,... 


2. Appointment times: 10:15 a.m., 11:00 a.m., 11:45 a.M.,... 


4+ 


@3.3.6.9,15,... 
6. 2,6, 14, 30, 62,... 
Example 2 Make a conjecture about each value or geometric relationship. 
7. the product of two even numbers 
8. the relationship between a and b ifa +b =0 
9. the relationship between the set of points in a plane equidistant from point A 


10. the relationship between AP and PB if M is the midpoint of AB and P is the midpoint 
of AM 
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Oleksiy Maksymenko/age fotostock 


Example 3 11. 


ya~ 
Example 4 cess CRITIQUE Find a counterexample to show that 
each conjecture is false. 


12. 


CELL PHONES Refer to the table of the number of 
wireless subscriptions in the United States by year. 


U.S. Wireless Subscribership 


Subscribers 
a. Make a graph that shows U.S. wireless use from (Millions) 
2002 to 2007. 


b. Make a conjecture about U.S. wireless use 
in 2012. 


If ZA and ZB are complementary angles, then 
: Source: Cellular Telecommunications and 
they share a common side. Internet Association 


(13) If a ray intersects a segment at its midpoint, then the 


Practice and Problem Solving 


ray is perpendicular to the segment. 


Example 1 Write a conjecture that describes the pattern in each sequence. Then use your conjecture 
to find the next item in the sequence. 


14. 
17. 
20. 
21. 
22. 
23. 


24. 


26. 


28. 


29. 


30. 


0, 2,4, 6,8 15. 3,6,9,12,15 16. 4, 8, 12, 16, 20 
2:99, 999,9999 18. 1,4,9, 16 19.1545 
Arrival times: 3:00 p.M., 12:30 p.m., 10:00 A.M.,... 

Percent humidity: 100%, 93%, 86%, . . . 

Work-out days: Sunday, Tuesday, Thursday, . . . 


Club meetings: January, March, May, ... 


fel *Pbhcos 
ADO “BBR 


FITNESS Gabriel started training with the track team five weeks ago. During the first 
week, he ran 0.5 mile at each practice. The next three weeks he ran 0.75 mile, 1 mile, 
and 1.25 miles at each practice. If he continues this pattern, how many miles will he be 
running at each practice during the 7th week? 


CONSERVATION When there is a shortage of water, some municipalities limit the amount 
of water each household is allowed to consume. Most cities that experience water 
restrictions are in the western and southern parts of the United States. Make a 
conjecture about why water restrictions occur in these areas. 


VOLUNTEERING Carrie collected canned food for a homeless shelter in her area each 
day for one week. On day one, she collected 7 cans of food. On day two, she collected 
8 cans. On day three, she collected 10 cans. On day four, she collected 13 cans. If Carrie 
wanted to give at least 100 cans of food to the shelter and this pattern of can collecting 
continued, did she meet her goal? 


Nau SIESZ 


Extra Practice is on page R2. 
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Example 2 Make a conjecture about each value or geometric relationship. 


(1) the product of two odd numbers 


32 


33. 
34. 
35. 
36. 
37. 


38. 


Example 3 39. 


the product of two and a number, plus one 

the relationship between a and c if ab = bc,b #0 

the relationship between a and b if ab =1 

the relationship between AB and the set of points equidistant from A and B 
the relationship between the angles of a triangle with all sides congruent 


the relationship between the areas of a square with side x and a rectangle with 
sides x and 2x 


the relationship between the volume of a prism and a pyramid with the same base 


SPORTS Refer to the table of Americans 
over the age of 7 that played hockey. 


a. Make a statistical graph that best 
displays the data. 


Number of 
Participants (millions) 


b. Make a conjecture based on the data, 
and explain how this conjecture is 
supported by your graph. 


la—>~ 
Example 4 cess CRITIQUE Determine whether each conjecture is true or false. Give a counterexample 
for any false conjecture. 


40. 
41. 
42. 
43. 
44, 
45. 


If n is a prime number, then n + 1 is not prime. 

If x is an integer, then —x is positive. 

If 22 and Z3 are supplementary angles, then 22 and Z3 form a linear pair. 
If you have three points A, B, and C, then A, B, C are noncollinear. 

If in AABC, (AB)* + (BC)? = (AC), then AABC is a right triangle. 


If the area of a rectangle is 20 square meters, then the length is 10 meters and 
the width is 2 meters. 


FIGURAL NUMBERS Numbers that can be represented by evenly spaced points arranged to 
form a geometric shape are called figural numbers. For each figural pattern below, 


a. 


b 
c. 
d 


46. 


48. 


write the first four numbers that are represented, 

. Write a conjecture that describes the pattern in the sequence, 

explain how this numerical pattern is shown in the sequence of figures, 
. find the next two numbers, and draw the next two figures. 


ep 9 eee 
er essa gy OF 


50. The sequence of odd numbers, 1, 3,5, 7,...can also be a sequence of figural numbers. 


Use a figural pattern to represent this sequence. 
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52. 


53. 


GOLDBAGH’S CONJECTURE Goldbach’s conjecture states that every even number greater 
than 2 can be written as the sum of two primes. For example, 4 = 2 + 2,6 =3 +4 3, 
and8=3 +5. 


a. Show that the conjecture is true for the even numbers from 10 to 20. 


b. Given the conjecture All odd numbers greater than 2 can be written as the sum 
of two primes, is the conjecture true or false? Give a counterexample if the 
conjecture is false. 


SEGMENTS Two collinear points form one segment, as shown A B 
for AB. If a collinear point is added to AB, the three collinear 
points form three segments. A B 


a. How many distinct segments are formed by four collinear points? by five 
collinear points? 


b. Make a conjecture about the number of distinct segments formed by n 
collinear points. 


c. Test your conjecture by finding the number of distinct segments formed by 
six points. 


CESs TOOLS Using dynamic geometry software, 
Nora calculates the perimeter P and area A of a 
regular hexagon with a side length of 2 units. 
The change to the perimeter and area after three 
doublings of this side length are listed in the 
table. Analyze the patterns in the table. Then 
make a conjecture as to the effects on the 
perimeter and area of a regular hexagon when 
the side length is doubled. Explain. 


Side P A 
(units) | (units) | (units2) 


H.0.T. Problems Use Higher-Order Thinking Skills 


54. 


55. 


56. 


57. 


58. 


CHALLENGE If you draw points on a circle and connect every pair YD 

of points, the circle is divided into regions. For example, two VaXS VAS 
points form two regions, three points form four regions, and N ‘ 
four points form eight regions. La) REA 


a. Make a conjecture about the relationship between the number 
of points on a circle and the number of regions formed in the circle. 


b. Does your conjecture hold true when there are six points? Support your 
answer with a diagram. 


ERROR ANALYSIS Juan and Jack are discussing prime numbers. Juan states a conjecture 
that all prime numbers are odd. Jack disagrees with the conjecture and states that not 
all prime numbers are odd. Is either of them correct? Explain. 


OPEN ENDED Write a number sequence that can be generated by two different patterns. 
Explain your patterns. 


REASONING Consider the conjecture If two points are equidistant from a third 
point, then the three points are collinear. Is the conjecture true or false? If false, 
give a counterexample. 


WRITING IN MATH Suppose you are conducting a survey. Choose a topic and write three 
questions you would include in your survey. How would you use inductive reasoning 
with your responses? 
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Standardized Test Practice 


59. Look at the pattern below. 61. ALGEBRA A chemistry student mixed a 30% 
copper sulfate solution with a 40% copper 
sulfate solution to obtain 100 mL of a 32% 
copper sulfate solution. How much of the 30% 
copper sulfate solution did the student use in 


the mixture? 
If the pattern continues, what will be the 


next shape? F 90 mL 
A Cc G 80 mL 
H 60 mL 
J 20 mL 
B D 


62. SAT/ACT Which of the following is equal to 2x? 


x 25° 
60. GRIDDED sispetibeiia What is the value of the A 50° D 310° 
expression below if a = 10 and b = 1? 
B 78° E 360° 
2b + ab + (a+b) 
C 155° 
Spiral Review 
Find the surface area and volume of each solid. (Lesson 1-7) 
63. 64, 65. 
3cm 
8 in 
3m 6 in 
NOt 15 in. ona 


4m 


Find the perimeter of AABC to the nearest hundredth, given the coordinates of its 
vertices. (Lesson 1-6) 


66. A(1, 6), B(1, 2), C(3, 2) 67. A(—3, 2), B(2, —9), C(0, —10) 


68. ALGEBRA The measures of two complementary angles are 16z — 9 and 4z + 3. Find the 
measures of the angles. (Lesson 1-5) 


69. FLAGS The Wyoming state flag is shown at the right. Name the geometric term 
modeled by this flag: point, line, or plane. (Lesson 1-1) 


70. ALGEBRA Evaluate 5|x + y| —3|2—2| ifx=3,y = —4,andz = —5. (Lesson 0-4) 


Skills Review 


ALGEBRA Determine which values in the replacement set make each inequality true. 


71. x-—3>12 72.6+x>9 73. 2x —4 > 10 
{6, 10, 14, 18} {8, 6, 4, 2} {5, 6, 7, 8} 


wre 
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Logic 


:- Then :-‘Now :-Why? 


@ You found @ Determine truth @ Many electrical circuits operate by 
counterexamples values of negations, evaluating a series of tests that are 
for false conjectures. conjunctions, and either true or false. For example, a 

disjunctions, and single light can be controlled by two 
represent them using different switches connected on a 
Venn diagrams. circuit. The positions of both switches, 


either up or down, determine whether 


2 Find counterexamples. the light is on or off. 
ope NewVocabulary Determine Truth Values A statement is a sentence that is either true or false. 
= statement The truth value of a statement is either true (T) or false (F). Statements are 
truth value often represented using a letter such as p or q. 
eee : A rectangle is a quadrilateral Truth value: T 
compound statement ad 8 4 : ; 
conjunction The negation of a statement has the opposite meaning, as well as an opposite truth value. 
disjunction For example, the negation of the statement above is not p or ~p. 
ee ~p: A rectangle is not a quadrilateral. Truth value: F 


Two or more statements joined by the word and or or form a compound statement. A 
compound statement using the word and is called a conjunction. A conjunction is true 
only when both statements that form it are true. 


p: A rectangle is a quadrilateral. Truth value: T 
q: A rectangle is convex. Truth value: T 
p and q: A rectangle is a quadrilateral, and a rectangle is convex. 


Since both p and q are true, the conjunction p and q, also written p A q, is true. 


Example 1 

Use the following statements to write a compound statement for each 
conjunction. Then find its truth value. Explain your reasoning. 

p: The figure is a triangle. 

q: The figure has two congruent sides. 

r: The figure has three acute angles. 


a. pandr 
p and r: The figure is a triangle, and the figure has three acute angles. 
Although p is true, r is false. So, p and r is false. 


b. qA~r 
q \~r: The figure has two congruent sides, and the figure does not have three 
acute angles. 


Both q and ~r are true, so q A ~r is true. 


GuidedPractice 
1A. pAq 1B. not p and not r 


al 
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WatchOut! 


Negation Just as the 
opposite of an integer is not 
always negative, the negation 
of a statement is not always 
false. The negation of a 
statement has the opposite 
truth value of the original 
statement. 
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A compound statement that uses the word or is called a disjunction. 
p: Malik studies geometry 


q: Malik studies chemistry. 
p or q: Malik studies geometry, or Malik studies chemistry. 


A disjunction is true if at least one of the statements is true. If Malik studies either 
geometry or chemistry or both subjects, the disjunction p or qg, also written as p V q, 
is true. If Malik studies neither geometry nor chemistry, p or q is false. 


Example 2 


Use the following statements to write a compound statement for each 
disconjunction. Then find its truth value. Explain your reasoning. 


p: January is a fall month. 
q: January has only 30 days. 


r: January 1 is the first day of a new year. 


a. porr 


gq orr: January has only 30 days, or January 1 
is the first day of a new year. 


q or r is true because r is true. It does not 
matter that q is false. 


b pVq 
p V q: January is a fall month, or January has 
only 30 days. 


Since both p and q are false, p V q is false. 


C.~pVr 
~p V r: January is not a fall month, or January 1 is the first day of a new year. 


Not p or r is true, because not p is true and r is true. 


GuidedPractice 


2A. 1 or p 2B. g V ~r 20. pV ~q 


ConceptSummary Negation, Conjunction, Disconjunction 


Statement Words Symbols 
. a statement that has the opposite meaning and truth ~p, read not p 
negation ave 
value of an original statement 
conjunction a compound statement formed by joining two or more | pA q, read pand q 


statements using the word and 


a compound statement formed by joining two or more | pV q, read por q 
statements using the word or 


disconjunction 


A convenient method for organizing the truth values of statements is to use a 
truth table. Truth tables can be used to determine truth values of negations and 
compound statements. 


Negation Conjunction Disjunction 


q pVQq 


StudyTip 


Truth Tables The truth tables 


for a conjunction and a 
disjunction are easier to 
recall if you remember the 
following. 


= A conjunction is true only 
when both statements 
are true. 

= A disjunction is false only 
when both statements 
are false. 


You can use the truth values for negation, conjunction, and disjunction to construct truth 
tables for more complex compound statements. 


Example 3 


Construct a truth table for ~p V q. 


@ Make columns with headings that include 
each original statement, any negations of these 
statements, and the compound statement itself. 


@ Use the truth values for 
each part of the compound 


statement to determine the 
truth value of the statement. 


@ List the possible @ Use the truth values of p to 
combinations of truth values. determine the truth values of 


its negation. 


GuidedPractice 
3. Construct a truth table for ~p A ~q. 


Venn Diagrams Conjunctions can be illustrated with Venn diagrams. Consider the 
conjunction given at the beginning of the lesson. 


VocabularyLink 
Intersection 


Everyday Use the point at 
which two or more objects 
overlap 


Math Use The intersection 
of two sets is the set of 
elements that are common 
to both. 


p and q: A rectangle is a quadrilateral, and All Polygons 
a rectangle is convex. 


Quadrilaterals, p Convex, q 


The Venn diagram shows that a rectangle (R) 
is located in the intersection of the set of 
quadrilaterals and the set of convex polygons. 
In other words, rectangles must be in the set 
containing quadrilaterals and in the set of 
convex polygons. 


VocabularyLink 
Union 

Everyday Use the joining of 
two or more objects 

Math Use The union of two 
sets is the set of elements 
that appear in either of the 
sets. 


Math HistoryLink 


Sophie Germain 
(1776-1831) Sophie 
Germain was born in Paris, 
France. Like Goldbach, she 
studied relationships 
involving prime numbers. In 
order to pursue her passion 
for mathematics, she 
assumed a man’s identity. 
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Adi 


sjunction can also be illustrated with a Venn diagram. Consider the following 


statements. 


p or 


In the Venn diagram, the disjunction is 


repr 
The 


quadrilaterals, convex, or both. 


The 


pA~q quadrilaterals that are not convex 

~p/\q_ convex polygons that are not 
quadrilaterals 

pq __ polygons that are both 


SCHEDULING The Venn diagram shows the 
number of people who can or cannot attend 
the May or the June Spanish Club meetings. 


4. PROM The Venn diagram shows the number 


p: A figure is a quadrilateral. 
q: A figure is convex. 
q: A figure is a quadrilateral or convex. 


All Polygons 


Quadrilaterals, p Convex, q 


esented by the union of the two sets. 
union includes all polygons that are 


disjunction includes these three regions: 


quadrilaterals and convex 


Real-World Example 4 


How many people can attend the May or 
the June meeting? 


The people who can attend either the May 
meeting or the June meeting are represented 
by the union of the sets. There are 5 + 6 + 14 
or 25 people who can attend either night. 


. How many people can attend both the May and the June meetings? 


The people who can attend both the May and the June meetings are represented by 
the intersection of the two sets. There are 6 people who can attend both meetings. 


c. Describe the meetings that the 14 people located in the nonintersecting portion 


of the June region can attend. 
These 14 people can attend the June meeting but not the May meeting. 


GuidedPractice 


Prom Attendance 
of graduates last year who did or did not 


attend their junior or senior prom. Senior 


Junior 


A. How many graduates attended their 
senior but not their junior prom? 


B. How many graduates attended their 
junior and senior proms? 


C. How many graduates did not attend 
either of their proms? 


D. How many students graduated last 
year? Explain your reasoning. 


sabew| Ayay/aniyoy uoynyH/abeuo| 4901S 


Check Your Understanding 


= Step-by-Step Solutions begin on page R14. 


Examples 1-2 Use the following statements to write a compound statement for each conjunction or 


Example 3 


Example 4 


disjunction. Then find its truth value. Explain your reasoning. 
p: A week has seven days. 


q: There are 20 hours in a day. 

r: There are 60 minutes in an hour. 
1. pandr 2pAqg @." 
4. ~porg 5.pVr 6. ~pA-r 


7. Copy and complete the truth table at the right. 


Construct a truth table for each compound statement. 
8 pAg 9. ~p V ~q 


10. CLASSES Refer to the Venn diagram that represents 
the foreign language classes students selected in 
high school. 

a. How many students chose only Spanish? 
b. How many students chose Spanish and French? 


c. Describe the class(es) the three people in the 
nonintersecting portion of the French region chose. 


Foreign Language 
Classes Selected 


Spanish French 


Practice and Problem Solving 


Examples 1-2 Use the following statements and figure to write a compound 


statement for each conjunction or disjunction. Then find its 
truth value. Explain your reasoning. 


p: DB is the angle bisector of ZADC. 


q: Points C, D, and B are collinear. 


r: AD = DC 
11. pandr 12. g orp 13. ror ~p 
14. rand q 15. ~p or ~r 16. ~p and ~r 


—_~ 

CESS REASONING Use the following statements to write a 
compound statement for each conjunction or disjunction. 
Then find its truth value. Explain your reasoning. 


p: Springfield is the capital of Illinois. 

q: Illinois borders the Atlantic Ocean. 

r: Illinois shares a border with Kentucky. 
s: Illinois is to the west of Missouri. 


17. par 18. pAgq 19. ~rVs 
20.rVq 21. ~pA ~r 22. ~s V ~p 


Extra Practice is on page R2. 


A 


WISCONSIN 


MISSOURI 


KENTUCKY 


Example 3 Copy and complete each truth table. 


Construct a truth table for each compound statement. 


25. pAr 26. rAqg 27. pvr 
28. gq Vr 29. ~p Ar 30. ~9 V ~r 
Example 4 @) WATER SPORTS Refer to the Venn diagram that Swimming and Diving 


represents the number of students who swim 
and dive at a high school. 


a. How many students dive? 


b. How many students participate in swimming 
or diving or both? 


c. How many students swim and dive? 


32. Ess REASONING Venus has switches at the top 
and bottom of her stairs to control the light for 
the stairwell. She notices that when the upstairs 
switch is up and the downstairs switch is down, 
the light is turned on. 


Position of Switch 
Upstairs 


a. Copy and complete the truth table. 


b. If both the upstairs and downstairs switches 
are in the up position, will the light be on? 
Explain your reasoning. 


c. If the upstairs switch is in the down position and the downstairs switch is in the up 
position, will the light be on? 


d. In general, how should the two switches be positioned so that the light is on? 


33. ELECTRONICS A group of 330 teens were Type of Electronics Used 
surveyed about what type of electronics Portable Media 
they used. They chose from a cell phone, Player 
a portable media player, and a DVR. The 
results are shown in the Venn diagram. 


a. How many teens used only a portable media 


player and DVR? if 20 . £30 
b. How many said they used all three types 

of electronics? - ” 
c. How many said they used only a cell Cell Phone 

phone? 


d. How many teens said they used only a portable media player and a cell phone? 


e. Describe the electronics that the 10 teens outside of the regions use. 
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Construct a truth table for each compound statement. Determine the truth value of each 
compound statement if the given statements are true. 


34. pA AT): p.4 @ pr(-avonspr 36. (~pV gq) Ariqr 
37. pA (-g A ~1); 2, D1 38. ~p A (~qA ~r);p,4,1 39. (~p V q) V ~1; p,q 


loa 

40. CCSS/REASONING A travel agency surveyed 70 of their clients who had visited Europe 
about international travel. Of the 70 clients who had visited Europe, 60 had traveled to 
England, France, or both. Of those 60 clients, 45 had visited England, and 50 had 
visited France. 
a. Make a Venn diagram to show the results of the survey. 


b. If p represents a client who has visited England and q represents a client who has 
visited France, write a compound statement to represent each area of the Venn 
diagram. Include the compound statements on your Venn diagram. 


c. What is the probability that a randomly chosen participant in the survey will have 
visited both England and France? Explain your reasoning. 


H.0.T. Problems use Higher-Order Thinking Skills 


41. REASONING Irrational numbers and integers both belong to 
the set of real numbers (R). Based upon the Venn diagram, 
is it sometimes, always, or never true that integers (Z) are 
irrational numbers (I)? Explain your reasoning. 


CHALLENGE To negate a statement containing the words all or for every, you can use the 
phrase at least one or there exists. To negate a statement containing the phrase there exists, 
use the phrase for all or for every. 


p: All polygons are convex. ~p: At least one polygon is not convex. 
q: There exists a problem that has ~q: For every problem, there is a 
no solution. solution. 


Sometimes these phrases may be implied. For example, The square of a real number is 
nonnegative implies the following conditional and its negation. 


p: For every real number x, x2 >0. 
~p: There exists a real number x such that x? < 0. 


Use the information above to write the negation of each statement. 
42. Every student at Hammond High School has a locker. 

43. All squares are rectangles. 

44, There exists a real number x such that x? = x. 

45. There exists a student who has at least one class in C-Wing. 

46. Every real number has a real square root. 


47. There exists a segment that has no midpoint. 


48. WRITING IN MATH Describe a situation that might be 
depicted using the Venn diagram shown. 


49. OPEN ENDED Write a compound statement that 
results in a true conjunction. 
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Standardized Test Practice 


50. Which statement about AABC has the same 52. STATISTICS The box-and-whisker plot below 
truth value as AB = BC? represents the heights of 9th graders at a certain 
B high school. How much greater was the median 
height of the boys than the median height of 
the girls? 


Heights of 9th Graders (inches) 


A mZA = mZC Girls ay ee 


B mZA=mZB 
46 48 50 52 54 56 58 60 62 64 66 68 70 
C AC = BC 
D AB=AC F 3 inches H_ 5 inches 
G 4 inches J 6 inches 
51. EXTENDED RESPONSE What is the area of the 53. SAT/ACT Heather, Teresa, and Nina went 
triangle shown below? Explain how you found shopping for new clothes. Heather spent twice 
your answer. as much as Teresa, and Nina spent three times 
what Heather spent. If they spent a total of 
$300, how much did Teresa spend? 
it A $33.33 D $100.00 
B $50.00 E $104.33 
F ne ‘. C $66.33 


Spiral Review 


54. LUNCH For the past four Tuesdays, Jason’s school has served chicken sandwiches for 
lunch. Jason assumes that chicken sandwiches will be served for lunch on the next 
Tuesday. What type of reasoning did he use? Explain. (Lesson 2-1) 


Identify each solid. Name the bases, faces, edges, and vertices. (Lesson 1-7) 


55. Q 56. H 57. L 
N R 
F H 7 
M 

O D G K 
ALGEBRA Solve each equation. (Lesson 0-5) 
58.5 -7=5 59. 3x +9 =6 60. 4(m —5) = 12 
61. 6(w +7) =0 62. 2x —7=11 63. 2+4=9 


Skills Review 


ALGEBRA Evaluate each expression for the given values. 
64. 2y + 3xify=3andx=-—1 65. 4d —cifd=4andc=2 
66. m? + 7nifm =4andn = —2 67. ab — 2a ifa = —2andb= —3 
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Conditional Statements 


Why? 


@ Youusedlogicand @ Analyze statements @ Call centers route calls to the 
Venn diagrams to in if-then form. appropriate departments using 
determine truth : menus that allow callers to choose 

: Write the converse, : 
values of negations, ; from a number of options. The 
sean inverse, and NTE 
conjunctions, and recorded directions are frequently 


disjunctions. Cees Ne a in the form of conditional 
if-then statements. 
statements. 


If-Then Statements A conditional statement is a statement that can be written in 


if-then form. The direction given below is an example of a conditional statement. 


@>4] NewVocabulary 
= conditional statement 


if-then statement : . : 
If you would like to speak to a representative, then you will press 0 now. 


hypothesis 
conclusion 
related condHonals KeyConcept Conditional Statement 
converse 
inverse Words Symbols Model 
contrapositive ; 
. . > 
logically equivalent An ifethen Statement is of the form aa oe aa 
itp, then q. or p implies q 
The hypothesis of a conditional 
statement is the phrase immediately p 
following the word /f. 
The Conclusion of a conditional pq 
statement is the phrase immediately q 
following the word then. 
. / 


When a conditional statement is written as an if-then statement, you can quickly identify 
its hypothesis and conclusion. 


Example 1 


Identify the hypothesis and conclusion of each conditional statement. 


a. If the forecast is rain, then I will take an umbrella. 
Hypothesis: The forecast is rain. 
Conclusion: I will take an umbrella. 

b. A number is divisible by 10 if its last digit is a 0. 
Hypothesis: The last digit of a number is zero. 
Conclusion: The number is divisible by 10. 


GuidedPractice 


1A. If a polygon has six sides, then it is a hexagon. 
1B. Another performance will be scheduled if the first one is sold out. 
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Tom Grill/CORBIS 


Many conditional statements are written without using the words if and then. To write 
these statements in if-then form, identify the hypothesis and conclusion. 


ReadingMath Points will be deducted from any paper turned in after Wednesday’s deadline. 


lf and Then The word /fis 
not part of the hypothesis. 


i =e then is not part of If a paper is turned in after Wednesday’s deadline, then points will be deducted. 
the conclusion. 


Conclusion Hypothesis 


Remember, the conclusion depends upon the hypothesis. 


Example 2 


Identify the hypothesis and conclusion for each conditional statement. Then write 
the statement in if-then form. 


a. A mammal is a warm-blooded animal. 
Hypothesis: An animal is a mammal. 
Conclusion: It is warm-blooded. 


If an animal is a mammal, then it is warm-blooded. 


b. A prism with bases that are regular polygons is a regular prism. 
Hypothesis: A prism has bases that are regular polygons. 
Conclusion: It is a regular prism. 


If a prism has bases that are regular polygons, then it is a regular prism. 


GuidedPractice 
2A. Four quarters can be exchanged for a $1 bill. 


2B. The sum of the measures of two supplementary angles is 180. 


The hypothesis and the conclusion of a conditional statement can have a truth value of 
true or false, as can the conditional statement itself. Consider the following conditional. 


If Tom finishes his homework, then he will clean his room. 


Hypothesis Conclusion Conditional 


Tom finishes his Tom cleans If Tom finishes his homework, 
homework. his room. then he will clean his room. 


If Tom does finish his homework and he 
does clean his room, then the conditional 
is true. 


If Tom does not clean his room after he 
does finish his homework, then he has 
not fulfilled his promise and the 
conditional is false. 


The conditional only indicates what will 

happen if Tom does finish his homework. 
, He could clean his room or not clean his 
ReadingMath room if he does not finish his homework. 


Not False If a statement is 
not false, logic dictates that it When the hypothesis of a conditional is not met, the truth of a conditional cannot be 


must be true. determined. When the truth of a conditional statement cannot be determined, it is 
considered true by default. 
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WatchOut! 


Analyzing Conditionals 
When analyzing a conditional, 
do not try to determine 
whether the argument makes 
sense. Instead, analyze the 
form of the argument to 
determine whether the 
conclusion follows logically 
from the hypothesis. 


The results from the previous page can be used to create a truth table for conditional 
statements. 


Conditional Statements 


Notice too that when a 
hypothesis is false, the 
conditional will a/ways 
be considered true, 
regardless of whether 
the conclusion is true 
or false. 


Notice that a conditional 
is false only when its 
hypothesis is true and 
its conclusion is false. 


To show that a conditional is true, you must show that for each case when the hypothesis 
is true, the conclusion is also true. To show that a conditional is false, you only need to 
find one counterexample. 


Example 3 


Determine the truth value of each conditional statement. If true, explain your 

reasoning. If false, give a counterexample. 

a. If you divide an integer by another integer, the result is also an integer. 
Counterexample: When you divide 1 by 2, the result is 0.5. 


Since 0.5 is not an integer, the conclusion is false. 
Since you can find a counterexample, the conditional statement is false. 


b. If next month is August, then this month is July. 
When the hypothesis is true, the conclusion is also true, since August is the month 
that follows July. So, the conditional statement is true. 


c. If a triangle has four sides, then it is concave. 


The hypothesis is false, since a triangle can never have four sides. A conditional 
with a false hypothesis is always true. 


GuidedPractice 


3A. If ZA is an acute angle, then mZA is 35. 3B. If x = —1, then (—1)? = —-1. 


Related Conditionals There are other statements that are based on a given 
conditional statement. These are known as related conditionals. 


_KeyConcept Related Conditionals a | 
Words Symbols Examples 
A conditional statement is a statement that - If mZA is 35, then ZA is 
can be written in the form /f p, then q. Brg an acute angle. 
The converse is formed by exchanging the ” If ZA is an acute angle, 
hypothesis and conclusion of the conditional. a then mZA is 35. 
The inverse is formed by negating both the re If mZAis not 35, then ZA 
hypothesis and conclusion of the conditional. pen is notan acute angle. 
ae contrapositive romney negating If ZA is notan acute angle, 
both the hypothesis and the conclusion of the ~q> ~p ; 
am then mZA is not 35. 

converse of the conditional. 

\ 4 
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Real-WorldLink 


Cats in the genus Panthera 
include the leopard, jaguar, 
lion, and tiger. These are the 
only cats that can roar. They 
cannot, however, purr. 


Source: Encyclopaedia Britannica 


a 


A conditional and its contrapositive are either both true or both false. Similarly, the 
converse and inverse of a conditional are either both true or both false. Statements with 


the same truth values are said to be logically equivalent. 


KeyConcept Logically Equivalent Statements 


e Aconditional and its contrapositve are logically equivalent. 


e The converse and inverse of a conditional are logically equivalent. 


If a conditional is true, the converse may or may not be true. 


You can use logical equivalence to check the true value of statements. Notice that in 
Example 4, both the conditional and contrapositive are true. Also, both the converse and 
inverse are false. 


Real-World Example 4 


NATURE Write the converse, inverse, and contrapositive of the following true 
statement. Then use the information at the left to determine whether each related 
conditional is true or false. If a statement is false, find a counterexample. 


Lions are cats that can roar. 
Conditional: First, rewrite the conditional in if-then form. 
If an animal is a lion, then it is a cat that can roar. 


Based on the information at the left, this statement is true. 


Converse: If an animal is a cat that can roar, then it is a lion. 
Counterexample: A tiger is a cat that can roar, but it is not a lion. 


Therefore, the converse is false. 


Inverse: If an animal is not a lion, then it is not a cat that can roar. 
Counterexample: A tiger is not a lion, but it is a cat that can roar. 


Therefore, the inverse is false. 


Contrapositive: If an animal is not a cat that can roar, then it is not a lion. 
Based on the information at the left, this statement is true. 
CHECK Check to see that logically equivalent statements have the same 
truth value. 
Both the conditional and contrapositive are true. ¥ 


Both the converse and inverse are false. Y 


GuidedPractice 


Write the converse, inverse, and contrapositive of each true conditional statement. 
Determine whether each related conditional is true or false. If a statement is false, 
find a counterexample. 


4A. Two angles that have the same measure are congruent. 


4B. A hamster is a rodent. 
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allalseW 


Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Identify the hypothesis and conclusion of each conditional statement. 
1. If today is Friday, then tomorrow is Saturday. 
2. If2x +5>7,thenx > 1. 
3. If two angles are supplementary, then the sum of the measures of the angles is 180. 


4. If two lines form right angles, then the lines are perpendicular. 


Example 2 Write each statement in if-then form. 
(5) Sixteen-year-olds are eligible to drive. 
6. Cheese contains calcium. 
7. The measure of an acute angle is between 0 and 90. 


8. Equilateral triangles are equiangular. 


9. WEATHER Various kinds of precipitation form under different conditions. Write the 
three conditionals below in if-then form. 


a. Moisture in the air condenses and falls to form rain. 
b. Supercooled moisture in cumulonimbus clouds forms hail. 


c. When the temperature is freezing in all or most of the atmosphere, precipitation 
falls as snow. 


Example 3 Determine the truth value of each conditional statement. If true, explain your reasoning. 
If false, give a counterexample. 


10. If x? = 16, then x = 4. 

11. If you live in Charlotte, then you live in North Carolina. 
12. If tomorrow is Friday, then today is Thursday. 

13. If an animal is spotted, then it is a Dalmatian. 

14. If the measure of a right angle is 95, then bees are lizards. 


15. If pigs can fly, then 2 + 5 = 7. 


- 

Example 4 CESS ARGUMENTS Write the converse, inverse, and contrapositive of each true conditional 
statement. Determine whether each related conditional is true or false. If a statement is 
false, find a counterexample. 


16. If anumber is divisible by 2, then it is divisible by 4. 


17. All whole numbers are integers 


Practice and Problem Solving Extra Practice is on page R2. 


Example 1 Identify the hypothesis and conclusion of each conditional statement. 
18. If two angles are adjacent, then they have a common side. 
19. If you lead, then I will follow. 
20. If 3x-4 = 11, then x = 5. 


21. If two angles are vertical, then they are congruent. 
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Identify the hypothesis and conclusion of each conditional statement. 

22. If the degree measure of an angle is between 90 and 180, then the angle is obtuse. 
23. “If there is no struggle, there is no progress.” (Frederick Douglass) 

24, If a quadrilateral has four congruent sides, then it is a square. 


25. If a convex polygon has five sides, then it is a pentagon. 


Example 2 Write each statement in if-then form. 
26. Get a free water bottle with a one-year membership. 
27. Everybody at the party received a gift. 
28. The intersection of two planes is a line. 
29. The area of a circle is 717. 
30. Collinear points lie on the same line. 


31. A right angle measures 90 degrees. 


32. MUSIC Different instruments are emphasized in different types of music. Write each 
statement in if-then form. 


¢ Jazz music often incorporates trumpet or saxophone. 
¢ Rock music emphasizes guitar and drums. 


¢ In hip-hop music, the bass is featured. 


33. ART Write the following statement in if-then form: At the Andy Warhol Museum in 
Pittsburgh, Pennsylvania, most of the collection is Andy Warhol’s artwork. 


34, SCIENCE The water on Earth is constantly changing through a process called the water 
cycle. Write the three conditionals below in if-then form. 


The Water Cycle 
Air “a 


~ 


Transpiration Evaporation 


Precipitation | Oce |_| 
—~t — = 
Soil Lake 4 — 
——S weed 2 
Groundwater Runoff 


Percolation 


a. As runoff, water flows into bodies of water. 


} 


b. Plants return water to the air through transpiration. 


c. Water bodies return water to the air through evaporation. 


>_> 
Example 3 CESS ARGUMENTS Determine the truth value of each conditional statement. If true, 
explain your reasoning. If false, give a counterexample. 


(35) If a number is odd, then it is divisible by 5. 
36. If a dog is an amphibian, then the season is summer. 
37. If an angle is acute, then it has a measure of 45. 


38. If a polygon has six sides, then it is a regular polygon. 


(Ao) 
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Example 4 


Determine the truth value of each conditional statement. If true, explain your reasoning. 
If false, give a counterexample. 


39. If an angle’s measure is 25, then the measure of the angle’s complement is 65. 
40. If North Carolina is south of Florida, then the capital of Ohio is Columbus. 
41. If red paint and blue paint mixed together make white paint, then 3 — 2 = 0. 
42. If two angles are congruent, then they are vertical angles. 

43. If an animal is a bird, then it is an eagle. 

44, If two angles are acute, then they are supplementary. 

45. If two lines intersect, then they form right angles. 


46. If a banana is blue, then an apple is a vegetable. 


Write the converse, inverse, and contrapositive of each true conditional statement. 
Determine whether each related conditional is true or false. If a statement is false, 
find a counterexample. 


47. If you live in Chicago, you live in Illinois. 

48. If a bird is an ostrich, then it cannot fly. 

49. If two angles have the same measure, then the angles are congruent. 
50. All squares are rectangles. 

51. All congruent segments have the same length. 


52. A right triangle has an angle measure of 90. 


EZ 
CCSS ARGUMENTS Write the statement indicated, and determine the truth value of each 
statement. If a statement is false, give a counterexample. 


Animals with stripes are zebras. 


53. conditional 54. converse (65) inverse 56. contrapositive 


57. SCIENCE Chemical compounds are grouped and described by the elements that they 
contain. Acids contain hydrogen (H). Bases contain hydroxide (OH). Hydrocarbons 
contain only hydrogen (H) and carbon (C). 


Chemical 
Formula 


Compound Example 


Acid Hydrochloric Acid 
Base Sodium Hydroxide 
Hydrocarbon Methane 


a. Write three conditional statements in if-then form for classifying chemical 
compounds. 


b. Write the converse of the three true conditional statements. State whether each is 
true or false. If a statement is false, find a counterexample. 


58. SPORTS In football, touchdowns are worth 6 points, extra point conversions are worth 
2 points, and safeties are worth 2 points. 


a. Write three conditional statements in if-then form for scoring in football. 


b. Write the converse of the three true conditional statements. State whether each is 
true or false. If a statement is false, find a counterexample. 


Nau 
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Use the Venn diagrams below to determine the truth value of each conditional. Explain 
your reasoning. 


Nonlinear earomals — a - d = 
Functions ay achdclrbehens 


“Aquatic 


Animals 


69) If a function is nonlinear, then it is quadratic. 

60. If an animal is a mammal, then it cannot be aquatic. 

61. If a tree is deciduous, then it is not an evergreen. 

62. ofp MULTIPLE REPRESENTATIONS In this problem, you will investigate a law of logic by 
using conditionals. 


a. Logical Write three true conditional statements, using each consecutive conclusion 
as the hypothesis for the next statement. 


b. Graphical Create a Venn diagram to model your series of statements. 


c. Logical Write a conditional using the hypothesis of your first conditional and the 
conclusion of your third conditional. Is the conditional true if the hypothesis is true? 


d. Verbal Given two conditionals If a, then b and If b, then c, make a conjecture about the 
truth value of c when a is true. Explain your reasoning. 


H.0.T. Problems Use Higher-Order Thinking Skills 


aa 

63. CESS CRITIQUE Nicole and Kiri are evaluating the conditional If 15 is a prime number, 
then 20 is divisible by 4. Both think that the conditional is true, but their reasoning 
differs. Is either of them correct? Explain. 


Nicole 
The conclusion is true, 


because 20 is Aivisilble by 4, 


so the conditional is true. 


64. CHALLENGE You have learned that statements with the same truth value are logically 
equivalent. Use logical equivalence to create a truth table that summarizes the 
conditional, converse, inverse, and contrapositive for the statements p and q. 


65. REASONING You are evaluating a conditional statement in which the hypothesis is true, 
but the conclusion is false. Is the inverse of the statement true or false? Explain your 
reasoning. 


66. OPEN ENDED Write a conditional statement in which the converse, inverse, and 
contrapositive are all true. Explain your reasoning. 


67. CHALLENGE The inverse of conditional A is given below. Write conditional A, its 
converse, and its contrapositive. Explain your reasoning. 


If I received a detention, then I did not arrive at school on time. 


68. WRITING IN MATH Describe the relationship between a conditional, its converse, its 
inverse, and its contrapositive. 
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Standardized Test Practice 


2 
69. If the sum of the measures of two angles is 90, 70. ALGEBRA What is Abe — Leah reduced to 
then the angles are complementary angles. lowest terms? ae 
Which of the following is the converse of the F 4 H —4_— 
conditional above? 2a — 2b 2a + 3b 
A If the angles are complementary angles, then G S aa 35 J a 4 3D 
the sum of the measures of two angles is 90. sl 
B If the angles are not complementary angles, 71. SHORT RESPONSE What is the standard notation 
then the sum of the measures of the angles for the following expression? 
oe 4.62 x 10-3 
C If the angles are complementary angles, then 
the sum of the measures of the angles is 72. SAT/ACT What is the greatest common prime 
not 90. factor of 18 and 33? 
D If the angles are not complementary angles, Al -5 
f th f les i 
then the sum of the measures of two angles is B2 EU 
not 90. 
C3 


Spiral Review 


Construct a truth table for each compound statement. (Lesson 2-2) 
73. p and q 74. p or ~g 75. ~p Aq 76. ~p \ ~g 
Make a conjecture based on the given information. Draw a figure to illustrate your 

conjecture. (Lesson 2-1) 

77. Points H, J, and K are each located on different sides of a triangle. 
78. Collinear points X, Y, and Z; Z is between X and Y. 

79. R(3, —4), S(—2, —4), and T(0, —4) 

80. A(—1, —7), B(4, —7), C(4, —3), and D(—1, —3) 


81. KITES Kite making has become an art form. The kite shown is known as 
a diamond kite. The measures are in inches. Name all of the congruent 
segments in the figure. (Lesson 1-2) 


Refer to the conversion charts inside the back cover of your textbook 
and in Lesson 0-2. (lesson 0-2) 


82. RUNNING Ling is participating in a 5-kilometer charity run next weekend. About how 
many miles is the race? 


83. NATURE An African elephant weighs about 9 tons. About how many kilograms is this? 


84. SPORTS A football field is 120 yards long from one end zone to the other. How many 
feet long is a football field? 


Skills Review 


ALGEBRA Identify the operation used to change Equation (1) to Equation (2). 
85. (1) 8(y — 11) = 32 86. (1)x+9=4-3x 87. (1) zm =2 
()y-ll=4 (2)4x+9=4 (2)m=6 
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Geometry Lab 


Biconditional Statements 


Amy is the starting pitcher for her high school softball team. If she is elected by 
the district coaches, she will make the All-Star Team. If she makes the All-Star 
Team, she has been elected by the district coaches. 


p: Amy is elected by the district coaches 
q: Amy makes the All-Star Team 


p— q: lf Amy is elected by the district coaches, then she makes the All-Star Team. 
q— p: lf Amy made the All-Star Team, then she was elected by the district coaches. 
In this case, both the conditional and its converse are true. The conjunction of the two 


statements is called a biconditional. 


KeyConcept Biconditional Statement 
Words A biconditional statement is the conjunction of a conditional and its converse. 


Symbols (p> qQA(Q—> Pp) — (p< Q, read p if and only if q 


If and only if can be abbreviated /ff. 


So, the biconditional statement is as follows. 
p< q: Amy makes the All-Star Team if and only if she is elected by the district coaches. 


Examples 


Write each biconditional as a conditional and its converse. Then determine whether 
the biconditional is true or false. If false, give a counterexample. 


a. An angle is a right angle if and only if its measure is 90. 


Conditional: If an angle measures 90, then the angle is right. 
Converse: If an angle is right, then the angle measures 90. 
Both the conditional and the converse are true, so the biconditional is true. 


b. x > —2 iff x is positive. 


Conditional: If x is positive, then x > —2. 
Converse: If x > —2, then x is positive. 
Let x = —1. Then —1 > —2, but —1 is not positive. So, the biconditional is false. 


Write each biconditional as a conditional and its converse. Then determine whether 
the biconditional is true or false. If false, give a counterexample. 


1. Two angles are complements if and only if their measures have a sum of 90. 


. There is no school if and only if it is Saturday. 


2 
3. Two lines intersect if and only if they are not horizontal. 
4, |2x| =4iffx =2. 

5 


. Use logical equivalence to create a truth table that summarizes the conditional, 
converse, and biconditional for statements p and q. 
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Deductive Reasoning 


:- Then :-‘Now :-Why? 


@ You usedinductive ©@ Use the Law of @ When detectives are trying to solve a case, they 
reasoning to analyze Detachment. use techniques like fingerprinting to analyze 
patterns and make evidence. Then they use this evidence to eliminate 


Use the Law of 


conjectures. Syllogism suspects and eventually identify the person 
; responsible for the crime. 
God NewVocabulary Law of Detachment The process that detectives use 
~ deductive reasoning to identify who is most likely responsible for a crime is 
valid called deductive reasoning. Unlike inductive reasoning, which 
Law of Detachment uses a pattern of examples or observations to make a conjecture, J 
Law of Syllogism deductive reasoning uses facts, rules, definitions, or properties t 


to reach logical conclusions from given statements. 


Real-World Example 1 


Determine whether each conclusion is based on inductive or deductive reasoning. 


a. Every time Katie has worn her favorite socks to a softball game, she has gotten 
at least one hit. Katie is wearing her favorite socks to a game tonight, so she 
concludes that she will get at least one hit. 


Katie is basing her conclusion on a pattern of observations, so she is using 
inductive reasoning. 


b. If John is late making his car insurance payment, he will be assessed a late fee of 
$50. John’s payment is late this month, so he concludes that he will be assessed a 
late fee of $50. 


John is basing his conclusion on facts provided to him by his insurance company, so 
he is using deductive reasoning. 


GuidedPractice : sn 8 a? | 
= - y | " sed Cri ocho < 
1A. All of the signature items on the restaurant’s eo? rte | 
. . wie) PE 128g lth jg 0 
menu shown are noted with a special symbol. “cnet cn ah : 
. . . 2 EEE cals s' 
Kevin orders a menu item that has this symbol “ene 0 oe | 
: : perme’ ee re 
next to it, so he concludes that the menu item seem Oe tmem 
* & of vs tae 
that he has ordered is a signature item. Ce aan 
ANS AN NE gions 
‘ wag eo een 
1B. None of the students who ride Raul’s bus own Senta as 
: rer) co eee 
a car. Ebony rides a bus to school, so Raul * SiO | 
concludes that Ebony does not own a car. Pre 


While one counterexample is enough to disprove a conjecture reached using inductive 
reasoning, it is not a logically correct, or valid, method of proving a conjecture. To prove 
a conjecture requires deductive reasoning. One valid form of deductive reasoning is the 


Law of Detachment. 
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KeyConcept Law of Detachment 


Words If p — qis a true statement and pis true, then q is true. 


Example Given. If a car is out of gas, then it will not start. 
Sarah’s car is out of gas. 


Valid Conclusion: Sarah’s car will not start. 


As long as the facts given are true, the conclusion reached using deductive reasoning will 
also be true. 


Example 2 


Determine whether each conclusion is valid based on the given information. If not, 
write invalid. Explain your reasoning. 


StudyTip 


Given Informations tram tls a. Given: If two angles form a linear pair, then their 


point forward in this text, all : . A 

Eyer iniannaton can Ge noncommon sides are opposite rays. 

ascuitned tie: ZAED and ZAEB form a linear pair. D 
Conclusion: ED and EB are opposite rays. E 


Step 1| Identify the hypothesis p and the conclusion 
g of the true conditional. 


p: Two angles form a linear pair. 
q: Their noncommon sides are opposite rays. 
Step 2| Analyze the conclusion. 


The given statement ZAED and ZAEB form a linear pair 
satisfies the hypothesis, so p is true. By the Law of Detachment, 
ED and EB are opposite rays, which matches q, is a true or valid 
conclusion. 


b. Given: If Mika goes to the beach, she will wear sunscreen. 
Mika is wearing sunscreen. 


Conclusion: Mika is at the beach. 
Step 1| p: Mika goes to the beach. 
q: Mika wears sunscreen. 


BE the given statement Mika is wearing sunscreen satisfies the conclusion 
q of the true conditional. However, knowing that a conditional statement 
and its conclusion are true does not make the hypothesis true. Mika could 
be wearing sunscreen because she is at the pool. The conclusion is invalid. 


GuidedPractice 


2A. Given: If three points are noncollinear, they determine a plane. 
Points A, B, and C lie in plane G. 


Conclusion: Points A, B, and C are noncollinear. 


2B. Given: If a student turns in a permission slip, then the student can go 
on the field trip. 
Felipe turned in his permission slip. 


Conclusion: Felipe can go on the field trip. 
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Real-WorldLink 


The easiest way to distinguish 
monkeys from other primates 
is to look for a tail. Most 
monkey species have tails, 
but apes do not. 


Source: Encyclopaedia Britannica 


StudyTip 

(ess Arguments An 
argument consists of reasons, 
proof, or evidence to support 
a position. A logical argument 
such as the one shown is 
supported by the rules of 
logic. This is different from 

a statistical argument, which 
is supported by examples 

or data. 


Example 3 


You can also use a Venn diagram to test the validity of a conclusion. 


a 


NATURE Determine whether each conclusion is valid based on the given 


information. If not, write invalid. Explain your reasoning using a Venn diagram. 


Given: 


If a primate is an ape, then it does not have a tail. 


Koko is a primate who does not have a tail. 


Conclusion: Koko is an ape. 


Understand Draw a Venn diagram. According to the 


Plan 


Solve 


Check 


conditional, an ape does not have a tail, 
so draw a circle for apes that does not 
intersect the circle for primates with tails. 


Since we are only given that Koko does 
not have a tail, we can only conclude 
that Koko belongs outside the circle for 
primates with tails. 


This could put her in the area inside 
or outside of the Apes circle, so the 
conclusion is invalid. 


From the given information, we know 
that apes are primates that do not have 


tails. We also know that Koko is a primate 


that does not have a tail. It is possible for 
Koko to be a primate without a tail and 
still not be an ape. Therefore, the 
conclusion is invalid. W 


GuidedPractice 


3. Given: Ifa figure is a square, then it is a polygon. 


Figure A is a square. 


Conclusion: Figure A is a polygon. 


Primates 


Law of Syllogism The Law of Syllogism is another valid form of deductive 
reasoning. This law allows you to draw conclusions from two true conditional 
statements when the conclusion of one statement is the hypothesis of the other. 


Tom Brakefield/Getty Images 


KeyConcept Law of Syllogism 
Words 


Example 


Valid Conclusion: \f you get a job, then you will buy a car. 


If p — qand g — rare true statements, then p — ris a true statement. 


Given: If you get a job, then you will earn money. 
If you earn money, then you will buy a car. 


It is important to remember that if the conclusion of the first statement is not the 
hypothesis of the second statement, no valid conclusion can be drawn. 


aa) 


Test-TakingTip 
True vs. Valid Conclusions 
A true conclusion is not the 


True conclusions that are 
reached using invalid 
deductive reasoning are 
still invalid. 


same as a valid conclusion. 


Standardized Test Example 4 
Determine which statement follows logically from the given statements. 
(1) If you like musicals, then you enjoy theater productions. 
(2) If you are an actor, then you enjoy theater productions. 

A If you are an actor, then you like musicals. 

B If you like musicals, then you are an actor. 

C If you do not enjoy musicals, then you are not an actor. 

D There is no valid conclusion. 


Read the Test Item 


Let p, q, and r represent the parts of p: You like musicals. 
the given conditional statements. q: You enjoy theater productions. 


r: You are an actor. 
Solve the Test Item 


Analyze the logic of the given conditional statement using symbols. 

Statement (1): p - g Statement (2): r — q 

Both statements are considered true. However, the Law of Syllogism does not 

apply since g, the conclusion of the Statement (1), is not the hypothesis of the second 


statement. While choices A, B, and C may be true, the logic used to draw these 
conclusions is not valid. Therefore, choice D is correct. 


GuidedPractice 
4. Determine which statement follows logically from the given statements. 
(1) If you do not get enough sleep, then you will be tired. 
(2) If you are tired, then you will not do well on the test. 
F If you are tired, then you will not get enough sleep. 
G If you do not get enough sleep, then you will not do well on the test. 
H If you do not do well on the test, then you did not get enough sleep. 


J There is no valid conclusion. 


Example 5 


Draw a valid conclusion from the given statements, if possible. Then state 
whether your conclusion was drawn using the Law of Detachment or the Law 
of Syllogism. If no valid conclusion can be drawn, write no valid conclusion 
and explain your reasoning. 
Given: If you are 16 years old, then you can apply for a driver’s license. Nate is 
16 years old. 
p: You are 16 years old. 
q: You can apply for a driver’s license. 
Since Nate is 16 years old satisfies the hypothesis p is true. By the Law of Detachment, a 
valid conclusion is Nate can apply for a driver’s license. 


GuidedPractice B 


5. Given: The midpoint divides a segment into two congruent M 
segments. If two segments are congruent, then their 
measures are equal. M is the midpoint of AB. 
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= Step-by-Step Solutions begin on page R14. 


Check Your Understanding 


Example 1 


Example 2 


Example 3 


Example 4 


Example 5 


Determine whether each conclusion is based on inductive or deductive reasoning. 


(4) Students at Olivia’s high school must have a B average in order to participate in sports. 
Olivia has a B average, so she concludes that she can participate in sports at school. 


2. Holly notices that every Saturday, her neighbor mows his lawn. Today is Saturday. 


Holly concludes her neighbor will mow his lawn. 


Determine whether the stated conclusion is valid based on the given information. If not, 


write invalid. Explain your reasoning. 


3. Given: If a number is divisible by 4, then the number is divisible by 2. 12 is 


divisible by 4. 
Conclusion: 12 is divisible by 2. 


4. Given: If Elan stays up late, he will be tired the next day. Elan is tired. 


Conclusion: Elan stayed up late. 


Determine whether the stated conclusion is valid based on the 
given information. If not, write invalid. Explain your reasoning 
using a Venn diagram. 


5. Given: If a beach is public, then it does not have a lifeguard. 
Bayview does not have a lifeguard. 


Conclusion: Bayview is a public beach. 
6. Given: If students pass an entrance exam, they will 


be accepted into college. Latisha passed the 
entrance exam. 


Conclusion: Latisha will be accepted into college. 


———aE— 


Public Beach 


No Lifeguard 


on Duty 


| al | 


7. MULTIPLE CHOICE Determine which statement follows logically from the given statements. 


(1) If a triangle is a right triangle, then it has an angle that measures 90. 


(2) If a triangle has an angle that measures 90, then its acute angles are complementary. 


A Ifa triangle is not a right triangle, then it has an angle that measures 90. 


B If an angle of a triangle measures 90, then its acute angles are not complementary. 


C Ifa triangle is a right triangle, then its acute angles are complementary. 


D Ifa triangle has an angle that measures 90, then it is not a right triangle. 


la~ 

CESS ARGUMENTS Draw a valid conclusion from the given statements, if possible. Then state 
whether your conclusion was drawn using the Law of Detachment or the Law of Syllogism. 
If no valid conclusion can be drawn, write no valid conclusion and explain your reasoning. 


8. Given: If Dalila finishes her chores, she will receive 
her allowance. 


If Dalila receives her allowance, she will buy a CD. 


9. Given: Vertical angles are congruent. 


41=22 


le | 


Chores 


finished Receive 
a, 
Buy CD 
4 
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Practice and Problem Solving Extra Practice is on page R2. 


Example 1 Determine whether each conclusion is based on inductive or deductive reasoning. 


10. At Fumio’s school if you are late five times, you will receive a detention. Fumio has 
been late to school five times; therefore he will receive a detention. 


11. A dental assistant notices a patient has never been on time for an appointment. She 
concludes the patient will be late for her next appointment. 


12. A person must have a membership to work out at a gym. Jesse is working out at a 
gym. Jesse has a membership to the gym. 


13. If Eduardo decides to go to a concert tonight, he will miss football practice. Tonight, 
Eduardo went to a concert. Eduardo missed football practice. 


14, Every Wednesday Lucy’s mother calls. Today is Wednesday, so Lucy concludes her 
mother will call. 


15. Whenever Juanita has attended a tutoring session she notices that her grades 
have improved. Juanita attends a tutoring session and she concludes her grades 
will improve. 


Va~ 
Example 2 CESS CRITIQUE Determine whether the stated conclusion is valid based on the given 
information. If not, write invalid. Explain your reasoning. 


16. Given: Right angles are congruent. 21 and 22 are right angles. 


Conclusion: 21 = 22 


(a7) Given: Ifa figure is a square, it has four right angles. Figure ABCD has four right angles. 
Conclusion: Figure ABCD is a square. 
18. Given: An angle bisector divides an angle into two congruent angles. M 
KM is an angle bisector of ZJKL. J 
Conclusion: ZJ/KM = ZMKL K 


19. Given: If you leave your lights on while your car is off, your battery will die. Your 
battery is dead. 
Conclusion: You left your lights on while the car was off. 
20. Given: If Dante obtains a part-time job, he can afford a car payment. Dante can afford 
a car payment. 
Conclusion: Dante obtained a part-time job. 
21. Given: If 75% of the prom tickets are sold, the prom will be held at the country club. 
75% of the prom tickets were sold. 


Conclusion: The prom will be held at the country club. 


22. COMPUTER GAMES Refer to the game ratings at the right. Determine Game Ratings 
whether the stated conclusion is valid based on the given 
information. If not, write invalid. Explain your reasoning. 

3 and older 


6 and older 


Given: Ifa title is rated E, then it has content that may be 
suitable for ages 6 and older. Cesar buys a computer 
game that he believes is suitable for his little sister, 10 and older 
who is 7. 13 and older 


Conclusion: The game Cesar purchased has a rating of E. 17 and older 
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Example 3 Determine whether the stated conclusion is valid based on the given information. If not, 
write invalid. Explain your reasoning using a Venn diagram. 


23. Given: If the temperature drops below 32°F, it may snow. The temperature did not 
drop below 32°F on Monday. 


Conclusion: It did not snow on Monday. 


24. Given: If a person is a Missouri resident, he or she does not live by a beach. Michelle 
does not live by the beach. 


Conclusion: Michelle is a Missouri resident. 

25. Given: Some nurses wear blue uniforms. Sabrina is a nurse. 
Conclusion: Sabrina wears a blue uniform. 

26. Given: All vegetarians do not eat meat. Theo is a vegetarian. 


Conclusion: Theo does not eat meat. 


(7) TRANSPORTATION There are many types of vehicles and they are classified using 
different sets of criteria. Determine whether the stated conclusion is valid based 
on the given information. If not, write invalid. Explain your reasoning using a 
Venn diagram. 


Given: If a vehicle is a sport-utility vehicle, then it is a four-wheel-drive car built 
on a truck chassis. Ms. Rodriguez has just purchased a vehicle that has four- 
wheel drive. 


Conclusion: Ms. Rodriguez has just purchased a sport-utility vehicle. 


Examples 4-5 28. GOLF Zach Johnson won the Masters Tournament in 2007. Use the Law of Syllogism to 
draw a valid conclusion from each set of statements, if possible. If no valid conclusion 
can be drawn, write no valid conclusion and explain your reasoning. 


(1) If Zach Johnson’s score is lower than the other golfers at the end of the tournament, 
then he wins the tournament. 


(2) If a golfer wins the Masters Tournament, then he gets a green jacket. 


Zz 

CCSS ARGUMENTS Use the Law of Syllogism to draw a valid conclusion from each set of 
statements, if possible. If no valid conclusion can be drawn, write no valid conclusion 
and explain your reasoning. 


29. If you interview for a job, then you wear a suit. 
If you interview for a job, then you will update your resume. 
30. If Tina has a grade point average of 3.0 or greater, she will be on the honor roll. 
If Tina is on the honor roll, then she will have her name in the school paper. 
31. If two lines are perpendicular, then they intersect to form right angles. 
Lines r and s form right angles. 
32. If the measure of an angle is between 90 and 180, then it is obtuse. 
If an angle is obtuse, then it is not acute. 
33. If two lines in a plane are not parallel, then they intersect. 
If two lines intersect, then they intersect in a point. 
34. If a number ends in 0, then it is divisible by 2. 


If a number ends in 4, then it is divisible by 2. 


—— 
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Draw a valid conclusion from the given statements, if possible. Then state whether your 
conclusion was drawn using the Law of Detachment or the Law of Syllogism. If no valid 
conclusion can be drawn, write no valid conclusion and explain your reasoning. 


35. Given: Ifa figure is a square, then all the sides are congruent. 


Figure ABCD is a square. 


36. Given: If two angles are complementary, the sum of the measures of the angles is 90. 


21 and 22 are complements of each other. 


(7) Given: Ballet dancers like classical music. 


If you like classical music, then you enjoy the opera. 


38. Given: If you are athletic, then you enjoy sports. 


If you are competitive, then you enjoy sports. 


39. Given: If a polygon is regular, then all of its sides are congruent. 


All sides of polygon WXYZ are congruent. 


40. Given: If Bob completes a course with a grade of C, then he will not receive credit. 


41. 


If Bob does not receive credit, he will have to take the course again. 


DATA ANALYSIS The table shows the number of at 
bats and hits for some of the members of the Florida 
Marlins in a recent season. 


At Bats 


a. Construct a scatter plot to represent the data. 


b. Predict the number of hits a player with 300 at bats 
would get. Identify and explain your reasoning. 


c. Did the player with 157 at bats or the player with 
240 at bats get more hits? What type of reasoning 
did you use? Explain. 


Source: ESPN 


H.0.T. Problems Use Higher-Order Thinking Skills 


42. 


43. 


44, 


45. 


46. 


WRITING IN MATH Explain why the Law of Syllogism cannot be used to draw a 
conclusion from these conditionals. 


If you wear winter gloves, then you will have warm hands. 


If you do not have warm hands, then your gloves are too thin. 


CHALLENGE Use the symbols from Lesson 2-2 for conjunction and disjunction, and the 
symbol for implies from Lesson 2-3 to represent the Law of Detachment and the Law 
of Syllogism symbolically. Let p represent the hypothesis, and let g represent the 
conclusion. 


OPEN ENDED Write a pair of statements in which the Law of Syllogism can be used to 
reach a valid conclusion. Specify the conclusion that can be reached. 


cts REASONING Students in Mr. Kendrick’s class are divided into two groups for an 
activity. Students in group A must always tell the truth. Students in group B must 
always lie. Jonah and Janeka are in Mr. Kendrick’s class. When asked if he and Janeka 
are in group A or B, Jonah says, “We are both in Group B.” To which group does each 
student belong? Explain your reasoning. 


WRITING IN MATH Compare and contrast inductive and deductive reasoning when 
making conclusions and proving conjectures. 


i) 124 | Lesson 2-4 | Deductive Reasoning 


Standardized Test Practice 


47. Determine which statement follows logically 
from the given statements. 


Michael ordered two burritos. 


A Michael ordered one burrito. 

B Michael will order two burritos. 
C Michael ordered nachos. 

D Michael got nachos. 


48. ALGEBRA Solve for x: 
A(x+2)=x-1 


If you order two burritos, then you also get nachos. 


49. SHORT RESPONSE If the perimeter of the figure 
shown is 52 units, what is the value of x? 


3x 


50. SAT/ACT If 30% of x is 50, then 60% of x is 


A 300 D 150 
B 250 E 100 
C 175 


Spiral Review 


51. TIME All states in the United States observe daylight savings time except for Arizona 


and Hawaii. (Lesson 2-3) 


a. Write a true conditional statement in if-then form for daylight savings time. 


b. Write the converse of the true conditional statement. State whether the statement is 


true or false. If false, find a counterexample. 


Construct a truth table for each compound statement. (Lesson 2-2) 


52. aand b 53. ~p or ~q 


ALGEBRA Find x. (Lesson 1-5) 


54. kand ~m 55. ~1 or Z 


ee 


Skills Review 


Determine whether each statement can be assumed from the figure. Explain. A 


59. ZDAB is a right angle. 

60. ZAEB = ZDEC 

61. ZADB and ZBDC are complementary. 
62. ZDAE = ZADE 

63. AB 1 BC 

64. ZAEB and ZBEC are supplementary. 
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Geometry Lab 


Necessary and 
Sufficient Conditions 


We all know that water is a necessary condition for plants to survive. 
However, it is not a sufficient condition. For example, plants also need 
sunlight to survive. 


Necessary and sufficient conditions are important in mathematics. 
Consider the property of having four sides. While having four sides is a 
necessary condition for something being a square, that single condition 
is not, by itself, a sufficient condition to guarantee that it is a square. 
Trapezoids are four-sided figures that are not squares. 


Condition Definition Examples 


necessary | Acondition Ais said to be Having opposite sides parallel is a 
necessary for a condition B, if and necessary condition for something 
only if the falsity or nonexistence of | being a square. 

A guarantees the falsity or 
nonexistence of B. 


sufficient | A condition Ais said to be sufficient | Being a square is a sufficient 
for a condition B, if and only if the condition for something being a 
truth or existence of A guarantees rectangle. 

the truth or existence of B. 


Determine whether each statement is true or false. If false, give a counterexample. 
Being a square is a necessary condition for being a rectangle. 

Being a rectangle is a necessary condition for being a square. 

Being greater than 5 is a necessary condition for being less than 10. 

Being less than 18 is a sufficient condition for being less than 25. 

Walking on four legs is a sufficient condition for being a dog. 


Breathing air is a necessary condition for being a human being. 


NOS SP SN os 


Being an equilateral rectangle is both a necessary and sufficient condition for being a square. 


Determine whether I is a necessary condition for II, a sufficient condition for II, or 
both. Explain. 


8. I. Two points are given. 

II. An equation of a line can be written. 
9. I. Two planes are parallel. 

II. Two planes do not intersect. 


10. I. Two angles are acute. 


sabew! Aje9/9S1p0}0Ud/I|}aUeWOY Dey 


II. Two angles are complementary. 
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Postulates and Paragraph Proofs 


Why? 


@ You used deductive @ Identify and use basic @ If a feather and an apple are dropped from the 
reasoning by postulates about same height in a vacuum chamber, the two objects 
applying the Law of points, lines, and will fall at the same rate. This demonstrates one 
Detachment and the planes. of Sir Isaac Newton’s laws of gravity and inertia. 


Law of Syllogism. These laws are accepted as fundamental truths 
of physics. Some laws in geometry also must be 


assumed or accepted as true. 


Write paragraph 
proofs. 


Gi NewVocabulary Points, Lines, and Planes A postiilaté or axiom is a statement that is accepted 


= postulate as true without proof. Basic ideas about points, lines, and planes can be stated as 
axiom postulates. 
proof 
theorem = 


deductive argument Postulates Points, Lines, and Planes 
paragraph proof 


informal proof 


Words Example 


2.1 Through any two points, there is 
exactly one line. 


Line is the only line through 
points P and R. 


2.2 Through any three noncollinear 
points, there is exactly one 


Plane Kis the only plane 
through noncollinear points 


ce) Common Core 
(cs) State Standards 


Content Standards 


v 
D 
a 


G.MG.3 Apply geometric plane. A, B, and C. 
methods to solve problems 
(e.g., designing an object or 2.3 Aline contains at least two R Line 2 contains points P, Q, 


structure to satisfy physical 
constraints or minimize cost; 
working with typographic grid 
systems based on ratios). + 


points. and R. 


ae 
2.4 Aplane contains at least three Plane contains noncollinear 
noncollinear points. points L, B, C, and E. 


Mathematical Practices 

2 Reason abstractly and 
quantitatively. 

3 Construct viable 
arguments and critique 
the reasoning of others. 


2.5 If two points lie in a plane, then 
the entire line containing those 
points lies in that plane. 


Points A and B lie in plane K, 
and line 7 contains points A 
and B, so line m is in plane K, 


yi, 
KeyConcept Intersections of Lines and Planes 
Words Example 
2.6 If two lines intersect, then their s Lines s and ¢ intersect at 
intersection is exactly one point. i ae point P. 
t 
2.7 If two planes intersect, then their Planes ¥ and G intersect in 
2 intersection is a line. line w. 
8 
a 
5 q 
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StudyTip Dae additional postulates form a foundation for proofs and reasoning about points, 


Undefined Terms Recall lines, and planes. 
from Lesson 1-1 that points, 
lines, and planes are 
undefined terms. The 
postulates that you have 
learned in this lesson 
describe special relationships 
between them. 


Real-World Example 1 


ARCHITECTURE Explain how the picture illustrates 
that each statement is true. Then state the postulate 
that can be used to show each statement is true. 


a. Line m contains points F and G. Point E can 


also be on line m. 


The edge of the building is a straight line m. 
Points E, F, and G lie along this edge, so they 
lie along a line m. Postulate 2.3, which states 
that a line contains at least two points, shows 
that this is true. 


b. Lines s and ¢ intersect at point D. 
The lattice on the window of the building forms 
intersecting lines. Lines s and t of this lattice 
intersect at only one location, point D. Postulate 2.6, 
which states that if two lines intersect, then their 
intersection is exactly one point, shows that this is true. 


GuidedPractice 


1A. Points A, B, and C determine a plane. 1B. Planes P and Q intersect in line m. 


You can use postulates to explain your reasoning when analyzing statements. 


Example 2 


Determine whether each statement is always, sometimes, or never true. Explain 
your reasoning. 


a. If two coplanar lines intersect, then the point of intersection lies in the same 
plane as the two lines. 


Always; Postulate 2.5 states that if two points lie in a plane, then the entire line 
containing those points lies in that plane. So, since both points lie in the plane, any 
point on those lines, including their point of intersection, also lies in the plane. 


b. Four points are noncollinear. 


Sometimes; Postulate 2.3 states that a line contains at least 
two points. This means that a line can contain two or more 
points. So four points can be noncollinear, like A, E, C, and D, 
or collinear, like points A, B, C, and D. 


GuidedPractice 


2A. Two intersecting lines determine a plane. 2B. Three lines intersect in two points. 


Va 


< 


StudyTip 


Axiomatic System An 


axiomatic system is a set of : : : 
Sn SeR ATM CIEHGEROUr Paragraph Proofs To prove a conjecture, you use deductive reasoning to move 


all axioms can be used to from a hypothesis to the conclusion of the conjecture you are trying to prove. This is 
logically derive theorems. done by writing a proof, which is a logical argument in which each statement you make 
is supported by a statement that is accepted as true. 


= 


128 | Lesson 2-5 | Postulates and Paragraph Proofs 


y90]S0}0} a6e/spueuli\, waysor 


Once a statement or conjecture has been proven, it is called a theorem, and it can be 
used as a reason to justify statements in other proofs. 


_KeyConcept The Proof Process 


ESG@R List the given information and, if possible, draw Given (Hypothesis) 


a diagram to illustrate this information. 


StudyTip 

Proposition A proposition is 
a statement that makes an 
assertion that is either false 
or true. In mathematics, a 
proposition is usually used to 
mean a true assertion and 
can be synonymous with 
theorem. 


FSG State the theorem or conjecture to be proven. 


FSGEI Create a deductive argument by forming a logical 


chain of statements linking the given to what you 
are trying to prove. 


Statements and 
Reasons 


EXt@Z] Justify each statement with a reason. Reasons 
include definitions, algebraic properties, postulates, 
and theorems. 


| Step 5 | State what it is that you have proven. pesos 


One method of proving statements and conjectures, a paragraph proof, involves writing 
a paragraph to explain why a conjecture for a given situation is true. Paragraph proofs 
are also called informal proofs, although the term informal is not meant to imply that 
this form of proof is any less valid than any other type of proof. 


Example 3 


Given that M is the midpoint of XY write a paragraph proof to show that XM = MY. 


Given: M is the midpoint of XY . 


Steps 1 and 2 Prove: XM = MY 


xX M Y 


—_——_o——* 


Problem-SolvingTip 


Work Backward One 
strategy for writing a proof is 
to work backward. Start with 
what you are trying to prove, 
and work backward step by 
step until you reach the given 
information. 


If M is the midpoint of XY, then from the definition of 
midpoint of a segment, we know that XM = MY. This 


Steps 3 and 4 means that XM and MY have the same measure. By 


the definition of congruence, if two segments have the 
same measure, then they are congruent. 


| Thus, X= MY. 


GuidedPractice 


3. Given that C is between A and B and AC = CB, write a paragraph proof to show 
that C is the midpoint of AB. 


Once a conjecture has been proven true, it can be stated as a theorem and used in other 
proofs. The conjecture in Example 3 is known as the Midpoint Theorem. 


Theorem 2.1 Midpoint Theorem 


If Mis the midpoint of AB, then AM = MB. A M B 


————SSSS gl 
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Check Your Understanding 


Example 1 


Example 2 


Example 3 


Explain how the figure illustrates that each statement is true. 
Then state the postulate that can be used to show each 
statement is true. 


1. Planes ? and Q intersect in line r. 
2. Lines r and n intersect at point D. 


3. Line 1 contains points C, D, and E. 


4. Plane P contains the points A, F, and D. 

5. Line x lies in plane Q. 

6. Line r is the only line through points A and D. 
Determine whether each statement is always, sometimes, or never true. 
Explain your reasoning. 

(7) The intersection of three planes is a line. 

8. Line r contains only point P. 

9. Through two points, there is exactly one line. 

In the figure, AR is in plane ? and M is on NE. State 


the postulate that can be used to show each statement 
is true. 


10. M, K, and N are coplanar. 
—_—_ 
11. NE contains points N and M. 
12. N and K are collinear. 
13. Points N, K, and A are coplanar. 
14. SPORTS Each year, Jennifer’s school hosts a student 


vs. teacher basketball tournament to raise money for 
charity. This year, there are eight teams participating 


NI-TEAC 
in the tournament. During the first round, each team aN CHALLENGE? AZ 


plays all of the other teams. 


a. How many games will be played in the first round? 


b. Draw a diagram to model the number of first round 
games. Which postulate can be used to justify your 
diagram? 


Science Sharks Avengers 
English Eagles Bandits 
Math Mavericks Dynamos 
c. Find a numerical method that you could use regardless PE. Panthers Rockets 
of the number of the teams in the tournament to 
calculate the number of games in the first round. 


15. Css ARGUMENTS In the figure at the right, AE = DB and A B 
C is the midpoint of AE and DB. Write a paragraph proof 
to show that AC = CB. C 
D E 
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Practice and Problem Solving Extra Practice is on page R2. 


Example 1 CAKES Explain how the picture illustrates that 
each statement is true. Then state the postulate 
that can be used to show each statement is true. 


16. Lines n and £ intersect at point K. 
17. Planes ? and Q intersect in line m. 
18. Points D, K, and H determine a plane. 


19. Point D is also on the line n through 
points C and K. 


20. Points D and H are collinear. 
(21) Points E, F, and G are coplanar. 
—_ 
22. EF lies in plane Q. 


23. Lines ht and g intersect at point J. 


Example 2 Determine whether each statement is always, sometimes, or never true. Explain. 
24. There is exactly one plane that contains noncollinear points A, B, and C. 
25. There are at least three lines through points J and K. 
26. If points M, N, and P lie in plane X, then they are collinear. 
27. Points X and Y are in plane Z. Any point collinear with X and Y is in plane Z. 
28. The intersection of two planes can be a point. 


29. Points A, B, and C determine a plane. 
Example 3 30. PROOF Point Y is the midpoint of XZ. Z is the midpoint of YW. Prove that XY = ZW. 


31. PROOF Point L is the midpoint of JK . JK intersects MK at K. If MK = JL, prove that 
LK = MK. 


32. ctss ARGUMENTS Last weekend, Emilio and his friends spent Saturday afternoon at the 
park. There were several people there with bikes and skateboards. There were a total 
of 11 bikes and skateboards that had a total of 36 wheels. Use a paragraph proof to 
show how many bikes and how many skateboards there were. 


33. DRIVING Keisha is traveling from point A to 
point B. Two possible routes are shown on 
the map. Assume that the speed limit on 
Southside Boulevard is 55 miles per hour 
and the speed limit on I-295 is 70 miles 
per hour. 

a. Which of the two routes covers the shortest 
distance? Explain your reasoning. 

b. If the distance from point A to point B along | | Southside 
Southside Boulevard is 10.5 miles and the sive. 
distance along I-295 is 11.6 miles, which 
route is faster, assuming that Keisha 
drives the speed limit? 
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In 


lie 


statement is true. 


34. Points C and B are collinear. 


(35) EG contains points E, F, and G. 


—_ —_—_ —_ —_ 
the figure at the right, CD and CE lie in plane P and DH and DJ 
in plane Q, State the postulate that can be used to show each 


<——? 
36. DA lies in plane P. 
37. Points D and F are collinear. 
38. Points C, D, and B are coplanar. 
39. Plane Q contains the points C, H, D, and J. 
—_— —_— 
40. AC and FG intersect at point E. 
—? 
41. Plane P and plane Q intersect at CD. 
la~ 
42, (CSS ARGUMENTS Roofs are designed based on the materials used to ensure that 
water does not leak into the buildings they cover. Some roofs are constructed 
from waterproof material, and others are constructed for watershed, or gravity 
removal of water. The pitch of a roof is the rise over the run, which is generally 
measured in rise per foot of run. Use the statements below to write a paragraph 
proof justifying the following statement: The pitch of the roof in Den’s design 
is not steep enough. 
| == 5 A 
¢ Waterproof roofs should have a minimum slope of $ inch per foot. 
¢ Watershed roofs should have a minimum slope of 4 inches per foot. 
e Den is designing a house with a watershed roof. 
e The pitch in Den’s design is 2 inches per foot. 
43. NETWORKS Diego is setting up a network of multiple computers A 


so that each computer is connected to every other. The diagram 
at the right illustrates this network if Diego has 5 computers. 


E B 
a. Draw diagrams of the networks if Diego has 2, 3, 4, or 6 computers. 
b. Create a table with the number of computers and the number D 
of connections for the diagrams you drew. c 


c. If there are n computers in the network, write an expression for the 
number of computers to which each of the computers is connected. 


d. If there are n computers in the network, write an expression for the 
number of connections there are. 
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Greg Ryan/Alamy 


44. C€S8\SENSE-MAKING The photo is of the rotunda in 
the capitol building in St. Paul, Minnesota. A rotunda 
is a round building, usually covered by a dome. Use 
Postulate 2.1 to help you answer parts a—c. 


a. If you were standing in the middle of the rotunda, 
which arched exit is the closest to you? 


b. What information did you use to formulate your 
answer? 


c. What term describes the shortest distance from the 
center of a circle to a point on the circle? 


H.0.T. Problems Use Higher-Order Thinking Skills 


45. ERROR ANALYSIS Omari and Lisa were working on a paragraph proof to prove that _ 
if AB is congruent to BD and A, B, and D are collinear, then B is the midpoint of AD. 
Each student started his or her proof in a different way. Is either of them correct? 


Explain your reasoning. 
Owmavi Lisa 

If Bis the midpoint of AB, AB is congruent to BD and 

then B divides AD into two A, B and D are collinear. 


congruent segments. 


46. OPEN ENDED Draw a figure that satisfies five of the seven postulates you have learned. 
Explain which postulates you chose and how your figure satisfies each postulate. 


47. CHALLENGE Use the following true statement and the 
definitions and postulates you have learned to answer 
each question. 


Two planes are perpendicular if and only if one plane contains 
a line perpendicular to the second plane. 


a. Through a given point, there passes one and only 
one plane perpendicular to a given line. If plane Q 
is perpendicular to line @ at point X and line @ lies 
in plane P, what must also be true? 


b. Through a given point, there passes one and only one line perpendicular to a given 
plane. If plane Q is perpendicular to plane P at point X and line a lies in plane Q, 
what must also be true? 


REASONING Determine if each statement is sometimes, always, or never true. Explain your 
reasoning or provide a counterexample. 


48. Through any three points, there is exactly one plane. 


49. Three coplanar lines have two points of intersection. 


50. EA) WRITING IN MATH How does writing a proof require logical thinking? 


Mesmectomeyaw-titconl] 133 is) 


Standardized Test Practice 


51. ALGEBRA Which is one of the solutions of the 53. Which statement cannot be true? 


2 = 
equation 3x° — Sx + 1 = 0? F Three noncollinear points determine a plane. 


A ave v1S Cc 3 ~ V/13 G Two lines intersect in exactly one point. 
_5_ViB 5 H At least two lines can contain the same two 
B —— D ar +V13 points. 


J Amidpoint divides a segment into two 


52. GRIDDED RESPONSE Steve has 20 marbles in a bag, congruent segments. 


all the same size and shape. There are 8 red, 


2 blue, and 10 yellow marbles in the bag. He will 54. SAT/ACT What is the greatest number of regions 
the probability that the marble Steve selects will circle? 
be yellow? A 3 D 6 

B 4 E7 


C5 


Spiral Review 


Determine whether a valid conclusion can be reached from the two true statements using 
the Law of Detachment or the Law of Syllogism. If a valid conclusion is possible, state it 
and the law that is used. If a valid conclusion does not follow, write no conclusion. (lesson 2-4) 


55. (1) If two angles are vertical, then they do not form a linear pair. 
(2) If two angles form a linear pair, then they are not congruent. 


56. (1) If an angle is acute, then its measure is less than 90. 
(2) ZEFG is acute. 


Write each statement in if-then form. (Lesson 2-3) 

57. Happy people rarely correct their faults. 58. A champion is afraid of losing. 

Use the following statements to write a compound statement for each conjunction. Then 

find its truth value. Explain your reasoning. (\esson 2-2) 

p: Mis on AB. B 

q: AM + MB = AB ter 

r: M is the midpoint of AB. 

59. pAg 60. ~pV -r 

61. GARDENING A landscape designer is putting black plastic edging around a 
rectangular flower garden that has length 5.7 meters and width 3.8 meters. 


The edging is sold in 5-meter lengths. Find the perimeter of the garden and 
determine how much edging the designer should buy. (Lesson 1-6) 


62. HEIGHT Taylor is 5 feet 8 inches tall. How many inches tall is Taylor? (Lesson 0-1) 


Skills Review 


ALGEBRA Solve each equation. 
63. 4x —3 = 19 64. gr+6=14 65. 5(x2 + 2) = 30 


— 
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Mid-Chapter Quiz 


Lessons 2-1 through 2-5 


Write a conjecture that describes the pattern in each sequence. 
Then use your conjecture to find the next item in the sequence. 


(Lesson 2-1) 
2. 
o ol 


1. 5,5, 10,15, 25,... 
Find a counterexample to show that each conjecture is false. 
(Lesson 2-1) 

3. If AB = BC, then Bis the midpoint of AC. 

4. If nis areal number, then n° > n. 
Use the following statements to write a compound statement for 


each conjunction or disjunction. Then find its truth value. Explain 
your reasoning. (Lesson 2-2) 


p:A dollar is equal to 100 cents. 
q: There are 4 quarters in a dollar. 
r: February is the month before January. 


5. pAr 

6. pand gq 

7. pA-~r 

8. Copy and complete the truth table. (Lesson 2-2) 


Identify the hypothesis and conclusion of each conditional 
statement. (Lesson 2-3) 


9. If a polygon has five sides, then it is a pentagon. 
10. If 4x—6 = 10, then x = 4. 
11. An angle with a measure less than 90 is an acute angle. 
Determine the truth value of each conditional statement. If true, 


explain your reasoning. If false, give a counterexample. 
(Lesson 2-3) 


12. If Z1 and Z2 form a linear pair, they are supplementary 
angles. 


13. If Z1 and 24 form a linear pair, they are congruent angles. 


Use the Venn diagrams below to determine the truth value of 
each conditional. Explain your reasoning. (Lesson 2-3) 


14. 
15. 


16. 


17. 


If a polygon is a square, then it is a rectangle. 


If two lines are perpendicular, then they cannot be parallel. 


FOOTBALL The Indianapolis Colts played the Chicago Bears 
in the 2007 Super Bowl. Determine whether the stated 
conclusion is valid based on the given information. If not, 
write invalid. Explain your reasoning. (Lesson 2-4) 


Given: The Super Bowl winner has the highest score at the 
end of the game. The Colts had a score of 29 and the 
Bears had a score of 17. 

Conclusion: The Colts won the Super Bowl. 


MULTIPLE CHOICE Determine which statement follows 
logically from the given statements. (Lesson 2-4) 


(1) If you are a junior in high school, then you are at least 
16 years old. 


(2) If you are at least 16 years old, then you are old enough 
to drive. 


A lf you are old enough to drive, then you are a junior in 
high school. 


B_ If you are not old enough to drive, then you are a 
sophomore in high school. 


C_ lf you are a junior in high school, then you are old enough 
to drive. 


D No valid conclusion possible. 


Determine whether each statement is always, sometimes, or 
never true. Explain your reasoning. (Lesson 2-5) 


18. 


19. 
20. 


Points J, K, L, and N are noncollinear and lie in the same 
plane M. 


There is exactly one line through points R and S. 


Line a contains only point Q. 
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Algebraic Proof 


Why? 


@ You used postulates Use algebra to write @ The Fahrenheit scale sets the freezing 
about points, lines, two-column proofs. and boiling points of water at 32° and 
and planes to write 212°, respectively, while the Celsius 
paragraph proofs. scale sets them at 0° and 100°. You can 

use an algebraic proof to show that if 

inese scales are related by the formula 

C= aF- 32), then they are also 


bid by the formula F = 2¢ + 32. 


Use properties of 
equality to write 
geometric proofs. 


Che NewVocabulary Algebraic Proof Algebra is a system with sets of numbers, operations, and 
= algebraic proof properties that allow you to perform algebraic operations. The following table 
two-column proof summarizes several properties of real numbers that you studied in algebra. 


formal proof 


KeyConcept Properties of Real Numbers | 


The following properties are true for any real numbers a, b, and c. 


€cs9)) Common Core 
(CSS) crate Standards Addition Property of Equality lfa=b,thena+c=b+¢. 
Content Standards Subtraction Property of Equality lfa=b,thena—c=b-—c. 
Preparation for G.CO.9 
Prove theorems about lines Multiplication Property of Equality lfa=b,thena»-c=b-c. 
and angles. : 
mee : = a_ob 

Mathematical Practices Division Property of Equality lf a= band c+ 0, then, t= te 
3 Construct viable : ; 

arguments and critique Reflexive Property of Equality a=a 

Ue Symmetric Property of Equality lfa= b,thenb=a. 

Transitive Property of Equality lfa= bandb=c,thena=c. 


If a= b, then a may be replaced by bin any 


Substitution Property of Equality equation or expression 


_ Distributive Property ab + c) = ab+ ac 


An algebraic proof is a proof that is made up of a series of algebraic statements. 
The properties of equality provide justification for many statements in algebraic proofs. 


Example 1 


Prove that if —5(x + 4) = 70, then x = —18. Write a justification for each step. 


= 
—5(x + 4) = 70 Original equation or Given 5 

—5x + (—5)4 = 70 Distributive Property 
—5x — 20 = 70 Substitution Property of Equality é 

—5x — 20+ 20 = 70 + 20 Addition Property of Equality = 
—5x = 90 Substitution Property of Equality 3 

= = “ Division Property of Equality + 

x=-18 Substitution Property of Equality 3 


136 | Lesson 2-6 


The McGraw-Hill Companies 


StudyTip 

cess Arguments An 
algorithm is a series of steps 
for carrying out a procedure 
or solving a problem. Proofs 
can be considered a type of 
algorithm because they go 
step by step. 


StudyTip 


Mental Math If your teacher 
permits you to do so, some 
steps may be eliminated 

by performing mental 
calculations. For example, 
steps 2 and 4 in Example 2 
could be omitted. Then the 
reason for statement 3 would 
be Multiplication Property of 
Equality and the reason for 
statement 5 would be 
Addition Property of Equality. 


GuidedPractice 

State the property that justifies each statement. 
1A. If 4 + (—5) = -1, thenx +44 (—5) =x-1. 
1B. If5 = y, then y =5. 


1. Prove that if 2x — 13 = —5, then x = 4. Write a justification for each step. 


Example 1 is a proof of the conditional statement If —5(x + 4) = 70, then x = —18. Notice 
that the column on the left is a step-by-step process that leads to a solution. The column 
on the right contains the reason for each statement. 


In geometry, a similar format is used to prove conjectures and theorems. A two-column 
or formal proof contains statements and reasons organized in two columns. 


Real-World Example 2 


SCIENCE If the formula to convert a Fahrenheit temperature 
to a Celsius temperature is C = 3(F — 32), then the formula 
to convert a Celsius temperature to a Fahrenheit 
temperature is F = 2c + 32. Write a two-column proof 

to verify this conjecture. 


Begin by stating what is given and what you are to prove. 


Given: C = 2 = $2) 


Prove: F = 2c + 32 


Proof: 

Statements Reasons 

1.C= 3 = 32) 1. Given 

2. 2c = 2. 2(F - 32) 2. Multiplication Property of Equality 
3. 2c = P= 32 3. Substitution Property of Equality 
4. 2c +32 =F —324+32 4, Addition Property of Equality 

5. 2C +32=F 5. Substitution Property of Equality 
6. F= 2c + 32 6. Symmetric Property of Equality 


GuidedPractice 


Write a two-column proof to verify that each conjecture is true. 
5x 


ant — 8=0, then x = 3. 


2A. If 5 


2B. PHYSICS If the distance d moved by an object with initial velocity u and final 


u+v _ 2d | 
5 , then u = ; v. 


velocity v in time t is given by d =t + 
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Geometric Proof Since geometry also uses variables, numbers, and operations, 

many of the properties of equality used in algebra are also true in geometry. For 
example, segment measures and angle measures are real numbers, so properties from 
algebra can be used to discuss their relationships as shown in the table below. 


Property Segments 


Reflexive AB = AB mZ1=mZ1 
Symmetric | If AB= CD, then CD = AB. lf mZ1 = mZ2, then mZ2 = mZ1. 


lf AB = CD and CD = EF, lf mZ1 = mZ2 and mZ2 = mZ3, 
then AB = FF. then mZ1 = m2Z3. 


Transitive 


StudyTip 


Commutative and 
Associative Properties 
Throughout this text we shall 
assume that if a, b, and c are 
real numbers, then the 
following properties are true. 
Commutative Property 

of Addition 

a+b=b+a 
Commutative Property 

of Multiplication 


These properties can be used to write geometric proofs. 


Example 3 


If ZFGJ = ZJGK and ZJGK = ZKGH, then x = 6. 
Write a two-column proof to verify this conjecture. 


Given: ZFG] = ZJGK, ZJGK = ZKGH, 
mZEG] = 6x + 7, mZKGH = 8x —5 


Prove: x=6 


a-b=b-a Proof: 
Associative Property Statements Reasons 
of Addition 


1. mZFGH = 6x + 7,mZKGH = 8x —5 1. Given 


(a+ bh+c=a+(b+o0 
ZFGJ = ZJGK; ZJGK = ZKGH 


Associative Property 
of Multiplication 
(a: b)-C=a-(b-0) 


2. Definition of congruent angles 
. mZFG] = mZJGK; mZJGK = mZKGH 


2 
3. mZFG] = mZKGH Transitive Property of Equality 
4 


PF & 


» 6x +7=8x—5 Substitution Property of Equality 


o 


» 6x+74+5=8x—-—54+5 Addition Property of Equality 


> 


. 6x+12= 8x Substitution Property of Equality 


™ 


Subtraction Property of Equality 


5 
6 
7. 6x + 12 — 6x = 8x — 6x 
8. 12 =2x 8. Substitution Property of Equality 
9 


: 4 = =f 9. Division Property of Equality 
10. 6=x 10. Substitution Property of Equality 
11. x=6 11. Symmetric Property of Equality 
GuidedPractice 


Write a two-column proof to verify each conjecture. 


3A. If ZA = ZB and mZA = 37, 3B. If CD = EF, then y = 8. 
then mZB = 37. 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 State the property that justifies each statement. 
1. IfmZ1 = mZ2 and mZ2 = mZ3, then mZ1 = mZ3. 
2. XY = XY 
3. If5 =x, thenx =5. 


4, If 2x + 5 =11, then 2x = 6. 


Example 2 5. Complete the following proof. 
2 
Given: nae 3 
3 
Prove: y =7 
Proof: 


Statements Reasons 


a. Given 


d. Subtraction Property 


Examples 2-3 PROOF Write a two-column proof to verify each conjecture. 
6. If —4(x-3) + 5x = 24, then x = 12. 


7. If AB = CD, then x = 7. A Cc 
4x—6 ~~ 
B D 


8. CESS ARGUMENTS Mai-Lin measures her heart rate whenever she exercises and tries 
to make sure that she is staying in her target heart rate zone. The American Heart 
Association suggests a target heart rate of T = 0.75(220 — a), where T is a person’s 
target heart rate and a is his or her age. 


a. Prove that given a person’s target heart rate, you can calculate his or her age using 
T 


the formula a = 220 — 075° 


b. If Mai-Lin’s target heart rate is 153, then how old is she? What property justifies 
your calculation? 


Practice and Problem Solving Extra Practice is on page R2. 


Example 1 State the property that justifies each statement. 
9. Ifa + 10 = 20, thena = 10. 
10. If = = —15, then x = —45. 
@ if 4x-5 =x + 12, then 4x = x4 17, 
12. If 5 BC = 2DE, then BC = DE. 


{MfconecteD mogrew-hil.con 139 


State the property that justifies each statement. 
13. If 5(x + 7) = —3, then 5x + 35 = —3. 

14, If mZ1 = 25 and mZ2 = 25, then mZ1 = mZ2. 
15. If AB = BC and BC = CD, then AB = CD. 

16. If 3(x _ 3| = 4, then 3x — 2 = 4. 


Example 2 Css ARGUMENTS Complete each proof. 
17. Given: 3=3* = 32 
Prove: x = —40 
Proof: 


Statements Reasons 


4(8= 54) = 4(32) 


. 8— 3x= 128 


. Subtraction Property 


? 


18. Given: an 4+3=2x—24 


Prove: x = 15 


Proof: 
Statements Reasons 
. Given 
2 . Multiplication Property 
. X+15 = 10x — 120 . # 


. Subtraction Property 


2 


. Division Property 


. Symmetric Property 


Example 3 PROOF Write a two-column proof to verify each conjecture. 


19. If 4 n = 12, thenn = —36. 20. If —3r + $ = 4 thenr= 2 


SCIENCE Acceleration a in feet per second squared, distance traveled d in feet, velocity v 
in feet per second, and time f in seconds are related in the formula d = vt + 5a. 


a. Prove that if the values for distance, velocity, and time are known, then the 
acceleration of an object can be calculated using the formula a = ae 

b. If an object travels 2850 feet in 30 seconds with an initial velocity of 50 feet per 
second, what is the acceleration of the object? What property justifies your 
calculation? 
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~~ 
22. GCSS/ARGUMENTS The Ideal Gas Law is given by the formula PV = nRT, where P = 
pressure in atmospheres, V = volume in liters, 1 = the amount of gas in moles, R is a 
constant value, and T = temperature in degrees Kelvin. 
a. Prove that if the pressure, volume, and amount of the gas are known, then the 
formula T = * gives the temperature of the gas. 


b. If you have 1 mole of oxygen with a volume of 25 liters at a pressure of 
1 atmosphere, what is the temperature of the gas? The value of R is 0.0821. 
What property justifies your calculation? 


PROOF Write a two-column proof. 


23. If DF = EG, then x = 10. 24. If AB = AC, then x = 4. 
D E A 
a vay 3x+15 Bx+7 
a G B C 
(25) If ZY = ZZ, then x = 100. 26. If ZMPN = ZQPN, then x = 16. 
(2x — 90)° 
(x+10)° 


27. ELECTRICITY The voltage V of a circuit can be calculated using the formula V = 5, 

where P is the power and I is the current of the circuit. 

a. Write a proof to show that when the power is constant, the voltage is halved 
when the current is doubled. 

b. Write a proof to show that when the current is constant, the voltage is doubled 
when the power is doubled. 


28. 9? MULTIPLE REPRESENTATIONS Consider a cube with a 
side length of s. 


a. Concrete Sketch or build a model of cubes with side 
lengths of 2, 4, 8, and 16 units. 

b. Tabular Find the volume of each cube. Organize 
your results into a table like the one shown. 


s units 


Side Lenth (s) | Volume (V) 


c. Verbal Use your table to make a conjecture about the change in volume when the 
side length of a cube is doubled. Express your conjecture in words. 


d. Analytical Write your conjecture as an algebraic equation. 


e. Logical Write a proof of your conjecture. Be sure to write the Given and Prove 
statements at the beginning of your proof. 


yy RL 141 (Q)) 


29. PYTHAGOREAN THEOREM The Pythagorean Theorem states that A 
in a right triangle ABC, the sum of the squares of the measures 
of the lengths of the legs, a and b, equals the square of the 


measure of the hypotenuse c, or a? + b2 = c2. Write a two-column b C 
proof to verify that a = Vc* — b2. Use the Square Root Property of 
Equality, which states that if a* = b?, then a = +VD?. C a B 


An equivalence relation is any relationship that satisfies the Reflexive, Symmetric, and 
Transitive Properties. For real numbers, equality is one type of equivalence relation. 
Determine whether each relation is an equivalence relation. Explain your reasoning. 


30. “has the same birthday as,” for the set of all human beings 
(31) “is taller than,” for the set of all human beings 


32. “is bluer than” for all the paint 
colors with blue in them 


33. +, for the set of real numbers 


34. >, for the set of real numbers 


35. ~, for the set of real numbers 


Azure Cerulean Cornflower 


H.0.T. Problems Use Higher-Order Thinking Skills 


36. OPEN ENDED Give one real-world example and one real-world non-example of the 
Symmetric, Transitive, and Substitution properties. 


Va a = 
37, CCSS SENSE-MAKING Point P is located on AB. The length of AP is 2x + 3, and 
the length of PB is = 


> 7 Segment AB is 10.5 units long. Draw a diagram of this 


situation, and prove that point P is located two thirds of the way between point 
A and point B. 


REASONING Classify each statement below as sometimes, always, or never true. Explain 
your reasoning. 


38. If a and b are real numbers and a + b = 0, thena = —b. 


39. Ifa and bare real numbers and a2 = b, thena = Vb. 


40. CHALLENGE Ayana makes a conjecture that the sum of two odd integers is an 
even integer. 


a. List information that supports this conjecture. Then explain why the information 
you listed does not prove that this conjecture is true. 


b. Two odd integers can be represented by the expressions 2n — 1 and 2m — 1, where n 
and m are both integers. Give information that supports this statement. 


c. If a number is even, then it is a multiple of what number? Explain in words how 
you could use the expressions in part a and your answer to part b to prove Ayana‘s 
conjecture. 


d. Write an algebraic proof that the sum of two odd integers is an even integer. 


41. EA) WRITING IN MATH Why is it useful to have different formats that can be used when 
writing a proof? 
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Standardized Test Practice 


42. In the diagram, mZCFE = 90 and ZAFB = ZCFD. 44, ALGEBRA Kendra’s walk-a-thon supporters have 
Which of the following conclusions does not pledged $30 plus $7.50 for each mile she walks. 
have to be true? Rebecca’s supporters have pledged $45 plus 

$3.75 for each mile she walks. After how many 

miles will Kendra and Rebecca have raised the 
same amount of money? 

F 10 

G 8 


H5 
A mZBFD = mZBFD J4 


B BF bisects ZAFD. 
C mZCFD = mZAFB 
D ZCFE isa right angle. 


45. SAT/ACT When 17 is added to 4m, the result 
is 15z. Which of the following equations 


represents the statement above? 
43. SHORT RESPONSE Find the measure of ZB when 


B (4m)(15z) = 17 E 4m +17 =15z 


eae ee ae 


B 


Spiral Review 


Determine whether the following statements are always, sometimes, or never true. 
Explain. (Lesson 2-5) 


46. Four points will lie in one plane. 47. Two obtuse angles will be supplementary. 
48. Planes P and Q intersect in line m. Line m lies in both plane P and plane Q. 
49. ADVERTISING An ad for Speedy Delivery Service says When it has to be there fast, it has to 


be Speedy. Catalina needs to send a package fast. Does it follow that she should use 
Speedy? Explain. (Lesson 2-4) 


Write the ordered pair for each point shown. (Lesson 0-7) 


50. A 51. B 
52. C 53. D 
54. E 55. F 


Skills Review 


Find the measurement of each segment. Assume that each figure is not drawn 


to scale. 

56. ST 57. WX 58. BC 
R12cm § T |}-——- 4.8 cm | A B Cc D 
— o—{_e—_|_e_—_ 


|}+—— 4.0 cm ——+ Ww x Y +35 in. —| 
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Proving Segment Relationships 


:- Then :- Now :-Why? 


@ You wrote algebraic @ Write proofs involving @ Emma works at a fabric store 
and two-column segment addition. after school. She measures a 
proofs. length of fabric by holding the 

straight edge of the fabric 

against a yardstick. To measure 
lengths such as 39 inches, 
which is longer than the 
yardstick, she marks a length 
of 36 inches. From the end of 
that mark, she measures an 
additional length of 3 inches. 

This ensures that the total 

length of fabric is 36 + 3 

inches or 39 inches. 


Write proofs involving 
segment congruence. 


ileal 


(CSS) ea ae de Ruler Postulate In Lesson 1-2, you measured segments with a ruler by matching 
a the mark for zero with one endpoint and then finding the number on the ruler that 


Content Standards corresponded to the other endpoint. This illustrates the Ruler Postulate. 
G.CO.9 Prove theorems 


about lines and angles. 


G.C0.12 Make formal Postulate 2.8 Ruler Postulate 
geometric constructions with 
a variety of tools and Words The points on any line or line segment can be put into one-to-one correspondence 


methods (compass and 


eran eeeeeane with real numbers. 


reflective devices, paper Symbols Given any two points A and B on a line, if A corresponds to zero, then B corresponds 
folding, dynamic geometric to a positive real number. 
software, etc.). 
A B 

Mathematical Practices 
2 Reason abstractly and I 

quantitatively. ee) as 
3 Construct viable 

arguments and critique 0 1 2 3 

the reasoning of others. 


In Lesson 1-2, you also learned about what it means for a point to be between two other 
points. This relationship can be expressed as the Segment Addition Postulate. 


Postulate 2.9 Segment Addition Postulate 


Words If A, B, and C are collinear, then point B is between A and Cif and only if AB + BC = AC. 
Symbols - AB -|+— BC —| 
A B C 


A OO 0 


: Ac 7 


sabew| Aye9/alydes6oay jeuoneN/ZMoN pPueyoiYy 


The Segment Addition Postulate is used as a justification in many geometric proofs. 
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ReadingMath 


Substitution Property The 
Substitution Property of 
Equality is often just written 
as Substitution. 


VocabularyLink 
Symmetric 


Everyday Use balanced or 
proportional 

Math Use If a = 5, then 
b=a. 


Example 1 


Given: CE = FE; ED = EG 
Prove: CD = FG 


Prove that if CE = FE and ED = EG then CD = FG. Cc 


Copy and complete the proof. 
1. Given: Le KM 


Prove: JK =IM 


Proof: D 
Statements Reasons 

1. CE=FE;ED=EG 1. Given 

2. CE = FE; ED = EG 2. Definition of congruence 

3. CE + ED = CD 3. Segment Addition Postulate 
4. FE+ EG=CD 4. Substitution (Steps 2 & 3) 

5. FE+ EG=FG 5. Segment Addition Postulate 
6. CD = FG 6. Substitution (Steps 4 & 5) 

7. CD =FG 7. Definition of congruence 
GuidedPractice 


i 


e. JK + KL— KL= KL+ LM — KL 
f. ? 
g. /JK=LM 


Proof: 
Statements Reasons 
a. J/L= KM a. Given 
b. JL = KM b. ? 
c.JK+KL= ? ;KL+LM=_?_ c. Segment Addition Postulate 
d. /K + KL=KL+ LM d. ? 


e. Subtraction Property of Equality 
f. Substitution 


. Definition of congruence 


Segment Congruence In Lesson 2-6, you saw that segment measures are reflexive, 
symmetric, and transitive. Since segments with the same measure are congruent, 
congruence of segments is also reflexive, symmetric, and transitive. 


| Theorem 2.2 Properties of Segment Congruence 


Reflexive Property of Congruence 


AB = AB 


Symmetric Property of Congruence 


Transitive Property of Congruence 
\ 


lf AB = CD, then CD = AB. 


lf AB = CDand CD = EF, then AB = EF. 


You will prove the Symmetric and Reflexive Properties in Exercises 6 and 7, respectively. 
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_ Proof Transitive Property of Congruence 


Given: AB = CD; CD = EF B FE 
Prove: AB = EF 1 rte 
Paragraph Proof: 


Since AB = CD and CD = EF, AB = CD and CD = EF by the definition of congruent segments. By the 
Transitive Property of Equality, AB = EF. Thus, AB = EF by the definition of congruence. 


Pr] 


VOLUNTEERING The route for a charity fitness run is shown. Checkpoints X and Z 
are the midpoints between the starting line and Checkpoint Y and Checkpoint Y 
and the finish line F, respectively. If Checkpoint Y is the same distance from 
Checkpoints X and Z, prove that the route from Checkpoint Z to the finish line is 
congruent to the route from the starting line to Checkpoint X. 


Real-World Example 2 


Starting Line Finish Line 5 


Real-WorldLink x Z Checkpoint 


According to a recent poll, 
70% of teens who volunteer 
began doing so before age ea 
12. Others said they would : : . . = . : Tr 

volunteer if given more Given: X is the midpoint of SY. Z is the midpoint of YF. XY = YZ 
opportunities to do so. Prove: ZF = SX 


Source: Youth Service America 


Y Checkpoint 


Two-Column Proof: 


Statements Reasons 
1. X is the midpoint of SY. Z is the 1. Given 

midpoint of YF. XY = YZ 
2. SX = XY; YZ = ZF 2. Definition of midpoint 
3. XY = YZ 3. Definition of congruence 
4. SX=YZ 4. Transitive Property of Congruence 
5. SX = ZF 5. Transitive Property of Congruence 
6. ZF = SX 6. Symmetric Property of Congruence 
GuidedPractice 


2. CARPENTRY A carpenter cuts a 2” x 4” board toa 
desired length. He then uses this board as a pattern 
to cut a second board congruent to the first. Similarly, 
he uses the second board to cut a third board and the 
third board to cut a fourth board. Prove that the last 
board cut has the same measure as the first. 
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Check Your Understanding 


Example 1 1. CSS) ARGUMENTS Copy and complete the proof. en 
Given: LK = NM, K] = MJ 
Prove: LJ = NJ a 
Proof: KL 


Statements Reasons 
. LK= NM, KJ = MJ a? 
? b. Def. of congruent segments 
. LK+ kKJ= NM+ MJ Cc 86? 
d. Segment Addition Postulate 


Example 2 2. PROOF Prove the following. 
Given: WX = YZ Ww xXx Y Z 
Prove: WY = XZ 


SCISSORS Refer to the diagram shown. 
AR is congruent to CR. DR is congruent 
to BR. Prove that AR + DR = CR + BR. 


Practice and Problem Solving Extra Practice is on page R2. 


Example 1 4. CESS ARGUMENTS Copy and complete the proof. 
Given: C is the midpoint of AE. a a 
C is the midpoint of BD. C 
AE = BD 
Prove: AC = CD 
Proof: 
Statements Reasons 
4 a. Given 
. AC = CE, BC = CD b. ? 
. AE= BD . ? 
? d. Segment Addition Postulate 


. AC + CE= BC+ CD e. ? 


. AC + AC = CD + CD f. ? 
g. Simplify. 
h. Division Property 


i. ? 
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Example 2 5. TILING A tile setter cuts a piece of tile to a desired length. He then uses this tile as a 
pattern to cut a second tile congruent to the first. He uses the first two tiles to cut a 
third tile whose length is the sum of the measures of the first two tiles. Prove that the 
measure of the third tile is twice the measure of the first tile. 


Ess ARGUMENTS Prove each theorem. 
6. Symmetric Property of Congruence (Theorem 2.2) 
(7) Reflexive Property of Congruence (Theorem 2.2) 


8. TRAVEL Four cities in New York are connected by Interstate 90: Buffalo, Utica, Albany, 
and Syracuse. Buffalo is the farthest west. 


e Albany is 126 miles from Syracuse and 263 miles from Buffalo. 
¢ Buffalo is 137 miles from Syracuse and 184 miles from Utica. 


a. Draw a diagram to represent the locations of the cities in relation to each other and 
the distances between each city. Assume that Interstate 90 is straight. 


b. Write a paragraph proof to support your conclusion. 


PROOF Prove the following. 


9. If SC = HR and HR = AB, 10. If VZ = VY and WY = XZ, 
then SC = AB. then VW = VX. 
S Cc ir 
H R ai 
- Uf ae 
Z 
11. If E is the midpoint of DF and 12. If B is the midpoint of AC, 
CD = FG, then CE = EG. D is the midpoint of CE, 
EF FG and AB = DE, then AE = 4AB. 


A B Cc D E 


o—___e____e—__e—_ 


H 


13. OPTICAL ILLUSION AC = GI, FE = LK, and A D 
AC + CF+FE=GI+IL+LK. Ye KK 
CPI, G J 
a. Prove that CF = IL. 8 : 
b. Justify your proof using measurement. / <> L 
Explain your method. 
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14. CONSTRUCTION Construct a segment that is twice as long as PQ. —_—__ 
Explain how the Segment Addition Postulate can be used to 
justify your construction. 


S Second 


(15) BASEBALL Use the diagram of a baseball diamond shown. 


a. On the diagram, SH = TF. P is the midpoint of SH _ 
and TF. Using a two-column proof, prove that SP = TP. 


b. The distance from home plate to second base is 127.3 feet. 
What is the distance from first base to second base? 


16. 69? MULTIPLE REPRESENTATIONS A is the midpoint of PQ, B is the midpoint of PA, 
and C is the midpoint of PB. 


a. Geometric Make a sketch to represent this situation. 
b. Algebraic Make a conjecture as to the algebraic relationship between PC and PQ. 


c. Geometric Copy segment PQ from your sketch. Then construct points B and C 
on PQ. Explain how you can use your construction to support your conjecture. 


d. Concrete Use a ruler to draw a segment congruent to PQ from your sketch and 
to draw points B and C on PQ. Use your drawing to support your conjecture. 


e. Logical Prove your conjecture. 


H.0.T. Problems Use Higher-Order Thinking Skills 


lA SS a 
17. C€SS/ CRITIQUE In the diagram, AB = CD and CD = BF. B C 
Examine the conclusions made by Leslie and Shantice. 
Is either of them correct? 


Shantice 


Since AB = CD and CD = BE, 


Leslie 
Since AB — Co: OMA 
CD = BF, then AB = AF then AB = BE by the Reflexive 


Property of Congruence. 


by the Tvausitive 


Property of Congruence 


18. CHALLENGE ABCD is a square. Prove that AC = BD. 
19. WRITING IN MATH Does there exist an Addition Property of Congruence? Explain. 


20. REASONING Classify the following statement as true or false. If false, provide a 
counterexample. 


If A, B, C, D, and E are collinear with B between A and C, C between B and D, and D between 
Cand E, and AC = BD = CE, then AB = BC = DE. 


21. OPEN ENDED Draw a representation of the Segment Addition Postulate in which the 
segment is two inches long, contains four collinear points, and contains no congruent 
segments. 


22. WRITING IN MATH Compare and contrast paragraph proofs and two-column proofs. 
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Standardized Test Practice 


23. ALGEBRA The chart below shows annual 24. ALGEBRA Which expression is equivalent to 
recycling by material in the United States. About Dy. 
how many pounds of aluminum are recycled Ax-8 * 
each year? 1 H 8x2 
, 3x 
Annual Recycling 4 ‘ x! 
35 G 3x ios 
@ 30 
ve S 25 
3 20 25. SHORT RESPONSE The measures of two 
Se 15 complementary angles are in the ratio 4:1. What 
== 10 is the measure of the smaller angle? 
ie 
0 _ 

§ ¢ € & 26. SAT/ACT Julie can word process 40 words per 
€ : = = minute. How many minutes will it take Julie to 
™ word process 200 words? 

Material 
A 0.5 D 10 
A 7.5 C 7,500,000 B2 E12 
B 15,000 D 15,000,000,000 C5 


Spiral Review 


27. PROOF Write a two-column proof. (Lesson 2-6) i, 68. oC 
Given: AC = DF 


oe 
Prove: BC = EF 
28. MODELS Brian is using six squares of cardboard to form a rectangular prism. What 


geometric figure do the pieces of cardboard represent, and how many lines will be 
formed by their intersections? (Lesson 2-5) 


29. PATTERN BLOCKS Pattern blocks can be arranged to fit in a circular pattern without 
leaving spaces. Remember that the measurement around a full circle is 360°. 
Determine the degree measure of the numbered angles shown below. (Lesson 1-4) 


Simplify. (Lesson 0-9) 


30. 48 31. 162 32. V.25a°b4 33. \/45xy3 


Skills Review 


ALGEBRA Find x. 


34, (5x — 2)° 35. 36. 
: 2x° 
(8x + 1) 14x° / (8x4 4)° 
4x? 
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Proving Angle Relationships 


Why? 


@ You identified and @ Write proofs involving @ Jamal’s school is building a walkway 
used special pairs supplementary and that will include bricks with the Ss 
of angles. complementary names of graduates from each class. i, 
angles. All of the bricks are rectangular, so 
when the bricks are laid, all of the a 


Write proofs involving 
congruent and right 
angles. 


angles form linear pairs. ; 


Supplementary and Complementary Angles The Protractor Postulate 
illustrates the relationship between angle measures and real numbers. 


~.ec\) Common Core 
State Standards 


Content Standards 


G.C0.9 Prove theorems mn 
about lines and angles. Postulate 2.10 Protractor Postulate 
i i i TENT, 

Mathematical Practices Words _ Given any angle, the measure can be Re 

3 Construct viable + int ' Ore 1 90 P10 Mm, 

arguments and critique put into one-to-one correspondence ss ees i i fe mn 
the reasoning of others. with real numbers between 0 and 180. < Ns ice S ats a fe a Yo Cc 
a xe “ a! 

Ne deed Example If BA is placed along the &> ; 2, 
protractor at 0°, then the CY JN 
measure of ZABC oo an 4a 
corresponds to a positive Eee as 
real number. — = 

A 


\ 


In Lesson 2-7, you learned about the Segment Addition Postulate. A similar relationship 
exists between the measures of angles. 


Postulate 2.11 Angle Addition Postulate 


Dis in the interior of Z ABC if and only if 


° B Cc 
mZ ABD + mZDBC = mZ ABC. (x+y) ; 
A x 
D 


Example 1 
Find mZ1 if mZ2 = 56 and mZJKL = 145. J K 
mZ1 + mZ2 = mZJKL Angle Addition Postulate 2/4 L 
mZ1 + 56 = 145 mZ2 = 56 mZJKL = 145 
mZ1 + 56 — 56 = 145 — 56 Subtraction Property of Equality 
mZ1 = 89 Substitution 


GuidedPractice 


1. If mZ1 = 23 and mZABC = 131, find the measure 
of 23. Justify each step. 


FOTOG/Tetra Images/Photolibrary 
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The Angle Addition Postulate can be used with other angle relationships to provide 
additional theorems relating to angles. 


crab ien lps ie 2.3 Supplement Theorem If two angles form a linear pair, 
ids ROWAN FaG RH ELIRCAE then they are supplementary angles. \9 
Pair Theorem. Example mZ1 + mZ2 = 180 


2.4 Complement Theorem If the noncommon sides of two 
adjacent angles form a right angle, then the angles are 
complementary angles. 


Example mZ1 + mZ2 = 90 


You will prove Theorems 2.3 and 2.4 in Exercises 16 and 17, respectively. 


Real-World Example 2 


SURVEYING Using a transit, a surveyor sights the top of a hill and records an angle 
measure of about 73°. What is the measure of the angle the top of the hill makes 
with the horizon? Justify each step. 


Understand Make a sketch of the situation. The surveyor is measuring the angle of his 
line of sight below the vertical. Draw a vertical ray and a horizontal ray 
from the point where the surveyor is sighting the hill, and label the angles 
formed. We know that the vertical and horizontal rays form a right angle. 


Plan Since 21, and 22 forma right angle, you can use the Complement 


Theorem. 
Solve mZ1+mZ2 = 90 Complement Theorem 
73 + mZ2 = 90 mZ1=73 


73 + mZ2 — 73 = 90 — 73 Subtraction Property of Equality 
mZ2 = 17 Substitution 


The top of the hill makes a 17° angle with the horizon. 


Check Since we know that the sum of the angles should be 90, check your math. 


ReviewVocabulary 
The sum of 17 and 73 is 90. ¥ 


supplementary angles two 
angles with measures that 
add to 180 


complementary angles two 
angles with measures that 
add to 90 

linear pair a pair of adjacent 
angles with noncommon 
sides that are opposite rays 


GuidedPractice 


2. 26 and 27 form linear pair. If mZ6 = 3x + 32 
and mZ7 = 5x + 12, find x, mZ6, and mZ7. 
Justify each step. 


‘. 
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ReadingMath 


Abbreviations and Symbols 
The notation 4 means 
angles. 


Congruent Angles The properties of algebra that applied to the congruence of 
segments and the equality of their measures also hold true for the congruence of 
angles and the equality of their measures. 


-— — 


Theorem 2.5 Properties of Angle Congruence 


Reflexive Property of Congruence 
41= 21 


1 
Symmetric Property of Congruence L/ 
If 21 = 22, then 22 = 21. /\ 

3 


Transitive Property of Congruence 


lf Z1 = Z2 and 22 = Z3, then 21 = 23. 
\ 


You will prove the Reflexive and Transitive Properties of Congruence in Exercises 18 and 19, respectively. 


— = 


Proof Symmetric Property of Congruence 


Given: ZA= ZB 
Prove: ZB= ZA 
es 
Paragraph Proof: 
B 


We are given ZA = ZB. By the definition of congruent 
angles, mZA = mZB. Using the Symmetric Property of 
Equality, mZB = mZA. Thus, ZB = ZA by the definition 
of congruent angles. 
\ SS 


Algebraic properties can be applied to prove theorems for congruence relationships 
involving supplementary and complementary angles. 


| Theorems 


2.6 Congruent Supplements Theorem 
Angles supplementary to the same angle or to 5 


congruent angles are congruent. 


Abbreviation 4 suppl. to same Z or = 4 are =. 3 


Example If mZ1 + mZ2 = 180 and 
mZ2 + mZ3 = 180, then 71 = 23. 


2.7 Congruent Complements Theorem 
Angles complementary to the same angle or to 
congruent angles are congruent. : ce 
6 


Abbreviation 4 compl. to same Z or = A are =. 


Example lf mZ4 + mZ5 = 90 and 
mZ5 + mZ6 = 90, then 24 = Z6. 


You will prove one case of Theorem 2.6 in Exercise 6. 
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Given: 21 and 22 are supplementary. 
Z2 and Z3 are supplementary. 


Prove: 21 = 23 
Proof: 
Statements 


Z2 and Z3 are supplementary. 


2. mZ1 + mZ2 = 180; 
mZ2 + mZ3 = 180 


Proof One Case of the Congruent Supplements Theorem 


SA! 


Reasons 
1. Given 


2. Definition of supplementary angles 


1. Z1 and 22 are supplementary. 


Given: 22 and 24 are vertical angles. 
Prove: 22 = 24 


Prove that vertical angles 2 and 4 in the photo at the left are congruent. 


3. mZ1 + mZ2= mZ2 + mZ3 3. Substitution 
4, mZ2 = mZ2 4. Reflexive Property 
5. mZ1 = mZ3 5. Subtraction Property 
6. 21 = 23 6. Definition of congruent angles 
\ 
a] 
Example 3 


Real-WorldLink 2. 22 and 24 are nonadjacent angles 
The 100-story John Hancock formed by intersecting lines. 


Building uses huge X-braces 3. 22 and Z3 from a linear pair. 


in its design. These diagonals 43 and 24 form a linear pair. 
are connected to the exterior 
columns, making it possible 4. 22 and 23 are supplementary. 


for strong wind forces to be 23 and 24 are supplementary. 
carried from the braces to the 5. 22= 24 

exterior columns and back. 
Source: PBS 


J » GuidedPractice 


3. In the figure, ZABE and ZDBC are right angles. 


Prove that ZABD = ZEBC. 


ReviewVocabulary 


Vertical Angles two 
nonadjacent angles formed 
by intersecting lines 


Proof: 
Statements Reasons 
1. 22 and £4 are vertical angles. 1. Given 


2. Definition of vertical angles 
3. Definition of a linear pair 
4, Supplement Theorem 


5. 4 suppl. to same Z or = A are =. 


Note that in Example 3, 21 and Z3 are vertical angles. The conclusion in the example 
supports the following Vertical Angles Theorem. 


| Theorem 2.8 Vertical Angles Theorem 


Abbreviation Vert. A are =. 


Example Z1= Z3and 22= 24 


\ 


If two angles are vertical angles, then they are congruent. 


You will prove Theorem 2.8 in Exercise 28. 
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ReadingMath 


Perpendicular Recall from 
Lesson 1-5 that the symbol 
means is perpendicular to. 


Example 4 
Prove that if DB bisects ZADC, then 22 = 23. 


—_ 
Given: DB bisects ZADC. 
Prove: 22= 23 


Proof: 


Statements Reasons 


=> 
. DB bisects ZADC. 
21222 


. Given 


1 

2 

3. Z1 and Z3 are vertical angles. 
4.23=21 

5. 23 = 22 

6. 22 = 23 


ao a fF WwW Ye = 


GuidedPractice 


mZA. Justify each step. 


. Vert. & are =. 


. Definition of angle bisector 


. Definition of vertical angles 


. Transitive Property of Congruence 


. Symmetric Property of Congruence 


4. If 23 and 24 are vertical angles, mZ3 = 6x + 2, and mZ4 = 8x — 14, find mZ3 and 


The theorems in this lesson can be used to prove the following right angle theorems. 


Theorem 


Theorems Right Angle Theorems 


Example 


2.9 Perpendicular lines intersect to form four right angles. 
Example If AC aa DB, then 21, 22, Z3, and Z4 are rt. A. 


2.10 All right angles are congruent. 


Example If 21, 22, 23, and 24 are rt. 4, then 
212222 23= £4. 


2.11 Perpendicular lines form congruent adjacent angles. 


—= —= 
Example If AC | DB,then 21 = 22,22 = 24, 23 = Z4, 
and 71 = 23. 


2.12 If two angles are congruent and supplementary, then each angle 
is a right angle. 


Example If 75 = 26 and 25 is suppl. to 26, then 25 and 26 
arert.A. 


2.13 If two congruent angles form a linear pair, then they are 
right angles. 


Example If 77 and 28 form a linear pair, then 77 and 28 


arert. 4. 


You will prove Theorems 2.9—2.13 in Exercises 22-26. 


aS 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Find the measure of each numbered angle, and name the 
theorems that justify your work. ra: 4 
5 
@n2 =26 2. mZ2 =x,mZ3 =x — 16 : 


3. mZ4=2x,mZ5=x+9 4 mZ4=3(x—-1),mZ5=x+4+7 


Example 2 5. PARKING Refer to the diagram of the parking lot at the 
right. Given that 22 = 26, prove that 24 = 28. 


Example 3 6. PROOF Copy and complete the proof of one case of Theorem 2.6. 


Given: 21 and Z3 are complementary. 2 
22 and Z3 are complementary. a 
Prove: 21 = 22 , 3 


Proof: 
Statements Reasons 


. Z1 and 23 are complementary. 
Z2 and Z3 are complementary. 


. MZ1 + mZ3 = 90; 
mZ2 + mZ3 = 90 


» mZ1+mZ3= mZ2+ mZ3 : ? 

: ? . Reflexive Property 
. mZ1=mZ2 
. 21222 


<eee, 

Example 4 7. CSS ARGUMENTS Write a two-column proof. 
Given: 24 = 27 4 7 
Prove: 25 = 26 


Practice and Problem Solving Extra Practice is on page R2. 


Examples 1-3 Find the measure of each numbered angle, and name the theorems used that 
justify your work. 


8. mZ5 = mZ6 9. 22 and Z3 are 10. 22 and 24 and 
5XDO complementary. Z4 and 45 are 
; : 41 = Z4 and supplementary. 
mZ2 = 28 mZA4 = 105 
1]2 6 2\38 4/5 
4 


wen 
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Find the measure of each numbered angle and name the theorems used that 
justify your work. 


11. mZ9 = 3x +12 12. mZ3 = 2x + 23 (13) mz = 2% = 21 
mZ10 =x —24 mZ4 = 5x —112 mZ7 = 3x — 34 


Example 4 PROOF Write a two-column proof. 


14. Given: ZABC is a right angle. 15. Given: 45 = 46 
Prove: ZABD and ZCBD are Prove: 24 and 46 are 
complementary. supplementary. 
A 
2 5/4 6 
Bc 


Write a proof for each theorem. 

16. Supplement Theorem 

17. Complement Theorem 

18. Reflexive Property of Angle Congruence 


19. Transitive Property of Angle Congruence 


20. FLAGS Refer to the Florida state flag at the right. Prove that the 
sum of the four angle measures is 360. 


_> 
21. CESS ARGUMENTS The diamondback rattlesnake is a pit viper with a diamond pattern 
on its back. An enlargement of a skin is shown below. If 21 = 24, prove that 22 = 23. 


PROOF Use the figure to write a proof of each theorem. 
22. Theorem 2.9 1 

23. Theorem 2.10 

24. Theorem 2.11 

25. Theorem 2.12 

26. Theorem 2.13 
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27. CESS ARGUMENTS To mark a specific tempo, the weight 
on the pendulum of a metronome is adjusted so that it 
swings at a specific rate. Suppose ZABC in the photo is 
a right angle. If mZ1 = 45, write a paragraph proof to 
show that BR bisects ZABC. 


28. PROOF Write a proof of Theorem 2.8. 


(29) GEOGRAPHY Utah, Colorado, Arizona, and New Mexico 
all share a common point on their borders called 
Four Corners. This is the only place where four states 
meet ina single point. If 22 is a right angle, prove that 
lines £ and m are perpendicular. 


30. 9%? MULTIPLE REPRESENTATIONS In this problem, you will explore angle relationships. 
a. Geometric Draw a right angle ABC. Place point D in the interior of this angle and 
> — 
draw BD. Draw KL and construct ZJKL congruent to ZABD. 
b. Verbal Make a conjecture as to the relationship between ZJKL and ZDBC. 
c. Logical Prove your conjecture. 


H.0.T. Problems Use Higher-Order Thinking Skills 


31. OPEN ENDED Draw an angle WXZ such that mZWXZ = 45. Construct ZYXZ congruent 
to ZWXZ. Make a conjecture as to the measure of ZWXY, and then prove your 
conjecture. 


32. WRITING IN MATH Write the steps that you would use to complete the proof below. 
Given: BC = CD, AB = SBD A B cD 


eo—____e______e_® 
Prove: AB = CD 


33. CHALLENGE In this lesson, one case of the Congruent Supplements Theorem was 
proven. In Exercise 6, you proved the same case for the Congruent Complements 
Theorem. Explain why there is another case for each of these theorems. Then write 
a proof of this second case for each theorem. 


34, REASONING Determine whether the following statement is sometimes, always, 
or never true. Explain your reasoning. 


If one of the angles formed by two intersecting lines is acute, 
then the other three angles formed are also acute. 


35. WRITING IN MATH Explain how you can use your protractor to quickly find the measure 
of the supplement of an angle. 
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Standardized Test Practice 


36. GRIDDED RESPONSE What is the mode of this set 38. ALGEBRA Simplify. 
of data? 4(3x — 2)(2x + 4) + 3x2 + 5x —6 
4,3, —2,1,4,0,1,4 F 9x2 + 3x — 14 
37. Find the measure of ZCFD. G 9x2 + 13x — 14 


H 27x? + 37x — 38 
J 27x? + 27x — 26 
39. SAT/ACT On a coordinate grid where each unit 
represents 1 mile, Isabel’s house is located at 


(3, 0) and a mall is located at (0, 4). What is the 
distance between Isabel’s house and the mall? 


A 3 miles D 13 miles 
B 5 miles E 25 miles 
C 12 miles 


Spiral Review 


40. MAPS Ona U.S. map, there is a scale that lists kilometers on the top and miles 
on the bottom. 


Suppose AB and CD are segments on this map. If AB = 100 kilometers and 
CD = 62 miles, is AB = CD? Explain. (Lesson 2-7) 
State the property that justifies each statement. (Lesson 2-6) 
41. Ify+7=5,theny = —2. 42. If MN = PQ, then PQ = MN. 
43. Ifa-b=xandb =3,thena—-3=x. 44, Ifx(y +z) =4, then xy + x4z = 4. 
Determine the truth value of the following statement for each set of conditions. 
If you have a fever, then you are sick. (Lesson 2-3) 
45. You do not have a fever, and you are sick. 
46. You have a fever, and you are not sick. 
47. You do not have a fever, and you are not sick. 


48. You have a fever, and you are sick. 


Skills Review 


Refer to the figure. 

49. Name a line that contains point P. je Gas 
50. Name the intersection of lines 7 and m. ew = Ss 

51. Name a point not contained in lines £m, orn. _ U 


52. What is another name for line 1? 


53. Does line @ intersect line m or line 1? Explain. 
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Study Guide and Review 


Study Guide 


I ———— eg 
KeyConcepts KeyVocabulary S 


Inductive Reasoning and Logic (Lessons 2-1 and 2-2) algebraic proof (p. 136) if-then statement (p. 107) 
e Inductive reasoning: a conjecture is reached based on axiom (p. 127) inductive reasoning (p. 91) 
observations of a previous pattern compound statement (p.99) _ informal proof (p. 129) 


e Counterexample: an example that proves a conjecture is false 
e Negation of statement p: not p 
e Conjunction: a compound statement formed with the word and 


conclusion (p. 107) inverse (p. 109) 
conditional statement (p.107) logically equivalent (p. 110) 


aoe conjecture (p. 91) negation (p. 99) 
e Disjunction: a compound statement formed with the word or a 
conjunction (p. 99) paragraph proof (p. 129) 
ues t iti : : 
Conditional Statements (Lesson 2-3) een anole tare postulate: Ae} 
converse (p. 109) proof (p. 128) 


¢ Anif-then statement is written in the form if p, then qin which i- 
pis the hypothesis and qis the conclusion. counterexample (p. 94) related conditionals (p. 109) 


atement pq deductive argument (p.i29) statement (p. 99) 

converse qg—p deductive reasoning (p.1i7) theorem (p. 129) 

inverse not p — not g disjunction (p. 100) truth table (p. 101) 

contrapositive not g — not p formal proof (p. 137) truth value (p. 99) 

hypothesis (p. 107) two-column proof (p. 137) 
Deductive Reasoning ((esson 2-4) V ETT 
e Law of Detachment: If p — qis true and pis true, then qis pcanuraryyne’ 
also true. State whether each sentence is true or false. If false, replace the 
e Law of Syllogism: If p — gq and q — rare true, then p — ris underlined term to make a true sentence. 
SONS: 1. A postulate is a statement that requires proof. 

Proof (Lessons 2-5 through 2-8) 2. The first part of an if-then statement is the conjecture. 
EXERT List the given information and draw a diagram, 3. Deductive reasoning uses the laws of mathematics to reach 

if possible. logical conclusions from given statements. 
Step 2) State what is to be proved. 4. The contrapositive is formed by negating the hypothesis and 
FXG] Create a deductive argument. conclusion of a conditional. 
ES°Z] Justify each statement with a reason. 5. A conjunction is formed by joining two or more statements 
EX State what you have proved. with the word and. 

6. A theorem is a statement that is accepted as true without proof. 
FOLDABLES} StudyOrganizer 7. The converse is formed by exchanging the hypothesis and 
ell 


: conclusion of a conditional. 


Be sure the Key Concepts 
are noted in your Foldable. 


ae 8. To show that a conjecture is false, you would provide a 


9. The inverse of a statement p would be written in the form not p. 


OReasoning© and Proof 0 


: 10. In atwo-column proof, the properties that justify each step are 
called reasons. 


RN 
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Lesson-by-Lesson Review 


Inductive Reasoning and Conjecture 


Determine whether each conjecture is true or false. If false, 
give a counterexample. 


11. If Z1 and 22 are supplementary angles, then 21 and 22 
form a linear pair. 

12. If W(—3, 2), X(—3, 7), Y(6, 7), Z(6, 2), then quadrilateral 
WXYZ is a rectangle. 

13. PARKS Jacinto enjoys hiking with his dog in the forest at 
his local park. While on vacation in Smoky Mountain 
National Park in Tennessee, he was disappointed that dogs 
were not allowed on most hiking trails. Make a conjecture 
about why his local park and the national park have 
differing rules with regard to pets. 


Use the following statements to write a compound statement 
for each conjunction or disjunction. Then find its truth value. 
Explain. 


p:A plane contains at least three noncollinear points. 
q: A square yard is equivalent to three square feet. 


r: The sum of the measures of two complementary 
angles is 180. 


14. ~qvr 15. pA-r 16. ~pVq 


17. PETS The Venn diagram shows the results of a pet store 
survey to determine the pets customers owned. 


a. How many customers had only fish? 
b. How many had only cats and dogs? 


c. How many had dogs as well as fish? 


Example 1 

Determine whether each conjecture is true or false. lf false, 

give a counterexample. 

a. C= d, d= cis an example of a property of real 
numbers. 
c= d,d=cis an example of the Symmetric Property 
of real numbers, so the conjecture is true. 
. If AB+ CD= AD, then Band Care between A and D. 


This conjecture is false. In the figure below, 
AB + CD = AD, but Band Care not between 
Aand D. 


Example 2 


Use the following statements to write a compound 
statement for each conjunction or disjunction. Then 
find its truth value. Explain. 


p:x?isa nonnegative number. 


q: Adjacent angles lie in the same plane. 
r: A negative number is not a real number. 
a ~qAr 


~q (A r: Adjacent angles do not lie in the same plane, 
and a negative number is not a real number. 


Since both ~qg and rare false, ~q A ris false. 
. porr 


por r: X* is a nonnegative number, or a negative number 
is not a real number. 


por ris true because pis true. It does not matter that 
ris false. 
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Study Guide and Review continued 


Conditional Statements 


Determine the truth value of each conditional statement. If 
true, explain your reasoning. If false, give a counterexample. 


18. If you square an integer, then the result is a positive 
integer. 


19. If a hexagon has eight sides, then all of its angles will 
be obtuse. 


20. Write the converse, inverse, and contrapositive of the 
following true conditional. Then, determine whether each 
related conditional is true or false. If a statement is false, 
find a counterexample. 


If two angles are congruent, then they have the same 
degree measure. 


Deductive Reasoning 


Draw a valid conclusion from the given statements, if 
possible. Then state whether your conclusion was drawn 
using the Law of Detachment or the Law of Syllogism. If no 
valid conclusion can be drawn, write no valid conclusion 
and explain your reasoning. 


21. Given: If a quadrilateral has diagonals that bisect each 
other, then it is a parallelogram. 


The diagonals of quadrilateral PORS bisect each other. 


. Given: If Liana struggles in science class, then she will 
receive tutoring. 


If Liana stays after school on Thursday, then she will 
receive tutoring. 


. EARTHQUAKES Determine whether the stated conclusion 
is valid based on the given information. If not, write invalid. 
Explain. 


Given: If an earthquake measures a 7.0 or higher on the 
Richter scale, then it is considered a major earthquake that 
could cause serious damage. The 1906 San Francisco 
earthquake measured 8.0 on the Richter scale. 


Conclusion: The 1906 San Francisco earthquake was a 
major earthquake that caused serious damage. 
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Example 3 


Write the converse, inverse, and contrapositive of the 
following true conditional. 


If a figure is a square, then it is a parallelogram. 


Converse: If a figure is a parallelogram, then it is 
a square. 


Inverse: If a figure is not a square, then it is not 
a parallelogram. 


Contrapositive: If a figure is not a parallelogram, then it 
is not a square. 


Example 4 


Use the Law of Syllogism to determine whether a valid 
conclusion can be reached from the following statements. 


(1) If the measure of an angle is greater than 90, then 
it is an obtuse angle. 


(2) If an angle is an obtuse angle, then it is not a 
right angle. 


p: the measure of an angle is greater than 90 
q: the angle is an obtuse angle 


r: the angle is not a right angle 


Statement (1): p — q 
Statement (2): q — r 
Since the given statements are true, use the Law of Syllogism 


to conclude that p — r. That is, /f the measure of an angle is 
greater than 90, then it is not a right angle. 


Postulates and Paragraph Proofs 


Determine whether each statement is always, sometimes, or 
never true. Explain. 


24. Two planes intersect at a point. 
25. Three points are contained in more than one plane. 


26. If line mlies in plane X and line m contains a point Q, 
then point Q lies in plane x. 


27. |f two angles are complementary, then they form a right 
angle. 


. NETWORKING Six people are introduced at a business 
convention. If each person shakes hands with each of the 
others, how many handshakes will be exchanged? Include a 
model to support your reasoning. 


Algebraic Proof 


State the property that justifies each statement. 
29. If 7(x — 3) = 35, then 35 = 7(x — 3). 

30. If 2x + 19 = 27, then 2x = 8. 

31. 5(3x+ 1) =15x+5 

32. 7X-—2=7x—2 

33. If 12 = 2x + 8 and 2x + 8 = 3y, then 12 = 3y. 


34. Copy and complete the following proof. 
Given: 6(x — 4) = 42 
Prove: x= 11 

Statements 
a. 6(x — 4) = 42 a. 
b. 6x — 24 = 42 b. 
c. 6x = 66 c: 
d. x= 11 d. 


Reasons 


35. Write a two-column proof to show that if PQ = RS, 
PQ = 5x + 9, and RS = x — 31, then x = —10. 


36. GRADES Jerome received the same quarter grade as Paula. 
Paula received the same quarter grade as Heath. Which 
property would show that Jerome and Heath received the 
same grade? 


Example 5 


Determine whether each statement is always, sometimes, 
or never true. Explain. 


a. /f points X, ¥, and Z lie in plane ®, then they are not 
collinear. 


Sometimes; the fact that X, Y, and Z are contained in 
plane ® has no bearing on whether those points are 
collinear or not. 


. For any two points A and B, there is exactly one line 
that contains them. 


Always; according to Postulate 2-1, there is exactly one 
line through any two points. 


Example 6 


Write a two-column proof. 
RS = Ox 4 
byes 

Prove: x = 7 


Given: 


Proof: 

Statements 

5x= 3 
"6 


Reasons 


=2x+1 . Given 


. 5X — 3 = 6(2x + 1) . Multiplication Property of 


Equality 


. Distributive Property of 
Equality 


» XX—3=12x+6 


. —3=7xX+6 . Subtraction Property of 


Equality 


. Subtraction Property of 
Equality 


. —9=7X 


. Division Property of 
Equality 

. Symmetric Property of 
Equality 
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Study Guide and Review continued 


Proving Segment Relationships 


Write a two-column proof. 
37. Given: Xis the midpoint of WY and VZ. 
Prove: VW= ZY 


WwW 


38. Given: AB = DC 
Prove: AC = DB 


A B Cc D 


. GEOGRAPHY Leandro is planning to drive from Kansas 
City to Minneapolis along Interstate 35. The map he is 
using gives the distance from Kansas City to Des Moines 
as 194 miles and from Des Moines to Minneapolis as 
243 miles. What allows him to conclude that the distance 
he will be driving is 437 miles from Kansas City to 
Minneapolis? Assume that Interstate 35 forms a 
straight line. 


Proving Angle Relationships 


Find the measure of each angle. 
40. 25 
41. 26 
42. 27 


. PROOF Write a two-column proof. 
Given: 21 = 24, 22 = 23 
Prove: ZAFC = ZEFC 
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Example 7 

Write a two-column proof. 

Given: Bis the midpoint of AC. 
Cis the midpoint of BD. 

Prove: AB= CD 


Proof: 
Statements Reasons 


1. Bis the midpoint of AC. 1. Given 
2. AB= BC 
3. Cis the midpoint of BD. 3. Given 
4. BC= CD 
5. AB= CD 


2. Definition of midpoint 


4. Definition of midpoint 


5. Transitive Property of Equality 


Example 8 


Find the measure of each numbered angle if mZ1 = 72 
and mZ3 = 26. 


mZ2 = 72, since Z1 and Z2 are vertical angles. 


Z3 and Z4 form a linear pair and must be supplementary 
angles. 


26 + mZ4 = 180 
mZ4 = 154 


Definition of supplementary angles 


Subtract 26 from each side. 


Practice Test 


Write a conjecture that describes the pattern in each 
sequence. Then use your conjecture to find the next 


item in the sequence. 
APY 


1. 15, 30, 45, 60 
Use the following statements to write a compound 
statement for each conjunction or disjunction. Then 
find its truth value. 


p:5<—3 
q: All vertical angles are congruent. 
r: If 4x = 36, then x = 9. 

3. pandgq 

4. (pVq)Ar 


5. PROOF Write a paragraph proof. 
Given: JK = CB, KL = AB 
Prove: JL = AC 


6. SPORTS Refer to the Venn diagram that represents 
the sports students chose to play at South High 
School last year. 


Sports 


Tennis 


a. Describe the sports that the students in the 
nonintersecting portion of the tennis region chose. 


b. How many students played soccer and tennis? 


7. Determine whether the stated conclusion is valid 
based on the given information. If not, write invalid. 
Explain your reasoning. 


Given: If a lawyer passes the bar exam, then he or 
she can practice law. Candice passed the bar exam. 


Conclusion: Candice can practice law. 


8. PROOF Copy and complete the following proof. 
Given: 3(x-4) = 2x +7 
Prove: x = 19 
Proof: 


Statements Reasons 
a. 3(x-4) = 2x+7 a. Given 


b. 3x-12 =2x+7 b. _ ? 


c. Subtraction Property 


c. _ ? 
d. x= 19 d._ ? 


Determine whether each statement is always, 
sometimes, or never true. 


9. Two angles that are supplementary form a 
linear pair. 


10. If Bis between A and C, then AC + AB = BC. 


11. If two lines intersect to form congruent adjacent 
angles, then the lines are perpendicular. 


Find the measure of each numbered angle, and name 
the theorems that justify your work. 


12. mZ1=x, 13. mZ7 =2x +15, 
mZ2=x-6 mZ8 = 3x 
1 
2| 3 eg 
8 


Write each statement in if-then form. 
14. An acute angle measures less than 90. 


15. Two perpendicular lines intersect to form 
right angles. 


16. MULTIPLE CHOICE If a triangle has one obtuse angle, 
then it is an obtuse triangle. 


Which of the following statements is the 
contrapositive of the conditional above? 


A Ifa triangle is not obtuse, then it has one 
obtuse angle. 


B Ifa triangle does not have one obtuse angle, 
then it is not an obtuse triangle. 


C Ifa triangle is not obtuse, then it does not 
have one obtuse angle. 


D Ifa triangle is obtuse, then it has one 
obtuse angle. 
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Preparing for Standardized Tests 


Logical Reasoning 


Solving geometry problems frequently requires the use of logical 
reasoning. You can use the fundamentals of logical reasoning to 
help you solve problems on standardized tests. 


Strategies for Using Logical Reasoning 


Read the problem to determine what information you are given and what 
you need to find out in order to answer the question. 


Determine if you can apply one of the principles of logical reasoning 
to the problem. 


e Counterexample: A counterexample contradicts a statement that is known 
to be true. 


Identify any answer choices that contradict the problem statement and 
eliminate them. 


e Postulates: A postulate is a statement that describes a fundamental relationship 
in geometry. 


Determine if you can apply a postulate to draw a logical conclusion. 


If you cannot reach a conclusion using only the principles in Step 2, determine if one 
of the tools below would be helpful. 


e Patterns: Look for a pattern to make a conjecture. 


e Truth Tables: Use a truth table to organize the truth values of the statement 
provided in the problem. 


e Venn Diagrams: Use a Venn Diagram to clearly represent the relationships 
between members of groups. 


e Proofs: Use deductive and inductive reasoning to reach a conclusion in the form 
of a proof. 


If you still cannot reach a conclusion using the tools in Step 3, make a conjecture, 
or educated guess, about which answer choice is most reasonable. Then mark the 
problem so that you can return to it if you have extra time at the end of the exam. 
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Standardized Test Example 


the problem to solve. 


sports or academic clubs? 
A 95 C 122 
B 107 D 138 


you can use to organize the information. 


Only sports: 94 — 31 = 63 
Only academic clubs: 122 — 31 = 91 


Use the information to calculate the number of 
students who do not participate in either sports 
or academic clubs. 


292 — 63 — 91 — 31 = 107 


There are 107 students who do not participate 
in either sports or academic clubs. The correct 
answer is B. 


Read the problem. Identify what you need to know. Then use the information in 


In a school of 292 students, 94 participate in sports, 122 participate in academic clubs, 
and 31 participate in both. How many students at the school do not participate in 


Read the problem carefully. There are no clear counterexamples, and a postulate 
cannot be used to draw a logical conclusion. Therefore, consider the tools that 


A Venn diagram can be used to show the intersection of two sets. Make a Venn 
diagram with the information provided in the problem statement. 


Determine how many students participate in only sports or academic clubs. 


School Participation 


Read each question. Then fill in the correct answer on 
the answer document provided by your teacher or on 
a sheet of paper. 


1. Determine the truth of the following statement. If 
the statement is false, give a counterexample. 
The product of two even numbers is even. 
A false; 8 x 4 = 32 
B false; 7 x 6 = 42 
C false; 3 x 10 = 30 
D true 


2. Find the next item in the pattern. 
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‘¥Standardized Test Practice 


Cumulative, Chapters 1 through 2 


Multiple Choice 


Read each question. Then fill in the correct answer on 
the answer document provided by your teacher or on 
a sheet of paper. 


1. Which conjunction is true for statements p and 
q below? 


p: There are four letters in MATH. 
q: There are two vowels in MATH. 


A ~pA~-q 
B pq 
C pA-q 
D ~pAq 


2. In the diagram below, 21 = Z3. 


Which of the following conclusions does not have 
to be true? 


F mZ1—mZ2+mZ3 = 90 
G mZ1+mZ2 + mZ3 = 180 
H mZ1+mZ2=mZ2+mZ3 
J mZ2—-—mZ1=mZ2—-—mZ3 


3. Two supplementary angles always form a linear pair. 


Which of the following best describes a 
counterexample to the assertion above? 


A two acute angles 

B_ two nonadjacent angles 
C two obtuse angles 

D two right angles 


Test-TakingTip 
Question 3 A counterexample is an example used to show that a 
given statement is not always true. 
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4. Determine which statement follows logically 
from the given statements. 


If it rains today, the game will be cancelled. 
Cancelled games are made up on Saturdays. 


F Ifa game is cancelled, it was because of 
rain. 


G Ifit rains today, the game will be made 
up on Saturday. 


H Some cancelled games are not made up 
on Saturdays. 


J Ifit does not rain today, the game will not 
be made up on Saturday. 


5. In the diagram, BD intersects AE at C. Which 
of the following conclusions does not have 
to be true? 


A 


A ZACB = ZECD 

B ZACB and ZACD form a linear pair. 

C ZBCE and ZACD are vertical angles. 

D ZBCE and ZECD are complementary angles. 


6. A farmer needs to make a 1000-square-foot 
rectangular enclosure for her cows. She wants 
to save money by purchasing the least amount 
of fencing possible to enclose the area. What 
whole-number dimensions will require the 
least amount of fencing? 


F 8 ftby 125 ft 
G 10 ft by 100 ft 
H 20 ft by 50 ft 
J 25 ft by 40 ft 


Short Response/Gridded Response 


Record your answers on the answer sheet provided 
by your teacher or on a sheet of paper. 


7. Points A, B, C, and D are collinear, with point B 
between points A and C and point C between 
points B and D. Complete the statement. 


AB+_2?. =AD 


8. GRIDDED RESPONSE Suppose line m contains points 
D,E, and F. If DE = 12 millimeters, EF = 15 
millimeters, and point D is between points E and F, 
what is the length of DF? Express your answer in 
millimeters. 


9. Use the proof to answer the question. 


Given: ZA is the complement of ZB. 
mZB = 46 


Prove: mZA = 44 
Proof: 


Statements Reasons 


. Ais the complement 1. Given 
of ZB; mZB = 46. 


. MZA+ mZB = 90 2. Def. of comp. angles 


. MZA + 46 = 90 3. Substitution Prop. 


. MZA+ 46 — 46= 
90 — 46 


. mZA= 44 5. Substitution Prop. 


4. ? 


What reason can be given to justify Statement 4? 


Need ExtraHelp? 


10. Write the contrapositive of the statement. 
If an angle measures greater than 90°, then it is obtuse. 


11. GRIDDED RESPONSE Point E is the midpoint of DF. 
If DE = 8x —3 and EF = 3x + 7, what is x? 


Extended Response 


Record your answers on a sheet of paper. Show 
your work. 


12. Consider the pattern. 


Figure 1 


Figure 2 


pad 
FE 
Hh 


Figure 4 


a. Make a conjecture about the number of squares 
in each figure. 


b. Write an algebraic expression that can be used to 
find the number of squares in the n'" figure in 
the pattern. 


c. How many squares will be needed to make the 
6'4 figure of the pattern? 


If you missed Question... 1 2 3 4 


Go to Lesson... 
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Parallel and Perpendicular Lines 


:- Then :-Now --Why? a 


O You learned about O In this chapter, you will: O CONSTRUCTION and ENGINEERING Architects, carpenters, and engineers 
use parallel and perpendicular lines to design buildings, furniture, and 
machines. 


lines and angles 
and writing 
geometric proofs. 


« Identify and prove 
angle relationships 
that occur with 
parallel lines and 
a transversal. 


Use slope to 
analyze a line and 
to write its 
equation. 


Find the distance 
between a point 
and a line and 
between two 
parallel lines. 


ff, connectED.megraw-hill.com Your Digital Math Portal 
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Get Ready for the Chapter 


Diagnose Readiness | You have two options for checking prerequisite skills. 


| 1 Textbook Option Take the Quick Check below. Refer to the Quick Review for help. 


Refer to the figure to identify each of the A Example 1 
following. z Refer to the figure. 
B D 
1. How many planes are shown in this figure? 
a. How many planes are shown in this figure? 
2- Nala ites paints tater collinear. Six: plane FGLK, plane JHMP, plane FKPJ, plane GLMH, 
3. Are points C and D coplanar? Explain. plane FGA, and plane KLMP 
4. PHOTOGRAPHY Tina is taking a picture of her friends. If she ne eS ee etal to eee 


sets a tripod level on the ground, will the bottom of each of the Palms M eraniatae CONNGAE ; 
three legs of the tripod be coplanar? c. Are points F, K, and J coplanar? Explain. 
Yes. Points F, K, and Jall lie in plane FKPU. 


Find each angle measure. 
5. 21 

6. 22 

7. 23 

8. 24 


Find mZ1. 


i 37° 


mZ1 + 37 + 90 = 180 Add. 
mZ1 = 53 Simplify. 


Find the value of x for the given values of aand b. 


9. a+8=—A(x— D), fora=8andb=3 Find xin a+ 8 = b(x— 7) ifa=12 and b= 10. 
We Paice ee = ie a+ 8 = bx—7) Write the equation. 
11. 242 = 5x for a= 18 and b= 1 } 12+8=10(x—7)  a=12andb=10 

20 = 10x — 70 Simplify. 


12. MINIATURE GOLF A miniature golf course offers a $1 ice 90 = 10x Add 
cream cone with each round of golf purchased. If five friends ~ ; 
each had a cone after golfing and spend a total of $30, how x=9 Divide. 
much does one round of golf cost? 


—-, 
2 Online Option Take an online self-check Chapter Readiness Quiz at connectED.mcgraw-hill.com. vV/ 
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Get Started on the Chapter 


You will learn several new concepts, skills, and vocabulary terms as you study 
Chapter 3. To get ready, identify important terms and organize your resources. 
You may wish to refer to Chapter 0 to review prerequisite skills. 


[ZED StudyOrganizer 


NewVocabulary 


Parallel and Perpendicular Lines Make this Foldable to help 
you organize your Chapter 3 notes about relationships between 
lines. Begin with a sheet of 11” x 17” paper and six index cards. 


1 Fold lengthwise about 
3” from the bottom. 


2 Fold the paper in thirds. 


3 Open and staple the edges 
on either side to form 
three pockets. 


4 Label the pockets as 
shown. Place two index 
cards in each pocket. 
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English Espanol 


parallel lines p.173  rectas paralelas 
skew lines p.173  rectas alabeadas 
parallel planes p.173  planos paralelos 
transversal p.174 _ transversal 
interior angles p.174  angulos interiores 
exterior angles p.174 angulos externos 


corresponding angles p.174  angulos correspondientes 


slope p.188 pendiente 
rate of change p.189 tasade cambio 
slope-intercept form p.198 forma pendiente- 
interseccion 


point-slope form p.198 forma punto-pendiente 


equidistant p.218  equidistante 


ReviewVocabulary 


congruent angles angulos congruentes two angles that have 
the same degree measure 


perpendicular perpendicular two lines, segments, or rays that 
intersect to form right angles 


vertical angles angulos opusetos por el vértice two 
nonadjacent angles formed by intersecting lines 


Z1 and 22 are 
vertical angles. 


Parallel Lines and Transversals 


:-‘Now :-Why? 

@ Youusedangleand @ Identify the @ AnAmes room creates the 
line segment relationships between _ illusion that a person standing 
relationships to two lines or two in the right corner is much 
prove theorems. planes. larger than a person standing 

; in the left corner. 
Name angle pairs 
formed by parallel From a front viewing hole the 
lines and front and back walls appear 
transversals. parallel, when in fact they are 


slanted. The ceiling and floor 
appear horizontal, but are 
actually tilted. 


ree NewVocabulary Relationships Between Lines and Planes The construction of the Ames room 
parallel lines above makes use of intersecting, parallel, and skew lines, as well as intersecting and 
skew lines parallel planes, to create an optical illusion. 
parallel planes 
transversal ] 
interior angles KeyConcepts Parallel and Skew 
exterior angles —— — 
pact ment Parallel lines are coplanar lines that do not drone abe sedlts 
alternate interior angles intersect. indicate that lines 
alternate exterior angles Example TK | iM are parallel. 


corresponding angles 


Skew lines are lines that do not intersect and are y 
not coplanar. A 


es) Common Core Example Lines @ and 7 are skew. 
eS) State Standards Parallel planes are planes that do not intersect. 
Content Standards Example Planes.4 and B are parallel. 


G.C0.1 Know precise 
definitions of angle, circle, ja gy mee 
perpendicular line, parallel JK || LM is read as line JK is parallel to line LM. 
line, and line segment, based 
on the undefined notions of 
point, line, distance along a 


If segments or rays are contained within lines that are parallel or skew, then the segments 


line, and distance around a or rays are parallel or skew. 
circular arc. 
Mathematical Practices * )Real-World Example 1 


1 Make sense of problems 
and persevere in solving 


ne a. all segments parallel to JP 


K 
3 Construct viable oe __ 
arguments and critique KQand LR E 
the reasoning of others. — J 
b. asegment skew to KL 
JP, PQ, or PR . 
c. a plane parallel to plane PQR P . 


Plane JKL is the only plane parallel to plane PQR. 


Identify each of the following using the wedge of cheese below. 


WatchOut! 


Parallel vs. Skew 

In Check Your Progress 
— =—> 

1A, FE is not skew to BC. 

Instead, these lines are 

parallel in plane BCF. 


B 


VA 


C 


ReadingMath 


Same-Side Interior Angles 
Consecutive interior angles 
are also called same-side 
interior angles. 


GuidedPractice 
Identify each of the following using the cube shown. 


= 
1A. all segments skew to BC 


ped 
1B. a segment parallel to EH 


1€. all planes parallel to plane DCH 


Transversal Angle Pair Relationships A line that intersects two or more coplanar 
lines at two different points is called a transversal. In the diagram below, line t is 

a transversal of lines q and r. Notice that line t forms a total of eight angles with lines 

gq and r. These angles, and specific pairings of these angles, are given special names. 


KeyConcept Transversal Angle Pair Relationships 


Four interior angles lie in the region 


between lines g and r. 


Four exterior angles lie in the two regions 


that are not between lines g and r. 


23, Z4, 25, Z6 


Z1, 22, Z7, 28 


are interior 
angles that lie on the same side of 
transversal t. 


ZA and 25, Z3 and 26 


are nonadjacent 
interior angles that lie on opposite sides of 
transversal t. 


Z3 and 25, 74 and 26 


are nonadjacent 
exterior angles that lie on opposite sides of 
transversal t. 


Corresponding angles lie on the same side 


of transversal ¢ and on the same side of 
lines g and r. 


Z1 and Z7, Z2 and 28 


Z1 and 25, Z2 and 26 
Z3 and Z7, Z4 and 28 


Example 2 
Refer to the figure below. Classify the relationship between each pair of angles as 
alternate interior, alternate exterior, corresponding, or consecutive interior angles. 


a. Z1and 245 b. 26 and 27 
alternate exterior consecutive interior 


c. 22 and 24 
corresponding 


d. 22 and 26 
alternate interior 


GuidedPractice 


2A. 23 and 27 2B. 25 and 27 2C. 24 and 28 2D. 22 and 23 


i) 174 | Lesson 3-1 | Parallel Lines and Transversals 


When more than one line can be considered a transversal, first identify the transversal for 


») agiven angle pair by locating the line that connects the vertices of the angles. 


StudyTip 


Nonexample In the figure 
below, line c is nota 
transversal of lines @ and B, 
since line c intersects lines a 
and B in only one point. 


b c 


Example 3 


Identify the transversal connecting each pair of 
angles in the photo. Then classify the relationship 
between each pair of angles. 
a. Z1 and 23 
The transversal connecting 21 and Z3 is line A. 
These are alternate exterior angles. 
b. 25 and 26 


The transversal connecting 25 and Z6 is line k, 
These are consecutive interior angles. 


Steve Crise/CORBIS 


c. Z2 and 26 


The transversal connecting 22 and Z6 is line ¢. 
These are corresponding angles. 


GuidedPractice 
3A. 23 and 25 3B. 22 and 28 
30. 25 and 27 3D. 22 and 29 


Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Refer to the figure at the right to identify each of the 
following. 


1. a plane parallel to plane ZWX 
2. a segment skew to TS that contains point W 


3. all segments parallel to SV 


WX 
Z 
V 
rs 
B 
4. CONSTRUCTION Use the diagram of the 
partially framed storage shed shown to 
identify each of the following. 
a. Name three pairs of parallel planes. 
b. Name three segments parallel to DE. 
c. Name two segments parallel to FE. 
d. Name two pairs of skew segments. 
1\2 3/4 
5 \6 7/8 


Example 2 Classify the relationship between each pair of angles 
as alternate interior, alternate exterior, corresponding, 
or consecutive interior angles. 


(6) Zland Z8 6. 22 and Z4 
7. Z3 and 26 8. Z6 and 27 
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Example 3 Identify the transversal connecting each pair of angles. Then classify 
the relationship between each pair of angles. 


9. 22 and 24 10. 25 and 26 
11. Z4 and 27 12. 22 and 27 
Practice and Problem Solving Extra Practice is on page R3. 


Example 1 Refer to the figure to identify each of the following. 
13. all segments parallel to DM 
14. a plane parallel to plane ACD 
(15) a segment skew to BC 
16. all planes intersecting plane EDM 
17. all segments skew to AE 
18. a segment parallel to EN 


19. a segment parallel to AB through point J 
20. a segment skew to CL through point E 


la~ 

Examples 2-3 cess PRECISION Identify the transversal connecting each pair of angles. 
Then classify the relationship between each pair of angles as alternate 
interior, alternate exterior, corresponding, or consecutive interior angles. 


21. Z4and 29 22. 25 and 27 
23. 23 and 25 24. 210 and 211 
25. Z1 and 26 26. 26 and 28 
27. 22 and 23 28. 29 and 210 
29. 24 and 211 30. 27 and 211 


Example 3 SAFETY Identify the transversal connecting each pair of angles 
in the photo of a fire escape shown. Then classify the relationship 
between each pair of angles. 


31. Zl and 22 32. 22 and 24 
33. 24 and 25 34. 26 and Z7 
35. Z7 and 28 36. 22 and 23 


37. POWER Power lines are not allowed to intersect. 


a. What must be the relationship between power 
lines p and m? Explain your reasoning. 


b. What is the relationship between line g and 
lines p and m? 
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SIGHO/UA||aMal] LaqoY(a) ‘sabew| Me9/a0Jnog abew|()) 


Describe the relationship between each pair of segments 
as parallel, skew, or intersecting. 


38. FG and BC 39. AB and CG 
40. DH and HG 41. DH and BE 
42. EF and BC 43. CD and AD 


44, (CS8/SENSE-MAKING The illusion at the right M 
is created using squares and straight lines. A “4 O B 
a. How are AB and CD related? Justify your ¢ D 
reasoning. 
— —_— —_— Q 
b. How are MN and QR related? AB, CD, 
and OP? R 


ESCALATORS Escalators consist of steps on a continuous loop that is driven by a motor. 
At the top and bottom of the platform, the steps collapse to provide a level surface for 
entrance and exit. 


a. What is the relationship between the treads of the ascending stairs? 


b. What is the relationship between the treads of the two steps at the top of the 
incline? 


c. How do the treads of the steps on the incline of the escalator relate to the treads of 
the steps on the bottom of the escalator? 


H.0.T. Problems Use Higher-Order Thinking Skills 


46. OPEN ENDED Plane ? contains lines a and b. Line c intersects plane at point J. 
Lines a and 6 are parallel, lines a and c are skew, and lines 6b andc are not skew. 
Draw a figure based upon this description. 


47. CHALLENGE Suppose points A, B, and C lie in plane ?, and points D, E, and F lie in 
plane Q, Line m contains points D and F and does not intersect plane P. Line 1 contains 
points A and E. 


a. Draw a diagram to represent the situation. 
b. What is the relationship between planes P and Q? 


c. What is the relationship between lines m and n? 


REASONING PlaneX and plane ‘¥Y are parallel and plane Z intersects plane X. Line AB is 
in plane X, line CD is in plane ‘Y, and line EF is in plane Z. Determine whether each 
statement is always, sometimes, or never true. Explain. 


— . — —— 
48. AB is skew to CD. 49. AB intersects EF. 
50. E?) WRITING IN MATH Can a pair of planes be described as skew? Explain. 


Standardized Test Practice 


51. Which of the following angle pairs are alternate 53. SHORT RESPONSE Name the coordinates of the 
exterior angles? points representing the x- and y-intercepts of the 
graph shown below. 


A Zland 45 C 2Z2and 210 
B 22and 26 D 45and 29 


52. What is the measure of ZXYZ? 


54. SAT/ACT Of the following, the one that is not 
equivalent to 485 is: 
A (3 x 100) + (4 x 10) + 145 
B (3 x 100) + (18 x 10) +5 
C (4 x 100) + (8 x 10) + 15 
D (4 x 100) + (6 x 10) + 25 
E (4 x 100) + (5 x 10) +35 


Spiral Review 


Find the measure of each numbered angle. (Lesson 2-8) 


55. mZ9 = 2x — 4, 56. mZ11 = 4x, 57. mZ19 = 100 + 20x, 
mZ10=2x+4 mZ12 = 2x —6 mZ20 = 20x 
11 
10 12 20 
9 19 
58. PROOF Prove the following. (Lesson 2-7) W 


A is the midpoint of ZX. 
Prove: WA= ZA 


Given: WY = ZX — rain 
A is the midpoint of WY. Z x 


¥ 
ALGEBRA Use the figure at the right. (Lesson 1-5) 


=a > 
59. If mZCFD = 12a + 45, find aso that FC 1 FD. 


60. If mZAFB = 8x — 6and mZBFC = 14x + 8, find the value of x 
so that ZAFC is a right angle. 


Skills Review 


Find x. 


61. F 62. 63. ae NP 
78°\ x° 
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Geometry Software Lab 


Angles and Parallel Lines 


ES Common Core State Standards 
—- Content Standards 
G.CO.12 Make formal geometric constructions with a variety of tools 
and methods (compass and straightedge, string, reflective devices, 
paper folding, dynamic geometric software, etc.). 
Mathematical Practices 5 


You can use The Geometer’s Sketchpad® to explore the angles 
formed by two parallel lines and a transversal. 


Activity 


| Step 1 | Draw a line. 


Draw and label points F and G. Then use 
the line tool to draw FG. 


Parallel Lines and a Transversal 


| Step 3 | Draw a transversal. 


Draw and label point A on FG and point B 
on JK . Select A and B and then choose 

Line from the Construct menu to draw 
transversal AB. Then draw and label 
points C and D on AB as shown. 


| Step 4 | Measure each angle. 
Measure all eight angles formed by these 


| Step 2 | Draw a parallel line. 
Draw a point that is not on FG’and label it J. 


Select FG and point J, and then choose 
Parallel Line from the Construct menu. Draw and 
label a point K on this parallel line. 


lines. For example, select points F, A, then 
C, and choose Angle from the Measure 
menu to find mZFAC. 


Angles and Parallel Lines () Angles and Parallel Lines E) 


Analyze the Results 


1. Record the measures from Step 4 
ina table like this one. Which 
angles have the same measure? 


Angle ZFAC | ZCAG | ZGAB | ZFAB | ZJBA | ZABK | ZKBD | ZJBD 


1st Measure 


2. Drag point C or D to move transversal ‘AB so that it intersects the two parallel lines at a 
different angle. Add a row 2nd Measure to your table and record the new measures. 
Repeat these steps until your table has 3rd, 4th, and 5th Measure rows of data. 


3. Using the angles listed in the table, identify and describe the relationship between all angle 
pairs that have the following special names. Then write a conjecture in if-then form 
about each angle pair when formed by any two parallel lines cut by a transversal. 

a. corresponding b. alternate interior c. alternate exterior d. consecutive interior 

4. Drag point C or D so that the measure of any of the angles is 90. 

a. What do you notice about the measures of the other angles? 


b. Make a conjecture about a transversal that is perpendicular to one of two parallel lines. 
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Angles and Parallel Lines 


: Why? 


@ You named angle e Use theorems to @ Construction and maintenance workers 
pairs formed by determine the often use an access scaffold. This quae 
parallel lines and relationships between __ structure provides support and access to ¥ 


transversals. specific pairs of elevated areas. The transversal fshown 
angles. provides structural support to the two 
parallel working areas. b 


Use algebra to find 
angle measurements. 


Common Core 
 @arne State Standards 
Content Standards 
G.CO.1 Know precise 
definitions of angle, circle, 
perpendicular line, parallel 
line, and line segment, based 
on the undefined notions of 
point, line, distance along a 
line, and distance around a 
circular arc. 
G.CO.9 Prove theorems 
about lines and angles. 


Parallel Lines and Angle Pairs In the photo, line t is a transversal of lines a and b, 
and /1 and 22 are corresponding angles. Since lines a and D are parallel, there is a 
special relationship between corresponding angle pairs. 


Postulate 3.1 Corresponding Angles Postulate 


If two parallel lines are cut by a transversal, then each 
pair of corresponding angles is congruent. 


Examples 21 = 23, 22 = 24, 25 = Z7, Z6= Z8 


Mathematical Practices 

1 Make sense of problems 
and persevere in solving 
them. 


Example 1 


3 Construct viable In the figure, mZ5 = 72. Find the measure of each angle. t 
arguments and critique Tell which postulate(s) or theorem(s) you used. 
the reasoning of others. 
a. 24 1/2 , 
Z4=245 Corresponding Angles Postulate 4/3 
mZ4=mZ5 Definition of congruent angles 3/7 
mZ4 = 72 Substitution 5/6 P 
b. 22 
Z2= 24 Vertical Angles Theorem 
Z4=245 Corresponding Angles Postulate 
Z2= 245 Transitive Property of Congruence 


mZ2=mZ5 Definition of congruent angles 
mZ2 = 72 Substitution 


GuidedPractice 


In the figure, suppose that m2Z8 = 105. Find the measure of each angle. Tell which 
postulate(s) or theorem(s) you used. 


1A. 21 1B. 22 10. 23 


In Example 1, 22 and 25 are congruent alternate exterior angles. This and other examples 
suggest the following theorems about the other angle pairs formed by two parallel lines 
cut by a transversal. 


y90}S19dns/400}s0}0} abe 
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StudyTip _ Theorems Parallel Lines and Angle Pairs | 
Angle Relationships These 3.1 Alternate Interior Angles Theorem If two parallel 

theorems generalize the lines are cut by a transversal, then each pair of 

relationships between alternate interior angles is congruent. 


specific pairs of angles. If you 
get confused about the 
relationships, you can verify 3.2 
them with the methods you ; 
used in Example 1, using 
only corresponding, vertical, 


and supplementary angles. Examples 71 and 22 are supplementary. 
A Z3 and 24 are supplementary. 


Examples 21 = Z3 and 22 = 24 


Consecutive Interior Angles Theorem If two parallel 
lines are cut by a transversal, then each pair of 
consecutive interior angles is supplementary. 


3.3 Alternate Exterior Angles Theorem If two parallel 
lines are cut by a transversal, then each pair of 
alternate exterior angles is congruent. 


Examples 25 = 27 and 26 = 28 


You will prove Theorems 3.2 and 3.3 in Exercises 30 and 35, respectively. 


Since postulates are accepted without proof, you can use the Corresponding Angles 
Postulate to prove each of the theorems above. 


| Proof Alternate Interior Angles Theorem 


Given: a || 6 , 
tis a transversal of a and 6. t 
Prove: 24 = 45, Z23= 26 s 1 : 
5 
Paragraph Proof: We are given that a || 6 with a transversal ¢. 3 6 
By the Corresponding Angles Postulate, corresponding angles 74 
are congruent. So, 722 = 24 and 26 = Z8. Also, 25 = 22 and 8 


Z8 = Z3 because vertical angles are congruent. Therefore, 
Z5 = Z4and 23 = Z6 since congruence of angles is transitive. 


Real-World Example 2 


COMMUNITY PLANNING Redding Lane and Creek 
Road are parallel streets that intersect Park 
Road along the west side of Wendell Park. 

If mZ1 = 118, find mZ2. 


Z2=Z1 Alternate Interior Angles Postulate Redding Lane 


mZ2=mZ1 Definition of congruent angles 


mZ2 = 118 Substitution 


© Real-WorldLink GuidedPractice 


Some cities require that COMMUNITY PLANNING Refer to the diagram above to find each angle measure. 


sleet newly planned Tell which postulate(s) or theorem(s) you used. 
subdivisions intersect at 


no less than a 60° angle. 2A. If mZ1 = 100, find mZ4. 2B. If mZ3 = 70, find mZ4. 


Glowimages/Getty Im 
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StudyTip 
cess Precision The postulates 


and theorems you will be 
studying in this lesson only 
apply to parallel! lines cut by a 
transversal. You should 
assume that lines are parallel 
only if the information is 
given or the lines are marked 
with parallel arrows. 


ReadingMath 


perpendicular Recall from 
Lesson 1-5 that line 6 1 line 
tis read as Line 6 is 
perpendicular to line t. 


Algebra and Angle Measures The special relationships between the angles formed 
by two parallel lines and a transversal can be used to find unknown values. 


Example 3 


ALGEBRA Use the figure at the right to find the 
indicated variable. Explain your reasoning. 


a. If mZ4 = 2x — 17 and mZ1 = 85, find x. 


23=Z1 Vertical Angles Theorem 
mZ3=mZ1 Definition of congruent angles 
mZ3 = 85 Substitution 


Since lines r and s are parallel, 24 and 23 are supplementary by the Consecutive 
Interior Angles Theorem. 


mZ3 + mZ4 = 180 Definition of supplementary angles 


85 + 2x — 17= 180 Substitution 
2x + 68 = 180 Simplify. 
2x = 112 Subtract 68 from each side. 
x =56 Divide each side by 2. 


b. Find y if mZ3 = 4y + 30 and mZ7 = 7y + 6. 


23 = Z7 Alternate Interior Angles Theorem 
mZ3 = mZ7 Definition of congruent angles 
4y + 30 =7y +6 Substitution 
30 = 3y + 6 Subtract 4y from each side. 
24 = 3y Subtract 6 from each side. 
8=y Divide each side by 3. 
GuidedPractice 


3A. If mZ2 = 4x + 7 and mZ7 = 5x — 13, find x. 
3B. Find y if mZ5 = 68 and mZ3 = 3y — 2. 


A special relationship exists when the transversal of two parallel lines is a 
perpendicular line. 


| Theorem 3.4 Perpendicular Transversal Theorem 


In a plane, if a line is perpendicular to one of two t 
parallel lines, then it is perpendicular to the other. 


Examples If line a || line 6 and line a line ¢, 
then line 6 line t. 6 


You will prove Theorem 3.4 in Exercise 37. 
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Shoot PTY/Taxi/Getty Images 


Check Your Understanding 


Example 1 


Example 2 


Example 3 


In the figure, mZ1 = 94. Find the measure of each angle. 
Tell which postulate(s) or theorem(s) you used. 


1. 23 2. 25 3. 24 


In the figure, mZ4 = 101. Find the measure of each angle. 
Tell which postulate(s) or theorem(s) you used. 


4. 26 5. 27 6. 25 


7. ROADS In the diagram, the guard rail is parallel to the 
surface of the roadway and the vertical supports are 
parallel to each other. Find the measures of angles 2, 
3, and 4. 


= Step-by-Step Solutions begin on page R14. 


c\a 
N\po 
O\c 
o\S. 


Find the value of the variable(s) in each figure. Explain your reasoning. 


(x —10)° 
104° 


9. 10. 


Extra Practice is on page R3. 


Practice and Problem Solving 


Examples 1-2 In the figure, mZ11 = 62 and mZ14 = 38. Find the measure of 


Example 3 


each angle. Tell which postulate(s) or theorem(s) you used. 


11. 24 12. 23 13. 212 
14. 28 15. 26 16. 22 
17. 210 18. 25 19. 21 


lA~ 

CESS) MODELING A solar dish collects energy by directing radiation from the Sun to a 
receiver located at the focal point of the dish. Assume that the radiation rays are parallel. 
Determine the relationship between each pair of angles, and explain your reasoning. 


20. Z1 and 22 (21) Zland 23 22. /4and 45 


23. Z3 and 24 
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Find the value of the variable(s) in each figure. Explain your reasoning. 
24. 


27. 


30. PROOF Copy and complete the proof of Theorem 3.2. 
Given: m || n; ¢ is a transversal. 


Prove: 21 and 22 are supplementary; 
23 and 24 are supplementary. 


Proof: 


Statements Reasons 
a. ? a. Given 
b. Z1 and Z3 form a linear pair; b ? 
Z2 and 24 form a linear pair. c. lf two angles form a linear pair, 


Cc. ? then they are supplementary. 
d. 21 = 24,22 = 23 d. ? 
e.mZ1 = mZ4, mZ2 = mZ3 e. Definition of Congruence 


f. ? f. ? 


STORAGE When industrial shelving needs to be accessible 
from either side, additional support is provided on the 
side by transverse members. Determine the relationship 
between each pair of angles and explain your reasoning. 


31. Z1 and Z8 32. Z1 and Z5 
33. 23 and 26 34. Zl and 22 


la 
35. CESS ARGUMENTS Write a two-column proof of the Alternate 
Exterior Angles Theorem. (Theorem 3.3) 


36. BRIDGES Refer to the diagram of the double decker 
Michigan Avenue Bridge in Chicago, Illinois, at the 
right. The two levels of the bridge, and its diagonal 
braces, are parallel. 


a. How are the measures of the odd-numbered angles related? Explain. 

b. How are the measures of the even-numbered angles related? Explain. 

c. How are any pair of angles in which one is odd and the other is even related? 
d. What geometric term(s) can be used to relate the two roadways contained by 


the bridge? 
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37. PROOF Ina plane, prove that if a line is perpendicular to one of two parallel lines, then 
it is perpendicular to the other. (Theorem 3.4) 


> 
CESS TOOLS Find x. (Hint: Draw an auxiliary line.) 


38. - (39) 


40. PROBABILITY Suppose you were to pick any two angles in the figure below. 


a. How many possible angle pairings are there? 
Explain. 


b. Describe the possible relationships between 
the measures of the angles in each pair. Explain. 


c. Describe the likelihood of randomly selecting a 
pair of congruent angles. Explain your reasoning. 


41. 9§ MULTIPLE REPRESENTATIONS In this problem, you will investigate the relationship 
between same-side exterior angles. 


a. Geometry Draw five pairs of parallel lines, m and n, a and b, rand s,j and k, and x 
and y, cut by a transversal t, and measure the four angles on one side of f. 


b. Tabular Record your data in a table. 


c. Verbal Make a conjecture about the relationship between the pair of angles formed 
on the exterior of parallel lines and on the same side of the transversal. 


d. Logical What type of reasoning did you use to form your conjecture? Explain. 


e. Proof Write a proof of your conjecture. 


H.0.T. Problems Use Higher-Order Thinking Skills 


42. WRITING IN MATH If line a is parallel to line 6 c 
and 21 = 22, describe the relationship between 
lines 6 and c. Explain your reasoning. 


43. WRITING IN MATH Compare and contrast 
the Alternate Interior Angles Theorem and 
the Consecutive Interior Angles Theorem. 


44, OPEN ENDED Draw a pair of parallel lines cut by a transversal and measure the two 
exterior angles on the same side of the transversal. Include the measures on your 
drawing. Based on the pattern you have seen for naming other pairs of angles, what 
do you think the name of the pair you measured would be? 


45. CHALLENGE Find x and y. 


46. REASONING Determine the minimum number of angle measures you would have 
to know to find the measures of all the angles formed by two parallel lines cut by 


a transversal. Explain. 


Standardized Test Practice 


47. Suppose 24 and 45 form a linear pair. 
If mZ1 = 2x, mZ2 = 3x — 20, and mZ3 = x — 4, 
what is mZ3? 


A 26° C 30° 
B 28° D 32° 


48. SAT/ACT A farmer raises chickens and pigs. If 
his animals have a total of 120 heads anda 
total of 300 feet, how many chickens does the 
farmer have? 


F 60 H 80 
G 70 J 90 


Spiral Review 


49. SHORT RESPONSE If 7 || 2, then which of the 
following statements must be true? 


I. 23 and Z6 are Alternate Interior Angles. 
II. 24 and 26 are Consecutive Interior Angles. 
III. 21 and 27 are Alternate Exterior Angles. 


50. ALGEBRA If —2 + x = —6, then —17 —x =? 


A —13 D 13 
B -4 E 21 
C9 


51. AVIATION Airplanes are assigned an altitude level based on the direction they are 
flying. If one airplane is flying northwest at 34,000 feet and another airplane is 
flying east at 25,000 feet, describe the type of lines formed by the paths of the 


airplanes. Explain your reasoning. (Lesson 3-1) 


Use the given statement to find the measure of each numbered angle. (Lesson 2-8) 


52. Z1 and 22 form a linear 
pair and mZ2 = 67. mZ8 = 47. 


6/7 
1/2 


53. 26 and Z8 are; complementary 


54. mZ4 = 32 


55. TRAINS A train company wants to provide routes to New York City, Dallas, Chicago, 
Los Angeles, San Francisco, and Washington, D.C. An engineer draws lines between 
each pair of cities on a map. No three of the cities are collinear. How many lines did 


the engineer draw? (Lesson 2-5) 


Skills Review 


Simplify each expression. 


6-5 =p = 2 
56. 4-2 57. 4—7 

16 — 12 10 — 22 
oe: 15-11 a0 8-17 
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=a 

BBS a5 = (—9) 
®= 17 
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Graphing Technology Lab 


Investigating Slope 


The rate of change of the steepness of a line is called the s/ope. Slope (ess Common Core State Standards 


can be used to investigate the relationship between real-world quantities. ~ Content Standards —— 
G.GPE.5 Prove the slope criteria for parallel and perpendicular lines 
and use them to solve geometric problems (e.g., find the equation of a 
line parallel or perpendicular to a given line that passes through a 
given point). 


Set Up the Lab Mathematical Practices 5 


e Connect a data collection device to a graphing calculator. Place the 
device on a desk or table so that it can read the motion of a walker. 


e Mark the floor at distances of 1 meter and 6 meters from the device. 


Activity 


Have one group member stand at the 1-meter mark. When 
another group member presses the button to begin collecting 
data, the walker should walk away from the device at a slow, 
steady pace. 


| Step 2 | Stop collecting data when the walker passes the 6-meter mark. 
Save the data as Trial 1. 


| Step 3 | Repeat the experiment, walking more quickly. Save the data 
as Trial 2. 


Bg For Trial 3, repeat the experiment by slowly walking toward 
the data collection device. 


| Step 5 | Repeat the experiment, walking quickly toward the device. 
Save the data as Trial 4. 


Analyze the Results 


1. Compare and contrast the graphs for Trials 1 and 2. How do the graphs for Trials 1 
and 3 compare? 


2. Use the TRACE feature of the calculator to find the ; ; 

; : : Point A Point B 
coordinates of two points on each graph. Record the Trial | oon) ey 
coordinates in a table like the one shown. Then use wy 2 Ve 


1 
the points to find the slope of the line. 1 an ee a 


2 
3 


3. Compare and contrast the slopes for Trials 1 and 2. 


How do the slopes for Trials 1 and 2 compare to the 4 ee ee 


slopes for Trials 3 and 4? 


4. The slope of a line describes the rate of change of the quantities represented by the 
x- and y-values. What is represented by the rate of change in this experiment? 


5. MAKE A CONJECTURE What would the graph look like if you were to collect data while 
the walker was standing still? Use the data collection device to test your conjecture. 
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Horizons Companies 


:- Then 


@ You used the 
properties of parallel 
lines to determine 
congruent angles. 


a NewVocabulary 
= slope 
rate of change 


‘nce)\ Common Core 
CSS) State Standards 


Content Standards 
G.GPE.5 Prove the slope 
criteria for parallel and 
perpendicular lines and use 
them to solve geometric 
problems (e.g., find the 
equation of a line parallel or 
perpendicular to a given line 
that passes through a given 
point). 


Mathematical Practices 
4 Model with mathematics. 
7 Look for and make use of 
structure. 

Look for and express 
regularity in repeated 
reasoning. 


fos) 
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--Now 


 ) Find slopes of 
lines. 


Use slope to identify 
parallel and 
perpendicular lines. 


Slopes of Lines 


Why? 


@ Ski resorts assign ratings to their ski 
trails according to their difficulty. A 
primary factor in determining this 
rating is a trail’s steepness or ne 


gradient. A trail with a 6% or 


grade falls 6 feet vertically for every 
100 feet traveled horizontally. 


Se a 


ss . . 
Mame slope = —Vettical rise_ 
a die horizontal run 


The easiest trails, labeled @, have 

slopes ranging from 6% to 25%, | 
while more difficult trails, labeled vertical 
4 or $@, have slopes of 40% rise 


or greater. 


horizontal run- 


Slope of a Line The steepness or slope of a hill is described by the ratio of the hill’s 
vertical rise to its horizontal run. In algebra, you learned that the slope of a line in the 


coordinate plane can be calculated using any two points on the line. 


oS KeyConcept Slope of aLine 


In a coordinate plane, the slope of a line is y 


the ratio of the change along the y-axis to 


(Xp, Yo} f 


the change along the x-axis between any two 


points on the line. (xX, V4)! 


The slope m of a line containing two points 


7 rise: 


eM | 


with coordinates (x,, y;) and (Xo, Y») is given 


FUN: Xo — Xy 


by the formula 


7 where x, # Xp. 


Xa — % 


Example 1 


Find the slope of each line. 


a. Substitute (—1, —2) for (x,, y,) and 
(3, 3) for (x, 4) . 
= = = = Slope Formula 
= —s Substitution 
= 2 Simplify. 


SIGHO9/PJeg Ue| IY 


StudyTip 

Dividing by 0 The slope = 
is undefined because there is 
no number that you can 
multiply by 0 and get —5. 
Since this is true for any 
number, all numbers divided 
by 0 will have an undefined 
slope. All vertical lines have 
undefined slopes. 


b. y Substitute (—2, 3) for (x,, y,) and 
L (1, —3) for (x5, y>). 
Yo" 
=%=% Slope Formula 
oO x _ 3-3 fa 
= Substitution 
M 
=--—2 Simplify. 
C. y Substitute (—4, —3) for (x1, y,) and 
(3, —3) for (xp, yo). 
Yo7N"1 
m= a Slope Formula 
x Sais ituti 
=3 Ea Substitution 
= oro Simplif 
N P = 7 or implify. 


Substitute (2, 1) for (x, y,) and 
(2, —4) for (x5, y>). 
_ We ¥i 
 Xy — X4 
_ oh a — 
=o Substitution 


~=5 
0 


Slope Formula 


Simplify. 


This slope is undefined. 


GuidedPractice 


1A. the line containing (6, —2) and 1B. the line containing (8, —3) and 


1C. the line containing (4, 2) and (4,3) 1D. the line containing (—3, 3) and (4, 3) 


Example 1 illustrates the four different types of slopes. 


_ConceptSummary Classifying Slopes “) 
Positive Slope Negative Slope Zero Slope Undefined Slope 
y y y y 
e) x (e) x Oo x fe) x 
\ dA 


Slope can be interpreted as a rate of change, describing how a quantity y changes in 
relation to quantity x. The slope of a line can also be used to identify the coordinates of 


any point on the line. 
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Real-WorldCareer 


Flight Attendants Flight 
attendants check tickets, 
assist passengers with 
boarding and carry-ons, and 
provide an overview of 
emergency equipment and 
procedures. A high school 
diploma is required, but 
airlines increasingly favor bi- 
or multi-lingual candidates 
with college degrees. 


— 


XL 


Real-World Example 2 


TRAVEL A pilot flies a plane from Columbus, Ohio, to Orlando, Florida. After 
0.5 hour, the plane reaches its cruising altitude and is 620 miles from Orlando. 
Half an hour later, the plane is 450 miles from Orlando. How far was the plane 
from Orlando 1.25 hours after takeoff? 


Understand Use the data given to graph the line that models the distance from 
Orlando y in miles as a function of time x in hours. 


Assume that speed is constant. 
Plot the points (0.5, 620) and 
(1.0, 450), and draw a line 
through them. 


Distance from Orlando 


You want to find the distance 
from Orlando after 1.25 hours. 


— 
r= 
= 
ov 
v 
< 
oC 
— 
“A 
2 
a 


From the graph we can estimate 
that after 1.25 hours, the distance 
was a little less than 400 miles. 


Time (h) 
Plan Find the slope of the line graphed. 
Use this rate of change in the 
plane’s distance from Orlando 
per hour to find the distance 
from Orlando after 1.25 hours. 


Solve Use the Slope Formula to find the slope of the line. 


_ ¥2—¥1 _ (450 — 620) miles | —170 miles , —340 miles 
~ %2-%, ~~ (1.0—0.5)hours 0.5 hour 1 hour 


The plane traveled at an average speed of 340 miles per hour. 
The negative sign indicates a decrease in distance over time. 


Use the slope of the line and one known point on the line to calculate 
the distance y when the time x is 1.25. 


Yo7 V1 
: =%y Slope Formula 
340 —— 340 0.5 620, and 1.25 
a -i i aa 1X = 0.9, y= , an X= 1. 
_ ya 620 or 
—340 = 075 Simplify. 


—255 = y» — 620 Multiply each side by 0.75. 
365 = Yo Add 620 to each side. 


Thus, the distance from Orlando after 1.25 hours is 365 miles. 


Check Since 365 is close to the estimate, our answer is reasonable. Y 


GuidedPractice 


2. DOWNLOADS In 2006, 500 million songs were legally downloaded from the Internet. 
In 2004, 200 million songs were legally downloaded. 


A. Use the data given to graph the line that models the number of songs 
legally downloaded y as a function of time x in years. 


B. Find the slope of the line, and interpret its meaning. 


C. If this trend continues at the same rate, how many songs will be 
legally downloaded in 2020? 


(Ao) 
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Awejy/sejyeaig/sabewuayidne 


Parallel and Perpendicular Lines You can use the slopes of two lines to 
determine whether the lines are parallel or perpendicular. Lines with the same 
slope are parallel. 


| Postulates Parallel and Perpendicular Lines 


3.2 Slopes of Parallel Lines Two nonvertical lines have slope = 4 
the same slope if and only if they are parallel. All 
vertical lines are parallel. 


Example Parallel lines 2 and mhave the same slope, 4. 


3.3 Slopes of Perpendicular Lines Two nonvertical lines 
are perpendicular if and only if the product of their slopes 
is —1. Vertical and horizontal lines are perpendicular. 


Example line m _ line p ; 


product of slopes = 4 - =; —1 slope = 4 


Example 3 


Determine whether AB and CD are parallel, perpendicular, or neither for A(1, 1), 
B(—1, —5), C(3, 2), and D(6, 1). Graph each line to verify your answer. 


Step 1 | Find the slope of each line. 


slope of AB = —2—+ = =% or 3 slope of CD = 4=2 or =} 
== on 6-3 3 


XG] Determine the relationship, if any, between the lines. 


The two lines do not have the same slope, so they are not parallel. To 
determine if the lines are perpendicular, find the product of their slopes. 


StudyTip 

Slopes of Perpendiculars 

If a line 2 has a slope of 2, 
then the slope of a line 
perpendicular to line @ is the 
opposite reciprocal, -4 


since a(_4) =-1. 


‘li > — 
3(-3) =-1 Product of slopes for AB and CD 


—_ — 
Since the product of their slopes is —1, AB is perpendicular to CD. 


CHECK When graphed, the two lines appear to 
intersect and form four right angles. YW 


GuidedPractice 


Determine whether AB and CD are parallel, perpendicular, or neither. 
Graph each line to verify your answer. 


3A. A(14, 13), B(—11, 0), C(—3, 7), D(—4, —5) 
3B. A(3, 6), B(—9, 2), C(5, 4), D(2, 3) 


| TTT | LA) 
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Example 4 


Graph the line that contains A(—3, 0) and is perpendicular to CD with C(—2, —3) 
and D(2, 0). 


aF., 09-3) 3 
The slope of CD is a ar 


Since (4) = —1, the slope of the line 


. oS , 4 4 
perpendicular to CD through A is —3 or 


To graph the line, start at point A. Move down 
4 units and then right 3 units. Label the point B 


—_ 
and draw AB. 


GuidedPractice 


4. Graph the line that contains P(0, 1) and is perpendicular to OR with Q(—6, —2) 
and R(0, —6). 


Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Find the slope of each line. 
1. 


Example 2 4. BOTANY Kudzu is a fast-growing vine found in the 
southeastern United States. An initial measurement 
of the length of a kudzu vine was 0.5 meter. Seven 
days later the plant was 4 meters long. 


a. Graph the line that models the length of the plant 
over time. 


b. What is the slope of your graph? What does it 
represent? 


c. Assuming that the growth rate of the plant continues, 
how long will the plant be after 15 days? 


Example 3 Determine whether WX and YZ are parallel, perpendicular, or neither. Graph each line to 
verify your answer. 


(5) W(2, 4), X(4, 5), Y(4, 1), Z(8, -7) 6. W(1, 3), X(—2, —5), Y(—6, —2), Z(8, 3) 
7. W(-7, 6), X(—6, 9), Y(6, 3), Z(3, —6) 8. W(1, —3), X(0, 2), Y(—2, 0), Z(8, 2) 


Example 4 Graph the line that satisfies each condition. 
9. passes through A(3, —4), parallel to BC with B(2, 4) and C(5, 6) 
10. slope = 3, passes through A(—1, 4) 
11. passes through P(7, 3), perpendicular to LM with L(—2, —3) and M(—1, 5) 
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Practice and Problem Solving Extra Practice is on page R3. 


Example 1 


Example 2 


Example 3 


Find the slope of each line. 


12. y (13) y 14. y 


D 


15. y 16. y 17. 


Determine the slope of the line that contains the given points. 


18. C(3, 1), D(=2; 1) 19. E(5, —1), (2, —4) 
20. G(—4, 3), H(—4, 7) 21. (7, 3), K(-8; =3) 

22. L(8, —3), M(—4, —12) 23. P(=3, =5), O(—3, =1) 
24. R(2, —6), S(—6, 5) 25. T(—6, —11), V(—12, —10) 


a~ 
26. GCSS MODELING In 2004, 8 million Americans over the age of 7 participated in mountain 
biking, and in 2006, 8.5 million participated. 


a. Create a graph to show the number of participants in mountain biking based on the 
change in participation from 2004 to 2006. 


b. Based on the data, what is the growth per year of the sport? 


c. If participation continues at the same rate, what will be the participation in 2013 to 
the nearest 10,000? 


27. FINANCIAL LITERACY Suppose an MP3 player cost $499 in 2003 and $249.99 in 2009. 
a. Graph a trend line to predict the price of the MP3 player for 2003 through 2009. 
b. Based on the data, how much does the price drop per year? 


c. If the trend continues, what will be the cost of an MP3 player in 2013? 


Determine whether AB and CD are parallel, perpendicular, or neither. Graph each line to 
verify your answer. 


28. A(1, 5), B(4, 4), C9, —10), D(—6, —5) 29. A(—6, —9), B(8, 19), C(O, —4), D(2, 0) 
30. A(4, 2), B(—3, 1), C(6, 0), D(—10, 8) 31. A(8, —2), B(4, —1), C(3, 11), D(—2, —9) 
32. A(8, 4), B(4, 3), C(4, —9), D(2, —1) 33. A(4, —2), B(—2, —8), C(4, 6), D(8, 5) 


Example 4 Graph the line that satisfies each condition. 
34. passes through A(2, —5), parallel to BC with B(1, 3) and C(4, 5) 
35. slope = —2, passes through H(—2, —4) 
36. passes through K(3, 7), perpendicular to LM with L(—1, —2) and M(—4, 8) 
37. passes through X(1, —4), parallel to YZ with Y(5, 2) and Z(—3, —5) 
38. slope = Z, passes through J(—5, 4) 


39. passes through D(—5, —6), perpendicular to FG with F(—2, —9) and G(1, —5) 


40. STADIUMS Before it was demolished, the RCA Dome was home to the Indianapolis 
Colts. The attendance in 2001 was 450,746, and the attendance in 2005 was 457,373. 


a. What is the approximate rate of change in attendance from 2001 to 2005? 
b. If this rate of change continues, predict the attendance for 2012. 

c. Will the attendance continue to increase indefinitely? Explain. 
d. 


The Colts have now built a new, larger stadium. Do you think their decision was 
reasonable? Why or why not? 


Determine which line passing through the given points has a steeper slope. 


41. Line 1: (0, 5) and (6, 1) 42. Line 1: (0, —4) and (2, 2) 

Line 2: (—4, 10) and (8, —5) Line 2: (0, —4) and (4, 5) 
(43) Line 1: (—9, —4) and (7, 0) 44. Line 1: (—6, 7) and (9, —3) 

Line 2: (0, 1) and (7, 4) Line 2: (—9, 9) and (3, 5) 


45, (CSS MODELING Michigan provides habitat for 
two endangered species, the bald eagle and 
the gray wolf. The graph shows the Michigan 
population of each species in 1992 and 2006. 


Michigan Bald Eagle and 
Gray Wolf Populations 


at 
So 
SS} 
S 


a. Which species experienced a greater rate 
of change in population? 


b. Make a line graph showing the growth of 
both populations. 


< 
& 
8 
—] 
2 
° 
o 


c. If both species continue to grow at their 
respective rates, what will the population 
of each species be in 2012? 


1992 2006 1992 2006 
Year 
Find the value of x or y that satisfies the given conditions. Then graph the line. 
46. The line containing (4, —1) and (x, —6) has a slope of -2. 
47. The line containing (—4, 9) and (4, 3) is parallel to the line containing (—8, 1) and (4, y). 
48. The line containing (8, 7) and (7, —6) is perpendicular to the line containing (2, 4) and (x, 3). 
49. The line containing (1, —3) and (3, y) is parallel to the line containing (5, —6) and (9, y). 


50. SCHOOLS In 2000, Jefferson High School had 1125 students. By 2006, the student body 
had increased to 1425 students. When Fairview High School was built in 2001, it had 
1275 students. How many students did Fairview High School have in 2006 if the 
student body grew at the same rate as Jefferson High School? 
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(l)image100/CORBIS, (r)Images & Stories/Almay 


MUSIC Maggie and Mikayla want to go to the music store near Maggie’s house after 
school. They can walk 3.5 miles per hour and ride their bikes 10 miles per hour. 


a. Create a table to show how far Maggie and Mikayla can travel walking and riding 
their bikes. Include distances for 0, 1, 2,3, and 4 hours. 


b. Create a graph to show how far Maggie and Mikayla can travel based on time for 
both walking and riding their bikes. Be sure to label the axes of your graph. 


c. What does the slope represent in your graph? 


d. Maggie’s mom says they can only go if they can make it to the music store and back 
in less than two hours. If they want to spend at least 30 minutes in the music store 
and it is four miles away, can they make it? Should they walk or ride their bikes? 
Explain your reasoning. 


H.0.T. Problems Use Higher-Order Thinking Skills 


52. WRITE A QUESTION A classmate says that all lines have positive or negative slope. Write 
a question that would challenge his conjecture. 


53. ERROR ANALYSIS Terrell and Hale calculated the slope of the line passing through the 
points Q(3, 5) and R(—2, 2). Is either of them correct? Explain your reasoning. 


a> 

54. CESS REASONING Draw a square ABCD with opposite vertices at A(2, —4) and C(10, 4). 
a. Find the other two vertices of the square and label them B and D. 
b. Show that AD || BC and AB || DC. 


c. Show that the measure of each angle inside the square is equal to 90. 


55. WRITING IN MATH Describe the slopes of the 
Sears Tower and the Leaning Tower of Pisa. 


56. CHALLENGE In this lesson you learned that 

_ 7% 
Hg ey 

show that the slope can also be calculated 

Yi Y2 

xy — %Q" 


. Use an algebraic proof to 


using the equation m = 


fai 


Sears Tower Leaning Tower of Pisa 


57. WRITING IN MATH Find two additional points that lie along the same line as X(3, —1) and 
Y(-1, 7). Generalize a method you can use to find additional points on the line from 
any given point. 
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Standardized Test Practice 


58. What is the slope of a line perpendicular to the 60. ALGEBRA Jamie is collecting money to buy an 
line through the points (—1, 6) and (3, —4)? $81 gift for her teacher. She has already 
eee contributed $24. She will collect $3 from each 

a: contributing student. How many other students 
Bm=-1 must contribute? 
CG geecce F 3 students 
5 5 G 9 students 
Dm= 5 H 12 students 


59. SHORT RESPONSE A set of 25 cards is randomly J 19 students 


placed face down on a table. 15 cards have only 
the letter A written on the face, and 10 cards 
have only the letter B. Patrick turned over 1 
card. What is the probability of this card having 
the letter B written on its face? A V5rcm 
B 2V57cm 


C 4V507cm 
D 207 cm 
E 407 cm 


61. SAT/ACT The area of a circle A = 20% om? 
is 207% square centimeters. 
What is its circumference? 


Spiral Review 


In the figure, a || 6, c || d, and mZ4 = 57. 
Find the measure of each angle. (Lesson 3-2) 


62. 25 63. 21 
64. 28 65. 210 


Refer to the diagram at the right. (Lesson 3-1) 
66. Name all segments parallel to TU. 
67. Name all planes intersecting plane BCR. 


68. Name all segments skew to DE. 


Determine whether the stated conclusion is valid based on the given 
information. If not, write invalid. Explain your reasoning. (Lesson 2-4) 
69. Given: ZB and ZC are vertical angles. 70. Given: ZW = ZY 
Conclusion: ZB = ZC Conclusion: ZW and ZY are vertical angles. 


71. CONSTRUCTION There are four buildings on the Mansfield High School Campus, no 
three of which stand in a straight line. How many sidewalks need to be built so that 
each building is directly connected to every other building? (Lesson 1-1) 


Skills Review 


Solve for y. 
72. 3x +y=5 73. 4x + 2y =6 74, 4y — 3x =5 
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Mid-Chapter Quiz 


Lessons 3-1 through 3-3 


Identify the transversal connecting each pair of angles. Then 
Classify the relationship between each pair of angles as 
alternate interior, alternate exterior, corresponding, or 
consecutive interior angles. (Lesson 3-1) 


1. Z6and 23 
3. 210 and 211 


2. Z1and 214 
4. Z5and Z7 


Refer to the figure to identify each of the following. (Lesson 3-1) 


A "|_ 2 ae 


G H 
5. aplane parallel to plane ABCD 
6. asegment skew to GH that contains point D 


7. all segments parallel to HE 


8. MULTIPLE CHOICE Which term best describes 74 and 28? 
(Lesson 3-1) 


A corresponding C alternate interior 


B_ alternate exterior D consecutive interior 


In the figure, mZ4 = 104, mZ14 = 118. Find the measure of 
each angle. Tell which postulate(s) or theorem(s) you used. 
(Lesson 3-2) 


9. 22 
10. 29 
11. 210 
12. 27 


13. Find x. (Lesson 3-2) 


(3x — 9)° (2.5x + 15)° 


14. MODEL TRAINS Amy is setting up two parallel train tracks so 
that a third track runs diagonally across the first two. To 
properly place a switch, she needs the angle between the 
diagonal and the top right portion of the second track to be 
twice as large as the angle between the diagonal and bottom 
right portion of the first track. What is the measure of the 
angle between the diagonal and the top right portion of the 
second track? (Lesson 3-2) 


Determine whether 7B and XY are parallel, perpendicular, or 
neither. Graph each line to verify your answer. (Lesson 3-3) 


15. A(2, 0), B(4, —5), X\—3, 3), Y—5, 8) 
16. A(1, 1), B(6, —9), X(4, —10), (7, —4) 


Find the slope of each line. (Lesson 3-3) 


Cw 


17. line 2 
19. a line perpendicular to x 


18. a line parallel to m 


20. SALES The 2008 and 2011 sales figures for Vaughn 
Electronics are in the table below. (Lesson 3-3) 


Year | Approximate Sales ($) 


2008 240,000 
2011 330,000 
a. What is the rate of change in approximate sales from 2008 
to 2011? 


b. If this rate of change continues, predict the approximate 
sales for the year 2015. 
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Equations of Lines 


Why? 


@ You found the slopes @ Write an equation of a @ On an interstate near Lauren’s 
of lines. line given information hometown, the minimum fine for 
about the graph. speeding ten or fewer miles per 
hour over the speed limit of 65 miles 
per hour is $42.50. There is an 
additional charge of $2 for each mile 
per hour over this initial ten miles per 
hour. The total charge, not including 
court costs, can be represented by 
the equation C = 42.5 + 2m. 


Cost of Speeding 


Solve problems by 
writing equations. 


Speed Over Limit (mph) 


Gd NewVocabulary Write Equations of Lines You may remember from algebra that an equation of a 

~ Slope-intercept form nonvertical line can be written in different but equivalent forms. 

point-slope form 
KeyConcept_Nonvertical Line Equations 
. The slope-intercept form of a linear equation is ;—— slope — 
€CSS)) Common Core y= mx + b,where mis the slope of the line ‘ 
State Standards agaeeks y=m+b y=3x+8 
= and 4 is the y-intercept. 

Content Standards — y-intercept _4 
G.GPE.5 Prove the slope ; a ; 
criteria for parallel and The point-slope form of a linear equation is point on line (3, 5) 
perpendicular lines and use Y—Y, = m(x — X;,), where (x,, y;) is any 
them to solve geometric oint on the line and mis the slope of the line. a9 a0 — 
problems (e.g., find the P P y—5 = —2(x — 3) 
equation of a line parallel or — slope 
perpendicular to a given line q yy, 
that passes through a given 
point). 


When given the slope and either the y-intercept or a point on a line, you can use these 


Mathematical Practi ; : P 
Prearaneaad aptardiy forms to write the equation of the line. 


4 Model with mathematics. 
8 Look for and express 
regularity in repeated 


, Example 1 
reasoning. 


Write an equation in slope-intercept form of the line with slope 3 and 
y-intercept of —2. Then graph the line. 


y=mx + b Slope-intercept form y 
y = 3x + (—2) m=3,b=—-2 
y=3x-—2 Simplify. 


Plot a point at the y-intercept, —2. Use the slope of 


3 or 7 to find another point 3 units up and 1 unit to 


the right of the y-intercept. Then draw the line y= 3x—2} 
through these two points. 


GuidedPractice 


1. Write an equation in slope-intercept form of the line with slope 5 
and y-intercept of 8. Then graph the line. 
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WatchOut! 


Substituting Negative 
Coordinates When 
substituting negative 
coordinates, use parentheses 
to avoid making errors with 
the signs. 


StudyTip 
cess Perseverance In 


Example 3b, you could also 
use the slope-intercept form 
and one point to find the 
y-intercept and write the 
equation. 


y=mx+b 
4=—1(-1) +b 
4==4+0 
4-fa 
D3 
$0, y= —4x +4. 


Example 2 


Write an equation in point-slope form of the line with slope -3 that 
contains (—2, 5). Then graph the line. 


Y-Yy4= m(x — X4) Point-Slope form 


y-5=—Sfx—(-2] m=-3, 4) = 2.5) 


y-5= (x 49) Simplify. 


Graph the given point (—2, 5). Use the slope 3 or — 
to find another point 3 units down and 4 units to the 


right. Then draw the line through these two points. 


GuidedPractice 


2. Write an equation in point-slope form of the line 
with slope 4 that contains (—3, —6). Then graph 
the line. 


When the slope of a line is not given, use two points on the line to calculate the slope. 
Then use the point-slope or slope-intercept form to write an equation of the line. 


Example 3 
Write an equation of the line through each pair of points in slope-intercept form. 
a. (0, 3) and (—2, —1) 

EE Find the slope of the line through the points. 


_Y¥o2-¥1_ -1-3_ -4 
=> 2-0 7 2 A 


m Use the Slope Formula. 


| Step 2| Write an equation of the line. 
y=mx+b Slope-Intercept form 


y=2x+3 m = 2; (0, 3) is the y-intercept. 


b. (—7, 4) and (9, —4) 


Ce oe 
BO n= 5-6 oF 


BOW y — y, = m(x — x,) 


1 
Naa ome “as | 


Use the Slope Formula. 


Point-Slope form 


m= 5, (4, y3) = (-7, 4) 


Cae 5 47) Simplify. 
ada £ a 
a 2 9 Distribute. 
eee de ee 
eae aan Add 4 to each side: + 4=—> +5 
ml 
GuidedPractice 


3A. (—2, 4) and (8, 10) 3B. (—1, 3) and (7, 3) 


Math HistoryLink 


Gaspard Monge 
(1746-1818) Monge 
presented the point-slope 
form of an equation of a line 
in a paper published in 1784. 


Example 4 


Write an equation of the line through (—2, 6) and (5, 6) in slope-intercept form. 


Step 1 m= — = - = eee © oro This is a horizontal line. 


5—(-2) 7 
[Step 2, ¥ — yy = mx — xy) Point-Slope form 


y-6=0[x—(-2)]  m=—4, (x,y) =(-2,6) 


y—6=0 Simplify. 
y= 6 Add 6 to each side. 
GuidedPractice 


The equations of horizontal and vertical lines involve only one variable. 


The equation of a horizontal line is y= 6, where bis the 
y-intercept of the line. 


Example y= —3 


The equation of a vertical line is x = a, where ais the 
x-intercept of the line. 


Example x= —2 


4. Write an equation of the line through (5, 0) and (—1, 0) in slope-intercept form. 


KeyConcepts Horizontal and Vertical Line Equations | 


y 


Example 5 


y = —3x + 2 containing (4, 0). 


GuidedPractice 


containing (—3, 6). 
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The slope of y = —3x + 2 is —3, so the slope of a line perpendicular to it is 


y=mx+b Slope-Intercept form 
0=44) +b m= + and (x, y= (4,0) 
0= : +b Simplify. 
-= =b Subtract ‘ from each side. 
re yee me ae 
So, the equation is y = gt + ( 5) ory = 4% 1,. 


5. Write an equation in slope-intercept form for a line parallel to y = — 


Parallel lines that are not vertical have equal slopes. Two nonvertical lines are 
perpendicular if the product of their slope is —1. Vertical and horizontal lines 
are always perpendicular to one another. 


Write an equation in slope-intercept form for a line perpendicular to 


i 
3" 


3x43 


Ayeigr] aunyaig suey Aue, 


ReadingMath 

Linear The word /inear 
indicates a line. The graph of 
a linear equation is a line. 


Problem-SolvingTip 


Draw a Graph In Example 6, 
although Plan Y has a lower 
monthly fee, the charge per 
text message is higher. This 
makes the plans more 
difficult to compare. A graph 
can often give you a better 
comparison of two linear 
situations. 


Write Equations to Solve Problems Many real-world situations can be modeled 
using a linear equation. 


Real-World Example 6 


FINANCIAL LITERACY Benito’s current wireless phone plan, Plan X, costs $39.95 per 
month for unlimited calls and $0.05 per text message. He is considering switching 
to Plan Y, which costs $35 per month for unlimited calls plus $0.10 for each text 
message. Which plan offers him the better rate? 


Understand 


Plan 


Solve 


Check 


Plan X costs $39.95 per month plus $0.05 per text message. Plan Y costs 
$35 per month plus $0.10 per text message. You want to compare the two 
plans to determine when the cost of one plan is less than the other. 


Write an equation to model the total monthly cost C of each plan for 
t text messages sent or received. Then graph the equations in order to 
compare the two plans. 


The rates of increase, or slopes m, in the total costs are 0.05 for Plan X 
and 0.10 for Plan Y. When the number of text messages is 0, the total 

charge is just the monthly fee. So, the y-intercept b is 39.95 for Plan X 
and 35 for Plan Y. 


Plan X Plan Y 
C=mt+b Slope-intercept form C=mt+b 
C = 0.05t + 39.95 Substitute for mand b. C = 0.10 + 35 


Graph the two equations on the same coordinate plane. 


Cost of Text Messages 


It appears that for 100 
text messages, the 
cost of each plan is 
the same, about $44. 


60 80 100 120 
Number of Text Messages 


140 160 


From the graph, it appears that if Benito sends or receives less than 
about 100 text messages, Plan Y offers the lower rate. For more than 
100 messages, Plan X is lower. 


Check your estimate. For 100 text messages, Plan X costs 
0.05(100) + 39.95 or 44.95, and Plan Y costs 0.1(100) + 35 

or 45. Adjusting our estimate, we find that when the number 
of messages is 99, both plans cost $44.90. ¥ 


GuidedPractice 


6. Suppose the rate for Plan Y was $44 a month and $0.02 per text message. Which 


plan would offer Benito the better rate? Justify your answer. 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Write an equation in slope-intercept form of the line having the given slope and 
y-intercept. Then graph the line. 


1. m: 4, y-intercept: —3 2. m: > y-intercept: —1 3. m: 5, y-intercept: 5 


Example 2 Write an equation in point-slope form of the line having the given slope that contains 
the given point. Then graph the line. 


4, m=5, (3, —2) 5. m= ra (3-3) 6. m = —4.25, (—4, 6) 


Examples 3-4 Write an equation of the line through each pair of points in slope-intercept form. 


Example 5 10. Write an equation in slope-intercept form for a line perpendicular to 
y = —2x + 6 containing (3, 2). 


11. Write an equation in slope-intercept form for a line parallel to y = 4x — 5 
containing (—1, 5). 


Example 6 12. Ess MODELING Kameko currently subscribes to Ace Music, 
an online music service, but she is considering switching 
to another online service, Orange Tunes. The plan for each 
online music service is shown. 


& Subscription fee $5/mo 
$0.79 per song downloaded 


Subscription fee 


a. Write an equation to represent the total monthly cost $10/mo 40 


for each plan. 


downloads 
per month 


b. Graph the equations. 


c. If Kameko downloads 15 songs per month, should she keep her current plan, 
or change to the other plan? Explain. 


Practice and Problem Solving Extra Practice is on page R3. 


Example 1 Write an equation in slope-intercept form of the line having the given slope and 
y-intercept or points. Then graph the line. 


13. m: —5, y-intercept: —2 14. m: —7, b: —4 15. m:9,b:2 
16. m: 12, y-intercept: 2 17. m: 3, (0, 4) 18. m: =, (0, —3) 


Example 2 Write an equation in point-slope form of the line having the given slope that 
contains the given point. Then graph the line. 


(19) m = 2, (3, 11) 20. m = 4, (—4, 8) 21. m = —7, (1,9) 
22, m = 2, (2, -5) 23. m= 2, (—3, —6) 24. m = —2.4, (14, -12) 


Examples 3-4 Write an equation of the line through each pair of points in slope-intercept form. 


25. (—1, —4) and (3, —4) 26. (2, —1) and (2, 6) 
27. (—3, —2) and (—3, 4) 28. (0,5) and (3, 3) 
29. (—12, —6) and (8, 9) 30. (2, 4) and (—4, —11) 
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Example 5 


Example 6 


Write an equation in slope-intercept form for each line shown or described. 


31. 32. 


om as ee 


35. x-intercept = 3, y-intercept = —2 36. x-intercept = -5, y-intercept = 4 


Write an equation in slope-intercept form for each line described. 
37. passes through (—7, —4), perpendicular to y = ot +9 

38. passes through (—1, —10), parallel to y = 7 

39. passes through (6, 2), parallel to y = Ex +1 

40. passes through (—2, 2), perpendicular to y = —5x — 8 


(41) PLANNING Karen is planning a graduation party for the senior class. She plans to rent 
a meeting room at the convention center that costs $400. There is an additional fee of 
$5.50 for each person who attends the party. 


a. Write an equation to represent the cost y of the party if x people attend. 
b. Graph the equation. 


c. There are 285 people in Karen’s class. If z of these people attend, how much will the 
party cost? 


d. If the senior class has raised $2000 for the party, how many people can attend? 


42. cess MODELING Victor is saving his money to buy a new satellite radio for his car. He 
wants to save enough money for the radio and one year of satellite radio service before 
he makes the purchase. He started saving for the radio with $50 that he got for his 
birthday. Since then, he has been adding $15 every week after he cashes his paycheck. 


a. Write an equation to represent Victor’s savings y after x weeks. 
b. Graph the equation. 

c. How long will it take Victor to save $150? 

d. 


A satellite radio costs $180. Satellite radio service costs $10 per month. If Victor 
started saving two weeks ago, how much longer will it take him to save enough 
money? Explain. 


Name the line(s) on the graph shown that match each 
description. 


43. parallel to y = 2x —3 


44. perpendicular to y = ax +7 


45. intersecting, but not perpendicular to y = ax =5 


Determine whether the lines are parallel, perpendicular, 
or neither. 


46. y =2x + 4, y = 2x —10 47. y= —3x —12,y=2x +7 
48. y—4=3(x +5), y+3=-4@+1) 49. y —3 = 6(x +2), y+3= 3-4) 


——— 
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50. Write an equation in slope-intercept form for a line containing (4, 2) that is parallel to 
the line y — 2 = 3(x + 7). 


(1) Write an equation for a line containing (—8, 12) that is perpendicular to the line 
containing the points (3, 2) and (—7, 2). 

52. Write an equation in slope-intercept form for a line containing (5, 3) that is parallel to 
the line y + 11 = F(4x + 6). 


53. POTTERY A community center offers pottery classes. A $40 enrollment fee covers 
supplies and materials, including one bag of clay. Extra bags of clay cost $15 each. 
Write an equation to represent the cost of the class and x bags of clay. 


54, &§? MULTIPLE REPRESENTATIONS In Algebra 1, you learned that the solution of a system 
of two linear equations is an ordered pair that is a solution of both equations. Consider 
lines q, r,s, and t with the equations given. 


line gq: y = 3x +2 liner: y = 0.5x — 3 line s: 2y =x — 6 line t: y = 3x —3 


a. Tabular Make a table of values for each equation for x = —3, —2, —1, 0,1, 2, and 3. 
Which pairs of lines appear to represent a system of equations with one solution? 
no solution? infinitely many solutions? Use your tables to explain your reasoning. 


b. Graphical Graph the equations on the same coordinate plane. Describe the geometric 
relationship between each pair of lines, including points of intersection. 


c. Analytical How could you have determined your answers to part a using only the 
equations of the lines? 


d. Verbal Explain how to determine whether a given system of two linear equations 
has one solution, no solution, or infinitely many solutions using a table, a graph, 
or the equations of the lines. 


H.0.T. Problems Use Higher-Order Thinking Skills 


55. CHALLENGE Find the value of 1 so that the line perpendicular to the line with the 
equation —2y + 4 = 6x + 8 passes through the points at (n, —4) and (2, —8). 


56. REASONING Determine whether the points at (—2, 2), (2, 5), and (6, 8) are collinear. 
Justify your answer. 


57. OPEN ENDED Write equations for two different pairs of perpendicular lines that intersect 
at the point at (—3, —7). 


la~ 
58. cess CRITIQUE Mark and Josefina wrote an equation of a line with slope —5 that passes 
through the point (—2, 4). Is either of them correct? Explain your reasoning. 


Mavk Josefina 


yo os 52) Y-4=-5(x - (-2)) 
y -4= -S(x + 2) JF = —5(% +2) 


y -4=-Sx- 10 
y= -Sx-6 


59. WRITING IN MATH When is it easier to use the point-slope form to write an equation 
of a line and when is it easier to use the slope-intercept form? 
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Standardized Test Practice 


60. Which graph best represents a line passing 61. Which equation describes the line that passes 
through the point (—2, —3)? through the point at (—2, 1) and is perpendicular 
to the line y = rs + 5? 


Fy=3x+7 H y=-3x—5 


A y C y 


G y=4x+7 Jy=-3x-5 


62. GRIDDED RESPONSE At Jefferson College, 80% of 
students have cell phones. Of the students who 
have cell phones, 70% have computers. What 
percent of the students at Jefferson College have 
both a cell phone and a computer? 


63. SAT/ACT Which expression is equivalent to 
A(x — 6) — F(x? +8)? 


A 4x? + 4x — 28 D 3x —20 


B 5x7 + 4x — 20 E 5x7 + 4x — 28 


Cc fx? + 6x — 24 


Spiral Review 


Determine the slope of the line that contains the given points. (Lesson 3-3) 


64. ](4, 3), K(5, —2) 65. X(0, 2), Y(—3, —4) 66. A(2, 5), B(5, 1) 


Find x and y in each figure. (Lesson 3-2) 


67. 68. 


69. DRIVING Lacy’s home is located at the midpoint between Newman’s Gas Station and 
Gas-O-Rama. Newman’s Gas Station is a quarter mile away from Lacy’s home. How far 
away is Gas-O-Rama from Lacy’s home? How far apart are the two gas stations? (Lesson 1-3) 


Skills Review 


Determine the relationship between each pair of angles. 
70. Z1 and 212 

71. 27 and 210 

72. Z4 and 28 

73. 22 and 211 
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Geometry Lab 
Equations of Perpendicular 
Bisectors 


You can apply what you have learned about slope and equations (ess Common Core State Standards 
of lines to geometric figures on a plane. ~~ Content Standards 


G.GPE.5 Prove the slope criteria for parallel and perpendicular lines 
and use them to solve geometric problems (e.g., find the equation of a 
line parallel or perpendicular to a given line that passes through a 
given point). 

Mathematical Practices 8 


Activity 


Find the equation of a line that is a perpendicular bisector y 
of a segment AB with endpoints A(—3, 3) and B(4, 0). A(-3, 3) 


| Step 1 | A segment bisector contains the midpoint of the segment. 
Use the Midpoint Formula to find the midpoint M of AB. 


e (4, 0) % 
X1 +X ees _ (a4 S40) 
MI ar ae a rr 
= (5 3) 
2° 2: 
| Step 2 WN perpendicular bisector is perpendicular to the segment through the 
midpoint. In order to find the slope of the bisector, first find the slope of AB. 
Y27 "1 
m= X> =X Slope Formula 
mera xX, = —3,%) = 4, y, = 3, y= 0 
=-2 Simplify. 
ESE] Now use the point-slope form to write the equation of As, y 
—3, Toad 
the line. The slope of the bisector is é since -3(2) =-1 poets 
Y — Y, = m(x — x4) Point-slope form 
(4, 0)* 
OT 1 7 1,33 
y- $ = z _ Z Distributive Property y 
ae Dae 3 
y= 3° 3 Add D to each side. 


Find the equation of a line that is the perpendicular bisector PQ for the given endpoints. 


1. P(5, 2), Q(7, 4) 2..P(=3, 9), Q(=1, 9) 
3. P(—6, —1), Q(8, 7) 4. P(—2, 1), Q(0, —3) 
5. P(0, 1.6), Q(0.5, 2.1) 6. P(—7, 3), Q(5, 3) 


7. CHALLENGE Find the equations of the lines that contain the sides of AXYZ with 
vertices X(—2, 0), Y(1, 3), and Z(3, —1). 
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Proving Lines Parallel 


:-‘Now :- Why? 


@ Youusedslopesto ©@ 1 Recognize angle pairs @ When you see a roller coaster track, the 
identify parallel and that occur with parallel _——_ two sides of the track are always the same 
perpendicular lines. lines. distance apart, even though the track 

curves and turns. The tracks are carefully 

constructed to be parallel at all points so 
that the car is secure on the track. 


Prove that two lines 
are parallel. 


Identify Parallel Lines The two sides of the track of a roller coaster are parallel, 

and all of the supports along the track are also parallel. Each of the angles formed 
between the track and the supports are corresponding angles. We have learned that 
corresponding angles are congruent when lines are parallel. The converse of this 
relationship is also true. 


€css \\ Common Core 
(Ss) State Standards 
Content Standards 


G.CO.9 Prove theorems 
about lines and angles. 


G.C0.12 Make formal 
geometric constructions with 
a variety of tools and 
methods (compass and 
straightedge, string, 
reflective devices, paper 
folding, dynamic geometric 
software, etc.). 


Postulate 3.4 Converse of Corresponding Angles Postulate 


If two lines are cut by a transversal so that corresponding angles are 
congruent, then the lines are parallel. 


Examples lf 71 = 23, 22 = 24, 25 = Z7, 
Z6 = Z8, then a || 6. 


Mathematical Practices 

1 Make sense of problems 
and persevere in solving 
them. 

3 Construct viable 
arguments and critique 
the reasoning of others. 


The Converse of the Corresponding Angles Postulate can be used to construct 
parallel lines. 


i 
| Construction Parallel Line Through a Point Not on the Line mel 
EXGH Use a straightedge to ~~ FREER Copy 2cABsothatC © FREE] Draw Cp. Because 
draw AB. Drawa is the vertex of the ZECD = ZCAB by 
point C that is not on new angle. Label the construction and they 
“AB. Draw TA. intersection points D are corresponding 
PS and E. angles, 
= AB || CD. 
E C 
a B 
= A 
3 \ _/ 
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StudyTip 


Euclid’s Postulates The 
father of modern geometry, 
Euclid (c. 300 B.c.) realized 
that only a few postulates 
were needed to prove 

the theorems in his day. 
Postulate 3.5 is one of 
Euclid’s five original 
postulates. Postulate 2.1 
and Theorem 2.10 also reflect 
two of Euclid’s postulates. 


The construction establishes that there is at least one line through C that is parallel to AB. 
The following postulate guarantees that this line is the only one. 


Postulate 3.5 Parallel Postulate 


If given a line and a point not on the line, then there exists exactly 
one line through the point that is parallel to the given line. 


Parallel lines that are cut by a transversal create several pairs of congruent angles. These 
special angle pairs can also be used to prove that a pair of lines are parallel. 


Theorems Proving Lines Parallel 


3.5 Alternate Exterior Angles Converse 
If two lines in a plane are cut by a transversal so 
that a pair of alternate exterior angles is congruent, 
then the two lines are parallel. 


If 21 = 23, then p || g. 


3.6 Consecutive Interior Angles Converse P q 
If two lines in a plane are cut by a transversal 
so that a pair of consecutive interior angles is 4 5 


supplementary, then the lines are parallel. 
If mZ4 + mZ5 = 180, then p || ¢. 


Alternate Interior Angles Converse P q 
If two lines in a plane are cut by a transversal so 6 
that a pair of alternate interior angles is congruent, 8 

then the lines are parallel. 


3.7 


If 26 = 28, then p || g. 


3.8 Perpendicular Transversal Converse r 
In a plane, if two lines are perpendicular to the 


same line, then they are parallel. P 


Ifp Lr and q 17, then p || ¢. 


You will prove Theorems 3.5, 3.6, 3.7, and 3.8 in Exercises 6, 23, 31, and 30, respectively. 


Example 1 


Given the following information, determine which lines, 
if any, are parallel. State the postulate or theorem that 
justifies your answer. 
a. Z1= 26 

Z1 and Z6 are alternate exterior angles of lines @ and 1. 


Since 21 = 46, £ || 1 by the Converse of the Alternate 
Exterior Angles Theorem. 


b. 22 = 23 
22 and Z3 are alternate interior angles of lines £ and m. 
Since 22 = 23, £ || m by the Converse of the Alternate Interior Angles Theorem. 
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GuidedPractice 

1A. 22 = 28 1B. 23 = Z11 
16. 212 = 214 1D. 21 = 215 
1E. mZ8 + mZ13 = 180 1F. 28 = 46 


Standardized Test Example 2 


OPEN ENDED Find mZMRQ so that a || 5. 
Show your work. 


Read the Test Item 


From the figure, you know that mZMRQ = 5x + 7 and mZRPN = 7x — 21. You are 
asked to find the measure of ZMRQ. 


Solve the Test Item 


ZMRQ and ZRPN are alternate interior angles. For lines a and 6 to be parallel, 
alternate interior angles must be congruent, so ZMRQ = ZRPN. By the definition 
of congruence, mZMRQ = mZRPN. Substitute the given angle measures into this 
equation and solve for x. 


mZMRQ = mZRPN Alternate interior angles 


5x +7 = 7x — 21 Substitution 
7 = 2x —21 Subtract 5x from each side. 
28 = 2x Add 21 to each side. 
14=x Divide each side by 2. 


StudyTip 


Finding What Is Asked For 


Be cea taieread ent Now, use the value of x to find ZMRQ. 


questions carefully to be sure mZMRQ =5x+7 Substitution 
you are answering the 

question that was asked. In = 5(14) +7 x=14 
Example 2, a common error =77 Simplify. 


would be to stop after you 
have found the value of x and 
say that the solution of the 
problem is 14. 


CHECK Check your answer by using the value of x to find mZRPN. 
mZRP = 7x — 21 


= 7(14) — 21 or77 ¥ 
Since mZMRQ = mZRPN, ZMRQ = ZRPN and a || b.v 


GuidedPractice d 


2. Find y so that || f, Show your work. r 


(4y + 10)° I 


209 |.) 


StudyTip 


Real-World Example 3 


HOME FURNISHINGS In the ladder shown, each rung is 
perpendicular to the two rails. Is it possible to prove 
that the two rails are parallel and that all of the rungs 
are parallel? If so, explain how. If not, explain why not. 


Since both rails are perpendicular to each rung, the rails 
are parallel by the Perpendicular Transversal Converse. 
Since any pair of rungs is perpendicular to the rails, they 
are also parallel. 


GuidedPractice 


3. ROWING In order to move in a straight line with 
maximum efficiency, rower’s oars should be 
parallel. Refer to the photo at the right. Is it 
possible to prove that any of the oars are 
parallel? If so, explain how. If not, explain 
why not. 


Check Your Understanding 


Example 1 


Example 2 


Example 3 


Given the following information, determine which lines, J kK 
if any, are parallel. State the postulate or theorem that 
justifies your answer. 


1.21223 2.22=245 
@z = £10 4. mZ6 + mZ8 = 180 


5. SHORT RESPONSE Find x so that m || 1. 
Show your work. 


6. PROOF Copy and complete the proof of Theorem 3.5. 


Given: /1 = 22 u e 
Prove: £ || m yA m 
Proof: 


Statements Reasons 
a. Given 


b. 2 


c. Transitive Property 
d. 2 
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Prove Lines Parallel The angle pair relationships formed by a transversal can be 
Proving Lines Parallel When used to prove that two lines are parallel. 
two parallel lines are cut by 
a transversal, the angle pairs 
formed are either congruent 
or supplementary. When a 
pair of lines forms angles 
that do not meet this 
criterion, the lines cannot 
possibly be parallel. 


SIBHOO/2BYDIN HAqoHY(q) ‘490}SJadns/INY 4098q mo|9(}) 


7. RECREATION Is it possible to prove that the backrest 
and footrest of the lounging beach chair are parallel? 
If so, explain how. If not, explain why not. 


Practice and Problem Solving 


Example 1 Given the following information, determine which 
lines, if any, are parallel. State the postulate or 
theorem that justifies your answer. 


8. 21 = 22 9. 22= 29 
10. 45 = 27 11. mZ7 + mZ8 = 180 
12. mZ3 + mZ6 = 180 13. 23 = 25 
14. 23 = 27 15. 24= 25 


Example 2 Find x so that m || 1. Identify the postulate or theorem you used. 


17. 


(5x — 20)° 


22. css SENSE-MAKING Wooden picture frames are often constructed using a miter box or 
miter saw. These tools allow you to cut at an angle of a given size. If each of the four 
pieces of framing material is cut at a 45° angle, will the sides of the frame be parallel? 
Explain your reasoning. 


Example 3 23. PROOF Copy and complete the proof of Theorem 3.6. 
Given: 21 and 22 are supplementary. ; L 
Prove: é || m 2 m 
3 


Proof: 


Statements Reasons 
i 2 a. Given 
. Z2and Z3 form a linear pair. b. 
2 


. Z1= 23 
. £\|m 
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24, CRAFTS Jacqui is making a stained glass piece. She cuts the top and 30° 
bottom pieces at a 30° angle. If the corners are right angles, explain 
how Jacqui knows that each pair of opposite sides are parallel. 


PROOF Write a two-column proof for each of the following. 


25. Given: 21 = 23 26. Given: WX || YZ 
AC || BD 22 23 
Prove: AB || CD Prove: WY || XZ 
A B Ww x 
1 1 
3 
C D y Z 
27. Given: ZABC = ZADC 28. Given: 21 = 22 
mZA + mZABC = 180 LJ 1 ML 
Prove: AB || CD Prove: KM 1 ML 
A J K 
B D es 
E M 
C 


MAILBOXES Mail slots are used to make the organization 
and distribution of mail easier. In the mail slots shown, 
each slot is perpendicular to each of the sides. Explain 
why you can conclude that the slots are parallel. 


30. PROOF Write a paragraph proof of Theorem 3.8. 

31. PROOF Write a two-column proof of Theorem 3.7. 
lA~ 

32. GOSS REASONING Based upon the information given 


in the photo of the staircase at the right, what is the 
relationship between each step? Explain your answer. 


33. 59° 34, T Ss 35. 
64° 93° 
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36. 9%? MULTIPLE REPRESENTATIONS In this problem, you will explore the shortest distance 
between two parallel lines. 


a. Geometric Draw three sets of parallel lines Kand £,s and t, and x and y. For each 
set, draw the shortest segment BC and label points A and D as shown below. 


B A k 
a eee 
Cc D 


b. Tabular Copy the table below, measure ZABC and ZBCD, and complete the table. 


Set of Parallel Lines mZABC | mZBCD 


c. Verbal Make a conjecture about the angle the shortest segment forms with both 
parallel lines. 


H.0.T. Problems Use Higher-Order Thinking Skills 


37. ERROR ANALYSIS Sumi and Daniela are determining which lines are WwW Xx 
parallel in the figure at the right. Sumi says that since 21 = 22, 
WY || XZ. Daniela disagrees and says that since 71 = 22, WX || YZ. rae. 
Is either of them correct? Explain. 
Y Z 


lA~ 
38. CCSS/REASONING Is Theorem 3.8 still true if the two lines are not coplanar? 
Draw a figure to justify your answer. 


39. CHALLENGE Use the figure at the right to prove that two lines 
parallel to a third line are parallel to each other. 


40. OPEN ENDED Draw a triangle ABC. 


a. Construct the line parallel to BC through point A. 
b. Use measurement to justify that the line you constructed is parallel to BC. 


c. Use mathematics to justify this construction. 


41. CHALLENGE Refer to the figure at the right. t 
a. If mZ1 + mZ2 = 180, prove that 4 || c. 7 . 
b. Given that a || c, if mZ1 + mZ3 = 180, prove that t 1 c. 5 
6 
42. WRITING IN MATH Summarize the five methods used ; i 


in this lesson to prove that two lines are parallel. 


43. EA) WRITING IN MATH Can a pair of angles be supplementary and congruent? 


Explain your reasoning. 


Standardized Test Practice 


44. Which of the following facts would be sufficient 
to prove that line dis parallel to XZ? 


A 212243 
B 23=2Z2 


C Z1=22 
D 22=2X 


45. ALGEBRA The expression V52 + V 117 is 
equivalent to 


F 13 H 6v13 
G 5v13 J 13V13 


46. What is the approximate surface area of 
the figure? 


9 in. 
A 101.3 in? C 202.5 in? 
B 108 in? D 216 in” 


47. SAT/ACT If x = 25 and y? = 9, what is the 
greatest possible value of (x — y)?? 

F 4 J 64 

G 16 K 70 

H 58 


Spiral Review 


Write an equation in slope-intercept form of the line having the given slope and y-intercept. (Lesson 3-4) 


48, m: 2.5, (0, 0.5) 49. m: é, (0, —9) 


el a) 
BO ii Z, (0, 3) 


51. ROAD TRIP Anne is driving 400 miles to visit Niagara Falls. She manages to travel the 
first 100 miles of her trip in two hours. If she continues at this rate, how long will it 


take her to drive the remaining distance? (Lesson 3-3) 


Find a counterexample to show that each conjecture is false. (Lesson 2-1) 


52. Given: Z1 and Z2 are complementary angles. 
Conjecture: 21 and 22 form a right angle. 
53. Given: points W, X, Y, and Z 


Conjecture: W, X, Y, and Z are noncollinear. 


Find the perimeter or circumference and area of each figure. Round to the nearest tenth. (Lesson 1-6) 


Skills Review 


55. 3.2m 


6cm 


57. Find x and y so that BE and AD are perpendicular. 
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Perpendiculars and Distance 


Why? 


@ You proved thattwo ©@ Find the distance @ A plumb bob is made of string with 
lines are parallel between a point and a specially designed weight. When 
using angle a line. the weight is suspended and 
relationships. allowed to swing freely, the point of 

the bob is precisely below the point 

to which the string is fixed. 


Find the distance 
between parallel 
lines. 
The plumb bob is useful in 
establishing what is the true vertical 
or plumb when constructing a wall 
or when hanging wallpaper. 


@>4 NewVocabulary Distance From a Point to a Line The plumb 
= equidistant bob also indicates the shortest distance between 
the point at which it is attached on the ceiling and 
a level floor below. This perpendicular distance 
between a point and a line is the shortest in all cases. 
(ss) Common Core 
PY) State Standards 
Content Standards 
G.C0.12 Make formal 
geometric constructions with 
a variety of tools and 
methods (compass and 


straightedge, string, 
reflective devices, paper 


folding, dynamic geometric o§ KeyConcept Distance Between a Point and a Line 

software, etc.). 

G.MG.3 Apply geometric Words __ The distance between a line and a point Model 

methods to solve problems not on the line is the length of the 

(e.g., designing an object or segment perpendicular to the line from 

structure to satisfy physical the point 

constraints or minimize cost; ' 

working with typographic 

grid systems based on 

ratios). + q ) 


Mathematical Practices 
2 Reason abstractly and The construction of a line perpendicular to an existing line through a point not on the 
quantitanvely ; existing line in Extend Lesson 1-5 establishes that there is at least one line through a 
p Manel wihimnatnematc: point P that is perpendicular to a line AB. The following postulate states that this line 
is the only line through P perpendicular to AB. 


Postulate 3.6 Perpendicular Postulate | 


Words If given a line and a point not on the line, © Model 
then there exists exactly one line through 
the point that is perpendicular to the 
given line. m 


\ dA 


Real-WorldCareer 


Landscape Architect 
Landscape architects enjoy 
working with their hands and 
possess strong analytical 
skills. Creative vision and 
artistic talent are also 
desirable qualities. Typically, a 
bachelor’s degree is required 
of landscape architects, but 
a master’s degree may be 
required for specializations 
such as golf course design. 


rc 


XX 


StudyTip 


Drawing the Shortest 
Distance You can use tools 
like the corner of a piece of 
paper to help you draw a 
perpendicular segment from 
a point to a line, but only a 
compass and a straightedge 
can be used to construct this 
segment. 


TINS 


LANDSCAPING A landscape architect notices that one part of a yard does not drain 
well. She wants to tap into an existing underground drain represented by line m. 
Construct and name the segment with the length that represents the shortest 
amount of pipe she will need to lay to connect this drain to point A. 


Ae bushes Seer 
tree { PT 


Real-World Example 1 


The distance from a line to a point not on the line is the length of the segment 
perpendicular to the line from the point. Locate points B and C on line m equidistant 


from point A. 
Ae bushes 
tree Peel 
m 


Locate a third point.on line m equidistant from B and C. Label this point D. Then 
<—_ ——? —_— 
draw AD so that AD 1 BC. 


Soe 
< 


The measure of AD represents the shortest amount of pipe the architect will need to 
lay to connect the drain to point A. 


GuidedPractice 


1. Copy the figure. Then construct and name the P 
segment that represents the distance from 
Qto PR. 
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StudyTip 


Distance to Axes Note that 
the distance from a point 

to the x-axis can be 
determined by looking at 
the y-coordinate, and the 
distance from a point to the 
y-axis can be determined by 
looking at the x-coordinate. 


a 


StudyTip 


Elimination Method 

To review solving systems 
of equations using the 
elimination method, see 

p. P18. 


Example 2 
COORDINATE GEOMETRY Line @ contains points at (—5, 3) and (4, —6). Find the 


distance between line @ and point P(2, 4). 


Step 1| Find the equation of the line @. eC y 


Begin by finding the slope of the line 
through points (—5, 3) and (4, —6). 
_¥27¥W1 _ = 6-3 _ 9 Oo x 
eee Gah : 
Then write the equation of this line 
using the point (4, —6) on the line. 


y= mx + b Slope-intercept form WwW 
—6=-1(4) +b m= —1, (x, y) = (4, —6) 
—-6=-4+b0 Simplify. 
—2=b Add 4 to each side. 


The equation of line £ is y = —x + (—2) or y= —x — 2. 


| Step 2| Write an equation of the line w perpendicular to line @ through P(2, 4). 


Since the slope of line £ is —1, the slope of a line p is 1. Write the equation of 
line w through P(2, 4) with slope 1. 


y=mx + b Slope-intercept form 
4=1(2) +b m= —1,(x, y) = (2,4) 
4=2+b Simplify. 

2=b Subtract 2 from each side. 


The equation of line w is y = x + 2. 


Step 3| Solve the system of equations to determine the point of intersection. 


line &: y=—-x-2 
linew: (+) y=x+2 
2y =0 Add the two equations. 
y=0 Divide each side by 2. 
Solve for x. 
O=x+2 Substitute 0 for yin the second equation. 
—2=x Subtract 2 from each side. 


The point of intersection is (—2, 0). Let this be point Q. 


Step 4| Use the Distance Formula to determine the distance between P(2, 4) 
and Q(—2, 0). 


2 


d =f (X2— 4)? + (Y2 — Y1) Distance formula 


= V(—2 — 2)? + (0 -— 4) Xp = —2, xX, =2, yy =0,y, =4 
= V32 Simplify. 


The distance between the point and the line is V32 or about 5.66 units. 


yf SE 
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GuidedPractice 


2. Line € contains points at (1, 2) and (5, 4). Construct a line perpendicular to @ through 
P(1, 7). Then find the distance from P to @. 


Distance Between Parallel Lines By definition, parallel lines do not intersect. An 
alternate definition states that two lines in a plane are parallel if they are everywhere 
. Equidistant means that the distance between two lines measured along a 
perpendicular line to the lines is always the same. 


StudyTip 


Equidistant You will use this 
concept of equidistant to 
describe special points and 
lines relating to the sides 


and angles of triangles in A Cc S G 
Lesson 5-1. ee 
jf | 
B “'D a H 
AB =CD=EF=GH 
This leads to the definition of the distance between two parallel lines. 
KeyConcept Distance Between Parallel Lines 
The distance between two parallel lines is the perpendicular distance between one of the lines 
4 and any point on the other line. 
StudyTip 


Locus of Points Equidistant 
from Two Parallel Lines 
Conversely, the locus of 
points in a plane that are 
equidistant from two qd 
parallel lines is a third line 
that is parallel to and 
centered between the 
two parallel lines. 


| Theorem3.9 Two Lines Equidistant from a Third 
ee In a plane, if two lines are each equidistant from a third line, then the two lines are parallel 


to each other. 


Recall from Lesson 1-1 that a locus is the set of all points that 
satisfy a given condition. Parallel lines can be described as 
the locus of points in a plane equidistant from a given line. qd 


You will prove Theorem 3.9 in Exercise 30. 


Example 3 


Find the distance between the parallel lines £ and m with equations 
y = 2x + land y = 2x — 3, respectively. 


You will need to solve a system of equations to find y 
the endpoints of a segment that is perpendicular to 
both @ and m. From their equations, we know that 
the slope of line @ and line m is 2. 


Sketch line p through the y-intercept of line m, (0, —3), —p| (2 x 
perpendicular to lines m and &@. 7 
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; Step 1| Write an equation of line p. The slope of p is the opposite reciprocal of 2, 
or -+. Use the y-intercept of line m, (0, —3), as one of the endpoints of the 
perpendicular segment. 


(y — y,) = m(x — Xj) Point-slope form 


[y —(-3)] = Fe — 0) xX, =0,y, =3,and m= =) 


y+3= ix Simplify, 
y= —3x =3 Subtract 3 from each side. 


| Step 2| Use a system of equations to determine the point of intersection of 
lines £ and p. 


do y=2x+1 
; ee | 
StudyTip Pa 


Substitution Method To 
review solving systems of 


2x+1= —3x -3 Substitute 2x + 1 for yin the second equation. 


equations using the t= - - 
substitution method, see 2x + at =-3-1 Group like terms on each side. 
p. P17. 5 : . . 
q a —4 Simplify on each side. 
x= _8 Multiply each side by = 
5 5 
_ 1f 8 , 8 . ; 
y= —3(—5] ~ 3 Substitute —5 for x in the equation for p. 
11 as 
= —-— Simplify. 
5 implify. 


The point of intersection is (-& 3 or (—1.6, —2.2). 


| Step 3| Use the Distance Formula to determine the distance between (0, —3) 
and (—1.6, —2.2). 


d =\/(X_— ae + (Y2 - 4) Distance Formula 
= /(—1.6 — 0)* + [—2.2 — (—3)]* X, = —1.6, x, =0, y, = —2.2, and y, = —3 


= 1.8 Simplify using a calculator. 


The distance between the lines is about 1.8 units. 


GuidedPractice 


3A. Find the distance between the parallel lines r and s r Ss 
whose equations are y = —3x — 5 and y = —3x + 6, 
respectively. 


3B. Find the distance between parallel lines a and b with 
equations x + 3y = 6 and x + 3y = —14, respectively. x 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Copy each figure. Construct the segment that represents the distance indicated. 


1. Yto TS’ 2. Cto AB 
Xx Z C D 
Ww Y 
T s A B 


3. CSS STRUCTURE After forming a line, every even member of a marching band turns to face the 
home team’s end zone and marches 5 paces straight forward. At the same time, every odd member 
turns in the opposite direction and marches 5 paces straight forward. Assuming that each band 
member covers the same distance, what formation should result? Justify your answer. 


Example 2 COORDINATE GEOMETRY Find the distance from P to £. 
4. Line @ contains points (4, 3) and (—2, 0). Point P has coordinates (3, 10). 
5. Line € contains points (—6, 1) and (9, —4). Point P has coordinates (4, 1). 
6. Line @ contains points (4, 18) and (—2, 9). Point P has coordinates (—9, 5). 


Example 3 Find the distance between each pair of parallel lines with the given equations. 


@y=-2+4 8 y=7 
y=—2x+4+ 14 y=-3 
Practice and Problem Solving Extra Practice is on page R3. 


Example 1 Copy each figure. Construct the segment that represents the distance indicated. 


9. Qto RS 10. A to BC 
R Ss A 
: s ee 
11. Hto FG 12. KtoLM 


G K 
Pal |  - 
F H N M 
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Example 2 


Example 3 


13. DRIVEWAYS In the diagram at the right, is the driveway 
shown the shortest possible one from the house to the 


road? Explain why or why not. 


a> 


14. CSS MODELING Rondell is crossing the courtyard in 
front of his school. Three possible paths are shown 
in the diagram at the right. Which of the three paths 


shown is the shortest? Explain your reasoning. 


COORDINATE GEOMETRY Find the distance from P to £. 


Path A PathB Path C 


(15) Line @ contains points (0, —3) and (7, 4). Point P has coordinates (4, 3). 


16. Line £ contains points (11, —1) and (—3, —11). Point P has coordinates (—1, 1). 


17. Line £ contains points (—2, 1) and (4, 1). Point P has coordinates (5, 7). 


18. Line £ contains points (4, —1) and (4, 9). Point P has coordinates (1, 6). 


19. Line £ contains points (1, 5) and (4, —4). Point P has coordinates (—1, 1). 


20. Line £ contains points (—8, 1) and (3, 1). Point P has coordinates (—2, 4). 


Find the distance between each pair of parallel lines with the given equations. 


21. y= —2 22. x =3 
y=4 x=7 

24, y= 5x —3 25. x= 8.5 
yaqrt2 x= 12.5 

27. y= 4x +2 28. 3x+y=3 
4y —x = —60 y +17 = —3x 


30. PROOF Write a two-column proof of Theorem 3.9. 


Find the distance from the line to the given point. 


31. y = —3, (5,2) 32. y= ox + 6, (—6, 5) 
34, POSTERS Alma is hanging two posters on the 
wall in her room as shown. How can Alma 
use perpendicular distances to confirm that 
the posters are parallel? 


23. y = 5x — 22 
y=ox+4 

26. y=15 
y=-4 


29. y= 2x +35 
4y + 10.6 = —5x 


33. x = 4, (-2,5) 
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SCHOOL SPIRIT Brock is decorating a hallway bulletin 
board to display pictures of students demonstrating 


school spirit. He cuts off one length of border to - s, = 
match the width of the top of the board, and then uses 
that strip as a template to cut a second strip that is ag | | 


exactly the same length for the bottom. 


When stapling the bottom border in place, he notices 
that the strip he cut is about a quarter of an inch too 
short. Describe what he can conclude about the 
bulletin board. Explain your reasoning. 


CONSTRUCTION Line @ contains points at (—4, 3) and (2, —3). Point P at (—2, 1) is on line 2. 
Complete the following construction. 


Graph line @ and point P, and Open the compass to a setting Using the same compass 

put the compass at point P. greater than AP. Put the setting, put the compass at 
Using the same compass compass at point A and draw point B and draw an arc above 
setting, draw arcs to the left an arc above line £. line €. Label the point of 2 
and right of P. Label these intersection Q. Then draw PQ. 
points A and B. 


36. What is the relationship between line @ and PQ? Verify your conjecture using the slopes 
of the two lines. 


37. Repeat the construction above using a different line and point on that line. 
= —— 

38, CCSS SENSE-MAKING AB has a slope of 2 and midpoint M(3, 2). Asegment _ 
perpendicular to AB has midpoint P(4, —1) and shares endpoint B with AB. 
a. Graph the segments. 
b. Find the coordinates of A and B. 


39, 99 MULTIPLE REPRESENTATIONS In this problem, you will explore the areas of triangles 
formed by points on parallel lines. 


a. Geometric Draw two parallel lines and label them as shown. 


A B 


b. Verbal Where would you place point C on line m to ensure that triangle ABC would 
have the largest area? Explain your reasoning. 


c. Analytical If AB = 11 inches, what is the maximum area of AABC? 


(Ao 
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40. PERPENDICULARITY AND PLANES Make a copy of the diagram below to answer each question, 
marking the diagram with the given information. 


a. If two lines are perpendicular to the same plane, then they are coplanar. If both line 4 and 
line 6 are perpendicular to plane ?, what must also be true? 


b. If a plane intersects two parallel planes, then the intersections form two parallel lines. 
If planes R and Q are parallel and they intersect plane ?, what must also be true? 


c. If two planes are perpendicular to the same line, then they are parallel. If both 
plane Q and plane & are perpendicular to line £, what must also be true? 


H.0.T. Problems Use Higher-Order Thinking Skills 


ERROR ANALYSIS Han draws the segments AB and CD shown below using a straightedge. 
He claims that these two lines, if extended, will never intersect. Shenequa claims that 
they will. Is either of them correct? Justify your answer. 


A e—— i 0 B 


© ls 


42. CHALLENGE Describe the locus of points that are equidistant from two intersecting lines, 
and sketch an example. 


43. CHALLENGE Suppose a line perpendicular to a pair of parallel lines intersects the lines at the 
points (a, 4) and (0, 6). If the distance between the parallel lines is V5, find the value of a and 
the equations of the parallel lines. 


44, REASONING Determine whether the following statement is sometimes, always, or never 
true. Explain. 


The distance between a line and a plane can be found. 


45. OPEN ENDED Draw an irregular convex pentagon using a straightedge. 


a. Use a compass and straightedge to construct a line between one vertex and a side 
opposite the vertex. 


b. Use measurement to justify that the line constructed is perpendicular to the side chosen. 


c. Use mathematics to justify this conclusion. 


YA 
46. CCSS SENSE-MAKING Rewrite Theorem 3.9 in terms of two planes that are equidistant from 
a third plane. Sketch an example. 


47. WRITING IN MATH Summarize the steps necessary to find the distance between a pair of parallel 


lines given the equations of the two lines. 
Pal 
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Standardized Test Practice 


48. EXTENDED RESPONSE Segment AB is 50. ALGEBRA Pablo bought a sweater on sale for 25% 
perpendicular to segment CD. Segment AB and off the original price and another 40% off the 
segment CD bisect each other at point X. discounted price. If the sweater originally cost 

. $48, what was the final price of the sweater? 
a. Draw a figure to represent the problem. F $14.40 H $31.20 
b. Find BD if AB = 12 and CD = 16. a ae ee 
c. Find BD if AB = 24 and CD = 18. pee 
51. SAT/ACT After N cookies are divided equally 

49. Acity park is square and has an area of 81,000 among 8 children, 3 remain. How many would 
square feet. Which of the following is the closest remain if (N + 6) cookies were divided equally 
to the length of one side of the park? among the 8 children? 

A 100 ft C 300 ft A 0 C2 E 6 
B 200 ft D 400 ft Bl D4 


Spiral Review 


52. Refer to the figure at the right. Determine whether a || 6. Justify your answer. a BY AY | 
(Lesson 3-5) 6 
4r\ (3, 2)—} 
Write an equation in point-slope form of the line having the given slope (—3, 2)\ 2 (5, -1)} 
that contains the given point. (Lesson 3-4) —8—6—4—2\ [O02 4X6 8x] 
83. m: +, (3, -1) -! (1, —4) 
54. m: 0, (—2, 6) 8 


55. m: —1, (—2, 3) 
56. m: —2, (—6, —7) 


Prove the following. (Lesson 2-7) 
57. If AB = BC, then AC = 2BC. 58. Given: JK = KL, H] = GH, KL = HJ] 
Prove: GH = JK 


A B Cc 


59. MAPS Darnell sketched a map for his friend of the cross streets nearest to 
his home. Describe two different angle relationships between the streets. 
(Lesson 1-5) 


Sa 


Skills Review 


Use the Distance Formula to find the distance between each pair of points. 
60. A(0, 0), B(15, 20) 61. O(—12, 0), P(—8, 3) 62. C(11, —12), D(6, 2) 
63. R(—2, 3), S(3, 15) 64. M(1, —2), N(Q, 13) 65. Q(—12, 2), T(—9, 6) 
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Study Guide and Review 


Study Guide 


KeyConcepts 


KeyVocabulary S 


Transversals (Lessons 3-1 and 3-2) 


e When a transversal intersects two lines, the following types of 
angles are formed: exterior, interior, consecutive interior, 
alternate interior, alternate exterior, and corresponding. 


e lf two parallel lines are cut by a transversal, then: 
e each pair of corresponding angles is congruent, 
e each pair of alternate interior angles is congruent, 
e each pair of consecutive interior angles is supplementary, and 
e each pair of alternate exterior angles is congruent. 


Slope (Lessons 3-3 and 3-4) 


e The slope m of a line containing two points with coordinates 


: y 
(X4, V4) aNd (Xq, Vo) is m= z 


=, swhere xX, # Xp. 


Proving Lines Parallel (Lesson 3-5) 


e If two lines in a plane are cut by a transversal so that any one 
of the following is true, then the two lines are parallel: 


© a pair of corresponding angles is congruent, 
a pair of alternate exterior angles is congruent, 
a pair of alternate interior angles is congruent, or 
© a pair of consecutive interior angles is supplementary. 
e Inaplane, if two lines are perpendicular to the same line, then 
they are parallel. 
Distance (icsson 3-6) 


e The distance from a line to a point not on the line is the length 
of the segment perpendicular to the line from the point. 


e The distance between two parallel lines is the perpendicular 
distance between one of the lines and any point on the other line. 


[zany | StudyOrganizer 


Be sure the Key Concepts 
are noted in your Foldable. 


alternate exterior angles (p. 174) 
alternate interior angles (p. 174) 
consecutive interior angles (p. 174) 
corresponding angles (p. 174) 
equidistant (p. 218) 

parallel lines (p. 173) 

parallel planes (p. 173) 
point-slope form (p. 198) 

rate of change (p. 189) 

skew lines (p. 173) 

slope (p. 188) 

slope-intercept form (p. 198) 


transversal (p. 174) 


VocabularyCheck 


State whether each sentence is fre or false. If false, replace the 
underlined word or number to make a true sentence. 


1. If Z1 = 25, then lines p and g are skew lines. 


2. Angles 4 and 6 are alternate interior angles. 


3. Angles 1 and 7 are alternate exterior angles. 


4. If lines p and q are parallel, then angles 3 and 6 are congruent. 


5. The distance from point X to line q is the length of the 
segment perpendicular to line g from x. 


6. Line tis called the transversal for lines P and q. 
7. Ifp || g, then 22 and 28 are supplementary. 


8. Angles 4 and 8 are corresponding angles. 


A UAE 
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Study Guide and Review continued 


Lesson-by-Lesson Review 


Parallel Lines and Transversals 


Classify the relationship between each pair of angles as Example 1 

alternate interior, alternate exterior, corresponding, or Refer to the figure below. Classify the relationship between 
consecutive interior angles. each pair of angles as alternate interior, alternate exterior, 
corresponding, or consecutive interior angles. 


. Z1and 25 10. 24 and 46 


. Z2and 28 12, Z4and 25 . Z3and 26 . Z2and 26 
consecutive interior corresponding 


. Ziand 27 . Z3and Z5 
alternate exterior alternate interior 


. BRIDGES The Roebling Suspension Bridge extends over 
the Ohio River connecting Cincinnati, Ohio, to Covington, 
Kentucky. Describe the type of lines formed by the bridge 
and the river. 


Angles and Parallel Lines 


In the figure, mZ1 = 123. Find the measure of each angle. Example 2 
Tell which postulate(s) or theorem(s) you used. ALGEBRA If mZ5 = 7x — 5 and mZ4 = 2x + 23, find x. 
Explain your reasoning. 


14. 25 15. 214 
17. 211 18. 24 mZ4 + mZ5 = 180 Def. of Supp. & 


20. MAPS The diagram (2x + 23) + (7X _ 5) = 180 Substitution 


shows the layout of 9x + 18 = 180 Simplify. 
Elm, Plum, and Oak 

streets. Find the value 
of x. x= 18 Divide. 


9x = 162 Subtract. 


Since lines @ and m are parallel, 74 and 25 are 
supplementary by the Consecutive Interior Angles Theorem. 
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Slopes of Lines 
—_ —_ 
Determine whether AB and XY are parallel, perpendicular, 
or neither. Graph each line to verify your answer. 
21. A(5, 3), B(8, 0), X(—7, 2), (1, 10) 
22. A(—3, 9), BO, 7), X4, 13), Y—-5, 7) 
23. AB, 1), (—2, 7), X-6, 2), (-1, —1) 


Graph the line that satisfies each condition. 


24. contains (—3, 4) and is parallel to AB’ with A(2, 5) 
and B(9, 2) 

25. contains (1, 3) and is perpendicular to PQ with P(4, —6) 
and Q(6, —1) 


26. AIRPLANES Two Oceanic Airlines planes are flying at the 
same altitude. Using satellite imagery, each plane’s position 
can be mapped onto a coordinate plane. Flight 815 was 
mapped at (23, 17) and (5, 11) while Flight 44 was mapped at 
(3, 15) and (9, 17). Determine whether their paths are parallel, 
perpendicular, or neither. 


Equations of Lines 


Write an equation in point-slope form of the line having the 
given slope that contains the given point. 


27. m= 2, (4, —9) 


—_3 (7g _ 
28. m= —2, (8, -1) 


Write an equation in slope-intercept form of the line having 
the given slope and y-intercept. 


29. m-.5, y-intercept: —3 

30. m4, y-intercept: 4 

Write an equation in slope-intercept form for each line. 
31. (—3, 12) and (15, 0) 32. (—7, 2) and (5, 8) 


33. WINDOW CLEANING Ace Window Cleaning Service charges 


$50 for the service call and $20 for each hour spent on the job. 


Write an equation in slope-intercept form that represents the 
total cost Cin terms of the number of hours /. 


Example 3 
Graph the line that contains C(0, —4) and is perpendicular 
to AB with A(5, —4) and B(0, —2). 

(4) 2 


The slope of AB is —-— 
€ siope 0 IS —(ti5 ae 
2 


Since -2(3}= —1, the slope of the line perpendicular 
5\2 5 
to AB through Cis > 


To graph the line, start at C. 
Move up 5 units and then 
right 2 units. Label the 


—_ 
point Dand draw CD. 


Example 4 


Write an equation of the line through (2, 5) and (6, 3) in 
slope-intercept form. 


EXGMR Find the slope of the line through the points. 


Slope Formula 


X, = 2, ¥, =5, X, = 6, and y, = 3 


Re 2 ee 
=F or 9 Simplify. 


| Step 2| Write an equation of the line. 
Y— Vy = M(x — %) 
y-5=—th- (2)] 


Point-slope form 


m= —F, (X,Y) = (2,5) 


y—-5= —ix+ 1 Simplify. 


y= —Tx+6 Add 5 to each side. 
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Study Guide and Review continuea 


Proving Lines Parallel 


Given the following information, determine which lines, if any, 
are parallel. State the postulate or theorem that justifies your 
answer. 


34. 27 = 210 
35. 22 = 210 
36. 21 = 23 

37. 23 = Z11 


. Find xso that p || ¢. 
Identify the (5x+21)° (12x +6)° 
postulate or 
theorem you used. 


q 


f LANDSCAPING Find the measure needed for mZADC that 
will make AB || CD if mZBAD = 45. 


Perpendiculars and Distance 


Copy each figure. Draw the segment that represents the 
distance indicated. 


40. Xto WW 41. Lto KK 


J 


L K 


42. HOME DECOR Scott wants to hang two rows of framed 
pictures in parallel lines on his living room wall. He first 
spaces the nails on the wall in a line for the top row. Next, 
he hangs a weighted plumb line from each nail and 
measures an equal distance below each nail for the second 
row. Why does this ensure that the two rows of pictures 
will be parallel? 
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Example 5 


Given the following information, determine which lines, 
if any, are parallel. State the postulate or theorem that 
justifies your answer. 


a. Z1=2Z7 
Z1 and Z7 are alternate exterior angles of lines 6 and d.. 


Since 21 = 27,6 || d by the Converse of the Alternate 
Exterior Angles Theorem. 


. Z4= 245 
Z4 and Z5 are alternate interior angles of lines c and d. 


Since 24 = 25, c || d by the Converse of the Alternate 
Interior Angles Theorem. 


Example 6 


Copy the figure. Draw the segment that represents the 
distance from point A to CD. 


B A 


Cc D 


The distance from a line to a point not on the line is the length 
of the segment perpendicular to the line that passes through 
the point. 


Extend CD and draw the 
segment perpendicular 
to CD from A. 


Practice Test 


Classify the relationship between each pair of angles 
as alternate interior, alternate exterior, corresponding, 
or consecutive interior angles. 


1. Z6and 23 
3. 25 and 24 3/4 7\8 


Determine the slope of the line that contains the 
given points. 


4. G(8, 1), H(8, —6) 
6. E(6, 3), F(—6, 3) 


5. A(0, 6), B(4, 0) 
7. E(5, 4), F(8, 1) 
In the figure, mZ8 = 96 and mZ12 = 42. Find the 


measure of each angle. Tell which postulate(s) or 
theorem(s) you used. 


8. 29 
9, 211 
10. 26 


11. Find the value of x in the figure below. 


(x — 8)° 


120° 


12. FITNESS You would like to join a fitness center. 
Fit-N-Trim charges $80 per month. Fit-For-Life 
charges a one-time membership fee of $75 and 
$55 per month. 

a. Write and graph two equations in slope-intercept 
form to represent the cost y to attend each fitness 
center for x months. 

b. Are the lines you graphed in part a parallel? 
Explain why or why not. 


c. Which fitness center offers the better rate? Explain. 
Write an equation in slope-intercept form for each 
line described. 

13. passes through (—8, 1), perpendicular to y = 2x — 17 
14. passes through (0, 7), parallel to y = 4x — 19 


15. passes through (—12, 3), perpendicular to 
y= >a 11 


Find the distance between each pair of parallel lines 
with the given equations. 


16. y=x-11 


17. y= 2x41 


y=x-7 y = —2x + 16 


18. MULTIPLE CHOICE Which segment is skew to CD? 


A Ww 
=a 
MS 
= 
ve 
-m ”™ 
D Y 
A ZY C DE 
B AB D VZ 


19. Find x so that a || 6. Identify the postulate or 


theorem you used. 


a b 


(4x+11)° (8x4 1)° 


COORDINATE GEOMETRY Find the distance from P to @. 


20. 


21. 


Line £ contains points (—4, 2) and (3, —5). Point P 
has coordinates (1, 2). 


Line @ contains points (6, 5) and (2, 3). Point P has 
coordinates (2, 6). 


Given the following information, determine which 
lines, if any, are parallel. State the postulate or 
theorem that justifies your answer. 


22. 
23. 
24. 


25. 


Z4= 210 
29 = £6 
27 = Z11 


JOBS Hailey works at a gift shop. She is paid $10 
per hour plus a 15% commission on merchandise 
she sells. Write an equation in slope-intercept form 
that represents her earnings in a week if she sold 
$550 worth of merchandise. 
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Preparing for Standardized Tests 


Gridded Response Questions 


In addition to multiple-choice, short-answer, and extended-response questions, you will 
likely encounter gridded-response questions on standardized tests. After solving a 
gridded-response question, you must print your answer on an answer sheet and mark in 
the correct circles on the grid to match your answer. Answers to gridded-response 
questions may be whole numbers, decimals, or fractions. 


060800800E08|~ 
SLelsAeleh LeLsheLe/(0.0 aa 
CLeekeLeneheAseLe)\® 


SLeeAoleked Lekele)\¢ a ies 
080000000 (0 | 
080000080E)/00 
Lede LekeheAsene) 016) 
Lol skeLekeheasleLe) @ 
060000009 0 |v 
Lele LeLeleLelsleLe)\ 101m 
CLeeA0), LeLeaslene) 0.)key 
CLeeAeLeneheAseLe) 0 
0890000000 0 |- 


089000080 _ 
080800800609 
eLelskelekeleasene) 016) 


Whole Numbers Decimals Fractions 


Strategies for Solving Gridded-Response Questions 


Read the problem carefully and solve. 
e Be sure your answer makes sense. 


e |f time permits, check your answer. 


Print your answer in the answer boxes. 
e Print only one digit or symbol in each answer box. 
e Do not write any digits or symbols outside the answer boxes. 


e Write answer as a whole number, decimal, or fraction. 


Fill in the grid. 


e Fill in only one bubble for every answer box that you have written in. Be sure not to fill in a bubble 
under a blank answer box. 


e Fill in each bubble completely and clearly. 
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Standardized Test Example 


the problem to solve. 


GRIDDED RESPONSE In the figure below, ZABC 
is intersected by parallel lines € and m. What is 
the measure of ZABC? Express your answer 

in degrees. 


A 
L 38° 
B 
33° 
mL 
Cc 


Find the angle measures using alternate interior angles. 


Solve the Problem 


mZABC = 38 + 33 = 71 


Print your answer in the answer box and fill in the grid. 


Read the problem. Identify what you need to know. Then use the information in 


080000000_ 
80060080800 
CleleAvLekeleAsene) 0.©) 
Sel skeLekeleaseLe)|@ 


Redraw the figure and add a third line parallel to lines € and m through point B. 


ies] 
= 
= 
= 
5 
o 
> 
oO 
@) 
=) 
a 


090000000 _/0 |~ 
060000800E)00)- 
Lol skelLekeleAslene) 16) 
CLeekelexeheasdeLe)\® 


Read each question. Then fill in the correct answer on 
the answer document provided by your teacher or on 
a sheet of paper. 


1. GRIDDED RESPONSE What is the slope of the line that 
contains the points R(—2, 1) and S(10, 6)? Express 
your answer as a fraction. 


2. GRIDDED RESPONSE Solve for x in the figure below. 


£ 
(4x —9)° 
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¥Standardized Test Practice 
Cumulative, Chapters 1 through 3 


Multiple Choice 5. The globe has a diameter of 22 inches. What is the 
volume of the globe? 
Read each question. Then fill in the correct answer on 
the answer document provided by your teacher or on 
a sheet of paper. 
1. Ifa || 6 in the diagram below, which of the following 
may not be true? 
A 1520.5 in? C 5575.3 in? 
B 1741.4 in° D 6014.8 in? 
BZ4= 27 D 28= 22 6. What is m1 in the figure below? 
2. Which of the following best describes a 
counterexample to the assertion below? 
The sum of two odd numbers is odd. 145° 430° 
F 3+3=6 H 6+2=8 1 
G5+4=9 J 4+9=13 
F 85 H 95 
. . G 90 J 100 
3. What is the slope of the line? 
6 y 
2 
—2' ° 2 4 6Q10x 7. Jason is saving money to buy a car stereo. He has 
_4 $45 saved, and he can save $15 per week. If the 
6 stereo that he wants is $210, how many weeks will 
| it take Jason to buy the stereo? 
2 2 
A =- Cc 5 A 10 C 12 
ad aah B 11 D 13 
B 2 » 6 
4. Line Kcontains points at (4, 1) and (—5, —5). 
Find the distance between line K and point Test-TakingTip 
F(—4, 0). Question 6 Drawing a diagram can help you solve problems. Draw 
F 3.3 units H 40 units a third parallel line through the vertex of angle 1. Then use the 
properties of parallel lines and transversals to solve the problem. 
G 3.6 units J 4.2 units 
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Short Response/Gridded Response 


Record your answers on the answer sheet provided 
by your teacher or on a sheet of paper. 


8. GRIDDED RESPONSE For a given line and a point not 
on the line, how many lines exist that pass through 
the point and are parallel to the given line? 


9. GRIDDED RESPONSE Find the slope of the line that 
contains the points (4, 3) and (—2, —5). 


10. Complete the proof. 
Given: 21 = 22 


Prove: a || 6 


Proof: 


Statements Reasons 
1. Given 


2. ? 


3. Transitive Prop. 


4. If corresponding 
angles are congruent, 
then the lines are parallel. 


Need ExtraHelp? 


11. Write the contrapositive of the statement. 


If a figure is a square, then the figure is a parallelogram. 


Extended Response 


Record your answers on a sheet of paper. 
Show your work. 


12. Refer to the figure to identify each of the following. 


S 


M N 
a. all segments parallel to MQ 
b. all planes intersecting plane SRN 


c. asegment skew to ON 


13. Use this graph to y 
answer each y 
question. (6) 


a. What is the equation 
of line m? 


b. What is the slope of a 
line that is parallel to 
line m? 


c. What is the slope of a line that is perpendicular 
to line m? 


If you missed Question... 1 2 3 4 


Go to Lesson... 
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Congruent Triangles 


© You learned about © Inthis chapter, you will: | © FITNESS Triangles are used to add strength to many structures, including 
segments, angles, fitness equipment such as bike frames. 
and discovered 
relationships 
between their 
measures. 


= Apply special 
relationships about 
the interior and 
exterior angles of 
triangles. 


= Identify 
corresponding 
parts of congruent 
triangles and prove 
triangles congruent. 


= Learn about the 
special properties 
of isosceles and 
equilateral triangles 


Your Digital Math Portal 
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Get Ready for the Chapter 


Diagnose Readiness | You have two options for checking prerequisite skills. 


| 1 Textbook Option Take the Quick Check below. Refer to the Quick Review for help. 


Classify each angle as right, Example 1 
acute, or obtuse. 


Classify each angle as 
right, acute, or obtuse. F 


1. mZVQS 2. MZTQV 3. mZPQV 


4. ORIGAMI The origami fold involves 
folding a strip of paper so that the 
lower edge of the strip forms a right 
angle with itself. Identify each angle 
as right, acute, or obtuse. 


a. MZABG 
Point Gon angle ZABG lies on the exterior of right angle 
ZABF, so ZABG is an obtuse angle. 


b. mZDBA 
Point Don angle ZDBA lies on the interior of right angle 
ZFBA, so ZDBAis an acute angle. 


ALGEBRA Use the figure to find the indicated variable(s). 


Explain your reasoning. In the figure, mZ4 = 42 


Find mZ7. 
5| 6 
1 7| 8 
3 4 
. . Z7/ and 21 are alternate interior angles, so they are congruent. 
5. Find xif m23 = x— 12 and mZ6 = 72. Z1 and 24 are a linear pair, so they are supplementary. 
6. If mZ4 = 2y + 32 and mZ5 = 3y — 3, find y. Therefore, Z7 is supplementary to 71. The measure of 27 is 


180 — 42 or 138. 


Find the distance between each pair of points. 
7. F(3, 6), G(7, —4) 8. X(—2, 5), (1, 11) Find the distance between (5, 2) and K(11, —7). 
9. F(8, 0), S(—9, 6) 10. A(14, —3), B(9, —9) IK = 1 (Xo — X4)? + (Yo — 4)? Distance Formula 


11. MAPS Miranda laid a coordinate grid on a map of a state _ 5) ”) : 
where each 1 unit is equal to 10 miles. If her city is located at =a ta) sel) = 21 oubetitute: 


(—8, —12) and the state capital is at (0, 0), find the distance — 1/62 + (—9)2 Subir 
from her city to the capital to the nearest tenth of a mile. 9) 
= V36 + 81 orV117 Simplify. 


— 
2 Online Option Take an online self-check Chapter Readiness Quiz at connectED.mcgraw-hill.com. vV/ 
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Get Started on the Chapter 


You will learn several new concepts, skills, and vocabulary terms as you study 
Chapter 4. To get ready, identify important terms and organize your resources. 
You may wish to refer to Chapter 0 to review prerequisite skills. 


[ZED StudyOrganizer 


NewVocabulary 


sheet of ay x 11” paper. 


1 Fold into a taco forming a 
square. Cut off the excess 
paper strip formed by the 
square. 


2 Open the fold and refold it the 
opposite way forming another 
taco and an X fold pattern. 


3 Open and fold the corners toward 
the center point of the X forming a 
small square. 


4 Label the flaps as shown. 
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Congruent Triangles Make this Foldable to help you organize 
your Chapter 4 notes about congruent triangles. Begin with a 


English Espanol 
equiangular triangle p.237 — triangulo equiangular 
equilateral triangle p.238  triangulo equilatero 
isosceles triangle p.238 _ tridngulo isosceles 
scalene triangle p.238  triangulo escaleno 
auxiliary line p.246 — linea auxiliar 
congruent p.255 congruente 
congruent polygons p.255 _ poligonos congruentes 
corresponding parts p.255 partes correspondientes 
included angle p.266 angulo incluido 
included side p.275 lado incluido 
base angle p.285 angulo de la base 
transformation p.296  transformacién 
preimage p.296  preimagen 
image p.296 imagen 
reflection p.296  reflexidn 
translation p.296  traslacién 


rotation p.296 — rotacion 


ReviewVocabulary 


Z3 and 26 
are consecutive 
interior angles. 


ZA and Z6 are 
alternate interior 
angles. 


Z4 and 28 are 
corresponding 
angles. 


@ You measured e 1 
and classified angles. 


(gd NewVocabulary 


— acute triangle 
equiangular triangle 
obtuse triangle 
right triangle 
equilateral triangle 
isosceles triangle 
scalene triangle 


€css) Common Core 
j y) State Standards 

Content Standards 
G.CO.12 Make formal 
geometric constructions with 
a variety of tools and 
methods (compass and 
straightedge, string, 
reflective devices, paper 
folding, dynamic geometric 
software, etc.). 


Mathematical Practices 

2 Reason abstractly and 
quantitatively. 

6 Attend to precision. 


Robert Stahl/Photographer’s Choice/Getty Images 


--Now 


Classifying Triangles 


Why? 


Identify and classify @ Radio transmission towers are 
triangles by angle designed to support antennas for 


measures. broadcasting radio or television 
; : ignals. The structure of th 
Identify and classify See eee eee 
: ‘ tower shown reveals a pattern 
triangles by side : 
of triangular braces. 
measures. 


Classify Triangles by Angles Recall that a triangle is a three-sided polygon. 
Triangle ABC, written AABC, has parts that are named using A, B, and C. 


B The sides of AABC are AB, BC, and CA. 
The vertices are points A, B, and C. 


The angles are ZBAC or ZA, ZABC or ZB, and ZBCA or ZC. 
A Cc 


Triangles can be classified in two ways—by their angles or by their sides. All triangles 
have at least two acute angles, but the third angle is used to classify the triangle. 


KeyConcept Classifications of Triangles by Angles 


acute triangle equiangular triangle obtuse triangle right triangle 
3 congruent 
acute angles 


3 acute angles 1 obtuse angle 1 right angle 


An equiangular triangle is a special kind of acute triangle. 


When classifying triangles, be as specific as possible. While a triangle with three 
congruent acute angles is an acute triangle, it is more specific to classify it as an 
equiangular triangle. 


Example 1 


Classify each triangle as acute, equiangular, obtuse, or right. 


a. b. 7 3 

70° 90 30 
40° 

70° 60 


The triangle has three acute 


angles that are not all equal. 


It is an acute triangle. 


One angle of the triangle 
measures 90, so it is a right 
angle. Since the triangle 
has a right angle, it is a 
right triangle. 


ReviewVocabulary GuidedPractice 
Seen e oan wie Classify each triangle as acute, equiangular, obtuse, or right. 


1A. 1B. 


degree measure less than 90 
right angle an angle with a 
degree measure of 90 


obtuse angle an angle with 
a degree measure greater 
than 90 


Example 2 


Classify APQR as acute, equiangular, obtuse, Q 
or right. Explain your reasoning. 


Point S is in the interior of ZPQR, so by the Angle 45° 
Addition Postulate, mZPQR = mZPQS + mZSQR. 45° 
By substitution, mZPQR = 45 + 59 or 104. . = E 


Since APQR has one obtuse angle, it is an obtuse triangle. 


GuidedPractice 


2. Use the diagram to classify APQS as acute, equiangular, obtuse or right. 
Explain your reasoning. 


Classify Triangles by Sides Triangles can also be classified according to the 
number of congruent sides they have. To indicate that sides of a triangle are 
congruent, an equal number of hash marks is drawn on the corresponding sides. 


KeyConcept Classifications of Triangles by Sides 


b> & A 


3 congruent sides at least 2 congruent sides no congruent sides 


An equilateral triangle is a special kind of isosceles triangle. 


Real-World Example 3 


Real-WorldLink MUSIC Classify the sound box of the Russian lute 

slick etl below as equilateral, isosceles, or scalene. 
In many cars, hazard lights 
are activated by pushing a 
small button located near the 
steering column. The switch 
is usually an icon shaped like 
an equilateral triangle. 


Source: General Motors 


Two sides have the same measure, 16 inches, so the 16 in. 
triangle has two congruent sides. The triangle is isosceles. 


16 in. 


GuidedPractice 18.5 in. 
3. DRIVING SAFETY Classify the button in the picture at the left by its sides. 
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Example 4 


If point M is the midpoint of JL, classify AJKM K 13 L 
as equilateral, isosceles, or scalene. Explain your 


reasoning. 
By the definition of midpoint, JM = ML. e M va 
JM+ML=JL Segment Addition Postulate 
ML+ML=1.5 Substitution ‘ ea 
2ML = 1.5 Simplify. 
ML = 0.75 Divide each side by 2. 


JM = ML or 0.75. Since KM = ML, KM = ML or 0.75. 


Since KJ = JM = KM = 0.75, the triangle has three sides with the same measure. 
Therefore, the triangle has three congruent sides, so it is equilateral. 


GuidedPractice 


4, Classify AKML as equilateral, isosceles, or scalene. Explain your reasoning. 


You can also use the properties of isosceles and equilateral triangles to find 
missing values. 


Example 5 
ALGEBRA Find the measures of the sides A 9x—1 B 
of isosceles triangle ABC. 
| Step 1 | Find x. 4x+1 5x— 0.5 
C 
AC = CB Given 
4x +1 = 5x —-—0.5 Substitution 
1=x-0.5 Subtract 4x from each side. 
1S =x Add 0.5 to each side. 
| Step 2 | Substitute to find the length of each side. 
AC=4xr+1 Given 
= 4(1.5) + lor7 x=1.5 
CB = AC Given 
StudyTip AB=9x—-1 Given 
> 
CESS Perseverance In = 9(1.5) — 1 x=15 
Example 5, to check your =125 Simplify. 
answer, test to see if 
CB = AC when 1.5 is - . 
substituted for x in the GuidedPractice G 
BXPIGSSION TON GE 5. Find the measures of the sides of equilateral vas 
CB = 5x—05 triangle FGH. F 3y—3 
= 5(1.5) —0.50r7¥ 5y — 19 
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Check Your Understanding 


Example 1 


Example 2 


Example 3 


Example 4 


Example 5 


ARCHITECTURE Classify each triangle as acute, equiangular, obtuse, or right. 


Classify each triangle as acute, equiangular, obtuse, or right. 
Explain your reasoning. 


4, AABD 
5. ABDC 
6. AABC 


Va~ 
CESS PRECISION Classify each triangle as equilateral, isosceles, or scalene. 


Ve 8. 12m < | 
— ka 5cm 


13cm 


If point K is the midpoint of FH, classify each triangle in the 
figure at the right as equilateral, isosceles, or scalene. 


(9) AFGH 


10. AGJL 
11. AFHL 


ALGEBRA Find x and the measures of the unknown sides of each triangle. 


12. M 13. R 
17 5x 6x—5 
2x+7 
3x—4 3x + 10 
14, JEWELRY Suppose you are bending stainless steel wire (\ 
to make the earring shown. The triangular portion of 
the earring is an isosceles triangle. If 1.5 centimeters / 


are needed to make the hook portion of the earring, / 
how many earrings can be made from 45 centimeters 3.2 cm 3.2m 
of wire? Explain your reasoning. 


2.1cm 
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Practice and Problem Solving Extra Practice is on page R4. 


Example 1 


Example 2 


Example 3 


Example 4 


Example 5 


Classify each triangle as acute, equiangular, obtuse, or right. 


15. 16. 17. 
25° 50° 55° 
40° 90° 35° 
415° 
65° 65° 
18. 19. 1 20. 
60° 85 90° 
25° 70° 
45° 45° 


21. AUYZ 
22. ABCD 
23. AADB 
24. AUXZ 
25. AUWZ 
26. AUXY 


Classify each triangle as equilateral, isosceles, or scalene. 


28. 29. 
he. 
a, » 
An 


If point C is the midpoint of BD and point E is the midpoint of 
DF, classify each triangle as equilateral, isosceles, or scalene. 


30. AABC 31. AAEF 
32. AADF 33. AACD 
34, AAED 35. AABD 
B 4 Cc D 
36. ALGEBRA Find x and the length of each ALGEBRA Find x and the length of each 
side if AABC is an isosceles triangle side if AFGH is an equilateral triangle. 
with AB = BC. 
B F 
/ \, aX | 
. x—3 G H 9x — 8 G 


yf aE a \ 


38. GRAPHIC ART Refer to the illustration shown. Classify each 
numbered triangle in Kat by its angles and by its sides. 
Use the corner of a sheet of notebook paper to classify 
angle measures and a ruler to measure sides. 


KALEIDOSCOPE Josh is building a kaleidoscope using 
PVC pipe, cardboard, bits of colored paper, and a 
12-inch square mirror tile. The mirror tile is to be 
cut into strips and arranged to form an open prism 
with a base like that of an equilateral triangle. 

Make a sketch of the prism, giving its dimensions. 
Explain your reasoning. 


Kat, 2002, by Diana Ong, computer graphic 


la~Y 
CESS PRECISION Classify each triangle in the figure by its angles and sides. 


A 

40. AABE > 

41. AEBC ae 75° 

42. ABDC oe as ie ‘ 
E 45° D 15° 


COORDINATE GEOMETRY Find the measures of the sides of AXYZ and classify each triangle 
by its sides. 


43. X(—5, 9), Y(2, 1), Z(—8, 3) 44. X(7, 6), Y(5, 1), Z(Q9, 1) 

45. X(3, —2), Y(1, —4), Z(3, —4) 46. X(—4, —2), Y(—3, 7), Z(4, —2) 

47. PROOF Write a paragraph proof 48. PROOF Write a two-column proof 
to prove that ADBC is an acute to prove that ABCD is equiangular if 
triangle if mZADC = 120 and AACE is equiangular and BD || AE. 
AABC is acute. 

C 
B 
D 
ZS y < 
A C 
A E 


ALGEBRA For each triangle, find x and the measure of each side. 
49. AFGH is an equilateral triangle with FG = 3x — 10, GH = 2x + 5, and HF = x + 20. 
50. AJKL is isosceles with JK = KL, JK = 4x — 1, KL = 2x +5, and LJ = 2x — 1. 


51. AMNP is isosceles with MN = NP. MN is two less than five times x, NP is seven more 
than two times x, and PM is two more than three times x. 


52. ARST is equilateral. RS is three more than four times x, ST is seven more than two 
times x, and TR is one more than five times x. 


53. CONSTRUCTION Construct an equilateral triangle. Verify your construction using 
measurement and justify it using mathematics. (Hint: Use the construction for 
copying a segment.) 
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54, STOCKS Technical analysts use charts to identify patterns that can 
suggest future activity in stock prices. Symmetrical triangle charts 
are most useful when the fluctuation in the price of a stock is 


decreasing over time. ) E 


O0lld 


a. Classify by its sides and angles the triangle formed if a vertical 
line is drawn at any point on the graph. 
b. How would the price have to fluctuate in order for the data 
to form an obtuse triangle? Draw an example to support 
your reasoning. Time 


hp MULTIPLE REPRESENTATIONS In the diagram, the vertex opposite B 
side BC is ZA. 


a. Geometric Draw four isosceles triangles, including one acute, 
one right, and one obtuse isosceles triangle. Label the vertices 
opposite the congruent sides as A and C. Label the remaining 
vertex B. Then measure the angles of each triangle and label A Cc 
each angle with its measure. 


b. Tabular Measure all the angles of each triangle. Organize the measures for each 
triangle into a table. Include a column in your table to record the sum of these 
measures. 


c. Verbal Make a conjecture about the measures of the angles that are opposite the 
congruent sides of an isosceles triangle. Then make a conjecture about the sum 
of the measures of the angles of an isosceles triangle. 

d. Algebraic If x is the measure of one of the angles opposite one of the congruent 
sides in an isosceles triangle, write expressions for the measures of each of the 
other two angles in the triangle. Explain. 


H.0.T. Problems — Use Higher-Order Thinking Skills 


56. ERROR ANALYSIS Elaina says that ADFG is obtuse. Ines disagrees, D 
explaining that the triangle has more acute angles than obtuse 
angles so it must be acute. Is either of them correct? Explain 
your reasoning. 


G 


= 
CESS PRECISION Determine whether the statements below are sometimes, always, or 
never true. Explain your reasoning. 


57. Equiangular triangles are also right triangles. 
58. Equilateral triangles are isosceles. 


59. Right triangles are equilateral. 


60. CHALLENGE An equilateral triangle has sides that measure 5x + 3 units and 
7x — 5 units. What is the perimeter of the triangle? Explain. 


OPEN ENDED Draw an example of each type of triangle below using a protractor and a 
ruler. Label the sides and angles of each triangle with their measures. If not possible, 
explain why not. 


61. scalene right 62. isosceles obtuse 63. equilateral obtuse 


64. WRITING IN MATH Explain why classifying an equiangular triangle as an acute 
equiangular triangle is unnecessary. 


ya " 
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Standardized Test Practice 


65. Which type of triangle can serve as a 67. GRIDDED RESPONSE Jorge is training for a 20-mile 
counterexample to the conjecture below? race. Jorge runs 7 miles on Monday, Tuesday, 
and Friday, and 12 miles on Wednesday and 
Saturday. After 6 weeks of training, Jorge will 
have run the equivalent of how many races? 


If two angles of a triangle are acute, then 
the measure of the third angle must be 


greater than or equal to 90. 
68. SAT/ACT What is the slope of the line 


A equilateral C right determined by the equation 2x + y = 5? 
B obtuse D scalene 5 
A -5 D2 
66. ALGEBRA A baseball glove originally cost $84.50. 5 
Kenji bought it at 40% off. How much was ine ES 
deducted from the original price? C=1 
F $50.70 H $33.80 
G $44.50 J $32.62 


Spiral Review 


Find the distance between each pair of parallel lines with the given equations. (Lesson 3-6) 
69. x = —2 70. y= —-6 71. y=2x4+3 72. y=x+2 
x=5 y=1 y=2x—7 y=x-4 


73. FOOTBALL When striping the practice football field, Mr. Hawkins first painted 
the sidelines. Next he marked off 10-yard increments on one sideline. He then 
constructed lines perpendicular to the sidelines at each 10-yard mark. Why does 
this guarantee that the 10-yard lines will be parallel? (Lesson 3-5) 

Identify the hypothesis and conclusion of each conditional statement. (Lesson 2-3) 

74, If three points lie on a line, then they are collinear. 

75. If you are a teenager, then you are at least 13 years old. 


76. If 2x + 6 = 10, then x = 2. 


77. If you have a driver’s license, then you are at least 16 years old. 


Refer to the figure at the right. (Lesson 1-1) 
78. How many planes appear in this figure? 
79. Name the intersection of plane AEB with plane NV, 


80. Name three points that are collinear. 


81. Are points D, E, C, and B coplanar? 


Skills Review 


Identify each pair of angles as alternate interior, alternate exterior, 
corresponding, or consecutive interior angles. 


82. 25 and 23 83. 29 and 24 
84. 211 and 213 85. Z1 and /11 
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Geometry Lab 
Angles of Triangles 


In this lab, you will find special relationships among the angles of a triangle. (ess Common Core State Standards 
“=~ Content Standards 


G.CO.12 Make formal geometric constructions with a variety of tools 
and methods (compass and straightedge, string, reflective devices, 
paper folding, dynamic geometric software, etc.). 
Mathematical Practices 5 


Activity 1 Interior Angles of a Triangle 


Draw and cut out several different For each triangle, fold vertex B Then fold vertices A and C so that 
triangles. Label the vertices A, B, down so that the fold line is they meet vertex B. Relabel as 
and C. parallel to AC. Relabel as vertex B. vertices A and C. 


Analyze the Results 


1. Angles A, B, and C are called interior angles of triangle ABC. What type of figure do 
these three angles form when joined together in Step 3? 


2. Make a conjecture about the sum of the measures of the interior angles of a triangle. 


Activity 2. Exterior Angles of a Triangle 


Unfold each triangle from Activity 1 For each triangle, tear off Arrange ZA and ZB so that they 
and place each on a separate piece ZA and ZB. fill the angle adjacent to ZC as 
of paper. Extend AC as shown. shown. 


Model and Analyze the Results 


3. The angle adjacent to ZC is called an exterior angle of triangle ABC. Make a 
conjecture about the relationship among ZA, ZB, and the exterior angle at C. 


4. Repeat the steps in Activity 2 for the exterior angles of ZA and ZB in each triangle. 


5. Make a conjecture about the measure of an exterior angle and the 
sum of the measures of its nonadjacent interior angles. 
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Angles of Triangles 


:-‘Now :-Why? 


@ You classified @ 1 Apply the Triangle @ Massachusetts Institute of Technology 


triangles by their Angle-Sum Theorem. (MIT) sponsors the annual Design 2.007 Pivot 1 
side or angle ; contest in which students design and Pivot 3 
Apply Exterior Angle , 

measures. Theorem build a robot. 

One test of a robot’s movements is to program 

it to move in a triangular path. The sum of the 

measures of the pivot angles through which the 

robot must turn will always be the same. 

Gi NewVocabulary Triangle Angle-Sum Theorem The Triangle Angle-Sum Theorem gives the 
= auxiliary line relationship among the interior angle measures of any triangle. 
exterior angle 
remote interior angles r : 7 
flow proof Theorem 4.1 Triangle Angle-Sum Theorem 
corollary 
Words The sum of the measures of the angles of a triangle is 180. B 
ee Example mZA+ mZB+ mZC= 180 
) Common Core P c 
yy State Standards q J 
ntent Standar: 

ee nes ee The proof of the Triangle Angle-Sum Theorem requires the use of an auxiliary line. An 
about triangles. auxiliary line is an extra line or segment drawn in a figure to help analyze geometric 


relationships. As with any statement in a proof, you must justify any properties of an 


Mathematical bractices auxiliary line that you have drawn. 


1 Make sense of problems 
and persevere in solving 


2 mae Fann Proof Triangle Angle-Sum Theorem 
suments andere |” Given: AABC 

Prove: mZ1 + mZ2 + mZ3 = 180 

Proof: 
Statements Reasons 
1. AABC 1. Given 
2. Draw “AD through A parallel to BC. 2. Parallel Postulate 
3. 24 and ZBAD form a linear pair. 3. Def. of a linear pair 
4. ZA and ZBAD are supplementary. 4. |If2 4 form a linear pair, they are supplementary. 
5. mZ4+ mZBAD= 180 5. Def. of suppl. & 
6. mMZBAD= mZ2+ mZ5 6. Angle Addition Postulate 
7. mZ4+ mZ2 + mZ5 = 180 7. Substitution 
8. Z4= 21,25= 23 8. Alt. Int. 4 Theorem 
9. mZ4= mZ1,mZ5 = mZ3 9. Def. of = & 

10. mZ1 + mZ2 + mZ3 = 180 10. Substitution 

\_ ft 
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Real-WorldLink 


The pass-and-move soccer 
drill incorporates several 
fundamental aspects of 
passing. All passes in this drill 
are made in a triangle, which 
is the basis of all ball 
movement. Additionally, the 
players are forced to move 
immediately after passing 

the ball. 


moodboard/CORBIS 


if = 
Problem-SolvingTip 
—_ 
cess Sense-Making Often a 
complex problem can be 
more easily solved if you 
first break it into more 
manageable parts. In 
Example 1, before you can 
find mZ1, you must first 
find mZ2. 


Ne 


The Triangle Angle-Sum Theorem can be used to determine the measure of the third 
angle of a triangle when the other two angle measures are known. 
(pr) 


SOCCER The diagram shows the path of the ball in a passing drill created by four 
friends. Find the measure of each numbered angle. 


Real-World Example 1 


Understand Examine the information given in the diagram. You know the measures 
of two angles of one triangle and only one measure of another. You also 
know that ZACB and 22 are vertical angles. 


Plan Find mZ3 using the Triangle Angle-Sum Theorem, because the measures 
of two angles of ZABC are known. Use the Vertical Angles Theorem to 
find mZ2. Then you will have enough information to find the measure of 
Z1 in ACDE. 

Solve mZ3 + mZBAC + mZACB = 180 Triangle Angle-Sum Theorem 
mZ3 + 20 + 78 = 180 Substitution 
mZ3 + 98 = 180 Simplify. 
mZ3 = 82 Subtract 98 from each side. 
ZACB and 22 are congruent vertical angles. So, mZ2 = 78. 
Use mZ2 and ZCED of ACDE to find m1. 
mZ1 + mZ2 + mZCED = 180 Triangle Angle-Sum Theorem 
mZ1 + 78 + 61 = 180 Substitution 
mZ1 + 139 = 180 Simplify. 
mZ1 = 41 Subtract 139 from each side. 
Check The sums of the measures of the angles of AABC and ACDE should be 180. 


AABC: mZ3+mZBAC + mZACB = 82 + 20 + 78 or 180 ¥ 
ACDE: mZ1+mZ2+mZCED = 41 + 78 + 61 or 180 ¥ 


GuidedPractice 
Find the measures of each numbered angle. 


1A. J K 1B. 
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ReadingMath 


Flowchart Proof A flow 
proof is sometimes called 
a flowchart proof. 


StudyTip 

Flow Proofs Flow proofs 
can be written vertically 
or horizontally. 


Exterior Angle Theorem In addition to its three interior angles, a triangle can have 
exterior angles formed by one side of the triangle and the extension of an adjacent 
side. Each exterior angle of a triangle has two remote interior angles that are not adjacent 

to the exterior angle. 


24 is an exterior angle of AABC. 
Its two remote interior angles are 


Exterior 


A Z1and 23. 
Cc 
Theorem 4.2 Exterior Angle Theorem 
The measure of an exterior angle of a triangle is equal to the A 


sum of the measures of the two remote interior angles. 


Example mZA+ mZB=mZ1 


A flow proof uses statements written in boxes and arrows to show the logical 
progression of an argument. The reason justifying each statement is written below 
the box. You can use a flow proof to prove the Exterior Angle Theorem. 


[ Proof Exterior Angle Theorem 


B 


Given: AABC 
Prove: mZA+ mZB= mZ1 
1 
Flow Proof: A Cc D 


Given Definition of a linear pair 


Z2 and Z1 are supplementary. 


|f 24 form a linear pair, they are supplementary. 


mZA +mZB +mZ2 = 180 mZ2+mZ1 = 180 


Triangle Angle-Sum Theorem Definition of supplementary 


mZA+mZB+mZ2=mZ2+mZ1 


Substitution 


mZA+mZB=mZ1 


Subtraction Property of Equality 


7 


The Exterior Angle Theorem can also be used to find missing measures. 
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Real-World Example 2 


FITNESS Find the measure of ZJKL in the 
Triangle Pose shown. 


mZKLM + mZLMK = mZJKL Exterior Angle Theorem 
x+50=2x-—15 Substitution 
50=x-—15 Subtract x from each side. 


65=x Add 15 to each side. 


So, mZJKL = 2(65) — 15 or 115. 


GuidedPractice 


2. CLOSET ORGANIZING Tanya mounts the shelving 
bracket shown to the wall of her closet. What is 

the measure of 21, the angle that the bracket 

makes with the wall? 


Real-WorldCareer 


Personal Trainer Personal 
trainers instruct and motivate 
individuals in exercise 
activities. They demonstrate 
various exercises and help 
Clients improve their exercise 
techniques. Personal trainers 
must obtain certification in 


the fitness field. 
A corollary is a theorem with a proof that follows as a direct result of another theorem. 
As with a theorem, a corollary can be used as a reason in a proof. The corollaries below 
follow directly from the Triangle Angle-Sum Theorem. 
Corollaries Triangle Angle-Sum Corollaries 
4.1 The acute angles of a right triangle are complementary. B 
Abbreviation: Acute 4 of art. A are comp. ¢ | 
Example: If ZCis a right angle, then 7A and ZB are A C 
complementary. 
4.2 There can be at most one right or obtuse angle in a triangle. J K 
Example: If Z/ is a right or an obtuse angle, then ZJ and 7K . ; 
must be acute angles. L 
\ ) 
You will prove Corollaries 4.1 and 4.2 in Exercises 34 and 35. 
Example 3 
Find the measures of each numbered angle. T |W 
r 
StudyTip mZ1+mZTYZ = 90 Acute A of art. A are comp. 
~| Check for Reasonableness mZ1 +52 = 90 Substitution 2) 
=| When you are solving for the 
= me ee one rae mZ1=38 — Subtract 52 from each side. S 2 
3 angles of a triangle, always Y x 
‘=| check to make sure that the GuidedPractice 
£) sum of the angle measures 
S| is 180. 3A. 22 3C. 24 
BY 
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Check Your Understanding 


Example 1 Find the measures of each numbered angle. 
1. 2. 
Example 2 Find each measure. 
3. mZ2 4. mZMPQ 


112° 


| 56° 
Q P 


DECK CHAIRS The brace of this deck chair forms a triangle with the 
rest of the chair’s frame as shown. If mZ1 = 102 and mZ3 = 53, 
find each measure. 


5, mZ4 6. mZ6 
7. mZ2 8. mZ5 


Example 3 CESS) REGULARITY Find each measure. 
9. mZ1 
10. mZ3 
11. mZ2 O 


Practice and Problem Solving 


Example 1 Find the measure of each numbered angle. 


14. 


7 ~< 


W Z 
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16. AIRPLANES The path of an airplane can be modeled using two sides of a triangle as 
shown. The distance covered during the plane’s ascent is equal to the distance 
covered during its descent. 


Note: Art not drawn to scale. 


a. Classify the model using its sides and angles. 


b. The angles of ascent and descent are congruent. Find their measures. 


Example 2 Find each measure. 


17. mZ1 18. mZ3 
3 
19. mZ2 20. mZ4 
92° 193° 
(21) mZABC 22. mZJKL 
A (2x 15)° ‘a 
(2x — 11)° 
148° (x—5)° (2x + 27)° 5 
c B ue 


Example 3 23. WHEELCHAIR RAMP Suppose the wheelchair 
ramp shown makes a 12° angle with the 
ground. What is the measure of the angle 
the ramp makes with the van door? 


cess REGULARITY Find each measure. 


24. mZ1 25. mZ2 
26. mZ3 27. mZA4. 
a ay 


28. mZ5 29. mZ6 
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ALGEBRA Find the value of x. Then find the measure of each angle. 


30. 31. j 32, : 
a (5x + 62) 
[I 


(33) GARDENING A landscaper is forming an isosceles 
triangle in a flowerbed using chrysanthemums. 
She wants mZA to be three times the measure of 
ZB and ZC. What should the measure of each 
angle be? 


PROOF Write the specified type of proof. 
34. flow proof of Corollary 4.1 35. paragraph proof of Corollary 4.2 


Css REGULARITY Find the measure of each numbered angle. 


36. a 37. NN 
Lx 
27 70° 
35° i LP 0 


38. ALGEBRA Classify the triangle shown 
by its angles. Explain your reasoning. 


39. ALGEBRA The measure of the larger 
acute angle in a right triangle is two 
degrees less than three times the 
measure of the smaller acute angle. 
Find the measure of each angle. 


40. Determine whether the following statement is true or false. If false, give a 
counterexample. If true, give an argument to support your conclusion. 


If the sum of two acute angles of a triangle is greater than 90, 
then the triangle is acute. 


41. ALGEBRA In AXYZ,mZX = 157, mZY = y, and mZZ = z. Write an inequality to 
describe the possible measures of ZZ. Explain your reasoning. 


42. CARS Refer to the photo at the right. 
a. Find mZ1 and mZ2. 


b. If the support for the hood were shorter than the 
one shown, how would mZ1 change? Explain. 


c. If the support for the hood were shorter than the 
one shown, how would mZ2 change? Explain. 
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PROOF Write the specified type of proof. 


(43) two-column proof 44, flow proof 
Given: RSTUV is a pentagon. Given: 23 = Z5 
Prove: mZS + mZSTU + mZTUV Prove: mZ1 + mZ2 =mZ6 + mZ7 


+mZV+mZVRS = 540 


S 
R T 
4 
Vv U 


45, 69 MULTIPLE REPRESENTATIONS In this problem, you will explore the sum of the 
measures of the exterior angles of a triangle. 


a. Geometric Draw five different triangles, 
extending the sides and labeling the angles Akt 
as shown. Be sure to include at least one 
obtuse, one right, and one acute triangle. 
b. Tabular Measure the exterior angles of each 
: : 3 C 
triangle. Record the measures for each triangle 
‘ B 2 
and the sum of these measures in a table. 


c. Verbal Make a conjecture about the sum of the exterior angles of a triangle. 
State your conjecture using words. 


d. Algebraic State the conjecture you wrote in part c algebraically. 


e. Analytical Write a paragraph proof of your conjecture. 


H.0.T. Problems — use Higher-Order Thinking Skills 


46. css CRITIQUE Curtis measured and labeled the angles of 
the triangle as shown. Arnoldo says that at least one of his 37° 
measures is incorrect. Explain in at least two different ways 
how Arnoldo knows that this is true. 130° 
93° 


47, WRITING IN MATH Explain how you would find 
the missing measures in the figure shown. 


48. OPEN ENDED Construct a right triangle and measure 
one of the acute angles. Find the measure of the 
second acute angle using calculation and explain 
your method. Confirm your result using a protractor. 


49. CHALLENGE Find the values of y and z in the 
figure at the right. 


50. REASONING If an exterior angle adjacent to 
ZA is acute, is AABC acute, right, obtuse, 
or can its classification not be determined? 
Explain your reasoning. 


51. WRITING IN MATH Explain why a triangle cannot have an obtuse, acute, and a right 


exterior angle. 
Pal 
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Standardized Test Practice 


52. PROBABILITY Mr. Glover owns a video store and 54, ALGEBRA Which equation is equivalent 
wants to survey his customers to find what type to 7x — 3(2 — 5x) = 8x? 
of movies he should buy. Which of the following 


options would be the best way for Mr. Glover to Pos 

get accurate survey results? G 22x — 6 = 8x 

i, . ; h ‘af H —8x —6= 8x 
surveying customers who come in from J 22x +6 =8x 


9 pM. until 10 p.m. 


B surveying customers who come in on the 55 


weekend . SAT/ACT Joey has 4 more video games than 


Solana and half as many as Melissa. If together 


C surveying the male customers they have 24 video games, how many does 


D surveying at different times of the week Melissa have? 
and day 
A7 D 13 
53, SHORT RESPONSE Two angles of a triangle have BO E14 
measures of 35° and 80°. Find the values of the C 12 


exterior angle measures of the triangle. 


Spiral Review 


ial each triangle as acute, — obtuse, or right. (Lesson 4-1) 


Yee OY 


COORDINATE GEOMETRY Find the distance from P to @. (Lesson 3-6) 
59. Line £ contains points (0, —2) and (1, 3). Point P has coordinates (—4, 4). 
60. Line @ contains points (—3, 0) and (3, 0). Point P has coordinates (4, 3). 


Write a conjecture that describes the pattern in each sequence. Then use your conjecture 
to find the next item in the sequence. (Lesson 2-1) 


“>> AAA PPPD & 


Skills Review 


State the property that justifies each statement. 

63. as =7,thenx = 14. 

64. Ifx =5andb=5,thenx =b. 

65. If XY — AB = WZ — AB, then XY = WZ. 

66. If mZA = mZBandmZB=mZC,mZA = mZC. 

67. If mZ1 + mZ2 = 90 and mZ2 = mZ3, thenmZ1 + mZ3 = 90. 
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used congruent 
angles. 


@> NewVocabulary 
~ congruent 
congruent polygons 
corresponding parts 


€csS) Common Core 
State Standards 
Content Standards 
G.CO.7 Use the definition of 
congruence in terms of rigid 
motions to show that two 
triangles are congruent if 
and only if corresponding 
pairs of sides and 
Corresponding pairs of 
angles are congruent. 


G.SRT.5 Use congruence 
and similarity criteria for 
triangles to solve problems 
and to prove relationships in 
geometric figures. 


Mathematical Practices 

6 Attend to precision. 

3 Construct viable 
arguments and critique 
the reasoning of others. 


Car Culture/Collection Mix: Subjects/Getty Images 


@ You identified and @ Name and use @ Asan antitheft device, many 


Congruent Triangles 


Why? 


corresponding manufacturers make car stereos 
parts of congruent with removable faceplates. The 
polygons. shape and size of the faceplate 
and of the space where it fits 


Prova ana must be exactly the same for 
congruent using 
ieee the faceplate to properly attach 
the definition of ‘ 
to the car’s dashboard. 
congruence. 


Congruence and Corresponding Parts If two geometric figures have exactly the 
same shape and size, they are congruent. 


Congruent Not Congruent 


LO op 


While positioned differently, Figures 1, 2, and 3 Figures 4 and 5 are exactly the same shape but not the 
are exactly the same shape and size. same size. Figures 5 and 6 are the same size but not 
exactly the same shape. 


In two congruent polygons, all of the parts of one polygon are congruent to the 


corresponding parts or matching parts of the other polygon. These corresponding 
parts include corresponding angles and corresponding sides. 


| o§ KeyConcept Definition of Congruent Polygons 


Words Two polygons are congruent if and only Model 
if their corresponding parts are congruent. 


Example Corresponding Angles c 
ZA= ZH ZB= ZJ ZC = ZK H 
Corresponding Sides A 
AB = HJ BC = JK AC = HK 
Congruence Statement 
AABC = AHJK 


Other congruence statements for the triangles above exist. Valid congruence statements 
for congruent polygons list corresponding vertices in the same order. 


Valid Statement Not a Valid Statement 


ORK = mri my = AH 


) aE } 
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Math HistoryLink 


Johann Carl Friedrich Gauss 
(1777-1855) Gauss 
developed the congruence 
symbol to show that two 
sides of an equation were the 
same even if they weren’t 
equal. He made many 
advances in math and 
physics, including a proof 

of the fundamental theorem 
of algebra. 


Source: The Granger Collection, 
New York 


, 
StudyTip 
Using a Congruence 
Statement You can use a 
congruence statement to 
help you correctly identify 
corresponding sides. 

AABC = ADFE 


BC= FE 


Example 1 


Show that the polygons are congruent by Q 
identifying all the congruent corresponding 
parts. Then write a congruence statement. 


Angles: ZP = ZG, ZQ = ZF, 
ZR ZE, ZS = ZD 


Sides: PQ = GF, QR= FE, D E 


RS = ED, SP = DG 
All corresponding parts of the two 


polygons are congruent. Therefore, G 
polygon PQRS = polygon GFED. 


GuidedPractice 


1A. B C Z 1B. J 


The phrase “if and only if” in the congruent polygon definition means that both the 
conditional and its converse are true. So, if two polygons are congruent, then their 
corresponding parts are congruent. For triangles, we say Corresponding parts of congruent 
triangles are congruent, or CPCTC. 


Example 2 


In the diagram, AABC = ADFE. Find 
the values of x and y. 


ZF = ZB CPCTC 
mZF =mZB Definition of congruence 
sy —5=99 Substitution 
8y = 104 Add 5 to each side. (8y—5)° 
y=13 Divide each side by 8. ee 
FE = BC CPCTC D E 
FE = BC Definition of congruence 
2y+x = 38.4 Substitution 
2(13) + x = 38.4 Substitution 
26 + x = 38.4 Simplify. 
x=124 Subtract 26 from each side. 
GuidedPractice 
2. Inthe diagram, ARSV= ATVS. —-R a ee 
Find the values of x and y. 7 ; 7 T 
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Real-WorldLink 


Using some basic skills with 
napkin folding can add an 
elegant touch to any party. 
Many of the folds use 
triangles. 


A Kompatscher/age fotostock 


Theorem 4.3 Third Angles Theorem 


Prove Triangles Congruent The Triangle Angle-Sum Theorem you learned in 
Lesson 4-2 leads to another theorem about the angles in two triangles. 


Words: If two angles of one triangle are congruent to two A B 
angles of a second triangle, then the third angles 
of the triangles are congruent. 


Example: If 2€ = ZKand ZB = ZJ, then ZA= ZL. cC 


You will prove this theorem in Exercise 21. 


Real-World Example 3 


PARTY PLANNING The planners of the Senior 
Banquet decide to fold the dinner napkins 
using the Triangle Pocket Fold so that they 
can place a small gift in the pocket. If 

ZNPQ = ZRST, and mZNPQ = 40, find mZSRT. 


ZNPQ = ZRST, and since all right angles are 
congruent, ZNQP = ZRTS. So by the Third 
Angles Theorem, ZQONP = ZSRT. By the 
definition of congruence, mZQNP = mZTRS. 


mZQNP + mZNPQ = 90 The acute angles of a right triangle are complementary. 
mZQNP + 40 = 90 Substitution 
mZQNP = 50 Subtract 40 from each side. 
By substitution, mZSRT = mZQNP or 50. 


GuidedPractice 


3. In the diagram above, if ZWNX = ZWRX, WX bisects ZNXR, mZWNX = 88, 
and mZNXW = 49, find mZNWR. Explain your reasoning. 


StudyTip 


Reflexive Property 

When two triangles share 
a common side, use the 
Reflexive Property of 
Congruence to establish 
that the common side is 
congruent to itself. 


Example 4 
Write a two-column proof. E e 
Given: DE = GE, DF = GF, ZD = ZG, 
ZDFE = ZGFE A 
Prove: ADEF = AGEF 
Proof: 7 
Statements Reasons 
1. DE = GE, DF = GF 1. Given 
2. EF = EF 2. Reflexive Property of Congruence 
3. 2D = £G,Z7DFE = ZGFE 3. Given 
4. ZDEF = ZGEF 4. Third Angles Theorem 
5. ADEF = AGEF 5. Definition of Congruent Polygons 


GuidedPractice 
4. Write a two column proof. 


Given: ZJ = ZP, JK = PM, — J P 
JL = PL, and L bisects KM. 


Prove: AJLK = APLM K 


Like congruence of segments and angles, congruence of triangles is reflexive, symmetric, 
and transitive. 


| Theorem 4.4 Properties of Triangle Conguruence 


Reflexive Property of Triangle Congruence 


B 
AABC = AABC [> é 
Symmetric Property of Triangle Congruence A . F 
If AABC = AEFFG, then AEFG = AABC. 7 
J 
Transitive Property of Triangle Congruence i G 
If AABC = AEFGand AEFG = AJKL, then AABC = AJKL. 
\ S 


You will prove the reflexive, symmetric, and transitive 
parts of Theorem 4.4 in Exercises 27, 22, and 26, respectively. 


Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Show that polygons are congruent by identifying all congruent corresponding parts. 
Then write a congruence statement. 


| | : ry ry 
L\é D H 
Y Z Ss e . 
3. TOOLS Sareeta is changing the tire on her bike and the nut securing the tire looks 


like the one shown. Which of the sockets below should she use with her wrench 
to remove the tire? Explain your reasoning. 


[em 
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Example 2 In the figure, ALMN = AQRS. L S R 
4, Find x. fond 
x 
(5) Find y. ce 
M N Q 


_~ 
Example 3 GCSS/REGULARITY Find x. Explain your reasoning. 


6. B G F 7. xX Y 
A 
65° 4\ V 
—_ he\ 2 
A Cc H Asi \ 
M N 
Example 4 8. PROOF Write a paragraph proof. x 


Given: ZWXZ = ZYXZ, ZXZW = LXZY, 
WX = YX, WZ = YZ 


Prove: AWXZ = AYXZ 


Extra Practice is on page R4. 


Practice and Problem Solving 


Show that polygons are congruent by identifying all congruent corresponding parts. 


Example 1 
Then write a congruence statement. 
9 X 25 Y 10. 
cl 600 A 
oO 
43 ; 4.3 2.5 
° 0° 60° 
7, et 5 B 
iz 
11. K 12. 
R s 
J 
L 
r 
Example 2 Polygon BCDE = polygon RSTU. Find each value. 


B 4w—7 Cc U z+16 T 


2w+ 13 S 


E 3z+10 D R 


13, x 14. y @- 16. w 
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17. SAILING To ensure that sailboat races are fair, the 
boats and their sails are required to be the same 
size and shape. 


a. Write a congruence statement relating the triangles 
in the photo. 


b. Name six pairs of congruent segments. 


c. Name six pairs of congruent angles. 


Example 3 Find x and y. 


18. 148° 20. (15x — 8y)° 
8. pt (19) gee HN, 
ae (x—y?° yf 


Example 4 21. PROOF Write a two-column proof of Theorem 4.3. 


22. PROOF Put the statements used to prove the statement below in the correct order. 
Provide the reasons for each statement. 


Congruence of triangles is symmetric. (Theorem 4.4) 


Given: ARST = AXYZ R — Xx =o Y 


Prove: AXYZ = ARST T Z 


Proof: 


LZX=ZR, ZY= 
LS LL TT KY: 


LRe=LZX,2ZS= 
ZY, ZT = ZZ, RS 


= XY, ST=YZ, 


RT =XZ ARST = AXYZ AXYZ = ARST 
2 2 


? 


la~ 
CESS ARGUMENTS Write a two-column proof. 


23. Given: BD bisects ZB. 24. Given: ZP = ZT, 25 = ZQ 
BD 1 AC TKR PK RPS RO, 
Prove: ZA = ZC RT = RS 
ji PQ=TS 
Prove: APRQ = ATRS 
D B P ° 
C R 
Q T 


25. SCRAPBOOKING Lanie is using a flower-shaped corner 
decoration punch for a scrapbook she is working on. If she 
punches the corners of two pages as shown, what property 
guarantees that the punched designs are congruent? Explain. 


PROOF Write the specified type of proof of the indicated part of 
Theorem 4.4. 


26. Congruence of triangles is transitive. (paragraph proof) 


27. Congruence of triangles is reflexive. (flow proof) 
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y0}S0}0} abe/euebyy anbuuzy 


(t)Karl Shone/Dorling Kindersley/Getty Images, (b)Joseph Pobereskin/Stone/Getty Images 


ALGEBRA Draw and label a figure to represent the congruent triangles. 
Then find x and y. 


28. AABC = ADEF, AB = 7, BC = 9, AC = 114+ x, DF = 3x — 13, and DE = 2y — 5 
29. ALMN = ARST, mZL = 49, mZM = 10y, mZS = 70, and mZT = 4x + 9 


30. AJKL = AMNP, JK = 12, LJ = 5, PM = 2x — 3, mZL = 67,mZK = y + 4and 
mZN = 2y — 15 


(1) PENNANTS Scott is in charge of roping off an area 
of 100 square feet for the band to use during a pep F 
rally. He is using a string of pennants that are D 
congruent isosceles triangles. 


a. List seven pairs of congruent segments in Gin. 
the photo. ‘ 


b. If the area he ropes off is a square, how long B 
will the pennant string need to be? 


c. How many pennants will be on the string? 


la~ 

32. CESS SENSE-MAKING In the photo of New York City’s Chrysler 
Building at the right, TS = ZY, XY = RS, TR = ZX, ZX = ZR, 
ZT = ZZ, ZY = ZS,and AHGF = ALK]. 


a. Which triangle, if any, is congruent to AYXZ? Explain 
your reasoning. 


b. Which side(s) are congruent to JL? Explain your 
reasoning. 


c. Which angle(s) are congruent to ZG? Explain your reasoning. 


33. 6? MULTIPLE REPRESENTATIONS In this problem, you will explore the statement 
The areas of congruent triangles are equal. 


a. Verbal Write a conditional statement to represent the relationship between the areas 
of a pair of congruent triangles. 


b. Verbal Write the converse of your conditional statement. Is the converse true or false? 
Explain your reasoning. 


c. Geometric If possible, draw two equilateral triangles that have the same area but are 
not congruent. If not possible, explain why not. 


d. Geometric If possible, draw two rectangles that have the same area but are not 
congruent. If not possible, explain why not. 


e. Geometric If possible, draw two squares that have the same area but are not 
congruent. If not possible, explain why not. 


=r 


. Verbal For which polygons will the following conditional and its converse both 
be true? Explain your reasoning. 


If a pair of are congruent, then they have the same area. 
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34, PATTERNS The pattern shown is created using 
regular polygons. 


a. What two polygons are used to create the pattern? 
b. Name a pair of congruent triangles. 
c. Name a pair of corresponding angles. 


d. If CB = 2 inches, what is AE? Explain. 


e. What is the measure of ZD? Explain. 


35. FITNESS A fitness instructor is starting a new aerobics class using fitness hoops. She 
wants to confirm that all of the hoops are the same size. What measure(s) can she use to 
prove that all of the hoops are congruent? Explain your reasoning. 


H.0.T. Problems Use Higher-Order Thinking Skills 


36. WRITING IN MATH Explain why the order of the vertices is important when naming 
congruent triangles. Give an example to support your answer. 


37. ERROR ANALYSIS Jasmine and Will are evaluating the congruent figures below. Jasmine 
says that ACAB = AZYX and Will says that AABC = AYXZ. Is either of them correct? 


Explain. 
“ 1 
A Y 
1 
0.9 1.5 
B 0.9 
1.5 
C 
Zz 


38. WRITE A QUESTION A classmate is using the Third Angles Theorem to show that if 
2 corresponding pairs of the angles of two triangles are congruent, then the third pair 
is also congruent. Write a question to help him decide if he can use the same strategy 
for quadrilaterals. 


39. CHALLENGE Find x and y if APQS = ARQS. Q 


la~ 
cess ARGUMENTS Determine whether each statement 


is true or false. If false, give a counterexample. = ares 
If true, explain your reasoning. 
40. Two triangles with two pairs of congruent 
corresponding angles and three pairs of a - s 2y A 
congruent corresponding sides are congruent. 
41. Two triangles with three pairs of corresponding 
congruent angles are congruent. 
42. CHALLENGE Write a paragraph proof to prove A B C 
polygon ABED = polygon FEBC. 
43. WRITING IN MATH Determine whether the 
following statement is always, sometimes, 
or never true. Explain your reasoning. , 5 . 


Equilateral triangles are congruent. 
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Standardized Test Practice 


44, Barrington cut four congruent triangles off the 45. GRIDDED RESPONSE Triangle ABC is congruent to 
corners of a rectangle to make an octagon as AHI). The vertices of AABC are A(—1, 2), B(O, 3) 
shown below. What is the area of the octagon? and C(2, —2). What is the measure of side HJ? 

6cm 46. ALGEBRA Which is a factor of x* + 19x — 42? 


Fx+14 H x-2 
Gx+2 Jx-14 


47. SAT/ACT Mitsu travels a certain distance at 

30 miles per hour and returns the same route at 
Sy 30 cm a 65 miles per hour. What is his average speed in 
miles per hour for the round trip? 


A 456 cm? C 552 cm? A 325 D 475 
B 528 cm? D 564 cm? B 35.0 E 55.3 


C 41.0 


Spiral Review 


Find each measure in the triangle at the right. (Lesson 4-2) 

48. mZ2 49. mZ1 50. mZ3 

COORDINATE GEOMETRY Find the measures of the sides of AJKL and classify ee 
each triangle by the measures of its sides. (Lesson 4-1) = 

51. J(—7, 10), K(15, 0), L(—2, —1) 52. J(9, 9), K(12, 14), L(14, 6) 

53. J(4, 6), K(4, 11), LQ, 6) 54, J(16, 14), K(7, 6), L(—5, —14) 


Determine whether each statement is always, sometimes, or never true. (Lesson 1-5) 

55. Two angles that form a linear pair are supplementary. 

56. If two angles are supplementary, then one of the angles is obtuse. 

57. CARPENTRY A carpenter must cut two pieces of wood at angles so that they fit together 


to form the corner of a picture frame. What type of angles must he use to make sure 
that a 90° corner results? (Lesson 1-5) 


Skills Review 


58. Copy and complete the proof. N P 
Given: MN = PQ, PO = RS 
Prove: MN = RS 
Proof: 

Statements 


a. 2 


b. MN = PQ, PQ=RS 


d. Definition of congruent segments 
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@ You provedtriangles @ 
congruent using 
the definition of 
congruence. 


g>4 NewVocabulary 
= included angle 


Ecss) Common Core 
yy State Standards 
Content Standards 


G.C0.10 Prove theorems 
about triangles. 


G.SRT.5 Use congruence 
and similarity criteria for 
triangles to solve problems 
and to prove relationships in 
geometric figures. 


Mathematical Practices 
Construct viable 
arguments and critique 
the reasoning of others. 
Make sense of problems 
and persevere in solving 
them. 


oo 


—_h 
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Use the SSS Postulate @ An A-frame sandwich board is a convenient way 


to test for triangle to display information. Not only does it fold flat for 
congruence. easy storage, but with each sidearm locked into 
(sathe SAS Postilate place, the frame is extremely sturdy. With the 


to test for triangle 
congruence. 


sidearms the same length and positioned the 
same distance from the top on either side, the 
open frame forms two congruent triangles. 


SSS Postulate In Lesson 4-3, you proved that two triangles were congruent by 
showing that all six pairs of corresponding parts were congruent. It is possible to 


prove two triangles congruent using fewer pairs. 


The sandwich board demonstrates that if two triangles have the same three side lengths, 
then they are congruent. This is expressed in the postulate below. 


Postulate 4.1 Side-Side-Side (SSS) Congruence 


If three sides of one triangle are congruent to three sides 
of a second triangle, then the triangles are congruent. 


Example If Side AB = DE, 
Side BC = EF, and 
Side AC = DF, 
then AABC = ADEF. 


B E 
Ls ZO 

D 
A F 


Example 1 


Write a flow proof. 

Given: GH = KJ,HL= JL, and Lis 
the midpoint of GK. 

Prove: AGHL = AKJL 


Flow Proof: 


Given Given Given uy 
| 
a Midpoint Theorem 
SSS 
GuidedPractice 


1. Write a flow proof. 


Given: AQRS is isosceles with OR = SR. 
RT bisects QS at point T. 


Prove: AQRT = ASRT 


Standardized Test Example 2 


EXTENDED RESPONSE Triangle ABC has vertices A(1, 1), B(0, 3), and C(2, 5). 
Triangle EFG has vertices E(1, —1), F(2, —5), and G(4, —4). 
a. Graph both triangles on the same coordinate plane. 


b. Use your graph to make a conjecture as to whether the triangles are congruent. 
Explain your reasoning. 


c. Write a logical argument using coordinate geometry to support the conjecture 
you made in part b. 


Read the Test Item 


You are asked to do three things in this problem. In part a, you are to graph AABC 
and AEFG on the same coordinate plane. In part b, you should make a conjecture that 
AABC = AEFG or AABC $ AFFG based on your graph. Finally, in part c, you are 
asked to prove your conjecture. 


Test-TakingTip Solve the Test Item 


<—_ 
CESS Tools When you are 


solving problems using the 
coordinate plane, remember 
to use tools like the Distance, 
Midpoint, and Slope Formulas 
to solve problems and to 
check your solutions. 


a. b. From the graph, it appears that the triangles 
do not have the same shape, so we can 


conjecture that they are not congruent. 


c. Use the Distance Formula to show that not all corresponding sides have the 
same measure. 


AB = (0-1)? + 8-1)? EF = (2-1) + [-5- (-D? 
=V1+4orv5 = ¥1+ 16 or V17 

BC = (2-0)? + (6-3)? FG = (4-2)? + [-4- C5)? 
ei LAE oes 

AC = ¥2- 1)? + 6-1)? EG = (4-1)? + [-4- (2 


=vV1+16o0rvi17 =vV9+9orV18 


While AB = FG and AC = EF, BC + EG. Since SSS congruence is not met, 
AABC ¢ AEFG. 


ReadingMath 


Symbols AABC # AFFG is 
read as triangle ABC is not 
congruent to triangle EFG. 


GuidedPractice 


2. Triangle /KL has vertices J(2, 5), K(1, 1), and L(5, 2). Triangle NPQ has vertices 
N(—3, 0), P(—7, 1), and Q(—4, 4). 


a. Graph both triangles on the same coordinate plane. 


b. Use your graph to make a conjecture as to whether the triangles are congruent. 
Explain your reasoning. 


c. Write a logical argument using coordinate geometry to support the conjecture 
you made in part b. 
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| A Construction Congruent Triangles Using Sides 


Draw a triangle and label it AABC. Then use the B 
SSS Postulate to construct AXYZ = AABC. 


| Step 1 | Draw point X on a line £. Then | Step 2 | Construct one arc with radius | Step 3 | Label the point of intersection 
construct XZ = AC on line @ AB centered at point X and of the two arcs Y. Draw XY 

another arc with radius BC and ZY to form AXYZ. 

centered at point Z. 


\ 
SAS Postulate The angle formed by two adjacent sides of a polygon is called an 
included angle. Consider included angle JKL formed by the hands on the first clock 
shown below. Any time the hands form an angle with the same measure, the distance 
between the ends of the hands JL and PR will be the same. 
APKR = AJKL 
Any two triangles formed using the same side lengths and included angle measure will 
be congruent. This illustrates the following postulate. 
7 
StudyTip | Postulate 4.2 Side-Angle-Side (SAS) Congruence 
ote te aleve Words __ If two sides and the included angle of one triangle are congruent B 
measures of two sides and ‘eiwosld diteduclidedandedt dtianais-4h 
a nonincluded angle are not 0 0 siaes and the inciuded angle of a second triangie, then C 
sufficient to prove two the triangles are congruent. 
A 


triangles congruent. Example If Side AB = DE, 
q Angle ZB = ZE, and Pe 
D 


Side BC = EF, F 
then AABC = ADEF. 
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a) 


“Ts 


q 


Real-World Example 3 


LIGHTING The scaffolding for stage lighting 
shown appears to be made up of congruent 
triangles. If WX = YZ and WX || ZY, write 
a two-column proof to prove that 


AWXZ = AYZX. 
Proof: 
: Statements Reasons 
Real-WorldCareer 1wWwx=yY 1. Given 
Lighting Technicians In the ee : 
motion picture industry, 2. WX || ZY 2. Given 
Galles er lighting peas 3. ZWXZ = ZXZY 3. Alternate Interior Angle Theorem 
technicians, place the lighting | a 
required for a film. Gaffers 4. XZ = ZX 4. Reflexive Property of Congruence 
make sure the angles the 
lights form are in the correct 5. AWXZ = AYZX 5. SAS 


positions. They may have 
college or technical school 
degrees, or they may have 
completed a formal training 
program. 


GuidedPractice 


3. EXTREME SPORTS The wings of the hang 
glider shown appear to be congruent 


Digital Vision/Photodisc/Getty Images 


triangles. If FG = GH and JG bisects 
ZFGH, prove that AFG] = AHGJ. 


You can also construct congruent triangles given two sides and the included angle. 


Construction Congruent Triangles Using Two Sides and the Included Angle 
Draw a triangle and label it AABC. B 
Then use the SAS Postulate to construct 
ARST = AABC. 
A Cc 
m 
R T R T me 
ESE Draw point Ron aline m. then | KQRA Construct ZA = ZAusing EE] Construct RS = AB. Then 
construct RT = AC on line m. RT as a side of the angle and draw STto form ARST. 
point R. 
\ dé 


267 


Example 4 


7 
StudyTip Write a paragraph proof. B F E D 
Overlapping Figures When Given: BC = DC, ZBCF = ZDCE, FC = EC 
triangles overlap, it can be . _ 
helpful to draw each triangle Prove: 2CFD = 2CEB 
separately and label the Proof: 

SUH Gace toe Since BC = DC, ZBCF = ZDCE, and FC = EC, then Y 
separated Se epaula ABCF = ADCE by SAS. By CPCTC, ZCFB = ZCED. 
BFE ZCFD forms a linear pair with ZCFB, and ZCEB forms 
a linear pair with ZCED. By the Congruent Supplements Theorem, ZCFD is 
supplementary to ZCFB and ZCEB is supplementary to ZCED. Since angles 
supplementary to the same angle or congruent angles are congruent, ZCFD = ZCEB. 
C ‘ . 
GuidedPractice 
a, 4, Write a two-column proof. M 
Given: MN = PN, LM = LP 
Prove: ZLNM = ZLNP : 
Cc i P 
\ y, 


Check Your Understanding 
Example 1 1. OPTICAL ILLUSION The figure shown is a pattern formed using 
four large congruent squares and four small congruent squares. 


a. How many different-sized triangles are used 
to create the illusion? 


b. Use the Side-Side-Side Congruence Postulate 
to prove that AABC = ACDA. 


c. What is the relationship between AB and CD? 
Explain your reasoning. 


Example 2 2. EXTENDED RESPONSE Triangle ABC has vertices A(—3, —5), B(—1, —1), and C(—1, —5). 
Triangle XYZ has vertices X(5, —5), Y(3, —1), and Z(3, —5). 


a. Graph both triangles on the same coordinate plane. 


b. Use your graph to make a conjecture as to whether the triangles are congruent. 
Explain your reasoning. 


c. Write a logical argument using coordinate geometry to support your conjecture. 


Example 3 EXERCISE In the exercise diagram, 
if LP = NO, ZLPM = ZNOM, and 
AMOP is equilateral, write a 
paragraph proof to show that 
ALMP = ANMO. 
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Panoramic Images/Getty Images 


Example 4 4. Write a two-column proof. A B 


Given: BA = DC, ZBAC = ZDCA 
Prove: BC = DA 


D Cc 
Practice and Problem Solving Extra Practice is on page R4. 
Example 1 PROOF Write the specified type of proof. 
5. paragraph proof 6. two-column proof 

Given: OR = SR, Given: AB = ED, CA= CE; 
sT=0T AC bisects BD. 

Prove: AQRT = ASRT Prove: AABC = AEDC 
Yj | ; | 
T S A E 


7. BRIDGES The Sunshine Skyway Bridge in Florida is the world’s longest cable-stayed 
bridge, spanning 4.1 miles of Tampa Bay. It is supported using steel cables suspended 
from two concrete supports. If the supports are the same height above the roadway 
and perpendicular to the roadway, and the topmost cables meet at a point midway 
between the supports, prove that the two triangles shown in the photo are congruent. 


——— a i an s= @ ig aa , 
Pe a ee ee 


Example 2 Css SENSE-MAKING Determine whether AMNO = AQRS. Explain. 
8. M(2, 5), N(5, 2), O(1, 1), Q(—4, 4), R(—7, 1), S(—3, 0) 
@uo —1), N(—1, —4), O(—4, —3), QG, —3), R(4, —4), SG, 3) 
10. M(0, —3), N(1, 4), O(3, 1), Q(4, —1), R(6, 1), S(9, —1) 
11. M(4, 7), N(5, 4), O(2, 3), Q(2, 5), R(3, 2), S(O, 1) 


Example 3 PROOF Write the specified type of proof. 


12. two-column proof 13. paragraph proof 
Given: BD | AC, Given: R is the midpoint of 
BD bisects AC. QS and PT. 
Prove: AABD = ACBD Prove: APRQ = ATRS 
B P Ss 
Q T 
A D Cc 


Example 4 PROOF Write the specified type of proof. 


14. flow proof 15. paragraph proof 
Given: JM = NK: L is the midpoint Given: AXYZ is equilateral. 
of JN and KM. WY bisects ZXYZ. 
Prove: ZMJL = ZKNL Prove: XW = ZW 
J K 


v4 
4 Ww Z 
= 
CCSS ARGUMENTS Determine which postulate can be used to prove that the triangles 
are congruent. If it is not possible to prove congruence, write not possible. 


20. SIGNS Refer to the diagram at the right. 


M N 


a. Identify the three-dimensional figure represented by the 
wet floor sign. 


b. If AB = AD and CB = DC, prove that AACB = AACD. 


c. Why do the triangles not look congruent in the diagram? 


Cc 


PROOF Write a flow proof. 


21. Given: MJ = ML; Kis the 22. Given: ATPQ = ASPR 
midpoint of JL. ZTQR = ZSROQ 
Prove: AMJK = AMLK Prove: ATQR = ASRQ 

M 


23. SOFTBALL Use the diagram of a fast-pitch softball 
diamond shown. Let F = first base, S = second base, 
T = third base, P = pitching point, and R = home plate. 


a. Write a two-column proof to prove that 
the distance from first base to third base 
is the same as the distance from home 
plate to second base. 


b. Write a two-column proof to prove that 
the angle formed between second base, 
home plate, and third base is the same as 
the angle formed between second base, 
home plate, and first base. 
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PROOF Write a two-column proof. 


24. Given: YX = WZ, YX || ZW 25. Given: AEAB = ADCB 
Prove: AYXZ = AWZX Prove: AEAD = ADCE 
x Y A Cc 
B 
W Z E D 
26. Css ARGUMENTS Write a paragraph proof. re; y 
Given: HL = HM, PM = KL, 
PC = Kj, CH=JH a 


Prove: ZG = ZJ 
P M LK 


ALGEBRA Find the value of the variable that yields congruent triangles. Explain. 


7) AWXY = AWXZ 28. AABC = AFGH 
F 4x+1 
By +7 A 2x+5 C H 


H.0.T. Problems _ Use Higher-Order Thinking Skills 


29. CHALLENGE Refer to the graph shown. 


a. Describe two methods you could use to prove that 
AWYZ is congruent to AWYX. You may not use a 
ruler or a protractor. Which method do you think is 
more efficient? Explain. 


b. Are AWYZ and AWYX congruent? Explain your 
reasoning. 


30. REASONING Determine whether the following statement 
is true or false. If true, explain your reasoning. If false, 
provide a counterexample. 


If the congruent sides in one isosceles triangle have the same measure as the congruent 
sides in another isosceles triangle, then the triangles are congruent. 


31. ERROR ANALYSIS Bonnie says that Xx Z 
APQR = AXYZ by SAS. Shada Q 
disagrees. She says that there is not 
enough information to prove that 


the two triangles are congruent. 
Is either of them correct? Explain. 


32. OPEN ENDED Use a straightedge to draw obtuse triangle ABC. Then construct 
AXYZ so that it is congruent to AABC using either SSS or SAS. Justify your 
construction mathematically and verify it using measurement. 


33. WRITING IN MATH Two pairs of corresponding sides of two right triangles are congruent. 
Are the triangles congruent? Explain your reasoning. 
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Standardized Test Practice 


34. ALGEBRA The Ross Family drove 300 miles to visit 36. EXTENDED RESPONSE The graph below shows 
their grandparents. Mrs. Ross drove 70 miles per the eye colors of all of the students in a class. 
hour for 65% of the trip and 35 miles per hour or What is the probability that a student chosen at 
less for 20% of the trip that was left. Assuming that random from this class will have blue eyes? 
Mrs. Ross never went over 70 miles per hour, how Explain your reasoning. 
many miles did she travel at a speed between 
35 and 70 miles per hour? - Class Eye Color 
A 195 C 21 ic 


B 84 D 18 


35. In the figure, ZC = ZZ and AC = XZ. 


Number of Students 


= 
4 a 
Q 
B a & < € 
Z Eye Color 
Xx 
A Cc 37. SAT/ACT If 4a + 6b = 6 and —2a + b = —7, what 


is the value of a? 
What additional information could be used to 


prove that AABC = AXYZ? A -2 
F BC=YZ : . 
ae Ds 
H BC = XZ 

E4 


J XZ=xXY 


Spiral Review 


In the diagram, ALMN = AQRS. (Lesson 4-3) (y+ 6)2.N S —~(2y —12)° 
38. Find x. 39. Find y. as Nee 
L M R Q 


40. ASTRONOMY The Big Dipper is a part of the larger constellation Ursa Major. 
Three of the brighter stars in the constellation form ARSA. If mZR = 41 and 
mZS = 109, find mZA. (Lesson 4-2) 


Write an equation in slope-intercept form for each line. (Lesson 3-4) 
41. (—5, —3) and (10, —6) 42. (4, —1) and (—2, —1) 43. (—4, —1) and (—8, —5) 


Determine the truth value of each conditional statement. If true, explain your reasoning. 
If false, give a counterexample. (Lesson 2-3) 


44, If x? = 25, then x =5. 45. If you are 16, you are a junior in high school. 


Skills Review 


State the property that justifies each statement. 
46. AB = AB 47. If EF = GH and GH = JK, then EF = JK. 
48. If a2 = b2 — c2, then b2 — c? = a?. 49. If XY + 20 = YWand XY + 20 = DT, then YW = DT. 


wan 
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Geometry Lab 


Proving Constructions 


—-~ 


When you perform a construction using a straightedge and compass, CCSS) Common Core State Standards 
you assume that segments constructed using the same compass ~~ Content Standards eo ee 

F mage . ‘ G.C0.12 Make formal geometric constructions with a variety of tools 
setting are congruent. You can use this information, along with and methods (compass and straightedge, string, reflective devices, 
definitions, postulates, and theorems to prove constructions. paper folding, dynamic geometric software, etc.). 


G.SRT.5 Use congruence and similarity criteria for triangles to solve 
problems and to prove relationships in geometric figures. 
Mathematical Practices 3,5 


Activity 


Follow the steps below to bisect an angle. Then prove the construction. 


B 
A 
Cc 
Draw any angle with vertex A. With the compass point at B, draw Draw AD. 
Place the compass point at A and an arc in the interior of ZA. With 
draw an arc that intersects both the same radius, draw an arc from 
sides of ZA. Label the points B and C intersecting the first arc at D. 
C. Mark the congruent segments. Draw the segments BD and CD. 
Mark the congruent segments. 
Given: Description of steps and diagram of construction B 


Prove: AD bisects ZBAC. D 
Proof: . C 
Statements Reasons 

1. AB = AC 1. The same compass setting was used from 


point A to construct points B and C. 


2. BD=CD 2. The same compass setting was used from 
points B and C to construct point D. 


3. AD = AD 3. Reflexive Property 

4, AABD = AACD 4. SSS Postulate 

5. ZBAD = ZCAD 5. CPCTC 

6. AD bisects ZBAC. 6. Definition of angle bisector 


1. Construct a line parallel to a given line through a given point. Write a two-column 
proof of your construction. 


2. Construct an equilateral triangle. Write a paragraph proof of your construction. 


3. CHALLENGE Construct the bisector of a segment that is also perpendicular to the 
segment and write a two-column proof of your construction. (Hint: You will need to 
use more than one pair of congruent triangles.). 


NS TOR 273 


Mid-Chapter Quiz 


Lessons 4-1 through 4-4 


1. COORDINATE GEOMETRY Classify AABC with vertices 
A(—2, —1), B(—1, 3), and C(2, 0) as scalene, equilateral, 
or isosceles. (Lesson 4-1) 


2. MULTIPLE CHOICE Which R 
of the following are the 3y—1 
measures of the sides 
of isosceles triangle QRS? 

(Lesson 4-1) Q 


A 17,17, 15 C 14,15, 14 
B 15, 15, 16 D 14,14, 16 


y+it 


4y—9 cS) 


3. ALGEBRA Find x and the length of each side if AWXYis an 
equilateral triangle with sides WX = 6x — 12, XY= 2x + 10, 
and WY = 4x — 1. (Lesson 4-1) 


Find the measure of each angle indicated. (Lesson 4-2) 


4. mZ1 
— a 
6. mZ3 


7. ASTRONOMY Leo is a constellation that represents a lion. 
Three of the brighter stars in the constellation form ALEO. 
If the angles have measures as shown in the figure, find 
MZOLE. (Lesson 4-2) 


8 mZ4 

Das X Ze 
10. mZ6 : 

1. mZ7 og° 


In the diagram, ARST = AABC. (Lesson 4-3) 


R C ytl3 B 


3x + 40)° 
(5x + 20)2 ( ) 


12. Find x. 13. Find y. 
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14. 


15. 


16. 


17. 
18. 


19. 


20. 


ARCHITECTURE The 

diagram shows an A-frame 
house with various points 
labeled. Assume that segments 
and angles that appear to be 
congruent in the diagram are 
congruent. Indicate which 
triangles are congruent. 
(Lesson 4-3) 


MULTIPLE CHOICE Determine 
which statement is true given 
that ACBX = ASML. (Lesson 4-3) 

F MO=SL H 2X=ZS 


G XC= ML J ZXCB= ZLSM 


BRIDGES A bridge truss is shown in the diagram below, 
where AC | BD and Bis the midpoint of AC. What method 
can be used to prove that AABD = ACBD? (Lesson 4-4) 


Write a two-column proof. (lesson 4-4) 


Given: ALMNis isos. with LM = NM, and 
MO bisects ZLMN. 


Prove: AMLO = AMNO 
M 


Proving Triangles 


Congruent—ASA, AAS 


:- Then :-‘Now :- Why? 


@ You proved triangles @ Use the ASA 


@ Competitive sweep rowing, also 


congruent using SSS Postulate to test called crew, involves two or more 
and SAS. for congruence. people who sit facing the stern of 
Use the AAS the boat, with each rower pulling 


one oar. In high school competitions, 


Theorem to test 
for conarlience a race, Called a regatta, usually 
9 : requires a body of water that is 
more than 1500 meters long. 
Congruent triangles can be used to = 
measure distances that are not : 
easily measured directly, like the 
length of a regatta course. 
Opel NewVocabulary ASA Postulate An included side is the side located between C 
~ included side _—_two consecutive angles of a polygon. In AABC at the right, A 
AC is the included side between ZA and ZC. 
————————EE B 
<ece)) Common Core , 
State Standards Postulate 4.3 Angle-Side-Angle (ASA) Congruence 
Content Standards If two angles and the included side of one triangle B 
G.C0.10 Prove theorems are congruent to two angles and the included side of 
about triangles. another triangle, then the triangles are congruent. Cc 
G.SRT.5 Use congruence E 
and similarity criteria for Example If Angle ZA = ZD, A 
triangles to solve problems Fae os HE 
and to prove relationships in Side AB = DE, and 
geometric figures. Angle ZB = ZE, D 
~ F 
Mathematical Practices then AABC = ADEF. 
3 Construct viable \ ) 
arguments and critique 
the reasoning of others. " 
5 Use appropriate tools A Construction Congruent Triangles Using Two Angles and Included Side 


strategically. 
Draw a triangle and label it AABC. Then use the 


B 
ASA Postulate to construct AXYZ = AABC. . ; 
A Cc 


— £ 
x sé Xx Z 


w 

= Draw a line £and select a point | Construct an angle congruent to | Construct an angle congruent to 
2 X. Construct XZ such that ZAat Xusing XZ asasideof | ZCatZusing XZ as aside of 

e XZ = AC. the angle. the angle. Label the point where 
E the new sides of the angles 

S meet as Y. 

co \ _/ 
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Example 1 


Write a two-column proof. 


Given: QS bisects ZPOR; 
ZPSQ = ZRSQ. 
Prove: APQS = ARQS 


Proof: 


Statements 


Reasons 


1. QSbisects ZPQR; ZPSQ = ZRSQ. 
2. ZPQS = ZRQS 

3. QS= 0S 

4. APQS = ARQS 


GuidedPractice 
1. Write a flow proof. 


Prove: AWXZ = AXZY 


Given: ZX bisects ZWZY; XZ bisects ZYXW. 


1. Given 

2. Definition of Angle Bisector 

3. Reflexive Property of Congruence 
4. ASA 


AAS Theorem The congruence of two angles and a nonincluded side are also 


sufficient to prove two triangles congruent. This congruence relationship is a theorem 
because it can be proved using the Third Angles Theorem. 


= 


\. 


Theorem 4.5 Angle-Angle-Side (AAS) Congruence 


If two angles and the nonincluded side of one triangle are 
congruent to the corresponding two angles and side of a 
second triangle, then the two triangles are congruent. 


Example If Angle ZA = ZD, 
Angle 7B = ZE, and 
Side BC = EF, 
then AABC = ADFF. 


B 
: 
ee 
A 
Xs 
F 


Proof Angle-Angle-Side Theorem 
Given: ZL = 2Q,2M= ZR, MN= RS 
Prove: ALIMN = AQRS 

Proof: 


Given 


Third Angles Theorem 


Given 

MIN = RS ALMN = AQRS 
: AAS 

Given 
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StudyTip 
Angle-Angle-Angle In 
Example 3, 7B and ZE are 
congruent by the Third Angles 
Theorem. Congruence of all 
three corresponding angles 

is not sufficient, however, 

to prove two triangles 
congruent. 


Example 2 


Write a two-column proof. A 

Given: ZDAC = ZBEC 
DC = BC 

Prove: AACD = AECB E D C 


Proof: We are given that ZDAC = ZBEC and 


DC = BC. ZC = ZC by the Reflexive 
Property. By AAS, AACD = AECB. 


GuidedPractice 


2. Write a flow proof. 
Given: RQ = ST and RQ || ST 
Prove: ARUQ = ATUS 


Real-World Example 3 


COMMUNITY SERVICE Jeremias is working with a community service group to build a 
bridge across a creek at a local park. The bridge will span the creek between points 
C and B. Jeremias located a fixed point D to use as a reference point so that the 
segments have the relationships shown. A is the midpoint of CD and DE is 15 feet. 
How long does the bridge need to be? 


In order to determine the length of CB, we must first prove that the two triangles 
Jeremias has created are congruent. 


e Since CD is perpendicular to both CB and DE, the segments form right angles as 
shown on the diagram. 


e All right angles are congruent, so ZBCA = ZEDA. 
* Point A is the midpoint of CD, so CA = AD. 
e ZBAC and ZEAD are vertical angles, so they are congruent. 


Therefore, by ASA, ABAC = AEAD. 


Since ABAC = AEAD, DE = CB by CPCTC. Since the measure of DE is 15 feet, the 
measure of CB is also 15 feet. Therefore, the bridge needs to be 15 feet long. 
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GuidedPractice 


3. In the sign scaffold shown at the right, 
BC | AC and DE | CE. ZBAC = ZDCE, 
and AB = CD. Write a paragraph proof 
to show that BC = DE. 


You have learned several methods for proving triangle congruence. 


ConceptSummary Proving Triangles Congruent ash 
SSS SAS ASA AAS 
Three pairs of corresponding Two pairs of corresponding Two pairs of corresponding Two pairs of corresponding 
sides are congruent. sides and their included angles | angles and their included sides | angles and the corresponding 
are congruent. are congruent. nonincluded sides are 
q congruent. 


Check Your Understanding 


= Step-by-Step Solutions begin on page R14. 


Example 1 PROOF Write the specified type of proof. 


1. two-column proof 2. flow proof 
Given: CB bisects ZABD and ZACD. Given: JK || LM, JL || KM 
Prove: AABC = ADBC Prove: AJML = AMJK 
A B J 
K 
Cc D 
L 
M 


Example 2 3. paragraph proof 4. two-column proof 


Given: ZK = ZM, JK = JM, Given: GH || FJ 
JL bisects ZKLM. mZG = mZJ = 90 
Prove: AJKL = AJML Prove: AHJF = AFGH 
K G H 
[| 
q : om 
CJ 
F J 
M 


al 
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Example 3 (5) BRIDGE BUILDING A surveyor needs to find the distance 
from point A to point B across a canyon. She places a 
stake at A, and a coworker places a stake at B on the other 
side of the canyon. The surveyor then locates C on the 
same side of the canyon as A such that CA | AB. A fourth 
stake is placed at E, the midpoint of CA. Finally, a stake is 


placed at D such that CD 1 CA and D, E, and B are sited 


as lying along the same line. 


a. Explain how the surveyor can use the triangles formed 


to find AB. 
b. If AC = 1300 meters, DC = 550 meters, and DE = 


851.5 meters, what is AB? Explain your reasoning. 


Practice and Problem Solving 


Example 1 


Example 2 


(9) Given: V is the midpoint of YW; 


PROOF Write a paragraph proof. 


6. Given: CE bisects ZBED; ZBCE and 7. Given: ZW = ZY, WZ = YZ, 
XZ bisects ZWZY. 


Prove: AXWZ = AXYZ 


ZECD are right angles. 
Prove: AECB = AECD 
B 


D 


8. TOYS The object of the toy shown is to make 
the two spheres meet and strike each other 
repeatedly on one side of the wand and then 
again on the other side. If ZJKL = ZMLK and 


ZJLK = ZMKL, prove that JK = ML. 


PROOF Write a two-column proof. 


UY || XW. Prove: AMSP = ARQP 
Prove: AUVY = AXVW 
U Ss 
V Ww 
¥ 
xX 
R 


11. CSS ARGUMENTS Write a flow proof. 
Given: ZA and ZC are right angles. 
ZABE = ZCBD, AE = CD 
Prove: BE = BD 


10. Given: MS = RQ, MS || RQ 


——— 


Extra Practice is on page R4. 
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12. PROOF Write a flow proof. M 
Given: KM bisects ZJML; ZJ = ZL. 
Prove: JM = LM 


J K 


a 

13. CESS MODELING A high school wants to hold a 1500-meter regatta on Lake Powell but is 
unsure if the lake is long enough. To measure the distance across the lake, the crew 
members locate the vertices of the triangles below and find the measures of the lengths 


of AHJK as shown below. 


Example 3 


a. Explain how the crew team can use the triangles formed to estimate the distance 
FG across the lake. 


b. Using the measures given, is the lake long enough for the team to use as the 
location for their regatta? Explain your reasoning. 


ALGEBRA Find the value of the variable that yields congruent triangles. 
14. ABCD = AWXY (15) AMH] = APQJ 


C x (14y —8)° 
(20x — 4)° 
11 2x45 
Y 
B D W 


16. THEATER DESIGN The trusses of the roof of the outdoor theater shown below appear to 
be several different pairs of congruent triangles. Assume that trusses that appear to lie 
on the same line actually lie on the same line. 


a. If AB bisects ZCBD and ZCAD, prove that AABC = AABD. 

b. If AABC = AABD and ZFCA = ZEDA, prove that ACAF = ADAE. 

c. If HB = EB, Z2BHG = ZBEA, ZHGJ = ZEAD, and ZJGB = ZDAB, prove 
that ABHG = ABEA. 
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Aayduny 6219 


PROOF Write a paragraph proof. 
17. Given: AE | DE, EA 1 AB, 
C is the midpoint of AE. 
Prove: CD = CB 


PROOF Write a two-column proof. 


18. Given: ZF = ZJ, FH || GJ 
Prove: FH = iG 


19. Given: ZK = ZM, KP 1 PR,MR1PR_ 20. Given: QR = SR = WR = VR 


Prove: ZKPL = ZMRL 


K M Q 
T 
P R V 


FITNESS The seat tube of a bicycle 

forms a triangle with each seat and 

chain stay as shown. If each seat stay 
makes a 44° angle with its corresponding 
chain stay and each chain stay makes a 
68° angle with the seat tube, show that 
the two seat stays are the same length. 


H.0.T. Problems Use Higher-Order Thinking Skills 


Prove: QT = WU 


B bracket shell 


22. OPEN ENDED Draw and label two triangles that could be proved congruent by ASA. 


23. Ess CRITIQUE Tyrone says it is not possible to 
show that AADE = AACB. Lorenzo disagrees, 
explaining that since ZADE = ZACB, and ZA = ZA 
by the Reflexive Property, AADE = AACE. Is either 
of them correct? Explain. 


24, REASONING Find a counterexample to show why 
SSA (Side-Side-Angle) cannot be used to prove the 
congruence of two triangles. 


25. CHALLENGE Using the information given in 
the diagram, write a flow proof to show that 
APVQ = ASVT. 


26. E?) WRITING IN MATH How do you know what 
method (SSS, SAS, etc.) to use when proving 
triangle congruence? Use a chart to explain 
your reasoning. 


A 


Standardized Test Practice 


27. Given: BC is perpendicular to AD; 21 = 22. 


Which theorem or postulate could be used to 
prove AABC = ADBC? 


A AAS 
B ASA 


C SAS 
D SSS 


used to find the values of s(7) in the table. 


= 


» EEE 
x0 528 


28. SHORT RESPONSE Write an expression that can be 


29. ALGEBRA If —7 is multiplied by a number greater 
than 1, which of the following describes the 
result? 


F anumber greater than 7 
G anumber between —7 and 7 
H anumber greater than —7 

J anumber less than —7 


30. SAT/ACT \/121 + 104 =? 
A 15 
B 21 
C 25 
D 125 


E 225 


Spiral Review 


Determine whether AABC = AXYZ. Explain. (Lesson 4-4) 


31. A(6, 4), B(1, 6), C(—9, 5), 
X(0, 7), Y(5, —3), Z(15, 8) 


32. A(0, 5), B(0, 0), C(—2, 0), 
X(4, 8), Y(4, 3), Z(6, 3) 


33. ALGEBRA If ARST = AJKL, RS = 7, ST =5, RT =9 4x, JL = 2x — 10, and 
JK = 4y — 5, draw and label a figure to represent the congruent triangles. 


Then find x and y. (Lesson 4-3) 


34. FINANCIAL LITERACY Maxine charges $5 to paint a mailbox and $4 per hour to mow 
a lawn. Write an equation to represent the amount of money Maxine can earn from 
a homeowner who has his or her mailbox painted and lawn mowed. (Lesson 3-4) 


Copy and complete each truth table. (Lesson 2-2) 


Skills Review 


PROOF Write a two-column proof for each of the following. 


37. Given: 22 = 21 


41= 23 
Prove: AB || DE 
A D 
C 
B E 


—— 
C))} 282 | Lesson 4-5 | Proving Triangles Congruent—ASA, AAS 


38. Given: ZMJK = ZKLM 
ZLMJ and ZKLM are supplementary. 


Prove: Kj || LM 


"="Geometry Lab 


Congruence in Right 
Triangles 


ES Common Core State Standards 

“=~ Content Standards 
G.SRT.5 Use congruence and similarity criteria for triangles to solve 
problems and to prove relationships in geometric figures. 


Mathematical Practices 5 
b. ca 4 Cc. | | 
Analyze 


1. Is each pair of triangles congruent? If so, which congruence theorem or postulate applies? 


In Lessons 4-4 and 4-5, you learned theorems and postulates to 
prove triangles congruent. How do these theorems and postulates 
apply to right triangles? 


Study each pair of right triangles. 


a 


2. Rewrite the congruence rules from Exercise 1 using leg, (L), or hypotenuse, (H), to 
replace side. Omit the A for any right angle since we know that all right triangles 
contain a right angle and all right angles are congruent. 


3. MAKE A CONJECTURE If you know that the corresponding legs of two right triangles are 
congruent, what other information do you need to declare the triangles congruent? 
Explain. 


In Lesson 4-5, you learned that SSA is not a valid test for determining triangle congruence. Can SSA 
be used to prove right triangles congruent? 


SSA and Right Triangles 


Activity 


AB = 6 centimeters. 


Analyze 
4. Does the model yield a unique triangle? 


a ray from B that is _ 
perpendicular to AB. 


width of 8 centimeters. 

Place the point at A and 
draw an arc to intersect 
the ray. 


5. Can you use the lengths of the hypotenuse and a leg to show 
right triangles are congruent? 


6. Make a conjecture about the case of SSA that exists for right triangles. 


Cc 
8cm 
o—___® 
A B A B A B A 6 cm B 
Draw AB so that Use a protractor to draw Open your compass to a Label the intersection C 


and draw AC to complete 
AABC. 


(continued on the next page) 
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Geometry Lab 


Congruence in Right Triangles continued 


Your work on the previous page provides evidence for four ways to prove right triangles congruent. 


Theorem Right Triangle Congruence 


Theorem 4.6 Leg-Leg Congruence 

If the legs of one right triangle are congruent to the 
corresponding legs of another right triangle, then the 
triangles are congruent. 

Abbreviation LL 


Theorem 4.7 Hypotenuse-Angle Congruence 


If the hypotenuse and acute angle of one right triangle are 
congruent to the hypotenuse and corresponding acute 
angle of another right triangle, then the two triangles are ys 
congruent. 


Abbreviation HA 


Theorem 4.8 Leg-Angle Congruence 


If one leg and an acute angle of one right triangle are 
congruent to the corresponding leg and acute angle of 
another right triangle, then the triangles are congruent. 


Abbreviation LA 


Theorem 4.9 Hypotenuse-Leg Congruence 
If the hypotenuse and a leg of one right triangle are 


congruent to the hypotenuse and corresponding leg of — ; 


another right triangle, then the triangles are congruent. 
Abbreviation HL 


Determine whether each pair of triangles is congruent. If yes, 
tell which postulate or theorem applies. 


ome a 


PROOF Write a proof for each of the following. 


10. Theorem 4.6 11. Theorem 4.7 
12. Theorem 4.8 (Hint: There are two possible cases.) 13. Theorem 4.9 (Hint: Use the Pythagorean Theorem.) 
A D 
Use the figure at the right. 
SS SS Se es E 
14. Given: AB 1 BC, DC 1 BC 15. Given: AB||DC,ABLBC _ __ 
AC = BD E is the midpoint of AC and BD. 
Prove: AB =DC Prove: AC = DB B Cc 


284 | Extend 4-5 | Geometry Lab: Congruence in Right Triangles 


Isosceles and Equilateral Triangles 


:' Then :--Now :‘ Why? ¢ ‘ 
| — * 


@ You identified C Use properties of @ The tracks on the roller 
isosceles and isosceles triangles. coaster have triangular 
equilateral triangles. : reinforcements between 

Use properties of 
equilateral triangles ihe tacks (oa 
2 les. and stability. The 
triangle supports in the 
photo are isosceles 


triangles. 
a ; Properties of Isosceles Triangles Recall that isosceles triangles have at least 
DC NewVocabulary two congruent sides. The parts of an isosceles triangle have special names. 
= legs of an isosceles 
triangle The two congruent sides are called the legs of an isosceles triangle, and the angle with 
vertex angle sides that are the legs is called the vertex angle. The side of the triangle opposite the 
base angles vertex angle is called the base. The two angles formed by the base and the congruent 
sides are called the base angles. 
Z1 is the vertex angle. 
€css) Common Core 22 and Z3 are the base angles. leg leg 
y/ State Standards 
Content Standards D 
G.C0.10 Prove theorems si 
about triangles. 
G.C0.12 Make formal Theorems Isosceles Triangle 
geometric constructions with 
a variety of tools and 4.10 Isosceles Triangle Theorem 


software, etc.). 

Mathematical Practices 

2 Reason abstractly and 
quantitatively. 

3 Construct viable 


Sees nae Example If 71 = 22, then FE = DE. 
the reasoning of others. 


4.11 Converse of Isosceles Triangle Theorem 
If two angles of a triangle are congruent, then the 
sides opposite those angles are congruent. 


methods (compass and If two sides of a triangle are congruent, then the A B 
stralaltedge, So, angles opposite those sides are congruent 
reflective devices, paper . 
folding, dynamic geometric Example If AC = BC, then 72 = 21. 6 
D 
E ° 
F 


You will prove Theorem 4.11 in Exercise 37. 


Example 1 


a. Name two unmarked congruent angles. 


A 
ZACB is opposite AB and ZB is opposite 
AC, so ZACB = ZB. B 
b. Name two unmarked congruent segments. 
AD is opposite ZACD and AC is opposite . “a 


ZD,so0 AD = AC. 


Rodolfo Arpia/age fotostock 
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GuidedPractice G 


1A. Name two unmarked congruent angles. 


1B. Name two unmarked congruent segments. 


To prove the Isosceles Triangle Theorem, draw an auxiliary line and use the two 
triangles formed. 


Proof Isosceles Triangle Theorem 
Given: ALMP; LM = LP M 
Prove: ZM= ZP 
L N 
P 
Proof: 
Statements Reasons 
1. Let NV be the midpoint of MP. 1. Every segment has exactly one midpoint. 
2. Draw an auxiliary segment LW. 2. Two points determine a line. 
3. MN= PN 3. Midpoint Theorem 
4. LIN=LN 4. Reflexive Property of Congruence 
5. LM= LP 5. Given 
6. ALMN = ALPN 6. SSS 
7. ZM= ZP 7. CPCTC 
‘. y 


Properties of Equilateral Triangles The Isosceles Triangle Theorem leads to two 
corollaries about the angles of an equilateral triangle. 


ReviewVocabulary | Gorollaries Equilateral Triangle 


equilateral triangle a triangle 
with three congruent sides 


4.3 A triangle is equilateral if and only if it is equiangular. 


Example If 7A= 2B= ZC, then 
AB = BC= CA. 


4.4 Each angle of an equilateral triangle measures 60. D 


Example If DE = EF = FE, then 
mZA= mZB= mZC = 60. 


You will prove Corollaries 4.3 and 4.4 in Exercises 35 and 36. 
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StudyTip 


Isosceles Triangles As you 
discovered in Example 2, any 
isosceles triangle that has 
one 60° angle must be an 
equilateral triangle. 


Example 2 


Find each measure. 


a. mZY 


Since XY = XZ, XY = XZ. By the Isosceles Triangle 
Theorem, base angles Z and Y are congruent, so 
mZZ = mZY. Use the Triangle Sum Theorem to write 
and solve an equation to find mZY. 


mZX +mZY + mZZ = 180 Triangle Sum Theorem 


60+ mZY +mZY = 180 mZX = 60, mZZ= mZY 
60 + 2(mZY) = 180 Simplify. 
2(mZY) = 120 Subtract 60 from each side. 
mZY = 60 Divide each side by 2. 


b. YZ 


mZZ =mZY,so mZZ = 60 by substitution. Since mZX = 60, all three angles 
measure 60, so the triangle is equiangular. Because an equiangular triangle is also 
equilateral, XY = XZ = ZY. Since XY = 8 inches, YZ = 8 inches by substitution. 


GuidedPractice 
2A. mZM 


ticm 


You can use the properties of equilateral triangles and algebra to find missing values. 


Example 3 


ALGEBRA Find the value of each variable. B 


Since ZB = ZA, AC = BC by the Converse of ee 
the Isosceles Triangle Theorem. All of the sides A 

of the triangle are congruent, so the triangle is 

equilateral. Each angle of an equilateral triangle 

measures 60°, so 2x = 60 and x = 30. 


(4y —5) in. 


The triangle is equilateral, so all of the sides are 
congruent, and the lengths of all of the sides are equal. 


AB = BC Definition of equilateral triangle 
3=4y-5 Substitution 
8 = 4y Add 5 to each side. 
2=y Divide each side by 4. 
GuidedPractice 


3. Find the value of each variable. 


Real-World Example 4 


ENVIRONMENT Refer to the photo of Biosphere 
II at the right. AACE is an equilateral triangle. 
F is the midpoint of AE, D is the midpoint of 
EC, and B is the midpoint of CA. Prove that 
AFBD is also equilateral. 


— 


Given: AACE is equilateral. F is the midpoint 
of AE, D is the midpoint of EC, and B is 
the midpoint of CA. 


Real-WorldLink 


Biosphere Il is the largest 
totally enclosed ecosystem 


=~) ever built, covering 


3.14 acres in Oracle, Arizona. 


Prove: AFBD is equilateral. 


The controlled-environment Proof: 
facility is 91 feet at its Statements Reasons 
highest point, and it has : ; : 
6500 windows that enclose 1. AACE is equilateral. 1. Given 
a volume of 7.2 million 2. F is the midpoint of AE, D is the 2. Given 
cone Tee midpoint of EC, and B is the midpoint 
Source: University of Arizona of CA. 
3. mZA = 60,mZC = 60, mZE = 60 3. Each angle of an equilateral triangle 
measures 60. 
4. ZA=LZC=ZE 4. Definition of congruence and 
substitution 
5. AE=EC=CA 5. Definition of equilateral triangle 
6. AE=EC=CA 6. Definition of congruence 
7. AF = FE, ED = DC, CB = BA 7. Midpoint Theorem 
8. AF =FE,ED=DC,CB=BA 8. Definition of congruence 
9, AF + FE=AE,ED+DC=EC, 9. Segment Addition Postulate 
CB+BA=CA 
10. AF + AF =AE,FE+FE=AE, 10. Substitution 


ED + ED=EC,DC + DC = EC, 
CB +CB=CA,BA + BA=CA 


11. 2AF = AE, 2FE = AE, 2ED = EC, 11. Addition Property 
2DC = EC, 2CB = CA, 2BA = CA 
12. 2AF = AE, 2FE = AE, 2ED = AE, 12. Substitution Property 
2DC = AE, 2CB = AE, 2BA = AE 
13. 2AF = 2ED = 2CB, 13. Transitive Property 
2FE = 2DC = 2BA 
14. AF = ED =CB, FE=DC=BA 14. Division Property 
15. AF = ED = CB, FE = DC = BA 15. Definition of congruence 
16. AAFB = AEDF = ACBD 16. SAS 
17. DF = FB=BD 17. CPCTIC 
18. AFBD is equilateral. 18. Definition of equilateral triangle 
GuidedPractice 


4. Given that AACE is equilateral, FB || EC, FD || BC, BD || EF, and D is the midpoint 
of EC, prove that AFED = ABDC. 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Refer to the figure at the right. B 
1. If AB = CB, name two congruent angles. 


2. If ZEAC = ZECA, name two congruent segments. 


Example 2 Find each measure. A C 
3. FH F 4. mZMRP M 


Example 3 €SS\SENSE-MAKING Find the value of each variable. 


5. R 6. Ww 
2z—15 8 
Ss 2 x 
7 (4x — 2)° 
T Y 
Example 4 7. PROOF Write a two-column proof. B 
Given: AABC is isosceles; EB bisects ZABC. 
Prove: AABE = ACBE 
A E Cc 


8. ROLLER COASTERS The roller coaster track shown in the photo 
on page 285 appears to be composed of congruent triangles. 
A portion of the track is shown. 


a. If QR and ST are perpendicular to QT, AVSR 
is isosceles with base SR, and QT || SR, prove 
that ARQV = ASTV. 


b. If VR = 2.5 meters and QR = 2 meters, find the distance 
between QR and ST. Explain your reasoning. 


Practice and Problem Solving Extra Practice is on page R4. 


Example 1 Refer to the figure at the right. 
(9) If AB = AE, name two congruent angles. 
10. If ZABF = ZAFB, name two congruent segments. B Pa E 
11. If CA = DA, name two congruent angles. fa 
12. If ZDAE = ZDEA, name two congruent segments. 


13. If ZBCF = ZBFC, name two congruent segments. 
14. If FA = AH, name two congruent angles. 
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Example 2 Find each measure. 


15. mZBAC A B 16. mZSRT R 
° 
Cc \ 


r 
17. TR P 18. CB A 
4 
4 a B 
r 
R 
C 


) 


n) 


REGULARITY Find the value of each variable. 


oxt11 20. £ 
G 
6x—9 (3x + 6)° 


21. W 22. 


x 
(4x + 20)° 
Y 


Example 4 PROOF Write a paragraph proof. 


Example 3 C¢ 


K 


23. Given: AHIJM is isosceles, and 24. Given: XY = XZ _ 
AHKL is equilateral. ZJKH W is the midpoint of XY. 
and ZHKL are supplementary Q is the midpoint of XZ. 
and ZHLK and ZMLH are Prove: WZ = QY 
supplementary. x 

Prove: ZJHK = ZMHL 
H 
Ww Q 
J K E M Y Z 


25. BABYSITTING While babysitting her neighbor’s children, 
Elisa observes that the supports on either side of a park 
swing set form two sets of triangles. Using a jump rope 
to measure, Elisa is able to determine that AB = AC, 
but BC ¢ AB. 


a. Elisa estimates 1ZBAC to be 50. Based on this estimate, 
what is mZABC? Explain. 


b. If BE = CD, show that AAED is isosceles. 
c. If BC || ED and ED = AD, show that AAED is equilateral. 


d. If AJKL is isosceles, what is the minimum information needed to prove 
that AABC = AJLK? Explain your reasoning. 
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Jean-Yves Bruel/Masterfile 


26. CHIMNEYS In the picture, BD | AC and AABC is an 
isosceles triangle with base AC. Show that the chimney 
of the house, represented by BD, bisects the angle 
formed by the sloped sides of the roof, ZABC. 


27. CONSTRUCTION Construct three different isosceles right 
triangles. Explain your method. Then verify your 
constructions using measurement and mathematics. 


28. PROOF Based on your construction in Exercise 27, 
make and prove a conjecture about the relationship 
between the base angles of an isosceles right triangle. 


cess REGULARITY Find each measure. 

@ ™ZcaD e 

30. mZACD 

31. mZACB 

32. mZABC D Cc B 


33. FITNESS In the diagram, the rider will use his bike to hop across the tops of each of the 
concrete solids shown. If each triangle is isosceles with vertex angles G, H, and J, and 
BG = HC, HD = JF, ZG = ZH, and ZH = ZJ, show that the distance from B to F is three 
times the distance from D to F. 


34. Given: AXWV is isosceles; ZY | YV. Ww 
Prove: ZX and ZYZV are complementary. 


PROOF Write a two-column proof of each corollary or theorem. 


35. Corollary 4.3 36. Corollary 4.4 37. Theorem 4.11 


Find the value of each variable. 


38. 24 39. 


x? 45x 


GAMES Use the diagram of a game timer 
shown to find each measure. 


40. mZLPM 
@ mzLup 
42. mZJLK 
43, mZJKL 


(3x—55)°  P 


44, 6§? MULTIPLE REPRESENTATIONS In this problem, you will explore possible measures of 
the interior angles of an isosceles triangle given the measure of one exterior angle. 


a. Geometric Use a ruler and a protractor to draw three different 
isosceles triangles, extending one of the sides adjacent to the A 
vertex angle and to one of the base angles, and labeling as shown. 


b. Tabular Use a protractor to measure and record mZ1 for each 
triangle. Use mZ1 to calculate the measures of 23, 24, and Z5. 
Then find and record mZ2 and use it to calculate these same Cc B 
measures. Organize your results in two tables. 


= 


c. Verbal Explain how you used mZ1 to find the measures of 23, 24, and 25. Then 
explain how you used mZ2 to find these same measures. 


d. Algebraic If 21 = x, write an expression for the measures of 23, 24, and 25. 
Likewise, if mZ2 = x, write an expression for these same angle measures. 


H.0.T. Problems use Higher-Order Thinking Skills 


45. CHALLENGE In the figure at the right, if AWJZ is equilateral and Ww 


ZZWP = ZWJM = ZJZL, prove that WP = ZL = JM. g 
‘) 


Ya~ 
CESS PRECISION Determine whether the following statements are 
sometimes, always, or never true. Explain. 


46. If the measure of the vertex angle of an isosceles triangle is an integer, then the 
measure of each base angle is an integer. 


47. If the measures of the base angles of an isosceles triangle are integers, then the 
measure of its vertex angle is odd. 


48. ERROR ANALYSIS Alexis and Miguela are finding mZG in the figure shown. G 
Alexis says that mZG = 35, while Miguela says that mZG = 60. Is either 
of them correct? Explain your reasoning. 


49. OPEN ENDED If possible, draw an isosceles triangle with base angles that 
are obtuse. If it is not possible, explain why not. 


50. REASONING In isosceles AABC, mZB = 90. Draw the triangle. Indicate the 
congruent sides and label each angle with its measure. 


51. EA) WRITING IN MATH How can triangle classifications help you prove triangle 
congruence? 
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Standardized Test Practice 


52. ALGEBRA What quantity should be added 54, In the figure AE and E 
to both sides of this equation to complete BD bisect each other 
the square? at point C. 
x? — 10x =3 e c . 
A —25 Cs 
B —5 D 25 
A 


53. SHORT RESPONSE In a school of 375 students, Which additional piece of information would be 
150 students play sports and 70 students are enough to prove that DE = DC? 
involved in the community service club. 


30 students play sports and are involved in BeA= eUCA B 2ACES ZEDC 
the community service club. How many G 4B= 2D J 24228 
students are not involved in either sports or 
the community service club? 55. SAT/ACT x= 3, then 4x? — 7x + = 

A 2 C 20 E 62 


B 14 D 42 


Spiral Review 


56. If mZADC = 35, mZABC = 35, mZDAC = 26, and mZBAC = 26, A 
determine whether AADC = AABC. (Lesson 4-5) 


Determine whether ASTU = AXYZ. Explain. (Lesson 4-4) 

57. S(0, 5), T(0, 0), U(1, 1), X(4, 8), Y(4, 3), Z(6, 3) C 
8B. 5(2, 2), T(4, 6), UG3, 1), X(—2, 2), Y(—4, 6), Z(-3, 1) . ‘ 
59. PHOTOGRAPHY Film is fed through a traditional camera by gears that catch the 


perforation in the film. The distance from A to C is the same as the distance from 
B to D. Show that the two perforated strips are the same width. (Lesson 2-7) 


State the property that justifies each statement. (Lesson 2-6) 

60. If x(y + z) =a, then xy + xz =a. 

61. If m — 17 = 39, then n = 56. 

62. If mZP + mZQ = 110 and mZR = 110, then mZP + mZQ = mZR. 
63. If cv = md and md = 15, then cv = 15. 


Refer to the figure at the right. (Lesson 1-1) 
64. How many planes appear in this figure? 
65. Name three points that are collinear. 


66. Are points A, C, D, and J coplanar? 


Skills Review 


67. PROOF If ZACB = ZABC, then ZXCA = ZYBA. 
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Graphing Technology Lab 


Congruence Transformations 


You can use TI-Nspire technology to perform transformations on CCSS: Common Core State Standards 
j j j “=~ Content Standards 

triangles in the coordinate plane and test for eeneMenee: G.CO.5 Given a geometric figure and a rotation, reflection, or translation, draw 
the transformed figure using, e.g., graph paper, tracing paper, or geometry software. 
Specify a sequence of transformations that will carry a given figure onto another. 
G.CO.6 Use geometric descriptions of rigid motions to transform figures and to 
predict the effect of a given rigid motion on a given figure; given two figures, use 
the definition of congruence in terms of rigid motions to decide if they are congruent. 
Mathematical Practices 5 


Activity 1 Translate a Triangle and Test for Congruence 


EGE Open a new Graphs page. Select Show Grid from 
the View menu. Use the Window/Zoom menu to 
adjust the window size. 


FS Select Triangle from the Shapes menu and draw a right 
triangle with legs measuring 6 units and 8 units as 
shown by placing the first point at (0, 0), the second 
point at (8, 0), and the third point at (8, 6). Use the 
Text tool under the Actions menu to label the vertices 
of the triangle as A, B, and C. 


[SGhE] Select Translation from the Transformation menu. Then 
select AABC and point A. Translate or slide the right 
triangle 8 units down and 14 units left. Label the 
corresponding vertices of the image as A’, B’, and C’. 


Xen] To verify that AA’B’C’ is congruent to AABC, 
select Length from the Measurement menu. Then 
select any two endpoints and press the ENTER key 
to determine the length of the segment. Repeat this 
for each segment of each triangle. 


In addition to measuring lengths, the Tl-Nspire can also be used to measure angles. 
This will allow you to use other tests for triangle congruence that involve angle measure. 
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Activity 2 Reflect a Triangle and Test for Congruence 


Ee Open a new Graphs page, show the grid, 
and redraw AABC from Activity 1. 


| Step 2 | Select Reflection from the Transformation menu. Then 
select AABC and then the y-axis to reflect or flip 
AABC in the y-axis. Label the corresponding vertices 
of the image as A’, B’, and C’. 


ESt@ey Use the Angle tool from the Measurement menu to find 
mZA and mZA’. Use the Length tool from the Measurement 
menu to find AB, A’B’, AC, and A’C’. 


To rotate a figure about the origin using Tl-Nspire technology, use the Rotation tool to select the figure, 
then the point (0, 0), then draw an angle of rotation. 


Activity 3 Rotate a Triangle and Test for Congruence 


EGR Open a new Graphs page, show the grid, and redraw 
AABC from Activity 1. 


| Step 2 | Select Rotation from the Transformation menu. Then select 
AABC, select the origin, and type in a number for the 
angle of rotation. 


ESE Use the Angle tool from the Measurement menu to find 
mZA,mZA',mZC, and mZC’. Use the Length tool from 
the Measurement menu to find AC and A’C’. 


Analyze the Results 
Determine whether AABC and AA’B'C’ are congruent. Explain your reasoning. 


1. Activity 1 2. Activity 2 3. Activity 3 
4. Explain why AA’B’C’ in Activity 3 does not appear to be congruent to AABC. 


5. MAKE A CONJECTURE Repeat Activities 1-3 using a different triangle XYZ. Analyze 
your results and compare them to those found in Exercises 1-3. Make a conjecture as 
to the relationship between a triangle and its transformed image under a translation, 
reflection, or a rotation. 


6. Do the measurements and observations you made in Activities 1-3 constitute a proof 
of the conjecture you made in Exercise 5? Explain. 
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:- Then 


@ You proved whether 
two triangles were 
congruent. 


@>d NewVocabulary 
— transformation 
preimage 
image 
congruence 
transformation 
isometry 
reflection 
translation 
rotation 


€CSS) Common Core 

y/ State Standards 
Content Standards 
G.CO.6 Use geometric 
descriptions of rigid motions 
to transform figures and to 
predict the effect of a given 
rigid motion on a given 
figure; given two figures, use 
the definition of congruence 
in terms of rigid motions to 
decide if they are congruent. 


G.CO.7 Use the definition of 
congruence in terms of rigid 
motions to show that two 
triangles are congruent if 
and only if corresponding 
pairs of sides and 
corresponding pairs of 
angles are congruent. 


Mathematical Practices 

1 Make sense of problems 
and persevere in solving 
them. 

7 Look for and make use of 
structure. 
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--Now 


*1 


Congruence Transformations 


Why? 


@ The fashion industry often uses prints that 
display patterns. Many of these patterns 


Identify reflections, 
translations, and 


rotations. are created by taking one figure and sliding 
: it to create another figure in a different 
Verify congruence j fete s 
location, flipping the figure to create a 
after a congruence seenes ee : 
: mirror image of the original, or turning the 
transformation. 


original figure to create a new one. 


Identify Congruence Transformations A transformation is an operation that 
maps an original geometric figure, the preimage, onto a new figure called the image. 
A transformation can change the position, size, or shape of a figure. 


A transformation can be noted using an arrow. Y 
The transformation statement AABC > AXYZ B 

tells you that A is mapped to X, B is mapped 
to Y, and C is mapped to Z. 


Original figure 


A congruence transformation, also called a rigid transformation or an isometry, is one 


in which the position of the image may differ from that of the preimage, but the two 
figures remain congruent. The three main types of congruence transformations are 
shown below. 


oS KeyConcept Reflections, Translations, and Rotations 


A reflection or flip is a 
transformation over a line called 
the /ine of reflection. Each point 
of the preimage and its image 
are the same distance from the 
line of reflection. 


Example 


aN aS 


C\H 


AABC — AFGH 


A translation or slide is a 


transformation that moves all 
points of the original figure the 
same distance in the same 
direction. 


Example 
K 
P 
<l[>7 
J L 
M Q 


AJKL — AMPQ 


A rotation or turnis a 


transformation around a 
fixed point called the center 
of rotation, through a specific 
angle, and in a specific 
direction. Each point of the 
original figure and its image 
are the same distance from 
the center. 


Example 


| T 
a 
ar 


ARST — AWXY 


S1g409/eJaz/anbieg 


StudyTip Example 1 


Transformations Not all 
transformations preserve 


Identify the type of congruence transformation shown as a reflection, translation, 
or rotation. 


congruence. Only 

transformations that do not a. b. y & 

change the size or shape of 

the figure are congruence i 

: : 2) 

transformations. You will learn . 

more about transformations 

in Chapter 9. 

y | L || 

Each vertex and its Each vertex and its Each vertex and its 
image are the same image are the same image are in the same 
distance from the distance from the position, just 3 units 
origin. The angles y-axis. This is a left and 3 units up. 
formed by each pair reflection. This is a translation. 


of corresponding 
points and the 
origin are congruent. 
This is a rotation. 


GuidedPractice 
1A. 


1C. 


Some real-world motions or objects can be represented by transformations. 


Real-World Example 2 


GAMES Refer to the information at the left. Identify the 
type of congruence transformation shown in the diagram 
as a reflection, translation, or rotation. 


The position of the weight at different times is an example 
of a rotation. The center of rotation is the person’s ankle. 


Real-WorldLink GuidedPractice 
The game shown above 
involves a weight attached to 
a ring that you can place 
around your ankle. As the 
rope passes in front of your 
other foot, you skip over it. 


Identify the type of congruence transformation shown as a reflection, translation, 
or rotation. 


Corbis/SuperStock 


StudyTip 


Isometry While an isometry 
preserves congruence, a 
direct isometry also preserves 
orientation or order of 
lettering. An indirect or 
opposite isometry changes 
this order, such as 

from clockwise to 
counterclockwise. The 
reflection shown in 

Example 3 is an example 

of an indirect isometry. 


Verify Congruence You can verify that reflections, translations, and rotations of 
triangles produce congruent triangles using SSS. 


Example 3 


Triangle XZY with vertices X(2, —8), Z(6, —7), and Y(4, —2) is a transformation of 
AABC with vertices A(2, 8), B(6, 7), and C(4, 2). Graph the original figure and its 
image. Identify the transformation and verify that it is a congruence transformation. 


Understand You are asked to identify the type of transformation—reflection, 
translation, or rotation. Then, you need to show that the two figures 
are congruent. 


Plan Use the Distance Formula to find the measure of each side. Then show 
that the two triangles are congruent by SSS. 


Solve Graph each figure. The transformation 
appears to be a reflection over the x-axis. 
Find the measures of the sides of each 
triangle. 


AB =\/ (6 — 2) + (7 —8)2 or V17 


BC =V/(6 — 4)? + (7 — 2) or V29 


(4 — 2)? + (2— 8) or V40 
XZ = (6 — 2)? + [-7 - (-8)F or VIT 
zy =V(6- 4° + [-7 — (-2)F or V29 
xy =V/(2- 4)? + [-8 — (-2)F or V40 
Since AB = XZ, BC = ZY, and AC = XY, 


AB = XZ, BC = ZY, and AC = XY. 
By SSS, AABC = AXZY. 


Check Use the definition of a reflection. Use a 
ruler to measure and compare the 
segments connecting each vertex and 
its image to the line of symmetry. These 
segments are congruent, so the triangles 
are congruent. ¥ 


GuidedPractice 


3. Triangle JKL with vertices J(—2, 2), K(—8, 5), and 
L(—4, 6) is a transformation of APQR with vertices 
P(2, —2), Q(8, —5), and R(4, —6). Graph the original 

figure and its image. Identify the transformation 

and verify that it is a congruence transformation. 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Identify the type of congruence transformation shown as a reflection, translation, or rotation. 


1. y 2. 


Example 2 3. 


Example 3 COORDINATE GEOMETRY Identify each transformation and verify that it is a 
congruence transformation. 


5. 


Practice and Problem Solving Extra Practice is on page R4. 


Va~ 
Example 1 CESS STRUCTURE Identify the type of congruence transformation shown as a reflection, 
translation, or rotation. 


7. y 8. 


10. 


Example 2 Identify the type of congruence transformation shown in each picture as a reflection, translation, 
or rotation. 


13. 


Example 3 COORDINATE GEOMETRY Graph each pair of triangles with the given vertices. Then, identify 
the transformation, and verify that it is a congruence transformation. 


(7) M(=7,=1), P(-7,—7), R(=-1, — 4; 18. A(3, 9), B(3, 7), C(7, 7); 
17, =1), V7, =7), StL =) S(3, 5), T(3, 3), R(Z, 3) 

19. A(—4, 5), B(0, 2), C(—4, 2); 20. A(2, 2), B(4, 7), C(6, 2); 
R54), Y= 2, 0), Z(=3, =) DG,=2), Fa =7),.06,=—2) 


CONSTRUCTION Identify the type of congruence transformation performed on each given triangle 
to generate the other triangle in the truss with matching left and right sides shown below. 


21. ANMP to ACJD 22. AEFD to AGHF 23. ACB] to ANQP 


AMUSEMENT RIDES Identify the type of congruence transformation shown in each picture as 
a reflection, translation, or rotation. 


24. 26. 


27. SCHOOL Identify the transformations that are used to open a combination lock on a locker. 
If appropriate, identify the line of symmetry or center of rotation. 


—_~ 
28. CESS STRUCTURE Determine which capital letters of the alphabet have vertical and/or 
horizontal lines of reflection. 


‘safewl| Ayag/almolg X pue!g/UAl|y aAa}SUo) ‘sabewu| Ayay/sjoalqns :xiW UONIa!|09/aINIINQ 4e9(j9) ‘YooSsedng/AueNgl] auNjoig Bulpszey Yaqoy(4) ‘SigyOd/Pse0qgpoow() 


4901s}00} a6e/S4y(1q) ‘Auesq!|0}04d/HASIAIN(9Q) ‘SIGHO9/Sdld UBisag/ysiqn|y auuy-Asiuy(|q) 
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DECORATING Tionne is redecorating her bedroom. She Stencil 
can use stencils or a stamp to create the design shown. 


<— 
a. If Tionne used the stencil, what type of transformation i~ 
was used to produce each flower in the design? 
b. What type of transformation was used if she used the 
stamp to produce each flower in the design? 


30. &§? MULTIPLE REPRESENTATIONS In this problem, you will investigate the relationship 
between the ordered pairs of a figure and its translated image. 


a. Geometric Draw congruent rectangles ABCD and WXYZ on a coordinate plane. 


b. Verbal How do you get from a vertex on ABCD to the corresponding vertex on 
WXYZ using only horizontal and vertical movement? 


c. Tabular Copy the table shown. Use your rectangles Rectangle 
to fill in the x-coordinates, the y-coordinates, and 
the unknown value in the transformation column. 


Rectangle 


Transformation 


d. Algebraic Function notation (x, y) — (x + a,y + b), 
where a and b are real numbers, represents a mapping 
from one set of coordinates onto another. Complete the 
following notation that represents the rule for the 
translation ABCD — WXYZ: (x, y) > (x +4,y + b). 


H.0.T. Problems use Higher-Order Thinking Skills 


31. CHALLENGE Use the diagram at the right. 


a. Identify two transformations of Triangle 1 that can result 
in Triangle 2. 


b. What must be true of the triangles in order for more than 
one transformation on a preimage to result in the same 
image? Explain your reasoning. 


yaA~ 

32. CCSS/REASONING A dilation is another type of transformation. In the diagram, 
a small paper clip has been dilated to produce a larger paper clip. 
Explain why dilations are not a congruence transformation. 


OPEN ENDED Describe a real-world example of each of the following, IN 
other than those given in this lesson. 


33. reflection 34. translation 35. rotation 


36. WRITING IN MATH In the diagram at the right ADEF 
is called a glide reflection of AABC. Based on the diagram, 
define a glide reflection. Is a glide reflection a congruence 
transformation? Include a definition of congruence 
transformation in your response. Explain your reasoning. 


Standardized Test Practice 


37. SHORT RESPONSE Cindy is shopping for a new 39. Look at the graph below. What is the slope of the 
desk chair at a store where the desk chairs are line shown? 
50% off. She also has a coupon for 50% off any 
one item. Cindy thinks that she can now get the y 
desk chair for free. Is this true? If not, what will 
be the percent off she will receive with both the 
sale and the coupon? ¥ 


38. Identify the congruence transformation shown. 


y 
F -2 H 1 
G=1 12 
Oo x 
40. SAT/ACT What is the y-intercept of the line 
determined by the equation 3x — 4 = 12y — 3? 
A129 D + 
A dilation C rotation BL E 12 
12 
B reflection D translation 1 
Cc os 
12 
Spiral Review 
Find each measure. (lesson 4-6) 
41. YZ 42. mZJLK 43. AB 
x J LE: A 30° 
: . ¥ 
° ° B C 
y 60 60 Zz K 10 
44, PROOF Write a paragraph proof. (Lesson 4-5) X ¥ 
Given: ZYWZ = ZXZW and ZYZW = ZXWZ ee 
Prove: AWXZ = AZYW 
WwW Z 


45. ROLLER COASTERS The sign in front of the Electric Storm roller coaster states that all 
riders must be at least 54 inches tall to ride. If Andy is 5 feet 8 inches tall, can he ride 
the Electric Storm? Which law of logic leads you to this conclusion? (Lesson 2-4) 


Skills Review 


Find the coordinates of the midpoint of a segment with the given endpoints. 
46. A(10, —12), C(5, —6) 47. A(13, 14), C(3, 5) 48. A(—28, 8), C(—10, 2) 
49. A(—12, 2), C(—3, 5) 50. A(0, 0), C(3, —4) 51. A(2, 14), C(0, 5) 


[A 
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Triangles and Coordinate Proof 


Why? 


@ You used coordinate @ Position and label @ Aglobal positioning system (GPS) 
geometry to prove triangles for use in receives transmissions from 
triangle congruence. coordinate proofs. satellites that allow the exact 

location of a car to be determined. 

The information can be used with 
navigation software to provide 
driving directions. 


Write coordinate 
proofs. 


Position and Label Triangles As with global positioning systems, knowing the 

coordinates of a figure in a coordinate plane allows you to explore its properties and 
draw conclusions about it. Coordinate proofs use figures in the coordinate plane and 
algebra to prove geometric concepts. The first step in a coordinate proof is placing the 
figure on the coordinate plane. 


@> NewVocabulary 
~ coordinate proof 


€CSS \\ Common Core 
(ss) State Standards 


Example 1 
Content Standards 
G.CO.10 Prove theorems Position and label right triangle MNP on the coordinate 
about triangles. plane so that leg MN is a units long and leg NP is 


G.GPE.4 Use coordinates to 
prove simple geometric 
theorems algebraically. 


b units long. 


e The length(s) of the side(s) that are along the axes will be 
easier to determine than the length(s) of side(s) that are 
not along an axis. Since this is a right triangle, two sides 
can be located on an axis. 


Mathematical Practices 

3 Construct viable 
arguments and critique 
the reasoning of others. 

2 Reason abstractly and 
quantitatively. 


e Placing the right angle of the triangle, ZN, at the origin 
will allow the two legs to be along the x- and y-axes. 


¢ Position the triangle in the first quadrant. 


e Since M is on the y-axis, its x-coordinate is 0. Its y-coordinate is a because the leg is 
a units long. 


¢ Since P is on the x-axis, its y-coordinate is 0. Its x-coordinate is b because the leg is 
b units long. 


GuidedPractice 


1. Position and label isosceles triangle JKL on the coordinate plane so that its base JL 
is a units long, vertex K is on the y-axis, and the height of the triangle is b units. 


_ KeyConcept Placing Triangles on Coordinate Plane a 


i 


ESQ Use the origin as a vertex or center of the triangle. 
SGP] Place at least one side of a triangle on an axis. 
ESGhE] Keep the triangle within the first quadrant if possible. 


ESthZJ Use coordinates that make computations as simple as possible. 
\ J 


aS 


Creativ Studio Heinemann/Getty Images 


Example 2 


Name the missing coordinates of isosceles triangle XYZ. 
Vertex X is positioned at the origin; its coordinates are (0, 0). 


Vertex Z is on the x-axis, so its y-coordinate is 0. The 
coordinates of vertex Z are (a, 0). 


AXYZ is isosceles, so using a vertical segment from Y to 
to the x-axis and the Hypotenuse-Leg Theorem shows 
that the x-coordinate of Y is halfway between 0 and a or a 
We cannot write the y-coordinate in terms of a, so call it b. 
The coordinates of point Y are (> b). 


StudyTip GuidedPractice 


Right Angle The intersection 
of the x- and y-axis forms 

a right angle, so itis a 
convenient place to locate 
the right angle of a figure 
such as a right triangle. 


2. Name the missing coordinates of isosceles right 
triangle ABC. 


x 
Write Coordinate Proofs After a triangle is placed on the coordinate plane and 
labeled, we can use coordinate proofs to verify properties and to prove theorems. 

StudyTip Example 3 
Coordinate Proof The Write a coordinate proof to show that a line segment joining the midpoints 
guidelines and methods used of two sides of a triangle is parallel to the third side. 


in this lesson apply to all 


paligonis Hat Just Miongles: Place a vertex at the origin and label it A. Use coordinates 


that are multiples of 2 because the Midpoint Formula 
involves dividing the sum of the coordinates by 2. 


Given: AABC —_ 
S is the midpoint of AC. 
T is the midpoint of BC. 


Prove: ST || AB 
Proof: 


By the Midpoint Formula, the coordinates of S are (+e | or (b,c) and the 


2a+2b 04 2c 
2 y 


5 Jor (a+b,0). 


coordinates of T are ( 


By the Slope Formula, the slope of ST is 77 or 0 and the slope of AB is 


+b 
0—0 


og a0 OF: 


Since ST and AB have the same slope, ST || AB. 
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GuidedPractice 


3. Write a coordinate proof to show that 
AABX = ACDX. 


Real-World Example 4 


GEOGRAPHY The Bermuda Triangle is a region formed by Miami, Florida, San Jose, 
Puerto Rico, and Bermuda. The approximate coordinates of each location, 
respectively, are 25.8°N 80.27°W, 18.48°N 66.12°W, and 33.37°N 64.68°W. Write a 
coordinate proof to prove that the Bermuda Triangle is scalene. 


The first step is to label the coordinates of each B(33.37, 64.68) 
location. Let M represent Miami, B represent 
Bermuda, and P represent Puerto Rico. 


If no two sides of AMPB are congruent, M(25.8, 80.27) 


then the Bermuda Triangle is scalene. 
Use the Distance Formula and a calculator 


Real-WorldLink 


More than 50 ships and 
20 airplanes have to find the distance between each location. 
mysteriously disappeared 
from a section of the North MB = \/ (33.37 — 25.8)? + (64.68 — 80.27)? P(18.48, 66.12) 
Atlantic Ocean off of North 
America commonly referred = 17.33 
to as the Bermuda Triangle. 
Source: Encyclopaedia Britannica MP = \/ (25.8 = 18.48)? + (80.27 = 66.12)? 
. 
= 15.93 
PB = \/ (33.37 — 18.48)? + (64.68 — 66.12)? 
~ 14.96 


Since each side is a different length, AMPB is scalene. Therefore, the Bermuda Triangle 
is scalene. 


GuidedPractice 


4, GEOGRAPHY In 2006, a group of art museums collaborated to form the West Texas 
Triangle to promote their collections. This region is formed by the cities of Odessa, 
Albany, and San Angelo. The approximate coordinates of each location, 

respectively, are 31.9°N 102.3°W, 32.7°N 99.3°W, and 31.4°N 100.5°W. Write a 

coordinate proof to prove that the West Texas Triangle is approximately isosceles. 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Position and label each triangle on the coordinate plane. 


1. right AABC with legs AC and AB so that AC is 2a units long and leg AB is 2b units long 


2. isosceles AFGH with base FG that is 2a units long 


Example 2 Name the missing coordinate(s) of each triangle. 
3. 


Example 3 5. CSS) ARGUMENTS Write a coordinate proof to show that AFGH = AFDC. 


Example 4 6. FLAGS Write a coordinate proof to prove that the large triangle in the center of the flag 
is isosceles. The dimensions of the flag are 4 feet by 6 feet and point B of the triangle 
bisects the bottom of the flag. 


A Cc 


Practice and Problem Solving Extra Practice is on page R4. 


Example 1 Position and label each triangle on the coordinate plane. 


7. isosceles AABC with base AB that is a units long 


8. right AXYZ with hypotenuse YZ, the length of XY is b units long, and the length of XZ 
is three times the length of XY 


(9) isosceles right ARST with hypotenuse RS and legs 3a units long 
10. right AJKL with legs JK and KL so that JK is a units long and leg KL is 4b units long 
11. equilateral AGH] with sides za units long 


12. equilateral ADEF with sides 4b units long 


—— 
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Example 2 Name the missing coordinate(s) of each triangle. 


Example 3 cess ARGUMENTS Write a coordinate proof for each statement. 


19. The segments joining the base vertices to the midpoints of the legs of an isosceles 
triangle are congruent. 


20. The three segments joining the midpoints of the sides of an isosceles triangle form 
another isosceles triangle. 


Example 4 PROOF Write a coordinate proof for each statement. 


21. The measure of the segment that joins the vertex of the right angle in a right triangle to 
the midpoint of the hypotenuse is one-half the measure of the hypotenuse. 


22. If a line segment joins the midpoints of two sides of a triangle, then its length is equal 
to one half the length of the third side. 


23. RESEARCH TRIANGLE The cities of Raleigh, Durham, and Chapel Hill, 
North Carolina, form what is known as the Research Triangle. The 
approximate latitude and longitude of Raleigh are 35.82°N 78.64°W, 
of Durham are 35.99°N 78.91°W, and of Chapel Hill are 35.92°N 79.04°W. ‘chap i 


Show that the triangle formed by these three cities is scalene. ail s 
24. PARTY PLANNING Three friends live in houses with backyards adjacent ie 


to a neighborhood bike path. They decide to have a round-robin party 
using their three homes, inviting their friends to start atone house and | 
then move to each of the other two. If one friend’s house is centered at 

the origin, then the location of the other homes are (5, 12) and (13, 0). 
Write a coordinate proof to prove that the triangle formed by these three 
homes is isosceles. 


Draw AXYZ and find the slope of each side of the triangle. Determine whether the 
triangle is a right triangle. Explain. 


25. X(0, 0), Y(2h, 2h), Z(Ah, 0) 26. X(0, 0), Y(1, h), Z(2h, 0) 


27. CAMPING Two families set up tents at a state park. If the ranger’s station is located at 
(0, 0), and the locations of the tents are (0, 25) and (12, 9), write a coordinate proof to 
prove that the figure formed by the locations of the ranger’s station and the two tents 
is a right triangle. 


28. PROOF Write a coordinate proof to prove that AABC is an isosceles triangle if the 
vertices are A(0, 0), B(a, b), and C(2a, 0). 
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(29) WATER SPORTS Three personal watercraft vehicles launch from the same dock. The first 
vehicle leaves the dock traveling due northeast, while the second vehicle travels due 
northwest. Meanwhile, the third vehicle leaves the dock traveling due north. 


The first and second vehicles stop about 300 yards from the dock, while the third stops 
about 212 yards from the dock. 


a. If the dock is located at (0, 0), sketch a graph to represent this situation. What is the 
equation of the line along which the first vehicle lies? What is the equation of the 
line along which the second vehicle lies? Explain your reasoning. 


b. Write a coordinate proof to prove that the dock, the first vehicle, and the second 
vehicle form an isosceles right triangle. 


c. Find the coordinates of the locations of all three watercrafts. Explain your 
reasoning. 


d. Write a coordinate proof to prove that the positions of all three watercrafts are 
approximately collinear and that the third watercraft is at the midpoint between the 
other two. 


H.0.T. Problems Use Higher-Order Thinking Skills 


30. REASONING The midpoints of the sides of a triangle are located at (a, 0), (2a, b) and 
(a, b). If one vertex is located at the origin, what are the coordinates of the other 
vertices? Explain your reasoning. 


CHALLENGE Find the coordinates of point L so AJKL is the indicated type of triangle. 
Point J has coordinates (0, 0) and point K has coordinates (2a, 2b). 


31. scalene triangle 32. right triangle 33. isosceles triangle 


34, OPEN ENDED Draw an isosceles right triangle on the coordinate plane so that the 
midpoint of its hypotenuse is the origin. Label the coordinates of each vertex. 


35. CHALLENGE Use a coordinate proof to show that if you add n units to each 
x-coordinate of the vertices of a triangle and m to each y-coordinate, the resulting 
figure is congruent to the original triangle. 


la~ 

36. CESS REASONING A triangle has vertex coordinates (0, 0) and (a, 0). If the coordinates of 
the third vertex are in terms of a, and the triangle is isosceles, identify the coordinates 
and position the triangle on the coordinate plane. 


37. WRITING IN MATH Explain why following each guideline below for placing a triangle on 
the coordinate plane is helpful in proving coordinate proofs. 


a. Use the origin as a vertex of the triangle. 
b. Place at least one side of the triangle on the x- or y-axis. 


c. Keep the triangle within the first quadrant if possible. 
al 
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Standardized Test Practice 


38. GRIDDED RESPONSE In the figure below, 40. What are the coordinates y R(2,2) 
mZB = 76. The measure of ZA is half the of point R in the triangle? 
i ? 
measure of ZB. What is mZC? 7 (4. a) H (é a) 
Cc 2 - P(0, 0) Q (2a, 0) 
ba (o) x 
G @b) J (4,4) 
41. SAT/ACT For all x, 
A B 175 + 3x? 4.2 — (—4x° + 3x9 — 2) = 
A 13x° + 3x? + 3x? 
39. ALGEBRA What is the x-coordinate of the i * 
solution to the system of equations shown B 13x" + 6x" + 4 
below? C 21x? — 3x3 + 3x7 + 4 
2x — 3y =3 5 2 3 
eee D 21x° + 3x° + 3x 
5 3 2 
‘x = C3 E 21x? + 3x” + 3x°+ 4 
B -3 D 6 


Spiral Review 


Identify the type of congruence transformation shown as a reflection, translation, 
or rotation. (Lesson 4-7) 


42, y 43. y 4A, y 


Refer to the figure at the right. (Lesson 4-6) 
45. Name two congruent angles. R 
V 


— 


48. RAMPS The Americans with Disabilities Act requires that wheelchair ramps have at 
least a 12-inch run for each rise of 1 inch. (Lesson 3-3) 


46. Name two congruent segments. 


47. Name a pair of congruent triangles. 


a. Determine the slope represented by this requirement. 


b. The maximum length that the law allows for a ramp is 30 feet. How many inches tall 
is the highest point of this ramp? 


Skills Review 


Find the distance between each pair of points. Round to the nearest tenth. 


49. X(5, 4) and Y(2, 1) 50. A(1, 5) and B(—2, —3) 51. J(—2, 6) and K(1, 4) 
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Study Guide and Review 


Study Guide 


KeyConcepts 


KeyVocabulary 


Classifying Triangles (Lesson 4-1) 


e Triangles can be classified by their angles as acute, obtuse, or 
right, and by their sides as scalene, isosceles, or equilateral. 


Angles of Triangles (Lesson 4-2) 


e The measure of an exterior angle is equal to the sum of its two 
remote interior angles. 


Congruent Triangles (Lesson 4-3 through 4-5) 


e SSS: If all of the corresponding sides of two triangles are 
congruent, then the triangles are congruent. 


SAS: If two pairs of corresponding sides of two triangles and the 
included angles are congruent, then the triangles are congruent. 


ASA: If two pairs of corresponding angles of two triangles and 
the included sides are congruent, then the triangles are 
congruent. 


e AAS: If two pairs of corresponding angles of two triangles are 


congruent, and a corresponding pair of nonincluded sides is 
congruent, then the triangles are congruent. 


Isosceles and Equilateral Triangles (Lesson 4-6) 

e The base angles of an isosceles triangle are congruent and 
a triangle is equilateral if it is equiangular. 

Transformations and Coordinate Proofs 

(Lessons 4-7 and 4-8) 


e In acongruence transformation, the position of the image may 
differ from the preimage, but the two figures remain congruent. 


e Coordinate proofs use algebra to prove geometric concepts. 


és 
<i 


[PTE StudyOrganizer 


Be sure the Key Concepts 
are noted in your Foldable. 


acute triangle (p. 237) 
auxiliary line (p. 246) 
base angles (p. 285) 


congruence 
transformation (p. 296) 


congruent polygons (p. 255) 
coordinate proof (p. 303) 
corollary (p. 249) 
corresponding parts (p. 255) 
equiangular triangle (p. 237) 
equilateral triangle (p. 238) 
exterior angle (p. 248) 


flow proof (p. 248) 


included angle (p. 266) 
included side (p. 275) 
isosceles triangle (p. 238) 
obtuse triangle (p. 237) 
reflection (p. 296) 
remote interior angles (p. 248) 
right triangle (p. 237) 
rotation (p. 296) 

scalene triangle (p. 238) 
translation (p. 296) 
vertex angle (p. 285) 


VocabularyCheck 


State whether each sentence is true or false. If false, replace the 
underlined word or phrase to make a true sentence. 


1. An equiangular triangle is also an example of an acute 


triangle. 


2. A triangle with an angle that measures greater than 90° is 


a right triangle. 


ao a >» Ww 


angles of a polygon. 


. An equilateral triangle is always equiangular. 
. Ascalene triangle has at least two congruent sides. 
. The vertex angles of an isosceles triangle are congruent. 


. An included side is the side located between two consecutive 


7. The three types of congruence transformations are rotation, 


reflection, and translation. 


8. A rotation moves all points of a figure the same distance and 


in the same direction. 


9. A flow proof uses figures in the coordinate plane and algebra 
to prove geometric concepts. 


10. The measure of an exterior angle of a triangle is equal to the 
sum of the measures of its two remote interior angles. 


RN 
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Lesson-by-Lesson Review 


Classifying Triangles 


Classify each triangle as acute, 
equiangular, obtuse, or right. 


11. AADB 
12. ABCD 
13. AABC 


ALGEBRA Find x and the measures of the unknown sides 
of each triangle. 


14. R ax+7 T 15. K 


5x — 6 


16. MAPS The distance from Chicago to Cleveland to Cincinnati 
and back to Chicago is 900 miles. The distance from Chicago 
to Cleveland is 50 miles more than the distance from 
Cincinnati to Chicago, and the distance from Cleveland to 
Cincinnati is 50 miles less than the distance from Cincinnati 
to Chicago. Find each distance and classify the triangle 
formed by the three cities. 


Angles of Triangles 


Find the measure of 
each numbered angle. 


17. 21 
18. 22 
19. 23 


20. HOUSES The roof support on Lamar’s house is in the shape 
of an isosceles triangle with base angles of 38°. Find x. 


Example 1 
Classify each triangle as acute, equiangular, obtuse, or right. 


Since the triangle has one obtuse angle, it is an 
obtuse triangle. 


60° 


60° 


The triangle has three acute angles that are all equal. 
It is an equiangular triangle. 


Example 2 


Find the measure of 
each numbered angle. 


mZ2 + mZPQS = 90 
mZ2+ 51 = 90 
mZ2 = 39 


Substitution 


Subtract 51 from each side. 


mZ1 + mZ2 + 33 = 180 
mZ1 + 39 + 33 = 180 
mZ1 + 72 = 180 

mZ1 = 108 


Triangle Sum Theorem 
Substitution 

Simplify. 

Subtract. 
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Congruent Triangles 


Show that the polygons are congruent by identifying all Example 3 


congruent corresponding parts. Then write a congruence Show that the polygons are congruent by identifying all the 
statement. congruent corresponding parts. Then write a congruence 
statement. 


M Q 


N P R 


Angles: ZN= ZR, ZM= ZQ, ZMPN= ZQPR 
Sides: MN = QR, MP= QP, NP= RP 
: — All corresponding parts of the two triangles are congruent. 
23. MOSAIC TILING A section ‘ Therefore, AMNP = AQRP. 
of a mosaic tiling is E 
shown. Name the 


triangles that appear 
to be congruent. 


Proving Triangles Congruent—SSS, SAS 


Determine whether AABC = AXYZ. Explain. Example 4 

24. A(5, 2), B(1, 5), C(0, 0), X(—3, 3), Y(—7, 6), Z(—8, 1) Write a two-column proof. 

25. A(3, —1), B(3, 7), C(7, 7), X(—7, 0), Y(—7, 4), Z(1, 4) Given: APL is equilateral. 

Determine which postulate can be used to prove that the JP = MP, 

triangles are congruent. If it is not possible to prove that they ZJPK = ZMPL 

are congruent, write not possible. Prove: AJPK = AMPL 

26. 27. Statements Reasons 

1. AKPL is equilateral. 1. Given 
2. PK= PL 2. Def. of Equilateral A 
3. JP= MP 3. Given 

28. PARKS The diagram shows a park 4. ZJPK= ZMPL 4. Given 
5 


in the shape of a pentagon with five 
sidewalks of equal length leading 
to a central point. If all the angles 
at the central point have the same 
measure, how could you prove that 
A\ABX = AADCX? 


» AJPK = AMPL 5. SAS 
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Proving Triangles Congruent—ASA, AAS 


Write a two-column proof. 
29. Given: AB || DC, AB= DC 
Prove: AABF = ACDE 
A 


B 


30. KITES Denise’s kite is 
shown in the figure at 
the right. Given that WY 
bisects both ZXWZ and 
ZXYZ, prove that 
AWXY = AWzZY. 


Isosceles and Equilateral Triangles 


Find the value of each variable. 
31. 


7x—7 


. PAINTING Pam is painting 
using a wooden easel. The 
support bar on the easel 
forms an isosceles triangle 
with the two front supports. 
According to the figure 
below, what are the 
measures of the base 
angles of the triangle? 


Example 5 
Write a flow proof. 


Given: PQ bisects ZRPS. 
ZR= ZS 


Prove: ARPQ= ASPQ 


f) 
R Q Ss 


Flow Proof: 


Given Given Reflexive 


{ 


Def. of Z Bisector 


os [ata = Ar 


AAS 


Example 6 
Find each measure. 


A C 
a. mZB 
Since AB = BC, AB = BC. By the Isosceles Triangle 
Theorem, base angles A and C are congruent, so 


mZA = mZC. Use the Triangle Sum Theorem to 
write and solve an equation to find mZB. 


mZA+ mZB+ mZC = 180 A Sum Theorem 
44+ mZB + 44 = 180 mZA=mZC= 44 
88 + mZB = 180 Simplify. 
mZB = 92 Subtract. 
. AB 


AB = BC, so A\ABC is isosceles. Since BC = 12, 
AB = 12 by substitution. 
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Study Guide and Review continued 


Congruence Transformations 


Identify the type of congruence transformation shown 
as a reflection, translation, or rotation. 


34. y 35. 


38. Triangle ABC with vertices A(1, 1), B(2, 3), and C(3, -1) isa 
transformation of AMNO with vertices M(—1, 1), N(—2, 3), 
and O(—3, —1). Graph the original figure and its image. 
Identify the transformation and verify that it is a congruence 
transformation. 


Triangles and Coordinate Proof 


Position and label each triangle on the coordinate plane. 


39. right A/MNO with right angle at point and legs of 
lengths a and 2a. 


40. isosceles A WXY with height h and base WY with length 2a. 


41. GEOGRAPHY Jorge plotted the cities of Dallas, San Antonio, 
and Houston as shown. Write a coordinate proof to show 
that the triangle formed by these cities is scalene. 


N 
w-tee 
SS) 


Dallas(8, 28) 


San Antonio(0, 0) Houston(19, 7) 
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Example 7 


Triangle RST with vertices R(4, 1), (2, 5), and T(—1, 0) is 

a transformation of A CDF with vertices C(1, —3), D(—1, 1), 
and F(—4, —4). Identify the transformation and verify that 
it is a congruence transformation. 


Graph each figure. The transformation appears to be a 
translation. Find the lengths of the sides of each triangle. 


RS = 2 eH “* or V20 
TS = — 5)? or V34 
+(0=17 or V 26 


Since each vertex of A CDF has undergone a transformation 
3 units to the right and 4 units up, this is a translation. 


Since RS = CD, TS = DF, and RT = CF RS = CD, TS = DF, 
and AT = CF. By SSS, ARST = ACDF. 


Example 8 


Position and label an equilateral triangle A. XYZ with side 
lengths of 2a. 


e Use the origin for one of the three vertices of the triangle. 


e Place one side of the triangle along the positive side of the 
X-axis. 


The third point should be located above the midpoint of the 
base of the triangle. 


Practice Test 


Classify each triangle as acute, equiangular, obtuse, 
or right. 
B C 


1. AABD 2. AABC 3. ABDC 


Find the measure of 
each numbered angle. 


4. 21 5. 22 105° 
6. 23 7. 24 


In the diagram, ARST = AXYZ. a 


(x + 21) T 


8. Find x. 
9. Find y. 


10. PROOF Write a flow proof. 


Given: XY || WZ and XW || YZ 
Prove: AXWZ = AZYX 


Xx Y 


WwW Z 


11. MULTIPLE CHOICE Find x. 


72° 
A 36 C 28 
B 32 D 22 


12. Determine whether ATJD = ASEK given T(—4, —2), 
J(0, 5), DQ, —1), S(—1, 3), EG, 10), and K(4, 4). 
Explain. 


Determine which postulate or theorem can be used 
to prove each pair of triangles congruent. If it is not 
possible to prove them congruent, write not possible. 


a 
QV 


17. LANDSCAPING Angie has laid out a design for a 
garden consisting of two triangular areas as shown 
below. The points are A(0, 0), B(0, 5), C(3, 5), 

D(6, 5), and E(6, 0). Name the type of congruence 
transformation for the preimage AABC to AEDC. 


B(0,5) C(3,5) D(6,5) 


A 


A(0,0) E(6,0) 


Find the measure of each numbered angle. 


18. 21 


19. 22 

20. PROOF AABC is a right isosceles triangle with 
hypotenuse AB. M is the midpoint of AB. Write a 
coordinate proof to show that CM is perpendicular 
to AB. 
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Preparing for Standardized Tests 


Short-Answer Questions 


Short-answer questions require you to provide a solution to the problem, along 
with a method, explanation, and/or justification used to arrive at the solution. 


Short-answer questions are typically graded using a rubric, or a scoring guide. 
The following is an example of a short-answer question scoring rubric. 


Scoring Rubric 

Criteria 
The answer is correct and a full explanation is provided 
that shows each step. 
e The answer is correct, but the explanation is incomplete. 
e The answer is incorrect, but the explanation is correct. 


Full Credit 


Partial Credit 


: Either an answer is not provided or the answer does not 
No Credit 
make sense. 


Strategies for Solving Short-Answer Questions 


Read the problem to gain an understanding of what you are trying to solve. 


e |dentify relevant facts. 


e Look for key words and mathematical terms. 


Make a plan and solve the problem. 
e Explain your reasoning or state your approach to solving the problem. 
e Show all of your work or steps. 


e Check your answer if time permits. 


Standardized Test Example 


Read the problem. Identify what you need to know. Then use the information in 
the problem to solve. Show your work. 


Ps) 

Triangle ABC is an isosceles triangle with base BC. Nn = 
. . . ist) 

What is the perimeter of the triangle? 8 
ax+4 3x—1 es 

& 

2 

5 

B A(x — 2) C & 
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Read the problem carefully. You are told that AABC is isosceles with base BC. 


You are asked to find the perimeter of the triangle. 


Make a plan and solve the problem. 


The legs of an isosceles triangle are congruent. 
So, AB = AC or AB = AC. Solve for x. 


AB = AC 
2x +4=3x-1 
2x —3x=-1-4 

—x=-5 

x=) 


Next, find the length of each side. 

AB = 2(5) + 4 = 14 units 

AC = 3(5) — 1 = 14 units 

BC = 4(5 — 2) = 12 units 

The perimeter of AABC is 14 + 14 + 12 = 40 units. 


The steps, calculations, and reasoning are clearly stated. The student also arrives at 
the correct answer. So, this response is worth the full 2 points. 


Read each problem. Identify what you need to know. 
Then use the information in the problem to solve. 
Show your work. 


1. Classify ADEF according to its angle measures. 


e (2x + 11)° 


(7x — 3)° 
D F 


2. In the figure below, ARST = AVUT. What is the 
area of ARST? 
R V 


15x 


Ss 11x-—2 T 8x +4 U 


3. A farmer needs to make a 48-square-foot 


rectangular enclosure for chickens. He wants to 
save money by purchasing the least amount of 
fencing possible to enclose the area. What whole- 
number dimensions will require the least amount 
of fencing? 


4. What is mZ1 in degrees? 


5. Write an equation of the line containing the points 


(2, 4) and (0, —2). 
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Short Response/Gridded Response 


Record your answers on the answer sheet provided 
by your teacher or on a sheet of paper. 


8. GRIDDED RESPONSE In the figure below, 


ANDG = ALGD. What is the value of x? 


N D 
G L 


9. GRIDDED RESPONSE Suppose line £ contains points 


A, B, and C. If AB = 7 inches, AC = 32 inches, and 
point B is between points A and C, what is the 
length of BC? Express your answer in inches. 


10. Write the converse of the statement. 


11. 


Tf you are the winner, then I am the loser. 


Use the figure and the given information below. 
A T P 
J 


Given: JT 1 AP 

Z1= 22 
Which congruence theorem could you use to prove 
APT] = AAT] with only the information given? 
Explain. 


12. Write an equation in slope intercept form for the 
line which goes through the points (0, 3) and 
(4, —5). 


Need ExtraHelp? 


13. GRIDDED RESPONSE Find mZTUV in the figure. 
T 


14. Suppose two sides of triangle ABC are congruent to 
two sides of triangle MNO. Also, suppose one of 
the nonincluded angles of AABC is congruent to 
one of the nonincluded angles of AMNO. Are the 
triangles congruent? If so, write a paragraph proof 
showing the congruence. If not, sketch a 
counterexample. 


Extended Response 


Record your answers on a sheet of paper. Show 
your work. 


15. Use a coordinate grid to write a coordinate proof of 
the following statement. 


If the vertices of a triangle are A(0, 0), B(2a, b), and 
C(4a, 0), then the triangle is isosceles. 


a. Plot the vertices on a coordinate grid to model 
the problem. 


b. Use the Distance Formula to write an expression 
for AB. 


c. Use the Distance Formula to write an expression 
for BC. 


d. Use your results from parts b and c to draw a 
conclusion about AABC. 


If you missed Question... 1 2 3 4 5 


Go to Lesson... 
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Relationships in Triangl 


“Then --Now 


O You learned how to O In this chapter, 
classify triangles. you will: 


» Learn about special 
segments and 
points related to 
triangles. 


= Learn about 
relationships 
between the sides 
and angles of 
triangles. 


= Learn to write 
indirect proofs. 


eS 


‘ 


O INTERIOR DESIGN Triangle relationships are used to find and compare angle 
measures and distances. Interior designers use the relationships in triangles to 
maximize efficiency and create balance in their designs. 


yoo}Siadns/dsng, 


Get Ready for the Chapter 


Diagnose Readiness | You have two options for checking prerequisite skills. 


| 1 Textbook Option Take the Quick Check below. Refer to the Quick Review for help. 


QuickCheck QuickReview 


Find each measure. Example 1 
K 
1. BC 2. MZRST Find each measure. 
A <8 R 11 1 
° 7 
J M55 L 
S T a. JM 
C mZJ= mZL,so mZL = 60 and JM = LM by the 


3. GARDENS Bronson is creating a right triangular flower bed. If rua a ears ett THOM SINS 
two of the sides of the flower bed are 7 feet long each, what is = iy eT ed DY SUDSUIIHOM: 
the length of the third side to the nearest foot? b. mZJKL 
mZJ+ mZJKL+ mZL = 180 A Sum Theorem 
60 + mZJKL + 60 = 180 mZJ= mZL= 60 
120 + mZJKL = 180 Simplify. 
mZJKL = 60 Subtract. 


Make a conjecture based on the given information. eee 
4. Z3 and 24 are a linear pair. Kis the midpoint of JL. Make a conjecture based on the given 


information and draw a figure to illustrate your conjecture. 


5. JKLMis a square. 
6. BD is an angle bisector of ZABC. 
7 


. REASONING Determine whether the following conjecture 
is always, sometimes, or never true based on the given 


Given: Kis the midpoint of JL. J, K, and L are collinear points, 
and K lies an equal distance between J and L. 


Conjecture: JK = KL 


information. Justify your reasoning. Check: Draw JL. This illustrates the conjecture. 
Given: collinear points D, E, and F 
Conjecture: DE + EF = DF J K L 


Solve each inequality. 


8. x+13< 41 9. x—6> 2x Solve 3x + 5 > 2x. 
10. 6x+9< 7x 11. 8x+ 15 > 9x— 26 3x+ 5 > 2x Given 
12. MUSIC Nina added 15 more songs to her MP3 player, resulting  3X— 3X+5>2x—3x — Subiract. 
in a total of more than 120 songs. How many songs were 5>-xX Simplify. 
originally on the player? —5<x Divide. 


—_" 
2 Online Option Take an online self-check Chapter Readiness Quiz at connectED.mcgraw-hill.com. v/ 
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Get Started on the Chapter 


You will learn several new concepts, skills, and vocabulary terms as you study 
Chapter 5. To get ready, identify important terms and organize your resources. 
You may wish to refer to Chapter 0 to review prerequisite skills. 


NewVocabulary 


[ZEEYTITS| StudyOrganizer 


Relationships in Triangles Make this Foldable to help you English Espafiol 
organize your Chapter 5 notes about relationships in triangles. 
Begin with seven sheets of grid paper. 


perpendicular bisector p.324 mediatriz 
concurrent lines p.325 rectas concurrentes 
point of concurrency p.325 punto de concurrencia 


circumcenter p.325  circuncentro 


‘1 Stack the sheets. Fold the ey incenter p.328  incentro 
top right corner to the bottom : : 
edge to form an isosceles en ipssse, aI 
right triangle. centroid p.335  baricentro 


altitude p.337 altura 
orthocenter p.337  ortocentro 


indirect reasoning p.355 razonamiento indirecto 


2. Fold the rectangular part 


. indirect proof + p.355 demonstracidn indirecta 
in half. 


proof by contradiction p.355 demonstracidn por 
contradiccion 


ReviewVocabulary 


3 Staple the sheets along the 
rectangular fold in four places. 


angle bisector bisectriz de un angulo a ray that divides an 
angle into two congruent angles (Lesson 1-4) 


midpoint punto medio the point on a segment exactly halfway 
between the endpoints of the segment (Lesson 1-3) 


4 Label each sheet with a lesson 
number and the rectangular tab 
with the chapter title. 


Mis the midpoint 
of AB. 
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The McGraw-Hill Companies 
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Geometry Lab 


Constructing Bisectors 


Paper folding can be used to construct special segments in triangles. (ess Common Core State Standards 
“=~ Content Standards 
G.CO.12 Make formal geometric constructions with a variety of tools 
and methods (compass and straightedge, string, reflective devices, 
paper folding, dynamic geometric software, etc.). 


Mathematical Practices 5 


Construction Perpendicular Bisector 


Construct a perpendicular bisector of the side of a triangle. 


Draw, label, and cut out AMPQ. Fold the triangle in half along MQ Use a straightedge to draw AB 
so that vertex M touches vertex Q. along the fold. ABisthe —__ 
perpendicular bisector of MQ. 


An angle bisector in a triangle is a line containing a vertex of the triangle and bisecting that angle. 


Construction Angle Bisector 


Construct an angle bisector of a triangle. 


Draw, label, and cut out AABC. Fold the triangle in half through Label point L at the crease along 

vertex A, such that sides AC edge BC. Usea straightedge to 
and AB are aligned. draw AL along the fold. AL is an 
angle bisector of AABC. 


Model and Analyze 


1. Construct the perpendicular bisectors of the other two sides of AMPQ. Construct the angle bisectors of the other 
two angles of AABC. What do you notice about their intersections? 


Repeat the two constructions for each type of triangle. 


2. acute 3. obtuse 4. right 
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Bisectors of Triangles 


:-‘Now :-Why? 
@ Youusedsegment @ Identify and use @ Creating a work triangle ina 
and angle bisectors. perpendicular kitchen can make food 


bisectors in triangles. preparation more efficient by 
cutting down on the number 
of steps you have to take. To 
locate the point that is 
equidistant from the sink, 
stove, and refrigerator, you 
can use the perpendicular 
bisectors of the triangle. 


Identify and use angle 
bisectors in triangles. 


Sind NewVocabulary Perpendicular Bisectors In Lesson 1-3, you learned that a segment bisector is any 
~ perpendicular bisector segment, line, or plane that intersects a segment at its midpoint. If a bisector is also 
concurrent lines perpendicular to the segment, it is called a perpendicular bisector. 


point of concurrency 
circumcenter 


: K 
incenter 
ee R 
— S 
ECS) Common Core J 
State Standards 
Content Standards PQ is a bisector of AB. RS is a perpendicular bisector of JK. 
G.C0.10 Prove theorems 
about triangles. Recall that a locus is a set of points that satisfies a particular condition. The perpendicular 
G.MG.3 Apply geometric bisector of a segment is the locus of points in a plane equidistant from the endpoints of 
methods to solve problems the segment. This leads to the following theorems. 
(e.g., designing an object or 
structure to satisfy physical ‘ 
CORSETS Cr IMME Theorems Perpendicular Bisectors 
working with typographic 
grid systems based on : ‘ 
ratios). 4 5.1 Perpendicular Bisector Theorem C 
: : If a point is on the perpendicular bisector of a segment, then it is 
Mathematical Practices 4 F 
denlakeeonetancraniens equidistant from the endpoints of the segment. 
and persevere in solving Example: If CDis a | bisector of AB, then AC = BC. A D B 


them. 
3 Construct viable 


arguments and critique ‘ . 
the reasoning of others. 5.2 Converse of the Perpendicular Bisector Theorem . 


If a point is equidistant from the endpoints of a segment, then it 
is on the perpendicular bisector of the segment. 


Example: If AE = BE, then Elies on CD, the L bisector of AB. 


Aresgijojoud/xigingapisu| siqo9 


You will prove Theorems 5.1 and 5.2 in Exercises 39 and 37, respectively. 
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StudyTip 


Perpendicular Bisectors 


Example 1 


The perpendicular bisector Find each measure. 
of a side of a triangle does a. AB B 
not necessarily pass through 
a vertex of the triangle. For From the information in the diagram, we know that a 
example, in AXYZ below, SF. ; : — 
the perpendicular bisector CA is the perpendicular bisector of BD. 
of XY does not pass through AB = AD Perpendicular Bisector Theorem 
point Z. AB=41 Substitution D 
Zz 
b. WY 
Since WX = ZX and XY 1 WZ, XY is the perpendicular 
bisector of WZ by the Converse of the Perpendicular 
Bisector Theorem. By the definition of segment bisector, 
Xx Y WY = YZ. Since YZ = 3, WY =3. W 
v 
c. RT 
—_— —— Q 
SR is the perpendicular bisector of QT. 2x+3 
RT = RQ Perpendicular Bisector Theorem s 
4x —-7=2x+3 Substitution ty 
2x —7=3 Subtract 2x from each side. T 
2x = 10 Add 7 to each side. 


x=5 Divide each side by 2. 
So RT = 4(5) — 7 or 13. 


GuidedPractice 


1A. If WX = 25.3, YZ = 22.4, and WZ = 25.3, find XY. 

1B. If m is the perpendicular bisector of XZ and Ly 
WZ = 14.9, find WX. 

1C. If m is the perpendicular bisector of XZ, 


WX = 4a — 15, and WZ = a + 12, find WX. 


When three or more lines intersect at a common point, the 
lines are called concurrent lines. The point where concurrent 
lines intersect is called the point of concurrency. 


A triangle has three sides, so it also has three perpendicular 
bisectors. These bisectors are concurrent lines. The point of 
concurrency of the perpendicular bisectors is called the 


circumcenter Ar the triangle. Lines a, 6, and C are 


concurrent at P. 


A 
a 
X 
9 9 
7 ee 
R 
7 
¥ 
hd m 
z 
a 
P 


c 


Theorem 5.3 Circumcenter Theorem 
Words The perpendicular bisectors of a triangle intersect at a point A 

called the circumcenter that is equidistant from the vertices 

of the triangle. 

DS QE 

Example If Pis the circumcenter of ABC, then 

PB = PA = PC. oe 

B F Cc 


2s 


ReadingMath 


Circum- The prefix circum- 
means about or around. The 
circumcenter is the center of 
a circle around a triangle that 
contains the vertices of the 
triangle. 


| Sli’. 


Sime circumcenter can be on the interior, exterior, or side of a triangle. 


P 
P 
acute triangle obtuse triangle right triangle 


| Proof Circumcenter Theorem 


Given: PD, PF, and PE are perpendicular bisectors of AB, AC, 


Real-WorldLink 


Some basic rules of thumb 
for a kitchen work triangle 
are that the sides of the 
triangle should be no greater 
than 9 feet and no less than 

4 feet. Also, the perimeter of 
the triangle should be no 
more than 26 feet and no less 
than 12 feet. 


Source: Merillat 


7 and BC, respectively. 


Since Plies on the perpendicular bisector of AC, it is equidistant from 
Aand C. By the definition of equidistant, AP = CP. The perpendicular 
bisector of BC also contains P. Thus, CP = BP. By the Transitive Property 
of Equality, AP = BP. Thus, AP = CP = BP. 


B 
Prove: AP = CP= BP D [ E 
Paragraph Proof: Leis 
A F Cc 


Real-World Example 2 


INTERIOR DESIGN A stove S, sink K, and 
refrigerator R are positioned in a kitchen 
as shown. Find the location for the center 
of an island work station so that it is the 
same distance from these three points. 


By the Circumcenter Theorem, a point 
equidistant from three points is found by 
using the perpendicular bisectors of the 
triangle formed by those points. 


Angle Bisectors Recall from Lesson 1-4 that an angle 
bisector divides an angle into two congruent angles. 
The angle bisector can be a line, segment, or ray. 


The bisector of an angle can be described as the locus of 
points in the interior of the angle equidistant from the 
sides of the angle. This description leads to the following 
theorems. 
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Copy ASKR, and use a ruler and protractor to 

draw the perpendicular bisectors. The location 

for the center of the island is C, the circumcenter 

of ASKR. is 


GuidedPractice R 
2. To water his triangular garden, Alex needs to place a | 
sprinkler equidistant from each vertex. Where should 
Alex place the sprinkler? 


BD is the angle 
bisector of ZABC. 


9||a}se || 


StudyTip 


Angle Bisector For part b, 
only that JL = LM would not 
be enough information to 
conclude that KL bisects 
ZJKM. 


[ Theorems Angle Bisectors 


5.4 Angle Bisector Theorem 
If a point is on the bisector of an angle, then it is equidistant from 
the sides of the angle. 
= — = 
Example: If BF bisects ZDBE, FD | BD, 
—_- — 
and FE 1 BE, then DF = FE. B E 


5.5 Converse of the Angle Bisector Theorem 


If a point in the interior of an angle is equidistant from the sides 
of the angle, then it is on the bisector of the angle. 


—_ —oe@eroa—"lh —S o> 
Example: If FD | BD, FE 1 BE, and 
DF = FE, then BF bisects Z DBE. 


You will prove Theorems 5.4 and 5.5 in Exercises 43 and 40. 


Example 3 


Find each measure. 


a. XY 
XY = XW Angle Bisector Theorem 
XY=7 Substitution 

b. mZJKL 


—- oOo ete Oren Se i 
Since LJ | KJ, LM 1 KM, LJ = LM, 

L is equidistant from the sides of ZJKM. 
By the Converse of the Angle Bisector 


— 
Theorem, KL bisects ZJKM. 


ZJKL = ZLKM Definition of angle bisector K M 
mZJKL = mZLKM Definition of congruent angles 
mZJKL = 37 Substitution 
c. SP 
SP = SM Angle Bisector Theorem “e 3x+5 
6x —7=3x+4+5 Substitution 6x—7 
3x -7=5 Subtract 3x from each side. J S/P 
3x = 12 Add 7 to each side. 
x=4 Divide each side by 3. 
So, SP = 6(4) — 7 or 17 
GuidedPractice A . 
3A. If mZBAC = 38, BC = 5, and DC = 5, find mZDAC. & 
3B. If mZBAC = 40, mZDAC = 40, and DC = 10, find BC. D 
3C. If AC bisects ZDAB, BC = 4x + 8, and DC = 9x —7, 
find BC. 
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ReadingMath 


Incenter The incenter is 
the center of a circle that 
intersects each side of the 
triangle at one point. For 
this reason, the incenter 
always lies in the interior 


VANOX 


Similar to perpendicular bisectors, since a triangle has three angles, it also has three angle 
bisectors. The angle bisectors of a triangle are concurrent, and their point of concurrency 
is called the incenter of a triangle. 


Theorem 5.6 Incenter Theorem 


Words The angle bisectors of a triangle intersect at a point 
called the incenter that is equidistant from the sides 


of the triangle. 
Example _ If Pis the incenter of AABC, then 
PD = PE = PF. 
y 
You will prove Theorem 5.6 in Exercise 38. 
Example 4 


Find each measure if J is the incenter of AABC. 
a. JF 


By the Incenter Theorem, since J is equidistant from 
the sides of AABC, JF = JE. Find JF by using the 
Pythagorean Theorem. 


a> + b2 = c? Pythagorean Theorem 
JE? + 122 = 15? Substitution 
JE? + 144 = 225 122 = 144 and 152 = 225. 


JE? =81 Subtract 144 from each side. 


JE-= +9 Take the square root of each side. 


Since length cannot be negative, use only the positive square root, 9. 
Since JE = JF, JF = 9. 
b. mZJAC 


Since BJ bisects ZCBE, mZCBE = 2mZJBE. So mZCBE = 2(34) or 68. 
Likewise, mZDCF = 2mZDCJ, so mZDCF = 2(32) or 64. 


mZCBE + mZDCF + mZFAE = 180 Triangle Angle Sum Theorem 
68 + 64 + mZFAE = 180 mZCBE = 68, mZ DCF = 64 

132 + mZFAE = 180 Simplify. 
mZFAE = 48 Subtract 132 from each side. 


Since AJ bisects ZFAE, 2mZJAC = mZFAE. This means that 
mZJAC = Sm ZFAE, so mZJAC = +(48) or 24. 


GuidedPractice 

If P is the incenter of AXYZ, find each measure. 
4A. PK 

4B. mZLZP 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Find each measure. 


1. XW 2. AC 3. LP 
x A Lat 
7 M 
12 B 
D 10x -—5 N 
C 
P 


Example 2 4, ADVERTISING Four friends are passing out flyers at a mall 
food court. Three of them take as many flyers as they can 
and position themselves as shown. The fourth one keeps 
the supply of additional flyers. Copy the positions of 
points A, B, and C. Then position the fourth friend at D 
so that she is the same distance from each of the other 
three friends. 


Example 3 Find each measure. 


5. CP 6. mZWYZ 7. QM 
. 2x+2 
X+ 
C Q 
4x—8 
P 
AY 8 P 
N 


_~ 
Example 4 8. CCSS SENSE-MAKING Find JQ if Q is the incenter of AJLN. 


Practice and Problem Solving Extra Practice is on page R5. 


Example 1 Find each measure. 


@y- 10. PS 11. KL 
L 10M 10 =N J 
y. 12 
2x—4 X+5 9 K \ 
in 
c 7 f fT oO M 
12. EG 13.CD 14. SW 
D B 44c D w 
R 4x—4 
6.5 65 T 
2x+2 
G5YF E A S 
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Example 2 15. STATE FAIR The state fair has set up the location of the 
midway, livestock competition, and food vendors. 
The fair planners decide that they want to locate the 
portable restrooms the same distance from each 
location. Copy the positions of points M, L, and F. 
Then find the location for the restrooms and label it R. 


16. SCHOOL A school system has built an elementary, 
middle, and high school at the locations shown in 
the diagram. Copy the positions of points E, M, 
and H. Then find the location for the bus yard B 
that will service these schools so that it is the same 
distance from each school. 


Point D is the circumcenter of AABC. List any D 
segment(s) congruent to each segment. B 
17. AD 18, BF A 
19. AH 20. DC E ° 
Cc 


Example 3 Find each measure. 
21. AF 22. mZDBA (23) mZPNM 


25. mZPQS 26. PN 
Q 


48° 


Zz 
Example 4 CESS SENSE-MAKING Point P is the incenter of AAEC. Find each 
measure below. 


27. PB 
28. DE 
29. mZDAC 
30. mZDEP 
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(31) INTERIOR DESIGN You want to place a centerpiece 
ona corner table so that it is located the same 
distance from each edge of the table. Make a 
sketch to show where you should place the 
centerpiece. Explain your reasoning. 


Determine whether there is enough information given in each diagram to find the value 
of x. Explain your reasoning. 


36. SOCCER A soccer player P is approaching the opposing team’s goal as shown in the 
diagram. To make the goal, the player must kick the ball between the goal posts at 
Land R. The goalkeeper faces the kicker. He then tries to stand so that if he needs 
to dive to stop a shot, he is as far from the left-hand side of the shot angle as the 
right-hand side. 


a. Describe where the goalkeeper should stand. Explain your reasoning. 


b. Copy APRL. Use a compass and a straightedge to locate a point G where the 
goalkeeper should stand. 


c. If the ball is kicked so it follows the path from P to R, construct the shortest path 
the goalkeeper should take to block the shot. Explain your reasoning. 


PROOF Write a two-column proof. 


37. Theorem 5.2 38. Theorem 5.6 
Given: CA = CB, AD = BD Given: AABC, angle bisectors 
Prove: C and D are on the perpendicular AD, BE,and CF 
bisector of AB. KP 1 AB, KQ 1 BC, 
C KR 1 AC 


Prove: KP = KQ= KR 


D 


a> 

CESS ARGUMENTS Write a paragraph proof of each theorem. 

39. Theorem 5.1 40. Theorem 5.5 

COORDINATE GEOMETRY Write an equation in slope-intercept form for the perpendicular 
bisector of the segment with the given endpoints. Justify your answer. 


41. A(—3, 1) and B(4, 3) 42. C(—4, 5) and D(2, —2) 


Mcomecteomegrw-nitconl) 331 i) 


43. PROOF Write a two-column proof of Theorem 5.4. 


44, GRAPHIC DESIGN Mykia is designing a pennant for her school. 
She wants to put a picture of the school mascot inside a circle 
on the pennant. Copy the outline of the pennant and locate 
the point where the center of the circle should be to create 
the largest circle possible. Justify your drawing. 


COORDINATE GEOMETRY Find the coordinates of the circumcenter of the triangle with the 
given vertices. Explain. 


@ A, 0), BO, 6), C0, 0) 46. J(5, 0), K(5, —8), L(0, 0) 


47. LOCUS Consider CD. Describe the set of all points in space D 


that are equidistant from C and D. - oa 
C 


H.0.T. Problems Use Higher-Order Thinking Skills 


48. ERROR ANALYSIS Claudio says that from the information supplied L K 
in the diagram, he can conclude that K is on the perpendicular 
bisector of LM. Caitlyn disagrees. Is either of them correct? 
Explain your reasoning. 


49. OPEN ENDED Draw a triangle with an incenter located inside the triangle 
but a circumcenter located outside. Justify your drawing by using a 
straightedge and a compass to find both points of concurrency. 


i> 

cess ARGUMENTS Determine whether each statement is sometimes, always, or never true. 

Justify your reasoning using a counterexample or proof. 

50. The angle bisectors of a triangle intersect at a point that is equidistant from the vertices 
of the triangle. 


51. In an isosceles triangle, the perpendicular bisector of the base is also the angle bisector 
of the opposite vertex. 


CHALLENGE Write a two-column proof for each of the following. 


52. Given: Plane is a perpendicular 53. Given: Plane Z is an angle bisector of 
bisector of DC. ZKJH, KJ = HJ 
Prove: ZADB = ZACB Prove: MH = MK 


54, WRITING IN MATH Compare and contrast the perpendicular bisectors and angle bisectors 
of a triangle. How are they alike? How are they different? Be sure to compare their 
points of concurrency. 
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Standardized Test Practice 


55. ALGEBRA An object is projected straight upward 
with initial velocity v meters per second from 
an initial height of s meters. The height / in 
meters of the object after t seconds is given by 
h = —10#? + vt +s. Sherise is standing at the 
edge of a balcony 54 meters above the ground 
and throws a ball straight up with an initial 
velocity of 12 meters per second. After how 
many seconds will it hit the ground? 


A 3 seconds 
B 4 seconds 
C 6seconds 
D 9 seconds 


56. SAT/ACT For x + —3, 2X+2 = 


x+3 
Fx+12 Jx 
Gxt+9 K 3 


H x+3 


57. A line drawn through which of the following 
points would be a perpendicular bisector of 
AJKL? 


A Tand K 
B LandQ 


C JandR 
D Sand kK 


58. SHORT RESPONSE Write an equation in slope- 
intercept form that describes the line containing 
the points (—1, 0) and (2, 4). 


Spiral Review 


Name the missing coordinate(s) of each triangle. (Lesson 4-8) 


59. L(?, b) 60. 


61. 


COORDINATE GEOMETRY Graph each pair of triangles with the given vertices. Then 
identify the transformation and verify that it is a congruence transformation. (Lesson 4-7) 


62. A(—2, 4), B(—2, —2), C(4, 1); 
R(12, 4), S(12, —2), T(6, 1) 


63. J(—3, 3), K(—3, 1), L(1, 1); 


X(-3, —1), Y(-3, —3), Z(1, —3) 


Find the distance from the line to the given point. (Lesson 3-6) 


64. y =5, (-2,4) 


65. y = 2x + 2, (1, 5) 


66. 2x — 3y = —9, (2, 0) 


67. AUDIO ENGINEERING A studio engineer charges a flat fee of $450 for equipment rental 
and $42 an hour for recording and mixing time. Write the equation that shows the cost 
to hire the studio engineer as a function of time. How much would it cost to hire the 


studio engineer for 17 hours? (Lesson 3-4) 


Skills Review 


PROOF Write a two-column proof for each of the following. 
69. Given: AMLP is isosceles. L 


68. Given: AXKF is equilateral. xX 
XJ bisects 2X. 


Prove: J is the midpoint of KF. 


Nis the midpoint of MP. 
Prove: LN | MP 
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PVGeometry Lab 


Constructing Medians 
and Altitudes 


A median of a triangle is a segment with endpoints that are a vertex CESS) Common Core State Standards 
and the midpoint of the side opposite that vertex. You can use the =~ Content Standards Sa santana 
¢ ; ; ; G.C0.12 Make formal geometric constructions with a variety of tools 
construction for the midpoint of a segment to construct a median. and methods (compass and straightedge, string, reflective devices, 
Wrap the end of string around a pencil. Use a thumbtack to fix the Re Pee Tahl i Mat BOI EINE Serle at Y 
: Mathematical Practices 5 
string to a vertex. 


Construction 1 Median of a Triangle 


re 


Place the thumbtack on vertex D Use a straightedge to find the Draw a line through F and M. FM 
and then on vertex E to draw point where RS intersects DE. is a median of ADEF. 

intersecting arcs above and Label the point M. This is the 

below DE. Label the points of midpoint of DE. 


intersection R and S. 


An altitude of a triangle is a segment from a vertex of the triangle to the opposite side and is 
perpendicular to the opposite side. 


Construction 2 Altitude of a Triangle 


Place the thumbtack on vertex Band | Adjust the length of the string so Use a straightedge to draw BH. 
draw two arcs intersecting AC. that it is greater than LyV Place the Label the point where BH 
Label the points where the arcs tack on X and draw an arc above intersects AC as D. BD is an 
intersect the sides as X and Y. AC. Use the same length of string altitude of AABC and is 

to draw an arc from Y. Label the perpendicular to AC. 


points of intersection of the arcs H. 


Model and Analyze 


1. Construct the medians of the other two sides of ADEF. What do you notice 
about the medians of a triangle? 


2. Construct the altitudes to the other two sides of AABC. What do you observe? 


334 | Explore 5-2 | Geometry Lab: Constructing Medians and Altitudes 


SaluedWo) |IIH-MeIQoI\) OU 


You identified and 
used perpendicular 
and angle bisectors 
in triangles. 


@>] NewVocabulary 
= median 


centroid 
altitude 
orthocenter 


€csS \\ Common Core 
(SS) State Standards 


James Randklev/Stone/Getty Images 


Content Standards 
G.C0.10 Prove theorems 
about triangles. 


G.MG.3 Apply geometric 
methods to solve problems 
(e.g., designing an object or 
structure to satisfy physical 
constraints or minimize cost; 
working with typographic 
grid systems based on 
ratios). + 


Mathematical Practices 

6 Attend to precision. 

3 Construct viable 
arguments and critique 
the reasoning of others. 


@ Identify and use 


Medians and Altitudes of Triangles 


:- Why? 


@ A mobile is a kinetic or moving 
sculpture that uses the principles 
of balance and equilibrium. ay 
Simple mobiles consist of several 
rods attached by strings from 
which objects of varying weights f f 
hang. The hanging objects : 
balance each other and can rotate 
freely. To ensure that a triangle in 
a mobile hangs parallel to the 
ground, artists have to find the 
triangle’s balancing point. 


medians in triangles. 


Identify and use 
altitudes in triangles. 


Medians A median of a triangle is a segment 
with endpoints being a vertex of a triangle and 
the midpoint of the opposite side. D 


Every triangle has three medians that are concurrent. 
The point of concurrency of the medians of a triangle C B 


; : aida the tian cle. cs 
is called the centroid and is always inside the triangle Gp caianet AAG 


Theorem 5.7 Centroid Theorem 


The medians of a triangle intersect at a point called B 


the centroid that is two thirds of the distance from 
A ji C 
_/ 


each vertex to the midpoint of the opposite side. 
You will prove Theorem 5.7 in Exercise 36. 


Example If Pis the centroid of AABC, then 
AP = ZAK, BP = ZBL, and CP = 264, 


Example 1 
In AABC, Q is the centroid and BE = 9. B 
Find BQ and QE. 
BQ= 2BE Centroid Theorem 's ‘“ 
3 A E Cc 
BQ+QE=9 Segment Addition 
6+QE=9 BQ=6 
QE =3 Subtract 6 from each side. 


GuidedPractice In AABC above, FC = 15. Find each length. 
1A. FO 1B. QC 


235 


Example 2 


StudyTip 

> 

CESS Reasoning In 
Example 2, you can also use 
number sense to find KP. 


Since KP = PAT, PT= akT 


In AJKL, PT = 2. Find KP. K 


Since JR = RK, R is the midpoint of JK and LR is a eae L 
median of AJKL. Likewise, S and T are the midpoints ea 
R 


of KL and LJ respectively, so JS and KT are also medians 


and KP = 2PT. Therefore, if of AJKL. Therefore, point P is the centroid of AJKL. T 
PT = 2, then KP = 2(2) or 4. > 
KP= gkT Centroid Theorem J 
KP= (KP + PT) Segment Addition and Substitution 
KP = 2(KP 45 PT =2 
2 4 Be ia a 
KP = gkP + s Distributive Property 
1kp == Subtract 2KP from each side. 
) 3 3 
KP=4 Multiply each side by 3. 
GuidedPractice 
In AJKL above, RP = 3.5 and JP = 9. Find each measure. 


2A. PL 2B. PS 


All polygons have a balance point or centroid. The centroid is also the balancing point or 
center of gravity for a triangular region. The center of gravity is the point at which the 
region is stable under the influence of gravity. 


Real-World Example 3 


PERFORMANCE ART A performance artist plans 
to balance triangular pieces of metal during 
her next act. When one such triangle is placed 
on the coordinate plane, its vertices are 
located at (1, 10), (5, 0), and (9, 5). What are the 
coordinates of the point where the artist 
should support the triangle so that it will 
balance? 


Understand You need to find the centroid 
of the triangle with the given 
coordinates. This is the point at 
which the triangle will balance. 


Plan Graph and label the triangle with vertices A(1, 10), B(5, 0), and C(9, 5). 
Since the centroid is the point of concurrency of the medians of a triangle, 
use the Midpoint Theorem to find the midpoint of one of the sides of the 
triangle. The centroid is two-thirds the distance from the opposite vertex 
to that midpoint. 
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Solve Graph AABC. YJ A(t, 10) 


Find the midpoint D of side AB with 
endpoints A(1, 10) and B(5, 0). 


2 2 


Graph point D. Notice that DC is a 
horizontal line. The distance from 
D(3, 5) to C(9, 5) is 9 — 3 or 6 units. 


O B(5, 0) - 


Math HistoryLink 
Pierre de Fermat 
(1601-1665) Another 
triangle center is the Fermat 
point, which minimizes the 
sum of the distances from 
the three vertices. Fermat 

is one of the best-known 


If P is the centroid of AABC, then PC = 2DC. So the centroid is 26) or 
4 units to the left of C. The coordinates of P are (9 — 4,5) or (5, 5). 
The performer should balance the triangle at the point (5, 5). 


Check Use a different median to check your answer. The midpoint F of side AC 


is F i. a or F(5, 7.5). BF is a vertical line, so the distance from B 


mathematicians for writing 2 2 — 
proofs. to Fis 7.5 — 0 or 7.5. PB = 2(75) or 5, so P is 5 units up from B. The 
4 coordinates of P are (5,0 + 5) or (5,5). ¥ 
GuidedPractice 
3. Asecond triangle has vertices at (0, 4), (6, 11.5), and (12, 1). What are the coordinates 
of the point where the artist should support the triangle so that it will balance? 
Explain your reasoning. 
Altitudes An altitwdé of a triangle is a segment from a vertex to the line containing 
the opposite side and perpendicular to the line containing that side. An altitude can 
lie in the interior, exterior, or on the side of a triangle. 
B B 
A DC A cD 
a BD is an altitude from B to AC. 
ReadingMath 


Height of a Triangle The 
length of an altitude is 
known as the height of the 
triangle. The height of a 


Every triangle has three altitudes. If extended, the altitudes of a triangle intersect in 
a common point. 


triangle is used to calculate KeyConcept Orthocenter 
the triangle’s area. 
\ The lines containing the altitudes of a triangle are B 
concurrent, intersecting at a point called the orthocenter. 


Example The lines containing altitudes AF, CD, and D 
BG intersect at P, the orthocenter of AABC. 


ullstein bild/akg-images 
7. 


237 


Example 4 


COORDINATE GEOMETRY The vertices of AFGH are F(—2, 4), G(4, 4), and H(1, —2). 
Find the coordinates of the orthocenter of AFGH. 


Step 1 | Graph AFGH. To find the orthocenter, 
find the point where two of the three 
altitudes intersect. 


Step 2| Find an equation of the altitude from F 
= a, A= (2 
to GH. The slope of GH is ac 


or 2, 


so the slope of the altitude, which is 


perpendicular to GH, is 1. 


Y — Yy = m(x — x4) Point-slope form 


y— oo Fx = (—2)] m= -y and (X;; 44) = F-2, 4). 


y-4= Fe + 2) Simplify. 
y-4= —3x -1 Distributive Property 
y= 3x +3 Add 4 to each side. 


Find an equation of the altitude from G to FH. The slope of FH is 


aJa A : eee 
7-Cd or —2, so the slope of the altitude is 7 
Y — yy = m(x — x4) Point-slope form 
y—4=F(x-4) m= + and (x,y) = G4, 4) 
y-—4= ax =2 Distributive Property 
y=pxt2 Add 4 to each side. 
y= 3x +3 
Step 3| Solve the resulting system of equations peg 42 to find the point of 
intersection of the altitudes. v= 


Adding the two equations to eliminate x results in 2y = 5 or y = ~ 


v= ax +2 Equation of altitude from G 
| 5_ 1 a8 
StudyTip For t2 y=3 
Check for Reasonableness 1_1 4 ’ 
Use the corner of a sheet of 3° SuDiAGL She tOme aan silt 
paper to draw the altitudes 1=x Multiply each side by 2. 


of each side of the triangle. 


The coordinates of the orthocenter of AJKL are (1, 3) or (1, 24). 


GuidedPractice 


4. Find the coordinates of the orthocenter of 
AABC graphed at the right. 


The intersection is located at 
approximately (1, 24), so the 


answer is reasonable. 
\ yy, 
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| ConceptSummary Special Segments and Points in Triangles 


Point of 


Name Example 
P Concurrency 


Special Property Example 


The circumcenter P of 
circumcenter | AABCis equidistant 
from each vertex. 


perpendicular 
bisector 


The incenter Q of AABC 
incenter is equidistant from each 
side of the triangle. 


angle bisector 


The centroid R of AABC 
is two thirds of the 


B 
centroid distance from each ANS 
vertex to the midpoint oe 
D 
B 


median 


of the opposite side. A 
The lines containing the 
altitudes of AABC are 
concurrent at the 
orthocenter S. 


altitude orthocenter 


VA AVAl 


Check Your Understanding 


Examples 1-2 In AACE, P is the centroid, PF = 6, and AD = 15. A 
Find each measure. 


@rc - 


2. AP 


Example 3 3. INTERIOR DESIGN An interior designer is creating a custom coffee table for a client. 
The top of the table is a glass triangle that needs to balance on a single support. If the 
coordinates of the vertices of the triangle are at (3, 6), (5, 2), and (7, 10), at what point 
should the support be placed? 

PZ 


Example 4 4. COORDINATE GEOMETRY Find the coordinates of the orthocenter of AABC with vertices 
A(—3, 3), B(—1, 7), and C(3, 3). 
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Practice and Problem Solving Extra Practice is on page R5. 


Examples 1-2 In ASZU, UJ = 9, V] = 3, and ZT = 18. S 
Find each length. T 
5. YJ 6. SJ IN U 
7. YU 8. SV "i <r ae 
9. JT 10. Z/ . 
Z 


Example 3 COORDINATE GEOMETRY Find the coordinates of the centroid of each triangle with the 
given vertices. 


11. A(—1, 11), B(3, 1), C(7, 6) 12. X(5, 7), Y(9, —3), Z(13, 2) 


(13) INTERIOR DESIGN Emilia made a collage with 
pictures of her friends. She wants to hang the 
collage from the ceiling in her room so that 
it is parallel to the ceiling. A diagram of the 
collage is shown in the graph at the right. At (6, 4) 
what point should she place the string? 


Y (0, 8) 


fe) x 


Example 4 COORDINATE GEOMETRY Find the coordinates of the orthocenter of each triangle with 
the given vertices. 


14. J(3, —2), K(5, 6), L(9, —2) 15. R(—4, 8), S(—1, 5), T(5, 5) 


Identify each segment BD as a(n) altitude, median, or perpendicular bisector. 


20. CSS) SENSE-MAKING In the figure at the right, H 
if J, P, and L are the midpoints of KH, HM, 
and MK, respectively, find x, y, and z. J EX, 


[De 
® 340 | Lesson 5-2 | Medians and Altitudes of Triangles 


sabew| Aay/sebewlmol9(iq) ‘sebeu| Ayag/auojsysley ayer(iq) ‘Awely/euojo1n/esoow plneq() ‘SigyOo/Preoqpoow() 


Copy and complete each statement for ARST for medians RM, SL and TK, and centroid J. 
21. SL = x(JL) 22. JT = x(TK) 23. JM = x(RJ) 


ALGEBRA Use the figure at the right. A Cc D 


24. If EC is an altitude of AAED, m1 = 2x + 7, and 
mZ2 = 3x + 13, find mZ1 and mZ2. 


Find the value of x if AC = 4x — 3, DC = 2x +9, 
mZECA = 15x + 2, and EC is a median of AAED. 
Is EC also an altitude of AAED? Explain. 


26. GAMES The game board shown is shaped like an equilateral 
triangle and has indentations for game pieces. The game’s 
objective is to remove pegs by jumping over them until there 
is only one peg left. Copy the game board’s outline and 
determine which of the points of concurrency the blue peg 
represents: circumcenter, incenter, centroid, or orthocenter. 
Explain your reasoning. 


Va~ — 
(CSS ARGUMENTS Use the given information to determine whether LM L 
is a perpendicular bisector, median, and/or an altitude of AJKL. 
27. LM 1 JK 28. AJLM = AKLM 
29. JM = KM 30. LM 1 JK and JL = KL - : 
31. PROOF Write a paragraph proof. 32. PROOF Write an algebraic proof. 

Given: AXYZ is isosceles. Given: AXYZ with medians XR, 

WY bisects ZY. YS,ZQ 
Prove: WY is a median. Prove: + = 


Z Xx 


33. 9 MULTIPLE REPRESENTATIONS In this problem, you will investigate the location of the 
points of concurrency for any equilateral triangle. 


a. Concrete Construct three different equilateral triangles on tracing paper and cut 
them out. Fold each triangle to locate the circumcenter, incenter, centroid, and 
orthocenter. 


b. Verbal Make a conjecture about the relationships among the four points of 
concurrency of any equilateral triangle. 


c. Graphical Position an equilateral triangle and its circumcenter, incenter, centroid, 
and orthocenter on the coordinate plane using variable coordinates. Determine the 
coordinates of each point of concurrency. 


ALGEBRA In AJLP, mZJMP = 3x — 6, L 

JK = 3y — 2, and LK = 5y — 8. M 
— K 

34. If JM is an altitude of AJLP, find x. 

35. Find LK if PK is a median. J Pp 
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36. PROOF Write a coordinate proof to y 
prove the Centroid Theorem. B (6b, 6c) 


Given: AABC, medians AR, BS, and CQ 


Prove: The medians intersect at point P Q (3d, 3c) R(3b +.3a, 30) 
and P is two thirds of the distance 


from each vertex to the midpoint A(0, 0) ee 


of the opposite side. 


C (6a, 0) 


(Hint: First, find the equations of the lines containing the medians. Then find the 
coordinates of point P and show that all three medians intersect at point P. 


Next, use the Distance Formula and multiplication to show AP = ZAR, BP = 2BS, 
and CP = 2cQ) 


H.0.T. Problems Use Higher-Order Thinking Skills 


@) ERROR ANALYSIS Based on the figure at the right, Cc 


Luke says that 2AP = AD. Kareem disagrees. 
ither of a correct? Explain your reasoning XS 
Is either 0 ? ; 
E 


A F 


-_> 
38. cess ARGUMENTS Determine whether the following statement is true or false. If true, 
explain your reasoning. If false, provide a counterexample. 


The orthocenter of a right triangle is always located at the vertex of the right angle. 
39. CHALLENGE AABC has vertices A(—3, 3), B(2, 5), and C(4, —3). What are the 


coordinates of the centroid of AABC? Explain the process you used to reach 
your conclusion. 


40. WRITING IN MATH Compare and contrast the perpendicular bisectors, medians, 
and altitudes of a triangle. 


41. CHALLENGE In the figure at the right, segments AD A 
and CE are medians of AACB, AD | CE, AB = 10, E 
and CE = 9. Find CA. B 
D 
Cc 


42. OPEN ENDED In this problem, you will investigate the relationships among three points 
of concurrency in a triangle. 


a. Draw an acute triangle and find the circumcenter, centroid, and orthocenter. 
b. Draw an obtuse triangle and find the circumcenter, centroid, and orthocenter. 
c. Draw a right triangle and find the circumcenter, centroid, and orthocenter. 


d. Make a conjecture about the relationships among the circumcenter, centroid, 
and orthocenter. 


43. WRITING IN MATH Use area to explain why the centroid of a triangle is its center of 
gravity. Then use this explanation to describe the location for the balancing point for 
a rectangle. 
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Standardized Test Practice 


44. In the figure below, GJ = HJ. Which must 46. ALGEBRA Four students have volunteered to fold 

be true? pamphlets for a local community action group. 

F Which student is the fastest? 
Student Folding Speed 
1 page every 3 seconds 
G 2 pages every 10 seconds 
J 30 pages per minute 
— H 45 pages in 2 minutes 

A FJ is an altitude of AFGH. 

B FJ is an angle bisector of AFGH. a on y . 

C FJisa median of AFGH. Jae 

D FJ is a perpendicular bisector of AFGH. 47. SAT/ACT 80 percent of 42 is what percent of 16? 

A 24 D 

45. GRIDDED RESPONSE What is the x-intercept of the B oh E : 

graph of 4x — 6y = 12? 

C 150 
Spiral Review 
Find each measure. (lesson 5-1) 
48. LM 49. DF 50. TQ R_? S77 
D 
10 
F xX+3 2x-6 
G Q 


Position and label each triangle on the coordinate plane. (Lesson 4-8) 
51. right AXYZ with hypotenuse XZ, ZY is twice XY, and XY is b units long 
52. isosceles AQRT with base QR that is b units long 


Determine whether RS and JK are parallel, perpendicular, or neither. Graph each 
line to verify your answer. (Lesson 3-3) 


53. R(5, —4), S(10, 0), J(9, —8), K(5, 13) 54. R(1, 1), S(9, 8), J(—6, 1), K(2, 8) 


55. HIGHWAYS Near the city of Hopewell, Virginia, Route 10 runs perpendicular 
to Interstate 95 and Interstate 295. Show that the angles at the intersections 
of Route 10 with Interstate 95 and Interstate 295 are congruent. (Lesson 2-8) 


Skills Review 


PROOF Write a flow proof of the Exterior Angle Theorem. 
56. Given: AXYZ 2 


Prove: mZX + mZZ=mZ1 3 


Xx Y W 
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@ You found the @ Recognize and apply 1 @ To create the appearance of depth 


relationship between 
the angle measures 
of a triangle. 


€css) Common Core 
yy State Standards 
Content Standards 
G.C0.10 Prove theorems 


about triangles. 


Mathematical Practices 

1 Make sense of problems 
and persevere in solving 
them. 

3 Construct viable 
arguments and critique 
the reasoning of others. 
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Inequalities in One Triangle 


Why? 


properties of in a room, interior designers use a 
inequalities to the technique called triangulation. A 
measures of the basic example of this technique is 
angles of a triangle. the placement of an end table on 
each side of a sofa with a painting 


Recognize and apply 
properties of 
inequalities to the The measures of the base angles 
relationships between _ of the triangle should be less than 
the angles and sides the measure of the other angle. 
of a triangle. 


over the sofa. 


Angle Inequalities In algebra, you learned about the inequality relationship 
between two real numbers. This relationship is often used in proofs. 


oS KeyConcept Definition of Inequality | 
Words For any real numbers a and 0, a > Dif and only if there is a positive number c 
such thata= b+ ¢. 


Example lf5=2+3,then5>2and5>3. 
_ ft 


The table below lists some of the properties of inequalities you studied in algebra. 


| KeyConcept Properties of Inequality forRealNumbers sid 


The following properties are true for any real numbers a, b, and c. 


Comparison Property of Inequality a<b,a=b,ora>b 


Transitive Property of Inequality . lfa< bandb<c,thena<c. 


1 
2. lfa>bandb>c,thena>c. 


Addition Property of Inequality .lfa>b,thena+c>b+e. 


1 
2. fa<b,thena+c<b+c. 


Subtraction Property of Inequality 1. lfa>b,thena—c>b-ce. 


2. lfa< b,thena—c<b-c. 
\ _/ 


The definition of inequality and the properties of 
inequalities can be applied to the measures of angles 
and segments, since these are real numbers. Consider 
1, 22, and Z3 in the figure shown. 


By the Exterior Angle Theorem, you know that 1 
mZ1=mZ2+m2Z3. 


Since the angle measures are positive numbers, we can also say that 


mZ1>mZ2 and mZ1 > mZ3 
by the definition of inequality. This result suggests the following theorem. 


yo0}S1adns/y90}s0}0) a6e 


| Theorem 5.8 Exterior Angle Inequality 
{fo 7 5 ; A 
ReviewVocabulary The measure of an exterior angle ofa triangle is greater 
; than the measure of either of its corresponding remote 
Remote Interior Angle Each interior angles. 
exterior angle of a triangle C 
has two remote interior Example: mZ1 > mZA . ; 
angles that are not adjacent mZ1 > mZB 
to the exterior angle. \ 
Ne 


The proof of Theorem 5.8 is in Lesson 5-4. 


Example 1 


Use the Exterior Angle Inequality Theorem to list all 
of the angles that satisfy the stated condition. 


a. measures less than mZ7 
Z7 is an exterior angle to AKML, with 24 and 25 as 


corresponding remote interior angles. By the Exterior 
Angle Inequality Theorem, mZ7 > mZ4 and mZ7 > mZ5. 


Z7 is also an exterior angle to AJKL, with 21 and ZJKL as 
corresponding remote interior angles. So, mZ7 > mZ1 and 
mZ7 > mZJKL. Since mZJKL = mZ2 + mZA4, by substitution 
mZ7 >mZ2 + mZ4. Therefore, mZ7 > mZ2. 


So, the angles with measures less than mZ7 are 21, 22, 24, 25. 
b. measures greater than m6 


Z3 is an exterior angle to AKLM. So by the Exterior Angle Inequality Theorem, 
mZ3 > mZO6. Because Z8 is an exterior angle to AJKL, mZ8 > mZ6. Thus, the 
measures of Z3 and Z8 are greater than mZ6. 


GuidedPractice 


1A. measures less than mZ1 


2yQ 
1B. measures greater than mZ8 ow 
1 
P R 


Be CcreLIlRaIcorealls Angle-Side Inequalities In Lesson 4-6, you learned that if two sides of a triangle 
identify the side opposite an are congruent, or the triangle is isosceles, then the angles opposite those sides are 
angle. The sides that form the | COngruent. What relationship exists if the sides are not congruent? Examine the longest 
angle cannot be the sides and shortest sides and smallest and largest angles of a scalene obtuse triangle. 


opposite the angle. A _ Smallest angle 


A 
‘ 
B C B C 


largest angle shortest side 


WatchOut! 


Identifying Side Opposite 


Notice that the longest side and largest angle of AABC are opposite each other. Likewise, 
the shortest side and smallest angle are opposite each other. 


———T aN 
yy LE 345 |») 


WatchOut! 


Symbols for Angles and 
Inequalities The symbol for 
angle (Z) looks similar to 
the symbol for less than (<), 


Be careful to write the 
symbols correctly in 
situations where both 
are used. 


especially when handwritten. 


The side-angle relationships in an obtuse scalene triangle are true for all triangles, and are 
stated using inequalities in the theorems below. 


Theorems Angle-Side Relationships in Triangles 


5.9 If one side of a triangle is longer than another side, Y 
then the angle opposite the longer side has a greater 
measure than the angle opposite the shorter side. 


9 7 
Example: XY> YZ,somZZ> mZX. 
x Z 
5.10 If one angle of a triangle has a greater measure L 
than another angle, then the side opposite the J — 
greater angle is longer than the side opposite the me 
lesser angle. 
Example: mZJ> mZK,so KL > JL. pe 
K 
Proof Theorem 5.9 
Given: AABC, AB > BC B 
Prove: mZBCA > mZA i 
A C 


Proof: 


Since AB > BC in the given AABC, there exists a point D on AB such that BD = BC. Draw CD to form 
isosceles ABCD. By the Isosceles Triangle Theorem, 271 = 22,so mZ1 = mZ2 by the definition of 
congruent angles. 


By the Angle Addition Postulate, mZBCA = mZ2 + mZ3,so mMZBCA > mZ2 by the definition of 
inequality. By substitution, mZBCA > mZ1. 


By the Exterior Angle Inequality Theorem, mZ1 > mZA. Therefore, because mZBCA > mZ1 and 
mZ1 > mZA, by the Transitive Property of Inequality, mZBCA > mZA. 


You will prove Theorem 5.10 in Lesson 5-4, Exercise 31. 


Example 2 


List the angles of APQR in order from smallest P 
to largest. 


The sides from shortest to longest are PR, PQ, OR. 7.5 

The angles opposite these sides are ZQ, ZR, and ZP, 94 
respectively. So the angles from smallest to largest R 

are ZQ, ZR, and ZP. 


GuidedPractice A 


2. List the angles and sides of AABC in order 37 B 
from smallest to largest. 
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Real-WorldCareer 


Interior Designer An interior 
designer decorates a space 
so that it is visually pleasing 
and comfortable for people to 
live or work in. Designers 
must know color and paint 
theory, lighting design, and 
space planning. A bachelor’s 
degree is recommended for 
entry-level positions. 
Graduates usually enter a 1- to 
3-year apprenticeship before 
taking a licensing exam. 


Example 3 


List the sides of AFGH in order from shortest to longest. F 


First find the missing angle measure using the Triangle 
Angle Sum Theorem. 


mZF = 180 — (45 + 56) or 79 G 


So, the angles from smallest to largest are ZG, ZH, 
and ZF. The sides opposite these angles are FH, 

FG, and GH, respectively. So, the sides from shortest 
to longest are FH, FG, GH. 


GuidedPractice 


3. List the angles and sides of AWXY in order Ww 
from smallest to largest. 


SB 


You can use angle-side relationships in triangles to solve real-world problems. 


Real-World Example 4 


INTERIOR DESIGN An interior designer uses 
triangulation to create depth in a client’s 
living room. If ZB is to be less than mZA, 
which distance should be longer—the 
distance between the two lamps or the 
distance from the lamp at B to the midpoint 
of the top of the artwork? Explain. 


According to Theorem 5.10, in order for mZB < mZA, the length of the side opposite 
ZB must be less than the length of the side opposite ZA. Since AC is opposite ZB, 

and BC is opposite ZA, then AC < BC and BC > AC. So BC, the distance between the 
lamps, must be greater than the distance from the lamp at B to the midpoint of the top 
of the artwork. 


GuidedPractice 


4, LIFEGUARDING During lifeguard training, 
an instructor simulates a person in distress 
so that trainees can practice their rescue skills. 
If the instructor, Trainee 1, and Trainee 2 are 
located in the positions shown on the diagram, 
which of the two trainees is closest to the 
instructor? 


Check Your Understanding 


Example 1 Use the Exterior Angle Inequality Theorem to list all of the 
angles that satisfy the stated condition. 


measures less than mZ4. 


measures greater than mZ7 


1. 
2. 
3. measures greater than mZ2 
4. 


measures less than mZ9 


Examples 2-3 List the angles and sides of each triangle in order from smallest to largest. 


5. A 2.8 6. J 


Example 4 7. HANG GLIDING The supports on a hang 
glider form triangles like the one shown. 
Which is longer—the support represented 
by AC or the support represented by BC? 
Explain your reasoning. 


Practice and Problem Solving Extra Practice is on page R5. 


Example 1 CESS SENSE-MAKING Use the Exterior Angle Inequality Theorem 
to list all of the angles that satisfy the stated condition. 4\5 
8. measures greater than mZ2 
9. measures less than mZ4 
10. measures less than mZ5 
11. measures less than mZ9 
12. measures greater than mZ8 


13. measures greater than mZ7 


Examples 2-3 List the angles and sides of each triangle in order from smallest to largest. 


14, y (15) R 16. H 


61° 
17. M 18. A B 19. Cc 
79° 
P<52° 
49° 
ia 


ae 
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Example 4 


20. SPORTS Ben, Gilberto, and Hannah are (21) RAMPS The wedge below represents a bike 


playing Ultimate. Hannah is trying to ramp. Which is longer, the length of the 
decide if she should pass to Ben or Gilberto. ramp XZ or the length of the top surface of 
Which player should she choose in order to the ramp YZ? Explain your reasoning using 
have the shorter passing distance? Explain Theorem 5.9. 


your reasoning. 


List the angles and sides of each triangle in order from smallest to largest. 


23. M (ox 4.3)° 


Use the figure at the right to determine which angle 


1 
has the greatest measure. al, 
24. 21, 25, 26 25. 22, 24, 26 J 


PO 


Fi 
\ 


26. 27, 24, 25 27. 23, Z11, 212 

28. 23, 29, 214 29. 28, 210, Z11 

a> 

CCSS SENSE-MAKING Use the figure at the righttodetermine A 3 8B 14 CG 


the relationship between the measures of the given angles. 


30. ZABD, ZBDA 31. ZBCF, ZCFB 3 1 


32. ZBFD, ZBDF 33. ZDBF, ZBFD 


D 5 F 
Use the figure at the right to determine the relationship M P 
between the given lengths. 
34. SM, MR 35. RP, MP 
36. RQ, PQ 37. RM, RQ 


38. HIKING Justin and his family are hiking 
around a lake as shown in the diagram 
at the right. Order the angles of the triangle 
formed by their path from largest to smallest. 
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COORDINATE GEOMETRY List the angles of each triangle with the given vertices in order 
from smallest to largest. Justify your answer. 


@ A(-4, 6), B-2, 1), C6, 6) 40. X(-3, -2), Y(3, 2), Z(-3, -6) 
41. List the side lengths of the triangles in the figure A B 
from shortest to longest. Explain your reasoning. 
10 
83° 
ie 42° 
12 D 


42, 6G? MULTIPLE REPRESENTATIONS In this problem, you will explore the relationship 
between the sides of a triangle. 


a. Geometric Draw three triangles, including one acute, one obtuse, and 
one right angle. Label the vertices of each triangle A, B, and C. 


b. Tabular Measure the length of each Triangle | AB | BC | AB + BC | CA 
side of the three triangles. Then copy Acute 
and complete the table. 


Obtuse 
Right 


c. Tabular Create two additional tables like the one above, finding the sum of BC and 
CA in one table and the sum of AB and CA in the other. 


d. Algebraic Write an inequality for each of the tables you created relating the measure 
of the sum of two of the sides to the measure of the third side of a triangle. 


e. Verbal Make a conjecture about the relationship between the measure of the 
sum of two sides of a triangle and the measure of the third side. 


H.0.T. Problems Use Higher-Order Thinking Skills 


43. WRITING IN MATH Analyze the information given Q 
in the diagram and explain why the markings 
must be incorrect. P R 


44, CHALLENGE Using only a ruler, draw AABC such 
that mZA > mZB > mZC. Justify your drawing. 


45. OPEN ENDED Give a possible measure for AB in A 
AABC shown. Explain your reasoning. 


a> 

46. cess ARGUMENTS Is the base of an isosceles triangle Cc 34° 
always, sometimes, or never the longest side B 
of the triangle? Explain. 


47. CHALLENGE Use the side lengths in the 17cm 
figure to list the numbered angles in 
order from smallest to largest given 
that mZ2 = mZ5. Explain your reasoning. 12cm 10cm 


48. EA) WRITING IN MATH Why is the hypotenuse 
always the longest side of a triangle? 8cm 
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Standardized Test Practice 


49. STATISTICS The chart shows the number and 50. Two angles of a triangle have measures 45° and 
types of DVDs sold at three stores. 92°. What type of triangle is it? 
DVD Type Saal Raina isiaes F obtuse scalene H acute scalene 
Comedy G obtuse isosceles J acute isosceles 


Acton 51. EXTENDED RESPONSE Ata five-star restaurant, a 


waiter earns a total of t dollars for working h 
Science Fiction hours in which he receives $198 in tips and 
Total makes $2.50 per hour. 


Horror 


a. Write an equation to represent the total 
amount of money the waiter earns. 


b. If the waiter earned a total of $213, how 


According to the information in the chart, which 
of these statements is true? 


A The mean number of DVDs sold per store many hours did he work? 
was 56. c. If the waiter earned $150 in tips and worked 
B Store 1 sold twice as many action and horror for 12 hours, what is the total amount of 
films as store 3 sold of science fiction. money he earned? 
C Store 2 sold fewer comedy and science fiction 
than store S:cald. 52. SAT/ACT Which expression has the least value? 
D The mean number of science fiction DVDs A |-99| D |—28| 
sold per store was 46. B |45| E |15| 
Cc |-39| 


Spiral Review 


In AXYZ, P is the centroid, KP = 3, and XJ = 8. xX 


Find each length. (Lesson 5-2) 8 

J 
53, XK E3 Lx 
54. YJ (ae 


COORDINATE GEOMETRY Write an equation in slope-intercept form for the perpendicular 
bisector of the segment with the given endpoints. Justify your answer. (Lesson 5-1) 


55. D(—2, 4) and E(3, 5) 56. D(—2,—4) and E(2, 1) 


57. JETS The United States Navy Flight Demonstration Squadron, the Blue Angels, 
flies in a formation that can be viewed as two triangles with acommon side. —__ R 
Write a two-column proof to prove that ASRT = AQRT if T is the midpoint of SQ 
and SR = QR. (Lesson 4-4) 


S Q 

58. POOLS A rectangular pool is 20 feet by 30 feet. The depth of the pool is 60 inches, ” 

but the depth of the water is + of the depth of the pool. Find each measure to 

the nearest tenth. (Lesson 1-7) 

a. the surface area of the pool b. the volume of water in the pool 

Skills Review 

Determine whether each statement is true or false if x = 8, y = 2, and z = 3. 
59. z(x — y) = 13 60. 2x = 3yz 6l.x+y>z+y 
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Mid-Chapter Quiz 


Lessons 5-1 through 5-3 
Find each measure. (\esson 5-1) 
1. AB 


2. JL 
A 
3x+5 J 6 |M L 
5x— 11 ‘ia 
C 
15 K 
B 


3. CAMP Camp Onawatchi ends with a game of capture the 
flag. If the starting locations of three teams are shown in the 
diagram below, with the flag at a point equidistant from each 
team’s base, how far from each base is the flag in feet? 
(Lesson 5-1) 


Team 2 
40 ft 
30 ft 
Flag 
Team 1 Team 3 
Find each measure. (\esson 5-1) 
4. ZMNP 5. XY 
L Z 


In ARST, Zis the centroid R 
and RZ = 18. Find each length. 14 
(Lesson 5-2) Ww 


6. ZV 
7. SZ 


COORDINATE GEOMETRY Find the coordinates of the centroid of 
each triangle with the given vertices. (Lesson 5-2) 


9. A(1, 7), B(4, 2), C(7, 7) 
10. X(—11, 0), Y—11, —8), A-1, —4) 
11. A(—6, 4), (—2, —2), 7(2, 4) 
12. A—5, 5), —5, —1), L(1, 2) 
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13. ARCHITECTURE An architect is designing a high school 
building. Describe how to position the central office so that it 
is at the intersection of each hallway connected to the three 
entrances to the school. (Lesson 5-2) 


List the angles and sides of each triangle in order 
from smallest to largest. (Lesson 5-3) 


14, T 15. F 


16. VACATION Kailey plans to fly over the route marked on the 
map of Hawaii below. (Lesson 5-3) 


a. If mZA= 2 + mZBand mZC = 2(mZB) — 14, what are 
the measures of the three angles? 


b. What are the lengths of Kailey’s trip in order of least to 
greatest? 


c. The length of the entire trip is about 68 miles. The middle 
leg is 11 miles greater than one-half the length of the 
shortest leg. The longest leg is 12 miles greater than 
three-fourths of the shortest leg. What are the lengths of 
the legs of the trip? 


Use the Exterior Angle Inequality 
Theorem to list all of the angles that 
satisfy the stated condition. (Lesson 5-3) 


17. measures less than mZ8 


18. measures greater than mZ3 


19. measures less than mZ10 


Geometry Lab 
Matrix Logic 


Matrix logic uses a rectangular array in which you record what you have learned from clues in order 
to solve a logic or reasoning problem. Once all the rows and columns are filled, you can deduce 
the answer. 


FOOD Matt, Abby, Javier, Corey, and Keisha go to an Italian restaurant. Each 

orders their favorite dish: ravioli, pizza, lasagna, manicotti, or spaghetti. Javier loves 
ravioli, but Matt does not like pasta dishes. Abby does not like lasagna or manicotti. 
Corey’s favorite dish does not end in the letter i. What does each person order? 


| Step 1 | Create an appropriate matrix. 


Use a5 x 5 matrix that includes each person’s name as 


Favorite Dish 


the header for each row and their possible favorite foods 2 3S 2 

as the header for each column. aS s|s 

fom E|] oa 

XG Use each clue and logical reasoning to fill in the matrix. Matt |x |” = 
' . oa ; . Abby | x | x 
e Since Javier loves ravioli, place a V in Javier’s row ‘avi a 

under ravioli and an x in every other cell in his row. iad . 
Since only one person likes each dish, you can place Corey | x | x 
an x in every other cell in the ravioli column. Keisha | x | x 


¢ Since Matt does not like pasta, you know that Matt 
cannot like manicotti, ravioli, lasagna, or spaghetti, which 
are all pasta dishes. Therefore, Matt must like pizza. Place a ¥ 


Favorite Dish 


in Matt’s row under pizza. Place an x in every other cell _ s 5 8 
in Matt’s row and in every other cell in the pizza column. Si8|/ Fl s/2 
S/s/s8|/&/ a 
¢ Since Abby does not like lasagna or manicotti, place Matt |x }|“%|x}]x|x 
an xX in Abby’s row under lasagna and manicotti. This Abby |x |x| xi xiv 
leaves only spaghetti without an x for Abby s Tow. ier | se | ele 
Therefore, you can conclude that Abby must like . 
spaghetti. Place a V in that cell and an x in every other Garey: | |S ay 
cell in the spaghetti column. Keisha | x | x x 


¢ From the matrix, you can see that Corey’s favorite dish 
must be either lasagna or manicotti. However, since 
Corey’s favorite dish does not end in the letter i, you can 
conclude that Corey must like lasagna. In Corey’s row, 


Favorite Dish 


place a V under lasagna and an x under manicotti. €/£ | 
e This leaves only one empty cell in Keisha’s row, so you 3 Ela 
can conclude that her favorite dish is manicotti. Matt |x l7ilxl xl xi 
; Abb’ v 
| Step 3 | Use your matrix to state the answer to the problem. i om Beal ae 
; ; Javier |}/ |x |x] x] x 
From the matrix you can state that Matt orders pizza, Abby Gorey |x Ise l-v [ose Pox 
orders spaghetti, Javier orders ravioli, Corey orders lasagna, : 
and Keisha orders manicotti. Matelid | 96) at: [| 7 |X 
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Geometry Lab 


Matrix Logic Continued 


Use a matrix to solve each problem. 


1. SPORTS Trey, Nathan, Parker, and Chen attend the same school. Each participates in 
a different school sport: basketball, football, track, or tennis. Use the following clues 
to determine in which sport each student participates. 


e Nathan does not like track or basketball. 
¢ Trey does not participate in football or tennis. 
e Parker prefers an indoor winter sport. 


¢ Chen scored four touchdowns in the final game of the season. 


2. FAMILY The Martin family has five children. Use the following clues to determine 
in what order the children were born. 


¢ Grace is older than Hannah. 

¢ Thomas is younger than Sarah. 

e Hannah is older than Thomas and Samuel. 
¢ Samuel is older than Thomas. 


e Sarah is older than Grace. 


3. PETS Alejandra, Tamika, and Emily went to a pet store. 
Each girl chose a different pet to adopt: a dog, a rabbit, 
or a cat. Each girl named her pet Sweet Pea, Zuzu, or Roscoe. 
Use the following clues and the matrix shown to determine 
the animal each girl adopted and what name she gave her pet. 


Pet Name 


¢ The girl who adopted a dog did not name it Sweet Pea. 


Alejandra 
Tamika 


¢ Tamika’s pet, who she named Zuzu, is not the type of animal 
that hops. 


¢ Roscoe, who is not a cat, was adopted by Emily. 


¢ The rabbit was not adopted by Alejandra. 


4, GEOMETRY Kasa, Marcus, and Jason each drew a triangle, no two of which 
share the same side or angle classification. Use the following clues to determine what 
type of triangle each person has drawn. 


¢ Kasa did not draw an equilateral triangle. 
e Marcus’ triangle has one angle that measures 25 and another that measures 65. 
e Jason drew a triangle with at least one pair of congruent sides. 


e The obtuse triangle has two congruent angles. 
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Indirect Proof 


:- Then :-‘Now :- Why? 


@ You wrote paragraph, @ Write indirect @ Matthew: “I’m almost positive Friday is not a 


two-column, and algebraic proofs. teacher work day, but | can’t prove it.” 
fowibroats: Write indirect Kim: “Let’s assume that Friday is a teacher 
geometric proofs. work day. What day is our next 


Geometry test?” 


Ana: “Hmmm... according to the syllabus, 
it’s this Friday. But we don’t have 
tests on teacher work days—we’re 
not in school.” 


Jamal: “Exactly—so that proves it! This 
Friday can’t be a teacher work day.” 


>] NewVocabular 
indirect reasoning y Indirect Algebraic Proof The proofs you have written have been direct proofs—you 


indirect proof started with a true hypothesis and proved that the conclusion was true. In the 


proof by contradiction example above, the students used indirect reasoning, by assuming that a conclusion was 
false and then showing that this assumption led to a contradiction. 


In an indirect proof or proof by contradiction, you temporarily assume that what you 


are trying to prove is false. By showing this assumption to be logically impossible, you 


Common Core prove your assumption false and the original conclusion true. Sometimes this is called 
y/ State Standards proof by negation. 
Content Standards fi 
G.C0.10 Prove theorems 
about triangles. _KeyConcept How to Write an Indirect Proof i“) 


Helena iat ESG@R0 Identity the conclusion you are asked to prove. Make the assumption that this conclusion is 


the reasoning of others. 


2 Reason abstractly and 
quantitatively. 


F§Gh Use logical reasoning to show that this assumption leads to a contradiction of the hypothesis, 
or some other fact, such as a definition, postulate, theorem, or corollary. 


FSG@E! Point out that since the assumption leads to a contradiction, the original conclusion, what you 


were asked to prove, must be true. 
\ S 


Example 1 
State the assumption necessary to start an indirect proof of each statement. 


a. If 6 is a factor of n, then 2 is a factor of n. 


The conclusion of the conditional statement is 2 is a factor of n. The negation of the 
conclusion is 2 is not a factor of n. 


b. 23 is an obtuse angle. 
If 23 is an obtuse angle is false, then 23 is not an obtuse angle must be true. 


GuidedPractice 
1A. x >5 1B. AXYZ is an equilateral triangle. 
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Indirect proofs can be used to prove algebraic concepts. 


Example 2 


Write an indirect proof to show that if —3x + 4 > 16, then x < —4. 
Given: —3x +4> 16 


Prove: x < —4 


| Step 1 | Indirect Proof: 


The negation of x < —4 is x > —4. So, assume that x > —4 or x = —4 is true. 


Bor Make a table with several possibilities for x assuming x > —4 or x = —4. 


x a4 | =e | 2 | at]. 0 
myewee ic | 13: | 10 | 7 | 4 


When x > —4, —3x + 4 < 16 and when x = —4, -3x +4 = 16. 


ReadingMath 


Contradiction 

A contradiction is a principle 
of logic stating that an 
assumption cannot be both A 
and the opposite of A at the 
same time. 


ESE] In both cases, the assumption leads to the contradiction of the given 
information that —3x + 4 > 16. Therefore, the assumption that x > —4 
must be false, so the original conclusion that x < —4 must be true. 


GuidedPractice 


Write an indirect proof of each statement. 


2A. If 7x > 56, then x > 8. 2B. If —c is positive, then c is negative. 


Indirect reasoning and proof can be used in everyday situations. 


Real-World Example 3 


PROM COSTS Javier asked his friend Christopher the cost of his meal and his date’s 
meal when he went to dinner for prom. Christopher could not remember the 
individual costs, but he did remember that the total bill, not including tip, was over 
$60. Use indirect reasoning to show that at least one of the meals cost more than $30. 


Let the cost of one meal be x and the cost of the other meal be y. 


| Step 1 | Given: x + y > 60 
Prove: x > 30 or y > 30 


Indirect Proof: 


Real-WorldLink Assume that x < 30 and y < 30. 
a) ing ecjetes Bow if x < 30 and y < 30, thenx + y < 30+ 30 orx + y < 60. This is a contradiction 
se lade ali because we know that x + y > 60. 
$75-$125 the range in cost 
for a tuxedo rental ESGMEd Since the assumption that x < 30 and y < 30 leads to a contradiction of a 
around $150 the cost of a known fact, the assumption must be false. Therefore, the conclusion that 
fancy dinner for two x > 30 or y > 30 must be true. Thus, at least one of the meals had to cost 
$100-$200 the range in cost more than $30. 
of prom tickets per couple 
someone GuidedPractice 

J 


3. TRAVEL Cleavon traveled over 360 miles on his trip, making just two stops. 
Use indirect reasoning to prove that he traveled more than 120 miles on one leg 
of his trip. 


is) 356 | Lesson 5-4 | Indirect Proof 


sabew| Aye9/a14q4901S 


Indirect proofs are often used to prove concepts in number theory. In such proofs, it is 
helpful to remember that you can represent an even number with the expression 2k and 
an odd number with the expression 2k + 1 for any integer k. 


Example 4 


Write an indirect proof to show that if x + 2 is an even integer, then x is an 
even integer. 


| Step 1 | Given: x + 2 is an even integer. 
Prove: x is an even integer. 


Indirect Proof: 
Assume that x is an odd integer. This means that x = 2k + 1 for some integer k. 


| Step 2 | x+2=(2k+1)4+2 Substitution of assumption 
= (2k+2)+1 Commutative Property 
=2(k+1)+1 Distributive Property 


Now determine whether 2(k + 1) + 1 is an even or odd integer. Since k is an 
integer, k + 1 is also an integer. Let m represent the integer k + 1. 


2k+1)+1=2m+1 Substitution 


So, x + 2 can be represented by 2m + 1, where m is an integer. But this 
representation means that x + 2 is an odd integer, which contradicts the 
given statement that x + 2 is an even integer. 


WatchoOut! 
cess Arguments Proof by 


contradiction and using a 
counterexample are not the 
same. A counterexample 
helps you disprove a 
conjecture. It cannot be used 
to prove a conjecture. 


| Step 3 | Since the assumption that x is an odd integer leads to a contradiction of the 
given statement, the original conclusion that x is an even integer must be true. 


GuidedPractice 


4. Write an indirect proof to show that if the square of an integer is odd, then the 
integer is odd. 


Indirect Proof with Geometry Indirect reasoning can be used to prove statements 
in geometry, such as the Exterior Angle Inequality Theorem. 


Example 5 


If an angle is an exterior angle of a triangle, prove that A 
its measure is greater than the measure of either of its 
corresponding remote interior angles. 


| Step 1 | Draw a diagram of this situation. Then identify 
what you are given and what you are asked 
to prove. B 


Given: Z4 is an exterior angle of AABC. C 
Prove: mZ4 >mZ1 and mZ4 > mZ2. 


Indirect Proof: 
Assume that mZ4 4 mZ1 or mZ4 $ mZ2. 
In other words, mZ4 < mZ1 or mZ4 < mZ2. 


(continued on the next page) 
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| Step 2 | You need only show that the assumption m2Z4 < mZ1 leads to a contradiction. 
The argument for mZ4 < mZ2 follows the same reasoning. 


mZA4 < mZ1 means that either mZ4 = mZ1 or mZ4 < mZ1. 
Casel mZ4=mZ1 
mZ4=mZ1+mZ2 Exterior Angle Theorem 
mZ4=mZ4+mZ2 Substitution 


r 
StudyTip 0=mZ2 Subtract mZ4 from each side. 
Recognizing Contradictions This contradicts the fact that the measure of an angle is greater than 0, 
Remember that the so mZ4 # mZ1. 
contradiction in an indirect 
proof is not always of the Case2 mZ4<mZ1 


given information or the 


assumption. It can be of a By the Exterior Angle Theorem, mZ4 = mZ1 + mZ2. Since angle 


known fact or definition, measures are positive, the definition of inequality implies that 
such as in Case 1 of Example mZ4 > mZ1. This contradicts the assumption that mZ4 < mZ1. 
5—the measure of an angle 
must be greater than 0. | Step 3 | In both cases, the assumption leads to the contradiction of a theorem 

\ J or definition. Therefore, the original conclusion that mZ4 > mZ1 and 


mZA > mZ2 must be true. 


GuidedPractice 


5. Write an indirect proof. O 
Given: MO = ON, MP # NP 
Prove: ZMOP # ZNOP 


Check Your Understanding = Step-by-Step Solutions begin on page R14. 
Example 1 State the assumption you would make to start an indirect proof of each statement. 
1. AB=CD 2. AXYZ is a scalene triangle. 
(3) If 4x < 24, then x < 6. 4. ZA is not a right angle. 


Example 2 Write an indirect proof of each statement. 
5. If2x + 3 < 7, then x <2. 6. If 3x —4>8, then x > 4. 


Example 3 7. LACROSSE Christina scored 13 points for her high school lacrosse team during the last 
six games. Prove that her average points per game was less than 3. 


Example 4 8. Write an indirect proof to show that if 5x — 2 is an odd integer, then x is an odd 
integer. 


Example 5 Write an indirect proof of each statement. 


9. The hypotenuse of a right triangle is the longest side. 


10. If two angles are supplementary, then they both cannot be obtuse angles. 
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Practice and Problem Solving 


Example 1 State the assumption you would make to start an indirect proof of each statement. 


11 
12 


13. 
14. 


15. 
16. 


. If 2x > 16, then x > 8. 
. Zl and 22 are not supplementary angles. 
If two lines have the same slope, the lines are parallel. 


If the consecutive interior angles formed by two lines and a transversal are 
supplementary, the lines are parallel. 


If a triangle is not equilateral, the triangle is not equiangular. 


An odd number is not divisible by 2. 


Example 2 Write an indirect proof of each statement. 


(a7) If 2x —7 > —11, thenx > —2. 18. If 5x + 12 < —33, thenx < —9. 


19. If —3x + 4<7,thenx > —1. 20. If —2x —6 > 12, then x < —9. 


Example 3 21. COMPUTER GAMES Kwan-Yong bought two computer games for just over $80 before tax. 


22. 


A few weeks later, his friend asked how much each game cost. Kwan-Yong could not 
remember the individual prices. Use indirect reasoning to show that at least one of the 
games cost more than $40. 


FUNDRAISING Jamila’s school is having a Fall Carnival to raise money for a local charity. 
The cost of an adult ticket to the carnival is $6 and the cost of a child’s ticket is $2.50. If 
375 total tickets were sold and the profit was more than $1460, prove that at least 150 
adult tickets were sold. 


a 
Examples 4-5 CESS ARGUMENTS Write an indirect proof of each statement. 


23. 


25. 


27. 


29. 
30. 
31. 
32. 


Given: xy is an odd integer. 24. Given: 1? is even. 

Prove: x and y are both odd Prove: 17 is divisible by 4. 
integers. 

Given: x is an odd number. 26. Given: xy is an even integer. 

Prove: x is not divisible by 4. Prove: xX or y is an even integer. 

Given: XZ > YZ 28. Given: AABC is equilateral. 

Prove: ZX ¢ ZY Prove: AABC is equiangular. 

x A 
Y Z B Cc 
In an isosceles triangle neither of the base angles can be a right angle. 


A triangle can have only one right angle. 
Write an indirect proof for Theorem 5.10. 


Write an indirect proof to show that iff < 0, then b is negative. 


Nau 


Extra Practice is on page R5. 
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33. BASKETBALL In basketball, there are three possible ways to score three points in a single 
possession. A player can make a basket from behind the three-point line, a player may 
be fouled while scoring a two-point shot and be allowed to shoot one free throw, or 
a player may be fouled behind the three-point line and be allowed to shoot three free 
throws. When Katsu left to get in the concession line, the score was 28 home team to 26 
visiting team. When she returned, the score was 28 home team to 29 visiting team. 
Katsu concluded that a player on the visiting team had made a three-point basket. 
Prove or disprove her assumption using an indirect proof. 


34, GAMES A computer game involves a knight on a quest for treasure. At the end of the 
journey, the knight approaches the two doors shown below. 


Aservant tells the knight that one of the signs is true and the other is false. Use indirect 
reasoning to determine which door the knight should choose. Explain your reasoning. 


(35) SURVEYS Luisa’s local library conducted an 
online poll of teens to find out what What Teens Do to Preserve the Environment 
activities teens participate in to preserve 
the environment. The results of the poll 
are shown in the graph. 


sc 
a. Prove: More than half of teens polled = 3 
said that they recycle to preserve the g re 
environment. a3 

b. If 400 teens were polled, verify that 92 3% 


said that they participate in Earth Day. 


Recycle Participate in Use abike Plant more 
Earth Day orcarpool _ trees 


Type of Activity 


la~ 

36. cess REASONING James, Hector, and Mandy all have different color cars. Only one of 
the statements below is true. Use indirect reasoning to determine which statement 
is true. Explain. 
(1) James has a red car. 


(2) Hector does not have a red car. 


(3) Mandy does not have a blue car. 


i) 360 | Lesson 5-4 | Indirect Proof 


Determine whether each statement about the shortest distance between a point and 
a line or plane can be proved using a direct or indirect proof. Then write a proof of 
each statement. 


(7) Given: AB _ line p 38. Given: PQ 1 plane M 
Prove: AB is the shortest segment Prove: PQ is the shortest segment 
from A to line p. from P to plane M. 
A 


39. NUMBER THEORY In this problem, you will make and prove a conjecture about a number 
theory relationship. 


a. Write an expression for the sum of the cube of a number and three. 


b. Create a table that includes the value of the expression for 10 different values of n. 
Include both odd and even values of n. 


c. Write a conjecture about m when the value of the expression is even. 


d. Write an indirect proof of your conjecture. 


H.0.T. Problems Use Higher-Order Thinking Skills 


40. WRITING IN MATH Explain the procedure for writing an indirect proof. 


41. OPEN ENDED Write a statement that can be proven using indirect proof. Include the 
indirect proof of your statement. 


42. CHALLENGE If x is a rational number, then it can be represented by the quotient : for 


some integers a and b, if b # 0. An irrational number cannot be represented by the 
quotient of two integers. Write an indirect proof to show that the product of a nonzero 
rational number and an irrational number is an irrational number. 


iA 
43. CESS CRITIQUE Amber and Raquel are trying to verify the following statement using 
indirect proof. Is either of them correct? Explain your reasoning. 


If the sum of two numbers is even, then the numbers are even. 


Awbev Raguet 


the statement is true. If The statement ts true. 

one of the numbers is even If the tion sore are 

and the othev number is ELS ORTOP eS 
conclusion Us fue, the 
statement ts true. 


zevo, then the sum is even. 
Since the hypothesis is true 
even when the conclusion is 


false, the statement is true. 


44, WRITING IN MATH Refer to Exercise 8. Write the contrapositive of the statement 
and write a direct proof of the contrapositive. How are the direct proof of the 
contrapositive of the statement and the indirect proof of the statement related? 


261 


Standardized Test Practice 


45. SHORT RESPONSE Write an equation in slope- 47. List the angles of AMNO in order from smallest 
intercept form to describe the line that to largest if MN = 9, NO = 7.5, and OM = 12. 
passes through the point (5, 3) and is parallel F ZN, ZO, ZM 
ieee = oo by the equation G ZO, ZM, ZN 

H ZO, ZN, ZM 

46. Statement: If 7A = ZB and ZA is supplementary J 2M, ZO, ZN 
to ZC, then ZB is supplementary to ZC. 

Dia is proving the statement above by 48. SAT/ACT If b > a, which of the following 
contradiction. She began by assuming that ZB must be true? 

is not supplementary to ZC. Which of the A -a>-—b 

ake oo amen will Dia use to reach a B 3a>b 

contradiction? agen 

A definition of congruence Dea 

B definition of a linear pair E —b>-—a 

C definition of a right angle 

D definition of supplementary angles 


Spiral Review 


49. PROOF Write a two-column proof. (Lesson 5-3) R 
Given: RQ bisects ZSRT. 
Prove: mZSQR > mZSRQ 


S Q T 
COORDINATE GEOMETRY Find the coordinates of the circumcenter of A B 
each triangle with the given vertices. (Lesson 5-1) S 
50. D(—3, 3), E(3, 2), F(1, —4) 51. A(4, 0), B(—2, 4), C(O, 6) 
Find each measure. (lesson 4-2) X 


52. mZ1 53. mZ4 C D 


COORDINATE GEOMETRY Find the distance between each pair of parallel 
lines with the given equations. (Lesson 3-6) 


54. x + 3y = 6 55. y= 2x +2 
x+3y=-—14 y=2x -—3 


56. RECYCLING Refer to the Venn diagram that represents the number of Curbside Recycling 
neighborhoods in a city with a curbside recycling program for paper or Paper Aluminuii 
aluminum. (Lesson 2-2) —— — 


a. How many neighborhoods recycle aluminum? 
b. How many neighborhoods recycle paper or aluminum or both? 


c. How many neighborhoods recycle paper and aluminum? 


Skills Review 


Determine whether each inequality is true or false. 


57. 23 -—11>9 58. 41 — 19 < 21 59. 57 + 68 < 115 
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dal 


Graphing Technology Lab 


The Triangle Inequality 


You can use the Cabri™ Jr. application on a TI-83/84 Plus graphing (CSS Common Core State Standards 
—- Content Standards 


: : : a! 
calculator to discover properties of triangles. G.CO.12 Make formal geometric constructions with a variety of tools 


and methods (compass and straightedge, string, reflective devices, 
paper folding, dynamic geometric software, etc.). 
Mathematical Practices 5 


Activity 1 


Construct a triangle. Observe the relationship between the sum of the lengths of 
two sides and the length of the other side. 


| Step 1 | Construct a triangle using the triangle 
tool on the F2 menu. Then use the 
Alph-Num tool on the F5 menu to label 
the vertices as A, B, and C. 


| Step 2 | Access the distance & length tool, shown as 
D. & Length, under Measure on the F5 menu. 
Use the tool to measure each side of the 
triangle. 


EE] Display AB + BC, AB + CA, and BC + CA 
by using the Calculate tool on the F5 menu. 
Label the measures. 


| Step 4 | Click and drag the vertices to change the shape of the triangle. 


Steps 2 and 3 


Analyze the Results 


1. Replace each ® with <, >, or = to make a true statement. 
AB+BC@CA AB + CA @BC BC+ CA @AB 


2. Click and drag the vertices to change the shape of the triangle. Then review your 
answers to Exercise 1. What do you observe? 


3. Click on point A and drag it to lie on line BC. What do you observe about AB, BC, 
and CA? Are A, B, and C the vertices of a triangle? Explain. 


4. Make a conjecture about the sum of the lengths of two sides of a triangle and the 
length of the third side. 


5. Do the measurements and observations you made in the Activity and in Exercises 1-3 
constitute a proof of the conjecture you made in Exercise 4? Explain. 


6. Replace each ® with <, >, or = to make a true statement. 
|AB — BC| @ CA |AB — CA| ® BC |BC — CA| @ AB 


Then click and drag the vertices to change the shape of the triangle and review your 
answers. What do you observe? 


7. How could you use your observations to determine the possible lengths of the third 
side of a triangle if you are given the lengths of the other two sides? 
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The Triangle Inequality 


Why? 


@ Yourecognizedand @ Use the Triangle @ Onahome improvement show, a designer 
applied properties Inequality Theorem wants to use scrap pieces of cording from 
of inequalities to the to identify possible another sewing project to decorate the 
relationships triangles. triangular throw pillows that she and the 
between the angles ; homeowner have made. To minimize waste, 


Prove triangle 


and sides of a ean F 
relationships using 


she wants to use the scraps without cutting 


triangle. the Triangle Inequality them. She selects three scraps at random 
9 4 and tries to form a triangle. Two such 
Theorem. 
attempts are shown. 
Common Core The Trianale I li , . : : 
| @arene State Standards e Triangle Inequality While a triangle is formed by three segments, a special 
relationship must exist among the lengths of the segments in order for them to 
Content Standards foe a tance 
G.C0.10 Prove theorems oe 
about triangles. 
G.MG.3 Apply geometric 4 A 
i ar mttaer Theorem 5.11 Triangle Inequality Theorem | 
(¢.g., designing an object or The sum of the lengths of any two sides of a triangle Q R 
SHEL WEE Seal must be greater than the length of the third side. 
constraints or minimize cost; 
working with typographic Examples PQ + 0R> PR 
grid systems based on 
ratios). QR + PR > PQ 
PR + PQ> QR P 

Mathematical Practices < < 
1 Make sense of problems You will prove Theorem 5.11 in Exercise 23. 

and persevere in solving 

them. 
2 Reason abstractly and To show that it is not possible to form a triangle with three side lengths, you need only 

quantitatively. show that one of the three triangle inequalities is not true. 


Example 1 


Is it possible to form a triangle with the given side lengths? If not, explain why not. 


a. 8 in., 15 in., 17 in. 


Check each inequality. 
8+15317 8+17315 15+1738 
23 > 17V 25>15v 32 >8V 


Since the sum of each pair of side lengths is greater than the third side length, sides 
with lengths 8, 15, and 17 inches will form a triangle. 


b. 6m,8m,14m 


6+8314 
14414 X 


Since the sum of one pair of side lengths is not greater than the third side length, 
sides with lengths 6, 8, and 14 meters will not form a triangle. 


GuidedPractice 
1A. 15 yd, 16 yd, 30 yd 1B. 2 ft, 8 ft, 11 ft 
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When the lengths of two sides of a triangle are known, the third side can be any length 
in a range of values. You can use the Triangle Inequality Theorem to determine the range 
of possible lengths for the third side. 


Standardized Test Example 2 


If the measures of two sides of a triangle are 3 feet and 7 feet, which is the least 
possible whole number measure for the third side? 


A 3 ft B 4 ft C Soft D 10 ft 


Test-TakingTip 
Testing Choices If you are 
short on time, you can test 
each choice to find the 
correct answer and eliminate 


any remaining choices. Read the Test Item 


You need to determine which value is the least possible measure for the third 
side of a triangle with sides that measure 3 feet and 7 feet. 


Solve the Test Item 


To determine the least possible measure from the choices given, first determine 
the range of possible measures for the third side. 


Draw a diagram and let x represent the length 


of the third side. 
7 ft 


Next, set up and solve each of the three triangle 


inequalities. 
Xft 
34+7>x 34+x>7 x+7>3 
10>xorx < 10 x>A4 x>-A4 


ReadingMath 


Multiple Inequality Symbols 
The compound inequality 
4<x< 10is read x is 
between 4 and 10. 


Notice that x > —4 is always true for any whole number measure for x. 
Combining the two remaining inequalities, the range of values that fit both 
inequalities is x > 4 and x < 10, which can be written as 4 < x < 10. 


The least whole number value between 4 and 10 is 5. So the correct answer 
is choice C. 


GuidedPractice 
2. Which of the following could not be the value of n? 13cm 
F 7 H 13 
G 10 J 2 aon 


Proofs Using the Triangle Inequality Theorem You can use the Triangle 
Inequality Theorem as a reason in proofs. 


eeeeeneeeeeeen al 
yy RL 365 |») 


Real-World Example 3 


TRAVEL The distance from Colorado Springs, 
Springs, Colorado, to Abilene, Texas, is the 
same as the distance from Colorado Springs 
to Tulsa, Oklahoma. Prove that a direct flight 
from Colorado Springs to Tulsa through 
Lincoln, Nebraska, is a greater distance than 
a nonstopflight from Colorado Springs to 
Real-WorldLink Abilene. 
A direct flight is not the same 
as a nonstop flight. For a 
direct flight, passengers do 
not change planes, but the 
plane may make one or more 
stops before continuing to its 
final destination. 


Draw a simpler diagram of the situation and 
label the diagram. Draw in side LT to form 
PCT 


Given: CA = CT L 
Prove: CL+ LT >CA 


Cc 
r 
A 
Proof: 
Statements | Reasons 
1. CA=CT 1. Given 


2. CL+ LT > CT 2. Triangle Inequality Theorem 
3. CL+LT>CA 3. Substitution 


GuidedPractice 
3. Write a two-column proof. 
Given: GL = LK 

Prove: JH + GH > JK 


Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Is it possible to form a triangle with the given side lengths? If not, explain why not. 
@5em, 7m, 10m 2. 3in., 4 in., 8 in. 3. 6m, 14m,10m 


Example 2 4, MULTIPLE CHOICE If the measures of two sides of a triangle are 5 yards and 9 yards, 
what is the least possible measure of the third side if the measure is an integer? 


A 4yd B 5yd C 6yd D 14yd 
Example 3 5. PROOF Write a two-column proof. Xx : 
Given: XW = YW Z 


Prove: YZ + ZW > XW 
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SIGHO9/J84oH90g PJ 


Practice and Problem Solving 


Example 1 


Example 2 


Example 3 


Extra Practice is on page R5. 


Is it possible to form a triangle with the given side lengths? If not, explain why not. 


6. 4 ft, 9 ft, 15 ft 
8. 9.9 cm, 1.1 cm, 8.2 cm 


1 3 1 
10. 25 m, ly m, 53 m 


7. 11 mm, 21 mm, 16 mm 
9, 2.1 in., 4.2 in., 7.9 in. 
14. 14 km, 41 km, 32 km 
mes) Ce” ’"4 


Find the range for the measure of the third side of a triangle given the measures 


of two sides. 

12. 4 ft, 8 ft 

14, 2.7 cm, 4.2 cm 
1 sl 

16. 5 km, 34 km 


PROOF Write a two-column proof. 


18. Given: ZBCD = ZCDB 
Prove: AB + AD > BC 


B 
/\] 
A D 


13. 5m, 11m 

15. 3.8 in., 9.2 in. 
1 2 

17. 25 yd, 73 yd 


19. Given: JL = LM 
Prove: KJ + KL > LM 


qi 
. A 
M 


cess SENSE-MAKING Determine the possible values of x. 


20. 


A 
2x + 22 
x+5 B 
5x—7 
C 


22. DRIVING Takoda wants to take the most efficient 
route from his house to a soccer tournament at 
The Sportsplex. He can take County Line Road 
or he can take Highway 4 and then Route 6 to the 


get to The Sportsplex. 


a. Which of the two possible routes is the shortest? 


Explain your reasoning. 


b. Suppose Takoda always drives below the 
speed limit. If the speed limit on County 
Line Road is 30 miles per hour and on both 
Highway 4 and Route 6 it is 55 miles per 
hour, which route will be faster? Explain. 


23. PROOF Write a two-column proof. 


Given: AABC 


A 
Prove: AC + BC > AB (Triangle Inequality Theorem) 
(Hint: Draw auxiliary segment CD, so that C is 
C B 


between B and D and CD = AC.) 


24, SCHOOL When Toya goes from science class to Science 
math class, she usually stops at her locker. The 
distance from her science classroom to her locker 4 


is 90 feet, and the distance from her locker to her 90 ft 
math classroom is 110 feet. What are the possible -_ 
distances from science class to math class if she ree (| 
takes the hallway that goes directly between the Lockers 110 ft Math 


two classrooms? 


Find the range of possible measures of x if each set of expressions represents measures 
of the sides of a triangle. 


25. x, 4,6 26. 8, x, 12 
27. x+1,5,7 28. x — 2,10,12 
29.x+2,x+4,x+6 30. x,2x+1,x+4 


31. DRAMA CLUB Anthony and Catherine are working on a ramp up to the stage for the 
drama club’s next production. Anthony’s sketch of the ramp is shown below. 
Catherine is concerned about the measurements and thinks they should recheck the 
measures before they start cutting the wood. Is Catherine’s concern valid? Explain 
your reasoning. 


lo 

32. cess SENSE-MAKING Aisha is riding her bike to the Main St. 
park and can take one of two routes. The most direct Park | Aisha’s 
route from her house is to take Main Street, but it is House 


safer to take Route 3 and then turn right on Clay 6 mi 
Road as shown. The additional distance she Clay Rd.~7 
will travel if she takes Route 3 to Clay Road is Route 3 
between how many miles? 


(33) DESIGN Carlota designed an awning that she and her 
friends could take to the beach. Carlota decides to 
cover the top of the awning with material that will 
drape 6 inches over the front. What length of material 
should she buy to use with her design so that it covers 
the top of the awning, including the drape, when the 
supports are open as far as possible? Assume that the 
width of the material is sufficient to cover the awning. 


wooden supports 


ESTIMATION Without using a calculator, determine if it is possible to form a triangle with 
the given side lengths. Explain. 


34. V8 ft, V2 ft, V35 ft 35. V99 yd, V48 yd, V65 yd 
36. V3 m, V15 m, V24m 37. V/122 in., V5 in., 26 in. 
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LA 
CESS REASONING Determine whether the given coordinates are the vertices of a 
triangle. Explain. 


38. X(1, —3), Y(6, 1), Z(2, 2) (39) F(—4, 3), G(3, —3), H(4, 6) 
40. J(—7, -1), K(9, —5), L(21, —8) 41. Q(2, 6), R(6, 5), S(1, 2) 


42, 6§? MULTIPLE REPRESENTATIONS In this problem, you will use inequalities to make 
comparisons between the sides and angles of two triangles. 


a. Geometric Draw three pairs of triangles that have two pairs of congruent sides 
and one pair of sides that is not congruent. Mark each pair of congruent sides. 


Label each triangle pair ABC and DEF, where AB = DE and AC = DF. 


b. Tabular Copy the table below. Measure and record the values of BC, mZA, EF, 
and mZD for each triangle pair. 


Triangle Pair 


c. Verbal Make a conjecture about the relationship between the angles opposite the 
noncongruent sides of a pair of triangles that have two pairs of congruent legs. 


H.0.T. Problems Use Higher-Order Thinking Skills 


43. CHALLENGE What is the range of possible B E 
perimeters for figure ABCDE if AC = 7 
and DC = 9? Explain your reasoning. Cc 


44, REASONING What is the range of lengths of each A D 
leg of an isosceles triangle if the measure of the 
base is 6 inches? Explain. 


45. EA) WRITING IN MATH What can you tell about a triangle when given three side lengths? 
Include at least two items. 


46. CHALLENGE The sides of an isosceles triangle are whole numbers, and its perimeter is 
30 units. What is the probability that the triangle is equilateral? 


47. OPEN ENDED The length of one side of a triangle is 2 inches. Draw a triangle in which 
the 2-inch side is the shortest side and one in which the 2-inch side is the longest side. 
Include side and angle measures on your drawing. 


48. WRITING IN MATH Suppose your house is 5 mile from a park and the park is 1.5 miles 
from a shopping center. 


a. If your house, the park, and the shopping center are noncollinear, what do you 
know about the distance from your house to the shopping center? Explain your 
reasoning. 


b. If the three locations are collinear, what do you know about the distance from your 


house to the shopping center? Explain your reasoning. 


Standardized Test Practice 


49. If DC isa median of AABC and mZ1 > mZ2, 51. Which of the following is a logical conclusion 
which of the following statements is not true? based on the statement and its converse below? 
c Statement: If a polygon is a rectangle, then it has 
four sides. 
Converse: If a polygon has four sides, then it is a 
rectangle. 
A D B F The statement and its converse are both true. 
A AD = BD C AC > BC G The statement is false; the converse is false. 
B mZADC=mZBDC D mZ1>mZB H The statement is true; the converse is false. 
50. SHORT RESPONSE A high school soccer team has J The statement is false; the converse is true. 


a goal of winning at least 75% of their 15 games 
this season. In the first three weeks, the team has 
won 5 games. How many more games must the 
team win to meet their goal? 


52. SAT/ACT When 7 is subtracted from 14w, the 
result is z. Which of the following equations 
represents this statement? 


A 7-—14w=z D z= 14w —7 
B z=14w+7 E 7+ 14w =7z 
C7-z=14w 


Spiral Review 


State the assumption you would make to start an indirect proof of each statement. (Lesson 5-4) 
53. If 4y + 17 = 41, theny = 6. 


54. If two lines are cut by a transversal and a pair of alternate interior angles are congruent, then the 
two lines are parallel. 


55. GEOGRAPHY The distance between San Jose, California, and Las Vegas, Nevada, is about 375 miles. 
The distance from Las Vegas to Carlsbad, California, is about 243 miles. Use the Triangle Inequality 
Theorem to find the possible distance between San Jose and Carlsbad. (Lesson 5-3) 


Find x so that m || n. Identify the — or theorem you used. (Lesson 3-5) 


56. m n 58. m n 
J x 100) (8x + 4)° 
(92 —5x)° (9x —11)° (7x =i) 


ALGEBRA Find x and JK if J is between K and L. (Lesson 1-2) 
59. KJ = 3x, JL = 6x, and KL = 12 60. KJ = 3x — 6, JL =x+6,and KL = 24 


Skills Review 


Find x and the measures of the unknown sides of each triangle. 
61. K 62. A 63. 12 +x 


7x 11x-8 27 
2x+5 4x—4 3x+3 


L 
x+12 R 


a 
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Inequalities in Two Triangles 


Why? 


@ Acar jack is used to lift a car. The jack shown below is one of the simplest still in use 
Theorem or its today. Notice that as the jack is lowered, the legs of isosceles ABC remain congruent, 
converse to make but the included angle A widens and BC, the side opposite ZA, lengthens. 

comparisons in two ; — 

triangles. 


@ You used inequalities @ 
to make comparisons 
in one triangle. 


Apply the Hinge 


Prove triangle 
relationships using 
the Hinge Theorem 
or its converse. 


Hinge Theorem The observation in the example above is true of any type of triangle 
and illustrates the following theorems. 


€CSS) Common Core 
A ) State Standards 
Content Standards 


G.C0.10 Prove theorems 
about triangles. Theorems Inequalities in Two Triangles 
Mathematical Practices 


Construct viable 
arguments and critique 


5.13 Hinge Theorem If two sides of a triangle are congruent to two 
sides of another triangle, and the included angle of the first is 

the reasoning of others. larger than the included angle of the second triangle, then the third 

Make sense of problems side of the first triangle is longer than the third side of the second 

and persevere in solving triangle. 


B 
A Cc 
them. ee ees eee 
Example: If AB = FG, AC= FH, and mZA > mZF, then BC > GH. 
F H 
K 
8 
L 


ow 


=k 


5.14 Converse of the Hinge Theorem If two sides of a triangle are 
congruent to two sides of another triangle, and the third side in 
the first is longer than the third side in the second triangle, then 
the included angle measure of the first triangle is greater than the J 
included angle measure in the second triangle. 


Example: If JL = PR, KL = QR,and PQ > JK, then mZR > mZL. 


Compare the given measures. 


a. WX and XY b. mZECD and mZBFC 
Ne xX Yy B 3.6 C 
Zz F 3. OD 


In AWXZ and AYXZ, WZ = YZ, 
XZ = XZ, and ZYZX > ZWZX. 
By the Hinge Theorem, 


mZWZX < mZYZX,s0 WX < XY. 


In ABCF and ADFC, BF = DC, 


FC = CF, and BC > FD. By the 
Converse of the Hinge Theorem, 
ABEC > ZDCE. 


StudyTip 


SAS and SSS Inequality 
Theorem The Hinge Theorem 
is also called the SAS 
Inequality Theorem. The 
Converse of the Hinge 
Theorem is also called the 
SSS Inequality Theorem. 


> 


GuidedPractice 


Compare the given measures. 


1A. JK and MQ 1B. mZSRT and mZVRT 


cS) 


11 


[ Proof Hinge Theorem 


Given: AABC and A DEF, 


Proof: 


E 
AC = DF, BC = EF B 
mZF> mZC : a ‘ 
Prove: DE> AB F D Cc A 


We are given that AC = DF and BC = EF. We also know that mZF > mZC. 
Draw auxiliary ray FP such that mZDFP = mZC and that PF = BC. This leads to two cases. 


Case 1 


Case 2 


Plies on DE. 


Then AFPD = ACBA by SAS. Thus, PD = BA by CPCTC and the definition of 
congruent segments. 


By the Segment Addition Postulate, DE = EP + PD. Also, DE > PD by the definition of 
inequality. Therefore, DE > AB by substitution. 


P does not lie on DE. 


Then let the intersection of FP and ED be point 7, and draw another auxiliary segment FQ 
such that Qis on DE and ZEFQ = ZQFP. Then draw auxiliary segments PD and PQ. 


Since FP = BC and BC = EF, we have FP = EF by the Transitive Property. Also QF is 
congruent to itself by the Reflexive Property. Thus, AFFQ = APFQ by SAS. By CPCTC, 
EQ= PQor EQ = PQ. Also, AFPD = ACBA by SAS. So, PD = BA by CPCTC and PD = BA. 


In AQPD, QD + PQ > PD by the Triangle Inequality Theorem. By substitution, 
QD + EQ > PD. Since ED = QD + EQ by the Segment Addition Postulate, ED > PD. 
Using substitution, FD > BA or DE > AB. 
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You can use the Hinge Theorem to solve real-world problems. 
(pr) 


SNOWMOBILING Two groups of snowmobilers leave from the same base camp. Group 
A goes 7.5 miles due west and then turns 35° north of west and goes 5 miles. Group 
B goes 7.5 miles due east and then turns 40° north of east and goes 5 miles. At this 
point, which group is farther from the base camp? Explain your reasoning. 


Real-World Example 2 


Understand Using the sets of directions given in the problem, you need to determine 
Real-WorldLink which snowmobile group is farther from the base camp. A turn of 35° 


north of west is correctly interpreted as shown. 
There are over 225,000 miles 


of groomed and marked North 
snowmobile trails in North 
America. 


Source: International Snowmobile 
Manufacturers Association 


7 
Problem-SolvingTip 
Draw a Diagram Drawa 
diagram to help you see and 
correctly interpret a problem 
that has been described in 
words. 

\ The paths taken by each group and the straight-line distance back to the 
camp form two triangles. Each group goes 7.5 miles and then turns and 
goes 5 miles. 


Use linear pairs to find the measures of the included angles. Then apply 
the Hinge Theorem to compare the distance each group is from base camp. 


Solve The included angle for the path made by Group A measures 180 — 35 or 
145. The included angle for the path made by Group B is 180 — 40 or 140. 


Since 145 > 140, AC > BC by the Hinge Theorem. So Group A is farther 
from the base camp. 


Check Group B turned 5° more than Group A did back toward base camp, so 
they should be closer to base camp than Group A. Thus, Group A should 
be farther from the base camp. ¥ 


GuidedPractice 


2A. SKIING Two groups of skiers leave from the same lodge. Group A goes 4 miles due 
east and then turns 70° north of east and goes 3 miles. Group B goes 4 miles due 
west and then turns 75° north of west and goes 3 miles. At this point, which group 
is farther from the lodge? Explain your reasoning. 


2B. SKIING In problem 2A, suppose Group A instead went 4 miles west and then 
turned 45° north of west and traveled 3 miles. Which group would be closer to the 
lodge? Explain your reasoning. 


When the included angle of one triangle is greater than the included angle in a second 
triangle, the Converse of the Hinge Theorem is used. 


IndexStock/SuperStock 
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StudyTip 


Using Additional Facts 

When finding a range for the 
possible values for x, you may 
need to use one of the 
following facts. 


e The measure of any angle 
is always greater than 0 
and less than 180. 


e The measure of any 
segment is always greater 
than 0. 


Example 3 


GuidedPractice 


ALGEBRA Find the range of possible values for x. 


3. Find the range of possible values for x. 


E 
| Step 1 | From the diagram, we know that 9 
JH = GH, EH = EH, and JE > EG. 1 
mZJHE > mZEHG Converse of the J 
Hinge Theorem : 
(6x + 15)° H 
6x + 15 > 65 Substitution 
x> 8s Solve for x. 


| Step 2 | Use the fact that the measure of any angle in a triangle is less than 180 
to write a second inequality. 


mZJHE < 180 
6x +15 < 180 
x <27.5 


Substitution 


Solve for x. 


| Step 3 | Write x > 8s and x < 27.5 as the compound inequality 8s <x 27.5. 


Prove Relationships In Two Triangles You can use the Hinge Theorem and its 
converse to prove relationships in two triangles. 


Example 4 


Given: AB = AD 
Prove: EB > ED 


Proof: 


Statements 


Write a two-column proof. 


E 
Reasons 


1. AB=AD 
. AE=AE 


2 
3 
4. mZEAB > mZEAD 
5. EB> ED 


GuidedPractice 


Given: RO = ST 
Prove: RS > TQ 
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. MZEAB = mZEAD + mZDAB 


4. Write a two-column proof. 


1. Given 

2. Reflexive Property 

3. Angle Addition Postulate 
4. Definition of Inequality 
5 


. Hinge Theorem 


Example 5 
Write a flow proof. 


Given: T is the midpoint of ZX. 
ST = WT 
SZ > WX x 


Prove: mZXTR > mZZTY Z 
Flow Proof: YR 


of 2x. Given Given 


Given 


Def. of Mint 


mZSTZ > MZWTX ZSTZ = ZXTR 
Converse of Hinge Thm. LWIX = LZTY 


Vert. & are =. 
ee 
Substitution mZWIX = mZZTY 

Def. of =A 

GuidedPractice 

5. Write a two-column proof. J K M 

Given: NK is a median of AJMN. 
JN >NM 


Prove: mZ1 >mZ2 


Check Your Understanding = Step-by-Step Solutions begin on page R14. 
Example 1 Compare the given measures. 
1. mZACB and mZGDE 2. JL and KM 
A D 4 E K 
6 
J 
3.2 5 5 3 
B 4 C G L 


6 


4. mZXWZ and mZYZW 
WwW 7 xX 


2.1 2.3 


Example 2 5. SWINGS The position of the swing changes 
based on how hard the swing is pushed. 
a. Which pairs of segments are congruent? 


b. Is the measure of ZA or the measure of 
ZD greater? Explain. 


Example 3 Find the range of possible values for x. 


6. 7. 
38x—5 
2x+3 
™~ 
Examples 4-5 CESS ARGUMENTS Write a two-column proof. 
8. Given: AYZX__ 9. Given: AD = CB 
YZ = XW DC < AB 
Prove: ZX > YW Prove: mZCBD < mZADB 
Y A B 
Pan 27 
Xx Z D Cc 
Practice and Problem Solving Extra Practice is on page R5. 
Example 1 Compare the given measures. 
10. mZBAC and mZDGE 11. mZMLP and mZTSR 12. SRand XY 
A 8 MR Z 
: . 5 14 
38 
3 BE : Bua : : 
4 5 s 
C 3 3 R S 
A . T 14 5 
6 G x 
(13) mZTUW and mZVUW 14. PS and SR 15. JK and HJ 
r Q iw P is # 
12 
10 
R s L K 


Example 2 16. CAMPING Pedro and Joel are camping in a national park. One morning, Pedro decides 
to hike to the waterfall. He leaves camp and goes 5 miles east then turns 15° south of 
east and goes 2 more miles. Joel leaves the camp and travels 5 miles west, then turns 
35° north of west and goes 2 miles to the lake for a swim. 


a. When they reach their destinations, who is closer to the camp? Explain your 
reasoning. Include a diagram. 


b. Suppose instead of turning 35° north of west, Joel turned 10° south of west. Who 
would then be farther from the camp? Explain your reasoning. Include a diagram. 
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Example 3 Find the range of possible values for x. 


17. 18. 11 
12 
3x—6 15 
(2x + 9)° 
20. 5x 
57 
4 
28 5 5x+3 3x+17 
[N 
5x 


57 
21. CRANES In the diagram, a crane is 22. LOCKERS Neva and Shawn both have 
shown lifting an object to two different their lockers open as shown in the 
heights. The length of the crane’s arm diagram. Whose locker forms a larger 
is fixed, and MP = RT. Is MN or RS angle? Explain your reasoning. 


shorter? Explain your reasoning. 


ay” 


ieee 


aig 
1 


, 
i 


ae 


VASE 


vA a 


=~ 
Examples 4-5 CESS ARGUMENTS Write a two-column proof. 


23. Given: IK= JK RL=RJ 24. Given: VR = RT, WV = WT 
Kis the midpoint of QS. mZSRV >mZQRT ___ 
mZSKL > mZQK] Ris the midpoint of SQ. 

Prove: RS > QR Prove: WS > WQ 
P R Q R S 
Q 
L 
K T V 
S Ww 
25. Given: XU = VW, VW > XW 26. Given: AF = DJ, FC = JB 
XU || VW AB > DC 
Prove: mZXZU > mZUZV Prove: mZAFC > mZDJB 


U A B Cc D 
V \ Kf 
in , 
F J 
Xx 
W 
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(7) EXERCISE Anica is doing knee-supported bicep curls as part of her strength training. 


Position 1 Position 2 


a. Is the distance from Anica’s fist to her shoulder greater in Position 1 or Position 2? 
Justify your answer using measurement. 


b. Is the measure of the angle formed by Anica’s elbow greater in Position 1 or 
Position 2? Explain your reasoning. 


28. PROOF Use an indirect proof to prove the SSS Inequality Theorem (Theorem 5.14). 
Given: RS = uw R 

ST = WV 

RT > UV 


P. : 
rove: mZS >mZW s r 


29. PROOF If PR = PQ and SQ > SR, write a two-column 
proof to prove mZ1 < mZ2. 


30. SCAVENGER HUNT Stephanie, Mario, Lee, and Luther are participating in a scavenger hunt 
as part of a geography lesson. Their map shows that the next clue is 50 feet due east 
and then 75 feet 35° east of north starting from the fountain in the school courtyard. 
When they get ready to turn and go 75 feet 35° east of north, they disagree about which 
way to go, so they split up and take the paths shown in the diagram below. 


a. Which pair chose the correct path? Explain your reasoning. 


b. Which pair is closest to the fountain when they stop? Explain your reasoning. 


1 B 4 Cc 


ya~ 

cess SENSE-MAKING Use the figure at the right to writean 4 
inequality relating the given pair of angle or segment 
measures. 11 


31. CB and AB i 
32. mZFBG and mZBFA 
33. mZBGC and mZFBA 8 G 
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Use the figure at the right to write an inequality relating the 


given pair of angles or segment measures. Zz ° 
34. mZZUY and mZZUW Se /| 
(35) WU and YU i a 
Xx 


36. WX and XY i“ 


37. op MULTIPLE REPRESENTATIONS In this problem, you will investigate properties 
of polygons. 


a. Geometric Draw a three-sided, a four-sided, and a five-sided polygon. Label the 
3-sided polygon ABC, the four-sided polygon FGH], and the five-sided polygon 
PQRST. Use a protractor to measure and label each angle. 


b. Tabular Copy and complete the table below. 


Number of 
sides 


Angle Measures Sum of Angles 


c. Verbal Make a conjecture about the relationship between the number of sides of a 
polygon and the sum of the measures of the angles of the polygon. 


d. Logical What type of reasoning did you use in part c? Explain. 


e. Algebraic Write an algebraic expression for the sum of the measures of the angles for 
a polygon with n sides. 


H.0.T. Problems Use Higher-Order Thinking Skills 


38. CHALLENGE If mZLJN > mZKJL, KJ = JN, and JN 1 NL, which J K 
is greater, mZLKN or mZLNK? Explain your reasoning. 


39. OPEN ENDED Give a real-world example of an object that uses a hinge. N M 
Draw two sketches in which the hinge on your object is adjusted to two 
different positions. Use your sketches to explain why Theorem 5.13 is 
called the Hinge Theorem. 


40. CHALLENGE Given ARST with median RQ, if RT is greater than or equal to RS, 
what are the possible classifications of ARQT? Explain your reasoning. 


41. Css PRECISION If BD isa median and AB < BC, then ZBDC is 


B 
always, sometimes, or never an acute angle. Explain. 
42. WRITING IN MATH Compare and contrast the Hinge Theorem to f \ 


the SAS Postulate for triangle congruence. A D 


Standardized Test Practice 


43. SHORT RESPONSE Write (5x — 14)° 45. ALGEBRA Which linear 
an inequality to describe 12 function best describes 
the possible range of 12 the graph shown? 
values for x. 1 
Fy=-—--x+5 
14 4 
15 oe ee 
Gy= at 5 
44, Which of the following is the inverse of the H y= Jeans 
statement If it is snowing, then Steve wears his 4 
2 
snow boots: jy 1y _5 
A If Steve wears his snow boots, then it is 
snowing. 
B If it is not snowing, then Steve does not wear 46. SAT/ACT If the side of a square is x + 3, then the 
his snow boots. diagonal of the square is 
C Ifitis Nala: then Steve wears his Axv41 D x22 +6 
eielameieh B xV2 + 3V2 E x49 
D If it never snows, then Steve does not own , 
snow boots. C 2x +6 


Spiral Review 
Find the range for the measure of the third side of a triangle given the measures of 
two sides. (Lesson 5-5) 


47. 3.2 cm, 4.4 cm 48. 5 ft, 10 ft 49.3m,9m 


50. CRUISES Ally asked Tavia the cost of a cruise she and her best friend went on after 
graduation. Tavia could not remember how much it cost per person, but she did 
remember that the total cost was over $500. Use indirect reasoning to show that the 
cost for one person was more than $250. (Lesson 5-4) 


Draw and label a figure to represent the congruent triangles. Then find x. (Lesson 4-3) 
51. AQRS = AGH], RS = 12, QR = 10, QS = 6, and HJ = 2x — 4. 
52. AABC = AXYZ, AB = 13, AC = 19, BC = 21, and XY = 3x +7. 


Use the figure at the right. (Lesson 1-4) 
53. Name the vertex of 24. 

54. What is another name for 22? 

55. What is another name for ZBCA? 


Skills Review 


Find the value of the variable(s) in each figure. Explain your reasoning. 


56. 57. 58. 
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Study Guide and Review 


Study Guide 


KeyConcepts 


KeyVocabulary 


Special Segments in Triangles (Lessons 5-1 and 5-2) 


e The special segments of triangles are perpendicular bisectors, 
angle bisectors, medians, and altitudes. 


e The intersection points of each of the special segments of 
a triangle are called the points of concurrency. 


e The points of concurrency for a triangle are the circumcenter, 
incenter, centroid, and orthocenter. 


Indirect Proof (Lesson 5-4) 
e Writing an Indirect Proof: 


1. Assume that the conclusion is false. 
2. Show that this assumption leads to a contradiction. 


3. Since the false conclusion leads to an incorrect statement, 
the original conclusion must be true. 


Triangle Inequalities (Lessons 5-3, 5-5, and 5-6) 


e The largest angle in a triangle is opposite the longest side, and 
the smallest angle is opposite the shortest side. 


The sum of the lengths of any two sides of a triangle is greater 
than the length of the third side. 


SAS Inequality (Hinge Theorem): In two triangles, if two sides 
are congruent, then the measure of the included angle 
determines which triangle has the longer third side. 


SSS Inequality: In two triangles, if two corresponding sides 

of each triangle are congruent, then the length of the third side 
determines which triangle has the included angle with the 
greater measure. 


StudyOrganizer 


Be sure the Key Concepts 
are noted in your Foldable. 


Fy 
m 
8 
I 
& 
‘a 
& 
4 
3 
Ea 


altitude (p. 337) 

centroid (p. 335) 
circumcenter (p. 325) 
concurrent lines (p. 325) 
incenter (p. 328) 

indirect proof (p. 355) 
indirect reasoning (p. 355) 
median (p. 335) 

orthocenter (p. 337) 
perpendicular bisector (p. 324) 
point of concurrency (p. 325) 
proof by contradiction (p. 355) 


VocabularyCheck 


State whether each sentence is ¢rve or false. If false, replace the 
underlined term to make a true sentence. 


1. The altitudes of a triangle intersect at the centroid. 


2. The point of concurrency of the medians of a triangle is called 
the incenter. 


3. The point of concurrency is the point at which three or more 
lines intersect. 


4. The circumcenter of a triangle is equidistant from the vertices 
of the triangle. 


5. To find the centroid of a triangle, first construct the angle 
bisectors. 


6. The perpendicular bisectors of a triangle are concurrent lines. 


7. To start a proof by contradiction, first assume that what you 
are trying to prove is true. 


8. A proof by contradiction uses indirect reasoning. 


9. A median of a triangle connects the midpoint of one side of the 
triangle to the midpoint of another side of the triangle. 


10. The incenter is the point at which the angle bisectors of a 
triangle intersect. 


a UAE 
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Study Guide and Review continued 


Lesson-by-Lesson Review 


Bisectors of Triangles 


11. Find EGif Gis the 
incenter of ABC. 


Find each measure. 
12. RS 


R Z 

4.5 T " Sy —6 

Q 

S y x 


18 + 2y 


13. XZ 


14, BASEBALL Jackson, Trevor, and Scott are warming up 
before a baseball game. One of their warm-up drills 
requires three players to form a triangle, with one player in 
the middle. Where should the fourth player stand so that he 
is the same distance from the other three players? 


Medians and Altitudes of Triangles 


15. The vertices of A DEF are D(0, 0), E(0, 7), and F(6, 3). 
Find the coordinates of the orthocenter of A DEF. 


16. PROM Georgia is on the prom committee. She wants to 
hang a dozen congruent triangles from the ceiling so that 
they are parallel to the floor. She sketched out one triangle 
on a coordinate plane with coordinates (0, 4), (3, 8), and 
(6, 0). If each triangle is to be hung by one chain, what are 
the coordinates of the point where the chain should attach 
to the triangle? 
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Example 1 


Find each measure if Q 
is the incenter of AJKL. 


a. ZQUK 
mZKLP + MZMKN + mZNJP = 180 
2(26) + 2(29) + mZNJP = 180 
110 + mZNJP = 180 
mZNJP = 70 


Since JQ bisects ZNUP, 2mZQUK = MZNUP. 
So, mZQUK = 4mz NUP, so MZQUK = 3(70) or 35. 


b. QP 
a+ b= ¢ 
(OP)2 + 20? = 252 Substitution 
(QP)2 + 400 = 625 20° = 400 and 25° = 625 
(QP)* = 225 Subtract. 
QP=15 — Simplify. 


A Sum Theorem 
Substitution 
Simplify. 
Subtract. 


Pythagorean Theorem 


Example 2 


In AEDF Tis the centroid 
and FT = 12. Find 7Q. 


=2 
Fr = 2FQ 


FT = 2(FT + TQ) 
3 E 


12 = 212+ TQ) Fr=12 
12 =8+ 270 
ae 
4==70 


6= 10 


Distributive Property 
Subtract. 


Multiply. 


Inequalities in One Triangle 


List the angles and sides of each triangle in order from 
smallest to largest. 


17. T 
5 


19. NEIGHBORHOODS Anna, Sarah, and Irene live at the 
intersections of the three roads that make the triangle 
shown. If the girls want to spend the afternoon together, is it 
a shorter path for Anna to stop and get Sarah and go onto 
lrene’s house, or for Sarah to stop and get Irene and then go 
on to Anna’s house? 


Indirect Proof 


State the assumption you would make to start an indirect 
proof of each statement. 


20. mZA=mZB 

21. AFGH = AMNO 

22. AKLMis a right triangle. 
23. If 3y< 12, theny <4. 


24. Write an indirect proof to show that if two angles are 
complementary, neither angle is a right angle. 


25. MOVIES Isaac bought two DVD’s and spent over $50. Use 
indirect reasoning to show that at least one of the DVD’s he 
purchased was over $25. 


Example 3 


List the angles and sides of AABC in order from smallest 
to largest. 


a. First, find the missing angle measure using the Triangle 
Sum Theorem. 


mZC = 180 — (46 + 74) or 60 


So, the angles from smallest to largest are ZA, ZC, 
and ZB. 


b. The sides from shortest to longest are BC, AB, and AC. 


Example 4 


State the assumption necessary to start an indirect proof 
of each statement. 


a. XY JK 
XY= KK 
. If 3x< 18, then x<6. 


The conclusion of the conditional statement is x < 6. 
The negation of the conclusion is x > 6. 


. Z2is an acute angle. 


If 22 is an acute angle is false, then 22 is not an acute 
angle must be true. This means that 72 is an obtuse or 
right angle must be true. 
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The Triangle Inequality 


Is it possible to form a triangle with the given lengths? If not, 
explain why not. 


26. 5,6,9 27. 3,4,8 


Find the range for the measure of the third side of a triangle 
given the measure of two sides. 


28. 5 ft, 7 ft 29. 10.5cm,4cm 


30. BIKES Leonard rides his bike to visit Josh. Since High 
Street is closed, he has to travel 2 miles down Main Street 
and turn to travel 3 miles farther on 5th Street. If the three 
streets form a triangle with Leonard and Josh’s house as 
two of the vertices, find the range of the possible distance 


between Leonard and Josh’s houses when traveling straight 


down High Street. 


Inequalities in Two Triangles 


Compare the given measures. 


31. mZABC, mZDEF 32. QTand RS 


15° 
r 
33. BOATING Rose and Connor each row across a pond 
heading to the same point. Neither of them has rowed a 
boat before, so they both go off course as shown in the 
diagram. After two minutes, they have each traveled 
50 yards. Who is closer to their destination? 
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Example 5 


Is it possible to form a triangle with the lengths 7, 10, and 
9 feet? If not, explain why not. 


Check each inequality. 
7+10>9 7+9>10 
17 >9V 16>10V 


Since the sum of each pair of side lengths is greater than the 
third side length, sides with lengths 7, 10, and 9 feet will form 
a triangle. 


10+9>7 
19>7v 


Example 6 
Compare the given measures. 


R 


a. RQand ST 


In AQRS and ASTQ, RS = TQ, QS = QS, and 
ZSQT > ZRSQ. By the Hinge Theorem, 
mZSQT < mZRSQ, so RQ < ST. 


. mZJKM and mZLKM 


In AJKMand ALKM, JM = LM, KM = KM, and 
LK > JK. By the Converse of the Hinge Theorem, 
ZLKM > ZJKM. 


Practice Test 


1. GARDENS Maggie wants to plant a circular flower 
bed within a triangular area set off by three 
pathways. Which point of concurrency related to 
triangles would she use for the center of the largest 
circle that would fit inside the triangle? 


In ACDF, K is the centroid and Cc 
DK = 16. Find each length. H 
2. KH F 
3. CD e 
4. FG ee 
D 


5. PROOF Write an indirect proof. 
Given: 5x + 7 = 52 


Prove: x >9 


Find each measure. 


6. mZTQR 7. XZ 


Xx Y 


5x—7 


38x+5 


8. GEOGRAPHY The distance from Tonopah to Round 
Mountain is equal to the distance from Tonopah to 
Warm Springs. The distance from Tonopah to 
Hawthorne is the same as the distance from 
Tonopah to Beatty. Determine which distance is 
greater, Round Mountain to Hawthorne or Warm 
Springs to Beatty. 


9. MULTIPLE CHOICE If the measures of two sides of a 
triangle are 3.1 feet and 4.6 feet, which is the least 
possible whole number measure for the third side? 


A 1.6 feet C 7.5 feet 
B 2 feet D 8 feet 


Point H is the incenter of 
AABC. Find each measure. 


10. DH 11. BD 
12. mZHAC 13. mZDHG 


14, MULTIPLE CHOICE If the lengths of two sides of a 
triangle are 5 and 11, what is the range of possible 
lengths for the third side? 


F 6<x<10 
G5<x<ll 


H 6<x<16 


J x<5orx>11 


Compare the given measures. 


15. AB and BC 16. ZRST and ZJKL 
D é R j 
8 ae 
A 10 10 
s 8 
B L aaa 


State the assumption necessary to start an indirect 
proof of each statement. 


17. If 8 is a factor of n, then 4 is a factor of n. 
18. mZM > mZN 

19. If3a+7 < 28, thena <7. 
Use the figure to determine 


which angle has the greatest 
measure. 


20. 21, 25, 26 
21. 29, 28, 23 
22. 24, 23, 22 


23. PROOF Write a two-column R 
proof. 
Given: RQ bisects ZSRT. 
Prove: mZSQR > mZSRQ Ss Q T 


Find the range for the measure of the third side 
of a triangle given the measures of the two sides. 


24. 10 ft, 16 ft 
25. 23 m,39m 
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Preparing for Standardized Tests 


Eliminate Unreasonable Answers 


You can eliminate unreasonable answers to determine the correct 
answer when solving multiple choice test items. 


Strategies for Eliminating Unreasonable Answers 


Read the problem statement carefully to determine exactly 
what you are being asked to find. 


e What am | being asked to solve? 
e |s the correct answer a whole number, fraction, or decimal? 
e Dol need to use a graph or table? 


e What units (if any) will the correct answer have? 


Carefully look over each possible answer choice and evaluate for reasonableness. 
Do not write any digits or symbols outside the answer boxes. 


e |dentify any answer choices that are clearly incorrect and eliminate them. 
e Eliminate any answer choices that are not in the proper format. 


e Eliminate any answer choices that do not have the correct units. 


Solve the problem and choose the correct answer from those remaining. Check your answer. 


Standardized Test Example 


Read the problem. Identify what you need to know. Then use the information in 
the problem to solve. 


What is the measure of ZKLM? 
A 32 
B 44 
C 78 
D 94 
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Read the problem and study the figure carefully. Triangle KLM is a right triangle. Since 
the sum of the interior angles of a triangle is 180°, mZKLM + mZLMK must be equal to 
90°. Otherwise, the sum would exceed 180°. Since answer choice D is an obtuse angle, 
it can be eliminated as unreasonable. The correct answer must be A, B, or C. 


Solve the problem. According to the converse of the Angle Bisector Theorem, if a 
point in the interior of an angle is equidistant from the sides of the angle, then it is on 
the bisector of the angle. Point M is equidistant from rays LJ and LK, so it lies on the 
angle bisector of ZJLK. Therefore, ZJ/LM must be congruent to ZKLM. Set up and 


solve an equation for x. 


6x+8=9x-A4 
—3x = —12 
x=4 


So, the measure of ZKLM is [9(4) — 4]°, or 32°. The correct answer is A. 


Read each question. Then fill in the correct answer on 
the answer document provided by your teacher or on 
a sheet of paper. 


1. Point P is the centroid of triangle QUS. If QP = 
14 centimeters, what is the length of QT? 


Q 
/ V 
Ss T U 
A 7cm C 18cm 
B 12cm D 21cm 


2. What is the area, in square units, of the triangle 


shown below? 
y 
(0, 7) 
oO (9, 0) ¥ 
F 8 H 31.5 
G 274 J 63 


3. What are the coordinates of the orthocenter of the 
triangle below? 


4. If A ABC is isosceles and mZA = 94, which of the 
following must be true? 


F mZB=94 
G mZB=47 
H AB = BC 
J AB=AC 


5. Which of the following could not be the dimensions 
of a triangle? 


A 1.9,3.2,4 C 3;72,7:9 
B 1.6,3,4.6 D 2.6, 4.5, 6 
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Standardized Test Practice 
Cumulative, Chapters 1 through 5 


Multiple Choice 5. Lin started mowing lawns. Let x represent the 
number of weeks after he began mowing lawns, 
and y represent the number of customers. Use the 
points (3, 4) and (9, 6) to find the equation of a line 


that can be used to predict how many customers 
Lin has by the end of a certain week. 


Read each question. Then fill in the correct answer on 
the answer document provided by your teacher or on 
a sheet of paper. 


1. Solve for x. A y=5x C y=tx42 
1 2 
B y=3x+3 D y=5x 
4.5m w°3 w°3 


6. What is the correct relationship between the angle 


4.5m measures of APQR? 
F mZR<mZQ<mZP P 
A 3 C5 G mZR<mZP <mZQ a ee 
B 4 D6 H mZQ <mZP<mZR 
J mZP<mZQ<mZR Q 15cm R 


2. Which of the following could not be the value of x? 


7. Which assumption would you need to make in 
order to start an indirect proof of the statement? 


ome 4mm 
Angle S is not an obtuse angle. 
A ZS isaright angle. 
x 

B_ ZS is an obtuse angle. 

F 8mm H 10mm 
C ZS is an acute angle. 

G 9mm J 11mm 


D ZS is not an acute angle. 


3. Jesse claims that if you live in Lexington, then 


you live in Kentucky. Which assumption would 8. Classify the triangle below according to its 
you need to make to form an indirect proof of angle measures. 
this claim? 


A Suppose someone lives in Kentucky, but not 
in Lexington. 


B Suppose someone lives in Kentucky and in 


Lexington. 
C Suppose someone lives in Lexington and in E wate H obtuse 
Kentucky. 
a, . G equiangular J right 
D Suppose someone lives in Lexington, but not 
in Kentucky. 
4. Which of the following best describes the 
shortest distance from a vertex of a triangle to Efe bk 
the opposite side? Test-TakingTip 
f sigende H anédien Question 2 The sum of any two sides of a triangle must be greater 
than the third side. 
G diameter J segment 
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Short Response/Gridded Response 


Record your answers on the answer sheet provided 
by your teacher or on a sheet of paper. 


9. GRIDDED RESPONSE If the measures of two sides of a 
triangle are 9 centimeters and 15 centimeters, what 
is the least possible measure of the third side in 
centimeters if the measure is an integer? 


10. What are the coordinates of the orthocenter of the 
triangle below? 


11. List the sides of the triangle below in order from 
shortest to longest. 
R 


T 61° 
Ss 


12. Suppose two lines intersect in a plane to form 
four angles. 


What do you know about the pairs of adjacent 
angles formed? Explain. 


13. Eric and Heather are each taking a group of campers 


hiking in the woods. Eric’s group leaves camp and 
goes 2 miles east, then turns 20° south of east and 
goes 4 more miles. Heather’s group leaves camp 
and travels 2 miles west, then turns 30° north of 
west and goes 4 more miles. How many degrees 
south of east would Eric have needed to turn in 
order for his group and Heather’s group to be the 
same distance from camp after the two legs of 

the hike? 


14. GRIDDED RESPONSE Solve for x in the triangle below. 


Extended Response 


Record your answers on a sheet of paper. 
Show your work. 


15. Refer to the figure to answer each question. 


Piano _— Guitar 


a. How many students play the guitar? 
b. How many students play the piano? 


c. How many students play both piano and guitar? 


va a 
Need ExtraHelp? 
If you missed Question... 1 2. 3 4 5 6 7 8 9 10 11 12 13 14 15 
& to Lesson... 5-1 | 5-5 | 5-4 | 5-2 | 3-4 | 5-3 | 5-4 | 4-1 | 5-5 | 5-2 | 5-3 | 1-5 | 5-6 | 4-2 2-2 | 
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Calculator 


Get Ready for the Chapter 


Diagnose Readiness | You have two options for checking Prerequisite Skills. 


| 1 Textbook Option Take the Quick Check below. Refer to the Quick Review for help. 


QuickCheck 


Find x to the nearest tenth. 
1. 2. 


85° — 
xe 65° 


SPEED SKATING A speed skater forms at least two sets of 
triangles and exterior angles as she skates. Find each measure. 


3. mZ1 
4. mZ2 
5. mZ3 
6. mZ4 


Example 1 


a. mZ1 
mZ1 = 65 + 47 
mZ1 = 112 

b. mZ2 


180 = mZ2 + 68 + 65 
180 = mZ2 + 133 


mZ2 = 47 


ALGEBRA Find x and the measures of the unknown sides of 
each triangle. 


7. x 8 OF 
17 
Wex+3 G 7x44 4 


9. TRAVEL A plane travels from Des Moines to Phoenix, on to 
Atlanta, and back to Des Moines, as shown below. Find the 
distance in miles for each leg of the trip if the total trip was 
3482 miles. 

Des Moines 


110x + 53 73.8x 


Phoenix 150x + 91 Atlanta 


XY = YZ 
2x+3=4x-1 
—2x= —4 


x=2 
XY=2x4+3 
= 2(2)+ 3or7 
YZ= XY 
=7 
XZ = 8x —4 
= 8(2) — 40r12 


Find the measure of each numbered angle. 


Exterior Z Theorem 


Add. 


Simplify. 


Subtract. 


ALGEBRA Find the measures of 
the sides of isosceles A. XYZ. 


Given 


2x+3 


Xx 
Substitution 


Subtract. 
Simplify. 
Given 
X= 2 
Given 
XY=7 
Given 


K=2 


| 2 Online Option Take an online self-check Chapter Readiness Quiz at connectED.mcgraw-hill.com. 


Triangle Sum Theorem 


8x—4 
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Get Started on the Chapter 


You will learn several new concepts, skills, and vocabulary terms as you study 
Chapter 6. To get ready, identify important terms and organize your resources. 
You may wish to refer to Chapter 0 to review prerequisite skills. 


[ZEEYTE| StudyOrganizer 


NewVocabulary 


Quadrilaterals Make this Foldable to help you organize your 
Chapter 6 notes about quadrilaterals. Begin with one sheet of 
notebook paper. 


1 Fold lengthwise to the a 


2 Fold along the width of 


ee 
the paper twice and 
unfold the paper. = (Lal 
3 Cut along the fold marks oT 


on the left side of the paper. 


4 Label as shown. in| ig iN 
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English Espanol 
diagonal p.393 diagonal 
parallelogram p.403  paralelogramo 
rectangle p.423  rectangulo 

rhombus p.430 rombo 
square p.431  cuadrado 
trapezoid p.439  trapecio 
base p.439 base 
legs p.439  catetos 


isosceles trapezoid p.439  trapecio isdsceles 


midsegment of p.441 segmento medio de 
un trapecio 


a trapezoid 


ReviewVocabulary 


exterior angle angulo externo an angle formed by one side 
of a triangle and the extension of another side 


remote interior angle angulos internos no adyacentes 
the angles of a triangle that are not adjacent to a given 
exterior angle 


exterior angle 


remote interior 
angles 


slope pendiente for a (nonvertical) line containing two points 
(X;, ¥4) and (Xp, Yo), the number m given by the formula 
- Wo — V4) 


= 1 
(X» — X}) 


where Xp # X, 


Angles of Polygons 


:- Then :-‘Now :- Why? 


@ Find and use the sum @ To create their honeycombs, young worker 


@ You named and 


classified polygons. of the measures of honeybees excrete flecks of wax that are 
the interior angles of carefully molded by other bees to form 
a polygon. hexagonal cells. The cells are less than 


0.1 millimeter thick, but they support 
almost 25 times their own weight. The cell 
walls all stand at exactly the same angle 
to one another. This angle is the measure 


Find and use the sum 
of the measures of 
the exterior angles of 


gpolgon: of the interior angle of a regular hexagon. o i" wos . “ 
3 ak Pee 
Che NewVocabulary Polygon Interior Angles sum A diagonal of a polygon is a segment that connects 
= diagonal any two nonconsecutive vertices. 
The vertices of polygon PQRST that are not P, Q 
consecutive with vertex P are vertices R and S. 
= Therefore, polygon PQORST has two diagonals from R 
a ah a ae ‘1 ae 5 vertex P, PR and PS. Notice that the diagonals from T 
== vertex P separate the polygon into three triangles. Ss 
Content Standards 


G.MG.1 Use geometric 
shapes, their measures, and 
their properties to describe 


objects (e.g., modeling a tree S, 
trunk or a human torso as a 
cylinder). %* 


Mathematical Practices 

4 Model with mathematics. 

3 Construct viable 
arguments and critique 
the reasoning of others. 


The sum of the angle measures of a polygon is the sum of the angle measures of the 
triangles formed by drawing all the possible diagonals from one vertex. 


Triangle Quadrilateral Pentagon Hexagon 


Since the sum of the angle measures of a triangle is 180, we can make a table and look for 
a pattern to find the sum of the angle measures for any convex polygon. 


Number of Number of Sum of Interior 
Sides Triangles Angle Measures 


Triangle 3 (1)180 or 180 
Quadrilateral )180 or 360 


Polygon | 


(2 
Pentagon (3)180 or 540 

(4)180 or 720 
n-gon (n — 2)180 


Hexagon 


This leads to the following theorem. 


| Theorem 6.1 Polygon Interior Angles Sum ; | 
The sum of the interior angle measures of an n-sided convex polygon B Cc 
is (n — 2) > 180. 
A 

Example mZA+ mZB+ mZC + mZD+ mZE= (5 — 2) + 180 D 
2 = 540 E 
= 
& \ TS 
= You will prove Theorem 6.1 for octagons in Exercise 42. 


StudyTip 


Naming Polygons 
Remember, a polygon with 
n-sides is an n-gon, but 
several polygons have 
special names. 


Polygon 


triangle 


quadrilateral 


pentagon 


hexagon 


heptagon 
octagon 


nonagon 


decagon 


hendecagon 


dodecagon 


n-gon 


You can use the Polygon Interior Angles Sum Theorem to find the sum of the interior 
angles of a polygon and to find missing measures in polygons. 


Example 1 


a. Find the sum of the measures of the interior angles of a convex heptagon. 


A heptagon has seven sides. Use the Polygon Interior Angles Sum Theorem to find 
the sum of its interior angle measures. 


(n — 2) + 180 = (7 — 2) + 180 n=7 
= 5+ 180 or 900 Simplify. 
The sum of the measures is 900. 


CHECK Draw a convex polygon with seven sides. 
Use a protractor to measure each angle 
to the nearest degree. Then find the sum 
of these measures. 


128 + 145 + 140 + 87 + 134 + 136 +130 = 900 Vv 


b. ALGEBRA Find the measure of each interior A B 
angle of quadrilateral ABCD. 


EQ Find x. 


Since there are 4 angles, the sum 
of the interior angle measures is 
(4-2) + 180 or 360. 


360 =mZA+mZB+mZC+mZD Sum of interior angle measures 


360 = 3x + 90+ 90+ x Substitution 

360 = 4x + 180 Combine like terms. 

180 = 4x Subtract 180 from each side. 
45=x Divide each side by 4. 


| Step 2| Use the value of x to find the measure of each angle. 


mZA = 3x mZB = 90 mZD=x 
= 3(45) or 135 mZC = 90 = 45 
GuidedPractice J 
1A. Find the sum of the measures of the interior H : 142° K 
angles of a convex octagon. a 
1B. Find the measure of each interior angle of 
(8x+14)° M L (3x+14)° 


pentagon HJKLM shown 


Recall from Lesson 1-6 that in a regular polygon, all of the interior angles are congruent. 
You can use this fact and the Polygon Interior Angle Sum Theorem to find the interior 
angle measure of any regular polygon. 
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ReviewVocabulary 


regular polygon 

a convex polygon in which all 
of the sides are congruent 
and all of the angles are 
congruent 


Real-WorldLink 


Susan B. Anthony was a 
leader of the women’s 
suffrage movement in the late 
1800s, which eventually led 
to the Nineteenth Amendment 
giving women the right to 
vote. In 1979, the Susan B. 
Anthony one-dollar coin was 
first minted, making her the 
first woman to be depicted on 
U.S. currency. 


Source: Encyclopaedia Britannica 


Real-World Example 2 


TENTS The poles for a tent form the 
vertices of a regular hexagon. When 
the poles are properly positioned, what 
is the measure of the angle formed at a 
corner of the tent? 


Understand Draw a diagram of the 
situation. 


pole 2 pole 3 


pole 1 


The measure of the angle formed at a corner of the tent is an interior angle 
of a regular hexagon. 


Plan Use the Polygon Interior Angles Sum Theorem to find the sum of the 
measures of the angles. Since the angles of a regular polygon are 
congruent, divide this sum by the number of angles to find the measure 
of each interior angle. 


Solve ECM Find the sum of the interior angle measures. 
(n — 2) + 180 = (6 — 2) + 180 n=6 
= 4-180 or 720 Simplify. 


XG Find the measure of one interior angle. 


sum of interior angle measures —__779 Substituti 
= ubstitution 


number of congruent angles ~— 6 


= 120 Divide. 
The angle at a corner of the tent measures 120. 


Check ‘To verify that this measure is correct, 
use a ruler and a protractor to draw 
a regular hexagon using 120 as the 
measure of each interior angle. The 
last side drawn should connect with 
the beginning point of the first 
segment drawn. ¥ 


GuidedPractice 


2A. COINS Find the measure of each interior angle of the regular hendecagon 
that appears on the face of a Susan B. Anthony one-dollar coin. 


2B. HOT TUBS A certain company makes hot tubs in a variety of different 
shapes. Find the measure of each interior angle of the nonagon model. 


Given the interior angle measure of a regular polygon, you can also use the Polygon 
Interior Angles Sum Theorem to find a polygon’s number of sides. 


Example 3 


The measure of an interior angle of a regular polygon is 135. Find the number of 
sides in the polygon. 


Let n = the number of sides in the polygon. Since all angles of a regular polygon are 
congruent, the sum of the interior angle measures is 135n. By the Polygon Interior 
Angles Sum Theorem, the sum of the interior angle measures can also be expressed as 
(n — 2) + 180. 


135n = (n — 2) + 180 Write an equation. 
135n = 180n — 360 Distributive Property 


—45n = —360 Subtract 1807 from each side. 
n=8 Divide each side by —45. 

The polygon has 8 sides. 

GuidedPractice 


3. The measure of an interior angle of a regular polygon is 144. Find the number of 
sides in the polygon. 


ReviewVocabulary 


exterior angle an angle Polygon Exterior Angles Sum Does a relationship exist between the number of 
formed by one side of a sides of a convex polygon and the sum of its exterior angle measures? Examine the 
polygon and the extension of polygons below in which an exterior angle has been measured at each vertex. 
another side 
120° 
140° 
100° 


120 + 100 + 140 = 360 


65 + 98 + 36 + 50 + 111= 360 


Notice that the sum of the exterior angle measures in each case is 360. This suggests the 
following theorem. 


Theorem 6.2 Polygon Exterior Angles Sum 
The sum of the exterior angle measures of a convex polygon, 
one angle at each vertex, is 360. 


Example 
mZ1 + mZ2+ mZ3 + mZ4+mZ5 + mZ6 = 360 


You will prove Theorem 6.2 in Exercise 43. 
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Example 4 


a. ALGEBRA Find the value of x in the diagram. 


Use the Polygon Exterior Angles Sum Theorem to 
write an equation. Then solve for x. 


(2x — 5) + 5x + 2x + (6x — 5) + (3x + 10) = 360 
(2x + 5x + 2x + 6x + 3x) + [—5 + (—5) + 10] = 360 


18x = 360 
4 t= a or 20 
StudyTip 18 


X 


—_ 
CESS’ Perseverance To find 


the measure of each exterior 
angle of a regular polygon, 
you can find the measure of 
each interior angle and 
subtract this measure from 
180, since an exterior angle 
and its corresponding interior 
angle are supplementary. 


b. Find the measure of each exterior angle of a regular nonagon. 


A regular nonagon has 9 congruent sides and 9 congruent interior angles. The 
exterior angles are also congruent, since angles supplementary to congruent angles 
are congruent. Let 1 = the measure of each exterior angle and write and solve an 
equation. 


9n = 360 Polygon Exterior Angles Sum Theorem 
n = 40 Divide each side by 9. 


Check Your Understanding 


Example 1 


Example 2 


Example 3 


The measure of each exterior angle of a regular nonagon is 40. 


GuidedPractice 
4A. Find the value of x in the diagram. 


4B. Find the measure of each exterior angle of a 
regular dodecagon. 


= Step-by-Step Solutions begin on page R14. 


Find the sum of the measures of the interior angles of each convex polygon. 


1. decagon 2. pentagon 


Find the measure of each interior angle. 
3. X Y 4. 


AMUSEMENT The Wonder Wheel at Coney Island 

in Brooklyn, New York, is a regular polygon with 
16 sides. What is the measure of each interior angle 
of the polygon? 


The measure of an interior angle of a regular polygon 
is given. Find the number of sides in the polygon. 


6. 150 7. 170 


297 


Example 4 Find the value of x in each diagram. 


Find the measure of each exterior angle of each regular polygon. 


10. quadrilateral 11. octagon 


Practice and Problem Solving Extra Practice is on page R6. 
Example 1 Find the sum of the measures of the interior angles of each convex polygon. 
12. dodecagon 13. 20-gon 14, 29-gon 15. 32-gon 


Find the measure of each interior angle. 
16. 


20. BASEBALL In baseball, home plate is a pentagon. 
The dimensions of home plate are shown. What is 
the sum of the measures of the interior angles of 85 ind 
home plate? 


Sie 


8.5 in. 


Example 2 Find the measure of each interior angle of each regular polygon. 


21. dodecagon 22. pentagon 23. decagon 24. nonagon 


25. Ess MODELING Hexagonal chess is played on a regular 
hexagonal board comprised of 92 small hexagons in 
three colors. The chess pieces are arranged so that a 
player can move any piece at the start of a game. 


a. What is the sum of the measures of the interior 
angles of the chess board? 


b. Does each interior angle have the same measure? 
If so, give the measure. Explain your reasoning. 


Example 3 The measure of an interior angle of a regular polygon 
is given. Find the number of sides in the polygon. 


26. 60 27. 90 28. 120 29. 156 
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Example 4 Find the value of x in each diagram. 
30. 


32. 


Find the measure of each exterior angle of each regular polygon. 


34. decagon 35. pentagon 36. hexagon 37. 15-gon 


38. COLOR GUARD During the halftime performance for a football 
game, the color guard is planning a new formation in which 
seven members stand around a central point and stretch their 
flag to the person immediately to their left as shown. 


a. What is the measure of each exterior angle 
of the formation? 


b. If the perimeter of the formation is 38.5 feet, 
how long is each flag? 


Find the measures of an exterior angle and an interior angle given 
the number of sides of each regular polygon. Round to the nearest 
tenth, if necessary. 


39. 7 40. 13 41. 14 


42. PROOF Write a paragraph proof to prove the Polygon Interior Angles Sum Theorem for 
octagons. 


43. PROOF Use algebra to prove the Polygon Exterior Angles Sum Theorem. 


a 
44, CCS MODELING The aperture on the camera lens 
shown is a regular 14-sided polygon. 


a. What is the measure of each interior 
angle of the polygon? 


b. What is the measure of each exterior 
angle of the polygon? 


ALGEBRA Find the measure of each interior angle. 


45. decagon, in which the measures of the interior angles are x + 5,x + 10, x + 20, 
x+30,x + 35,x + 40,x + 60,x + 70,x + 80, and x + 90 


46. polygon ABCDE, in which the measures of the interior angles are 6x, 4x + 13, x + 9, 
2x —8,4x —1 
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THEATER The drama club would like to build a theater in the 
round, so the audience can be seated on all sides of the stage, 
for its next production. 


a. The stage is to be a regular octagon with a total perimeter 
of 60 feet. To what length should each board be cut to 
form the sides of the stage? 


b. At what angle should each board be cut so that they will 
fit together as shown? Explain your reasoning. 


48, 9§? MULTIPLE REPRESENTATIONS In this problem, you will 
explore angle and side relationships in special 
quadrilaterals. 


a. Geometric Draw two pairs of parallel lines that 
intersect like the ones shown. Label the quadrilateral 
formed by ABCD. Repeat these steps to form two 
additional quadrilaterals, FGH] and QRST. 


b. Tabular Copy and complete the table below. 


Quadrilateral | Lengths and Measures 


c. Verbal Make a conjecture about the relationship between the angles opposite each 
other in a quadrilateral formed by two pairs of parallel lines. 


d. Verbal Make a conjecture about the relationship between two consecutive angles ina 
quadrilateral formed by two pairs of parallel lines. 


e. Verbal Make a conjecture about the relationship between the sides opposite each 
other in a quadrilateral formed by two pairs of parallel lines. 


H.0.T. Problems use Higher-Order Thinking Skills 


49. ERROR ANALYSIS Marcus says that the sum of the exterior angles of a decagon is greater 
than that of a heptagon because a decagon has more sides. Liam says that the sum of 
the exterior angles for both polygons is the same. Is either of them correct? Explain 
your reasoning. 


50. CHALLENGE Find the values of a, b, and c if Xx Q 
QRSTVX is a regular hexagon. Justify your answer. ro 
—_~ 

51. CESS ARGUMENTS If two sides of a regular hexagon V R 


are extended to meet at a point in the exterior 

of the polygon, will the triangle formed 

always, sometimes, or never be equilateral? T 
Justify your answer. 


52. OPEN ENDED Sketch a polygon and find the sum of its interior angles. How many sides 
does a polygon with twice this interior angles sum have? Justify your answer. 


53. WRITING IN MATH Explain how triangles are related to the Interior Angles Sum Theorem. 
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Standardized Test Practice 


54. If the polygon shown is regular, A 56. ALGEBRA 2 
what is mZABC? 1 3 
F — 
A 140 : 60 
B 144 C Gs 
C 162 H 7 
D 180 
JY 
55. SHORT RESPONSE Figure ABCDE is a regular 
pentagon with line ¢ passing through side AE. 57. SAT/ACT The sum of the measures of the interior 
What is mZy? angles of a polygon is twice the sum of the 
C ' : 
measures of its exterior angles. What type of 
polygon is it? 
2 = A square D octagon 
B pentagon E nonagon 


C hexagon 


Spiral Review 


Compare the given measures. (Lesson 5-6) 


58, mZDCE and mZSRT 59. JM and ML 60. WX and ZY 
K wx 
. 
10 10 
r es = x 


61. HISTORY The early Egyptians used to make triangles by using a rope with knots tied at 
equal intervals. Each vertex of the triangle had to occur at a knot. How many different 
triangles can be formed using the rope below? (Lesson 5-5) 


Show that the triangles are congruent by identifying all congruent corresponding parts. 
Then write a congruence statement. (Lesson 4-3) 


P 63. F 64. S 
E 
- 
£ S 
eg 
Q 
V 


Skills Review 


In the figure, £ || m and AC || BD. Name all pairs of 
angles for each type indicated. 


65. alternate interior angles 


66. consecutive interior angles 
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Spreadsheet Lab 
Angles of Polygons 


It is possible to find the interior and exterior measurements along with the sum of the 
interior angles of any regular polygon with n number of sides by using a spreadsheet. 


Activity 


Design a spreadsheet using the following steps. 
¢ Label the columns as shown in the spreadsheet below. 


Enter the digits 3-10 in the first column. 
e The number of triangles in a polygon is 2 fewer than the number of sides. Write a 
formula for Cell B1 to subtract 2 from each number in Cell A1. 


e Enter a formula for Cell C1 so the spreadsheet will calculate the sum of the 
measures of the interior angles. Remember that the formula is S = (n — 2)180. 


Continue to enter formulas so that the indicated computation is performed. Then, 
copy each formula through Row 9. The final spreadsheet will appear as below. 


Polygons and Angles 


B Cc D E 

Sum of | Measure | Measure |Measures 
Number |Measures| of Each | of Each of 
Number of of Interior} Interior | Exterior | Exterior 
of Sides | Triangles| Angles | Angle Angle | Angles 
180 60 120 360 
90 90 360 


1. Write the formula to find the measure of each interior angle in the polygon. 
2. Write the formula to find the sum of the measures of the exterior angles. 

3. What is the measure of each interior angle if the number of sides is 1? 2? 

4. Is it possible to have values of 1 and 2 for the number of sides? Explain. 


For Exercises 5-8, use the spreadsheet. 
5. How many triangles are in a polygon with 17 sides? 
6. Find the measure of an exterior angle of a regular polygon with 16 sides. 
7. Find the measure of an interior angle of a regular polygon with 115 sides. 
8. If the measure of the exterior angles is 0, find the measure of the interior angles. 
Is this possible? Explain. 
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Parallelograms 


:-Why? 

@ You classified @ Recognize and apply @ The arm of the basketball goal shown can be adjusted to a height of 10 feet or 5 feet. 
polygons with four properties of the Notice that as the height is adjusted, each pair of opposite sides of the quadrilateral 
sides as sides and angles of formed by the arms remains parallel. 
quadrilaterals. parallelograms. 

Recognize and apply 
properties of the 
diagonals of 


parallelograms. 


= 1 . B 
am Sides and Angles of Parallelograms A parallelogram is a 
De | NewVocabulary quadrilateral with both pairs of opposite sides parallel. 
parallelogram To name a parallelogram, use the symbol J. In FABCD, 
BC || AD and AB || DC by definition. 
Other properties of parallelograms are given in the theorems below. és e 
—_ CABCD 
Common Core ; 
y/ State Standards Theorem Properties of Parallelograms 
Content Standards . : ae 
G.C0.11 Prove theorems 6.3 If a quadrilateral is a parallelogram, then its opposite sides J K 
about parallelograms. are congruent. 
G.GPE.4 Use coordinates to = F = 
rove simple geometric Abbreviation Opp. sides of a are =. 
theorems algebraically. M L 


Example If JKLM is a parallelogram, then JK = ML and JM = KL. 
Mathematical Practices 
4 Model with mathematics. 
3 Construct viable 
arguments and critique 
the reasoning of others. 


6.4 If a quadrilateral is a parallelogram, then its opposite angles 


K 
are congruent. 
Abbreviation Opp. 4 ofal are=. 


i 


Example If JKLMis a parallelogram, then ZJ= ZLand ZK= ZM. L 
6.5 If a quadrilateral is a parallelogram, then its consecutive angles J K 
are supplementary. x y 
Abbreviation Cons. 4 inal are supplementary. y ¢ 
Example If JKLM is a parallelogram, then x + y = 180. mM i 
6.6 If a parallelogram has one right angle, then it has four right angles. J K 
Abbreviation § /fal has 7 rt. Z, ithas 4 rt. Zs. | 
Example In CIJKLM, if Z Jis a right angle, then 7k, ZL, and 7M 
are also right angles. M L 
\ di 


You will prove Theorems 6.3, 6.5, and 6.6 in Exercises 28, 26, and 7, respectively. 


StudyTip 


Including a Figure 
Theorems are presented in 
general terms. In a proof, you 
must include a drawing so 
that you can refer to 
segments and angles 
specifically. 


Real-WorldCareer 
Coach Coaches organize 
amateur and professional 
atheletes, teaching them the 
fundamentals of a sport. They 
manage teams during both 
practice sessions and 
competitions. Additional tasks 
may include selecting and 
issuing sports equiment, 
materials, and supplies. Head 
coaches at public secondary 
schools usually have a 
bachelor’s degree. 


Proof Theorem 6.4 


Write a two-column proof of Theorem 6.4. F G 
Given: CJFGHJ 

Prove: ZF= ZH, ZJ= ZG 

Proof: J H 


Reasons 
1. Given 


Statements 
1. COFGHJ 
2. FG || JH; FJ || GH 2. 


3. ZFand ZJ are supplementary. 3. 
ZJand ZH are supplementary. 
ZHand ZGare supplementary. 


4. ZF= ZH, ZJ= 2G 4. 


Definition of parallelogram 


If parallel lines are cut by a transversal, 
consecutive interior angles are 
supplementary. 


Supplements of the same angles are 
congruent. 


Real-World Example 1 


BASKETBALL In CJABCD, suppose 
mZA = 55, AB = 2.5 feet, and BC = 1 foot. 
Find each measure. 


a. DC 
DC = AB Opp. sides of a 7 are =. 
= 2:5 ft Substitution 
b. mZB 


mZB + mZA = 180 
mZB + 55 = 180 


Cons. & ina [2 are supplementary. 


Substitution 


mZB = 125 Subtract 55 from each side. 
c. mZC 
mZC=mZA Opp. 4 ofa 7 are =. 
= 55 Substitution 
GuidedPractice 


1. MIRRORS The wall-mounted mirror 
shown uses parallelograms that 
change shape as the arm is extended. 
In DJKLM, suppose mZJ = 47. Find 
each measure. 


A. mZL B. mZM 


C. Suppose the arm was extended 
further so that mZJ = 90. What 
would be the measure of each of 
the other angles? Justify your 

answer. 
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Diagonals of Parallelograms The diagonals of a parallelogram have special 
properties as well. 


Theorem Diagonals of Parallelograms 


6.7 If a quadrilateral is a parallelogram, then its diagonals bisect each other. 4 


B 
Abbreviation Diag. of a — bisect each other. \7 
Example lf ABCD is a parallelogram, then AP = PC and DP = PB. 


6.8 If a quadrilateral is a parallelogram, then each diagonal separates the A 
parallelogram into two congruent triangles. 


Abbreviation Diag. separates a 7 into 2 = A. 
Example If ABCD is a parallelogram, then A ABD = ACDB. 


You will prove Theorems 6.7 and 6.8 in Exercises 29 and 27, respectively. 


Example 2 


ALGEBRA If QRST is a parallelogram, find the Q R 


value of the indicated variable. Pe le 7 
a. x “ 27 
QT =RS Opp. sides of a CJ are =. oe 


QT=RS Definition of congruence T S 
5x = 27 Substitution 
x=54 Divide each side by 5. 
b. y 
TP = PR Diag. of a 7 bisect each other. 
TP =PR Definition of congruence 
2y-—5=y+4 Substitution 
y=9 Subtract y and add 5 to each side. 
StudyTip ee 
Congruent Triangles 


ATQS = ARSQ Diag. separates a 7 into2 = A. 
ZOST = ZSQR CPCTC 
mZQST = mZSQR Definition of congruence 


A parallelogram with two 
diagonals divides the figure 
into two pairs of congruent 


triangles. 32=33 Substitution 
z=11 Divide each side by 3. 
GuidedPractice 


Find the value of each variable in the given parallelogram. 


2A. y+8 2B. oe 
. Neon 
(2x — 6)° 
Sy 


aos (Y 


StudyTip 
—_ 

cCSS Regularity Graph the 
parallelogram in Example 3 
and the point of intersection 
of the diagonals you found. 
Draw the diagonals. The point 
of intersection appears to be 


correct. 
IG 
F 
xX 
—4 4 
=H 


You can use Theorem 6.7 to determine the coordinates of the intersection of the diagonals 
of a parallelogram on a coordinate plane given the coordinates of the vertices. 


Example 3 


COORDINATE GEOMETRY Determine the coordinates of the intersection 
of the diagonals of -JFGHJ with vertices F(—2, 4), G3, 5), H(2, —3), and 
J(-3, —4). 


Since the diagonals of a parallelogram bisect each other, their intersection 

point is the midpoint of FH and GJ. Find the midpoint of FH with endpoints 

(—2, 4) and (2, —3). 

(= +x. 1 3 = (2+ 2 4+ 3) 
2% 2. > 2% 


Midpoint Formula 


= (0, 0.5) Simplify. 


The coordinates of the intersection of the diagonals of -JFGHJ are (0, 0.5). 


CHECK Find the midpoint of GJ with endpoints (3, 5) and (—3, —4). 


(? +(—3) 5+ (—4) 


(3), BHA )=(0,05) v 


GuidedPractice 


3. COORDINATE GEOMETRY Determine the coordinates of the intersection 
of the diagonals of RSTU with vertices R(—8, —2), S(—6, 7), T(6, 7), 
and U(4, —2). 


You can use the properties of parallelograms and their diagonals to write proofs. 


Example 4 


Write a paragraph proof. A B Cc 
Given: CIABDG, AF = CF 
Prove: ZBDG = ZC 


Proof: F 


We are given ABDG is a parallelogram. Since opposite angles in a parallelogram 
are congruent, ZBDG = ZA. We are also given that AF = CF. By the Isosceles 
Triangle Theorem, ZA = ZC. So, by the Transitive Property of Congruence, 
ZBDG = ZC. 


H J 
GuidedPractice 
4. Write a two-column proof. Pp K 
Given: CJHJKP and CIPKLM 
Prove: H] = ML 
M L 
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Masterfile 


Check Your Understanding 


Example 1 


Example 2 


Example 3 


Example 4 


1. NAVIGATION To chart a course, sailors use a parallel ruler. 
One edge of the ruler is placed along the line representing 
the direction of the course to be taken. Then the other ruler 
is moved until its edge reaches the compass rose printed 
on the chart. Reading the compass determines which 
direction to travel. The rulers and the crossbars of the tool 
form FIMNPQ. 


a. If mZNMQ = 32, find mZMNP. 5 
b. If mZMQP = 125, find mZMNP. 
c. If MQ = 4, what is NP? 


ALGEBRA Find the value of each variable in each parallelogram. 


2. J K 3. 8 T 
Q 
y-4 
(2x — 1)° an 
M L S 
R 
4. W ; 5. F G 
KA\ Lia 
2b—6 Z J 


6. COORDINATE GEOMETRY Determine the coordinates of the intersection of the diagonals of 
CIABCD with vertices A(—4, 6), B(5, 6), C(4, —2), and D(—5, —2). 


LAS 
CESS ARGUMENTS Write the indicated type of proof. 


7. paragraph 8. two-column 
Given: CJABCD, ZA is a right angle. Given: ABCH and DCGF are 
Prove: ZB, ZC,and ZD are right parallelograms. 
angles. (Theorem 6.6) Prove: ZA = ZF 
A B B 
D 
F 
Cc D H 


q 


Extra Practice is on page R6. 


Example 1 


Use CJPQRS to find each measure. 


Q 


11. QP 12. mZS RBS 


Mesmeckomeyaw-titcon|] 407 ®) 


HOME DECOR The slats on Venetian blinds are 
designed to remain parallel in order to direct the 
path of light coming in a window. In FJFGH, 


R= 3 inch, FG = 1 inch, and mZJHG = 62. 
Find each measure. 

a. JH 

b. GH 

c. mZJEG 

d. mZEJH 


14. (88 MODELING Wesley is a member of the 
kennel club in his area. His club uses 
accordion fencing like the section shown 
at the right to block out areas at dog Ss A 
shows. pay, 


Vv 


XX) 
YOOX 


alert) 


a. Identify two pairs of congruent 
segments. 


b. Identify two pairs of supplementary 
angles. 


Example 2 ALGEBRA Find the value of each variable in each parallelogram. 


15. Y 16. 17. A 
8a+7 D 
2b S 
b+11 i 
Z B 
Ww ‘i c 
18 T 19 20. K 
3b+5 j 
a+15 3a411 : 
betty rr L 


Example 3 COORDINATE GEOMETRY Find the coordinates of the intersection of the diagonals of 
COWXYZ with the given vertices. 


21. W-1, 7), X(8, 7), Y(6, =2), A\=3, —2) 22. W(-4, 5), X(5, 7), Y(4, —2), Z(=5, —A4) 
Example 4 PROOF Write a two-column proof. 
23. Given: WXTV and ZYVT are 24. Given: CIBDHA, CA = CG 


parallelograms. Prove: ZBDH = ZG 
Prove: WX = ZY 


A 
ee Z B 
V r GD c 


) 408 | Lesson 6-2 | Parallelograms 


25. FLAGS Refer to the Alabama state 
flag at the right. 


Given: AACD = ACAB 
Prove: DP = PB 


i> 
cess ARGUMENTS Write the indicated type of proof. 


26. two-column 
Given: LIGKLM 
Prove: ZGand ZK, ZK and ZL, 
ZLand ZM, and ZM and 
ZG are supplementary. 
(Theorem 6.5) 


G K 


M L 


28. two-column 
Given: CIPQRS 
Prove: PQ = RS,QR = SP 
(Theorem 6.3) 


27. two-column 
Given: FIWXYZ 
Prove: AWXZ = AYZX 
(Theorem 6.8) 


W Xx 


L—] 


Z Y 


29. paragraph 
Given: CJACDE is a parallelogram. 
Prove: EC bisects AD. 
(Theorem 6.7) 


30. COORDINATE GEOMETRY Use the graph shown. 


a. Use the Distance Formula to 
determine if the diagonals of 
JKLM bisect each other. 
Explain. 


b. Determine whether the diagonals 
are congruent. Explain. 


c. Use slopes to determine if the 
consecutive sides are 
perpendicular. Explain. 


ALGEBRA Use CJABCD to find each measure or value. 3y—8 
31. x 32. y 


(33) mZAEB 


35. mZACD 


34. mZDAC 


36. mZDAB D 10 


37. COORDINATE GEOMETRY CJABCD has vertices A(—3, 5), B(1, 2), and C(3, —4). Determine 
the coordinates of vertex D if it is located in Quadrant III. 


{Mfcoroerted negraw-ni con] mp 409 Ss) 


38. MECHANICS Scissor lifts are variable elevation work platforms. 
One is shown at the right. In the diagram, ABCD and DEFG 
are congruent parallelograms. 


a. List the angle(s) congruent to ZA. Explain 
your reasoning. 


b. List the segment(s) congruent to BC. 
Explain your reasoning. 


c. List the angle(s) supplementary to ZC. 
Explain your reasoning. 
PROOF Write a two-column proof. 


Given: DIYWVZ, VX L WY, YU _L VZ 
Prove: AYUZ = AVXW 


V U Z 


WwW xX Y 


40. 9? MULTIPLE REPRESENTATIONS In this problem, you will explore tests for 
parallelograms. 


a. Geometric Draw three pairs of segments that are both congruent and parallel and 
connect the endpoints to form quadrilaterals. Label one quadrilateral ABCD, one 
MNOP, and one WXYZ. Measure and label the sides and angles of the 
quadrilaterals. 


b. Tabular Copy and complete the table below. 


Opposite Sides Opposite Angles 
Congruent? Congruent? 


Quadrilateral Parallelogram 


ABCD 
MNOP 
WXYZ 


c. Verbal Make a conjecture about quadrilaterals with one pair of segments that are 
both congruent and parallel. 


H.0.T. Problems use Higher-Order Thinking Skills 


41. CHALLENGE ABCD is a parallelogram with side A ay+1 B 
lengths as indicated in the figure at the right. The 
perimeter of ABCD is 22. Find AB. 3x—2 x-w+1 
42. WRITING IN MATH Explain why parallelograms D rT C 


are always quadrilaterals, but quadrilaterals are 
sometimes parallelograms. 


43. OPEN ENDED Provide a counterexample to show that parallelograms 
are not always congruent if their corresponding sides are congruent. 


lA~ 
44. CCS REASONING Find mZ1 and mZ10 in the figure at the 
right. Explain. 


45. WRITING IN MATH Summarize the properties of the 
sides, angles, and diagonals of a parallelogram. 
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Standardized Test Practice 


46. Two consecutive angles of a parallelogram 49. SAT/ACT The table shows the heights of the tallest 
measure 3x + 42 and 9x — 18. What are the buildings in Kansas City, Missouri. To the nearest 
measures of the angles? tenth, what is the positive difference between the 

i 7 
A 13, 167 C 39,141 median and the mean of the data? 
B 58.5, 31.5 D 81,99 | _Height (m) 
One Kansas City Place 
47. GRIDDED RESPONSE Parallelogram MNPQ is Town Pavillion 
shown. What is the value of x? 
Hyatt Regency 
uv Ml Power and Light Building 
City Hall 
(7x + 11)° 1201 Walnut 
Q P 
A5 

48. ALGEBRA Ina history class with 32 students, the B6 
ratio of girls to boys is 5 to 3. How many more C7 
girls are there than boys? Ds 
F 2 G 8 H 12 J 15 E 10 


Spiral Review 


The measure of an interior angle of a regular polygon is given. Find the number of sides 
in the polygon. (Lesson 6-1) 


50. 108 51. 140 52. = 147.3 53. 160 54. 135 55. 176.4 


56. LANDSCAPING When landscapers plant new trees, they usually brace the tree using a 
stake tied to the trunk of the tree. Use the SAS or SSS Inequality to explain why this is 
an effective method for keeping a newly planted tree perpendicular to the ground. 
Assume that the tree does not lean forward or backward. (lesson 5-6) 


Determine whether the solid is a polyhedron. Then identify the solid. If it is a 
polyhedron, name the bases, faces, edges, and vertices. (Lesson 1-7) 


57. S 58. 


Skills Review 


The vertices of a quadrilateral are W(3, —1), X(4, 2), Y(—2, 3) and Z(—3, 0). Determine 
whether each segment is a side or diagonal of the quadrilateral, and find the slope of 
each segment. 


60. YZ 61. YW 62. ZW 


{Mfconoerteb negraw-ni con] a1 


. 


Graphing Technology Lab 


Parallelograms 


(css Common Core State Standards 
“Content Standards 
G.C0.12 Make formal geometric constructions with a variety of tools 
and methods (compass and straightedge, string, reflective devices, 
paper folding, dynamic geometric software, etc.). 


Mathematical Practices 5 


You can use the Cabri™ Jr. application on a TI-83/84 Plus graphing calculator to 
discover properties of parallelograms. 


Activity 


Construct a quadrilateral with one pair of sides that are 
both parallel and congruent. 


Su Construct a segment using the Segment __ 
tool on the F2 menu. Label the segment AB. 
This is one side of the quadrilateral. 


| Step 2 | Use the Parallel tool on the F3 menu to 
construct a line parallel to the segment. 


Pressing [ENTER] will draw the line and a 
point on the line. Label the point C. Steps 1 and 2 


| Step 3 | Access the Compass tool on the F3 menu. 
Set the compass to the length of AB by 
selecting one endpoint of the segment and 
then the other. Construct a circle centered at C. 


EXZI Use the Point Intersection tool on the F2 
menu to draw a point at the intersection of 
the line and the circle. Label the point D. 
Then use the Segment tool on the F2 menu 
to draw AC and BD. 


Steps 3 and 4 


ES Use the Hide/Show tool on the F5 menu 

to hide the circle. Then access Slope tool 
under Measure on the F5 menu. Display 
the slopes of AB, BD, CD, and AC. 


Analyze the Results 
1. What is the relationship between sides AB and CD? Explain how you know. 


2. What do you observe about the slopes of opposite sides of the quadrilateral? 
What type of quadrilateral is ABDC? Explain. 


3. Click on point A and drag it to change the shape of ABDC. What do you observe? 


4, Make a conjecture about a quadrilateral with a pair of opposite sides that are both 
congruent and parallel. 

5. Use a graphing calculator to construct a quadrilateral with both pairs of opposite 
sides congruent. Then analyze the slopes of the sides of the quadrilateral. Make a 
conjecture based on your observations. 
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Tests for Parallelograms 


Why? 


@ Yourecognized and ©@ 
applied properties of 
parallelograms. 


Common Core 

cs) State Standards 
Content Standards 
G.C0.11 Prove theorems 
about parallelograms. 
G.GPE.4 Use coordinates to 
prove simple geometric 
theorems algebraically. 


Mathematical Practices 

3 Construct viable 
arguments and critique 
the reasoning of others. 

2 Reason abstractly and 
quantitatively. 


@ Lexi and Rosalinda cut strips of bulletin 
board paper at an angle to form the hallway 
display shown. Their friends asked them 
how they cut the strips so that their sides 
were parallel without using a protractor. 


Recognize the 
conditions that 
ensure a quadrilateral 
is a parallelogram. 


Prove that a set of 
points forms a 
parallelogram in the 
coordinate plane. 


Rosalinda explained that since the left and 
right sides of the paper were parallel, she 
only needed to make sure that the sides 
were cut to the same length to guarantee 
that a strip would form a parallelogram. 


Conditions for Parallelograms If a quadrilateral has each pair of opposite sides 
q P PP 
parallel, it is a parallelogram by definition. 


This is not the only test, however, that can be used to determine if a quadrilateral is 


a parallelogram. 


[ Theorems Conditions for Parallelograms 


then the quadrilateral is a parallelogram. 


6.9 If both pairs of opposite sides of a quadrilateral are congruent, then A B 
the quadrilateral is a parallelogram. 
Abbreviation /f both pairs of opp. sides are =, then quad. is al. 
Example lf AB= DC and AD = BC, then ABCD is a 
parallelogram. D C 
6.10 If both pairs of opposite angles of a quadrilateral are congruent, A B 


parallelogram. 


Abbreviation /f both pairs of opp. Zs are =, then quad. is al. 
Example lf ZA= ZCand ZB= ZD, then ABCDisa 
parallelogram. D C 
6.11 If the diagonals of a quadrilateral bisect each other, then the A B 
quadrilateral is a parallelogram. 
Abbreviation /f diag. bisect each other, then quad. is a. 
Example lf AC and DB bisect each other, then ABCD is a 
parallelogram. D Cc 
6.12 If one pair of opposite sides of a quadrilateral is both parallel and r B 
congruent, then the quadrilateral is a parallelogram. 
Abbreviation /f one pair of opp. sides is = and ||, then the quad. 
isa. 
Example lf AB || DC and AB = DC, then ABCDis a D GC 


ee 


You will prove Theorems 6.10, 6.11, and 6.12 in Exercises 30, 32, and 33, respectively. 


on 


Real-WorldLink 


A 2- or 3-cantilever tackle 
box is often used to organize 
lures and other fishing 
supplies. The trays lift up and 
away so that all items in the 
box are easily accessible. 


Proof Theorem 6.9 


Write a paragraph proof of Theorem 6.9. WwW xX 
Given: WX = ZY, WZ= XY 
Prove: WXYZis a parallelogram. 


Paragraph Proof: Z Y 


Two points determine a line, so we can draw auxiliary line ZX to form AZWX and AXYZ.We are given 
that WX = ZYand WZ = XY. Also, ZX = XZby the Reflexive Property of Congruence. So AZWX = 
AXYZ by SSS. By CPCTC, ZWXZ = ZYZX and ZWZX = ZYXZ. This means that WX || ZYand WZ|| XY 
by the Alternate Interior Angles Converse. Opposite sides of WXYZ are parallel, so by definition WXYZ is 
a parallelogram. 


Example 1 


Determine whether the quadrilateral is a parallelogram. F 14in G 
Justify your answer. 100° 


Opposite sides FG and JH are congruent because they have the 
same measure. Also, since ZFGH and ZGH] are supplementary 
consecutive interior angles, FG || JH. Therefore, by Theorem 
6.12, FGH] is a parallelogram. 


GuidedPractice 


12cm 


You can use the conditions of parallelograms to prove relationships in 
real-world situations. 


Real-World Example 2 


FISHING The diagram shows a side view of the 
tackle box at the left. In the diagram, PQ = RS 
and PR = QS. Explain why the upper and middle 
trays remain parallel no matter to what height 
the trays are raised or lowered. 


Since both pairs of opposite sides of 
quadrilateral PQSR are congruent, PQRS is a 
parallelogram by Theorem 6.9. By the definition 
of a parallelogram, opposite sides are parallel, 
so PQ || RS. Therefore, no matter the vertical 
position of the trays, they will always 

remain parallel. 


GuidedPractice 


2. BANNERS In the example at the beginning of the lesson, explain why the cuts made 
by Lexi and Rosalinda are parallel. 


aN 
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You can also use the conditions of parallelograms along with algebra to find missing 
values that make a quadrilateral a parallelogram. 


Example 3 
WatchOut! 


Parallelograms In Example 
3, if xis 4, then y must be 
2.5 in order for FGHJ to be a 
parallelogram. In other words, 
if xis 4 and yis 1, then FGHJ 
is not a parallelogram. 


If FK = 3x — 1, KG = 4y + 3, JK = 6y — 2, and F G 
KH = 2x + 3, find x and y so that the 
quadrilateral is a parallelogram. 


By Theorem 6.11, if the diagonals of a 
quadrilateral bisect each other, then it isa 
parallelogram. So find x such that FK = KH 


and y such that JK = KG. 


FK = KH Definition of = 


3x —-1=2x+3 Substitution 


x-1=3 Subtract 2x from each side. 
x=4 Add 1 to each side. 
JK=KG Definition of = 


6y —2=4y+3 Substitution 


2y—2=3 Subtract 4y from each side. 
2y=5 Add 2 to each side. 
y=2.5 Divide each side by 2. 


So, when x is 4 and y is 2.5, quadrilateral FGHJ is a parallelogram. 


GuidedPractice 
Find x and y so that each quadrilateral is a parallelogram. 
3B. 4y—9 


5x—2 


2y+5 


You have learned the conditions of parallelograms. The following list summarizes how to 
use the conditions to prove a quadrilateral is a parallelogram. 


Concept Summary 


Prove that a Quadrilateral Is a Parallelogram 

© Show that both pairs of opposite sides are parallel. (Definition) 

e Show that both pairs of opposite sides are congruent. (Theorem 6.9) 

e Show that both pairs of opposite angles are congruent. (Theorem 6.10) 
e Show that the diagonals bisect each other. (Theorem 6.11) 


e Show that a pair of opposite sides is both parallel and congruent. (Theorem 6.12) 


\ 


jE \ 
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StudyTip 


Midpoint Formula 

To show that a quadrilateral 
is a parallelogram, you can 
also use the Midpoint 
Formula. If the midpoint of 
each diagonal is the same 
point, then the diagonals 
bisect each other. 


ReviewVocabulary 


coordinate proof a proof that 
uses figures in the coordinate 
plane and algebra to prove 
geometric concepts 


Parallelograms on the Coordinate Plane We can use the Distance, Slope, and 
Midpoint Formulas to determine whether a quadrilateral in the coordinate plane is a 
parallelogram. 


Example 4 


COORDINATE GEOMETRY Graph quadrilateral KLMN with vertices K(2, 3), L(8, 4), 
M(7, —2), and N(1, —3). Determine whether the quadrilateral is a parallelogram. 
Justify your answer using the Slope Formula. 


If the opposite sides of a quadrilateral are parallel, 
then it is a parallelogram. 


4-3 1 
8-2 6 


slope of KL = 


—3-3_ -6 
1-2 —1 


slope of KN = 


ye ee ee 
slope of LM = | or 6 


Since opposite sides have the same slope, KL || NM and KN || LM. Therefore, KLMN is 
a parallelogram by definition. 


GuidedPractice 


Determine whether the quadrilateral is a parallelogram. Justify your answer using 
the given formula. 


AA. A(3, 3), B(8, 2), C(6, —1), D(1, 0); Distance Formula 
4B. F(—2, 4), G(4, 2), H(4, —2), J(—2, —1); Midpoint Formula 


In Chapter 4, you learned that variable coordinates can be assigned to the vertices of 
triangles. Then the Distance, Slope, and Midpoint Formulas were used to write 
coordinate proofs of theorems. The same can be done with quadrilaterals. 


Example 5 


Write a coordinate proof for the following statement. 


If one pair of opposite sides of a quadrilateral is both parallel 
and congruent, then the quadrilateral is a parallelogram. 


Step 1 Position quadrilateral ABCD on the coordinate plane such that 
AB || DC and AB = DC. 


¢ Begin by placing the vertex A at the origin. 


* Let AB have a length of a units. Then B has 
coordinates (a, 0). 


¢ Since horizontal segments are parallel, 
position the endpoints of DC so that they 
have the same y-coordinate, c. 


e So that the distance from D to C is also a 
units, let the x-coordinate of D be b and of C 
beb+a. 


Pal 
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Math HistoryLink 


René Descartes 
(1596-1650) 

René Descartes was a French 
mathematician who was the 
first to use a coordinate grid. 
It has been said that he first 
thought of locating a point on 
a plane with a pair of 
numbers when he was 
watching a fly on the ceiling, 
but this is a myth. 


Erich Lessing/Art Resource, NY 


| Step 2| Use your figure to write a proof. 
Given: quadrilateral ABCD, AB || DC, AB = DC 


Prove: ABCD is a parallelogram. 


Coordinate Proof: 


By definition, a quadrilateral is a parallelogram 
if opposite sides are parallel. We are given that 


AB || DC, so we need only show that AD || BC. 
Use the Slope Formula. 


IW c¢-O0_c 
slope of AD = 0 7% 
parallelogram because opposite sides are parallel. 


GuidedPractice 


opposite sides are congruent. 


Since AD and BC have the same slope, AD || BC. So quadrilateral ABCD is a 


5. Write a coordinate proof of this statement: If a quadrilateral is a parallelogram, then 


Check Your Understanding 


= Step-by-Step Solutions begin on page R14. 


Example 1 Determine whether each quadrilateral is a parallelogram. Justify your answer. 
| . ) 
Example 2 3. KITES Charmaine is building the kite shown below. She wants to be sure that the string 


around her frame forms a parallelogram before she secures the material to it. How can 
she use the measures of the wooden portion of the frame to prove that the string forms 
a parallelogram? Explain your reasoning. 


Side Top 


Wooden 


A B 
Frame \Pe-7 
De 


String 


Example 3 ALGEBRA Find x and y so that the quadrilateral is a parallelogram. 


(8x — 8)° 


(7y +2)" 
(6y+16)° (6x + 14)° 


y+ 


ow 


Example 4 COORDINATE GEOMETRY Graph each quadrilateral with the given vertices. Determine 
whether the figure is a parallelogram. Justify your answer with the method indicated. 


6. A(—2, 4), B(S, 4), C(8, —1), D(—1, —1); Slope Formula 
@w-s, 4), X(3, 4), Y(, -3), Z(—7, —3); Midpoint Formula 


Example 5 8. Write a coordinate proof for the statement: If a quadrilateral is a parallelogram, then its 
diagonals bisect each other. 


Practice and Problem Solving Extra Practice is on page R6. 


Example 1 CSS ARGUMENTS Determine whether each quadrilateral is a parallelogram. Justify your answer. 


9, 10. 11. 


7 
Example 2 15. PROOF If ACDH is a parallelogram, 16. PROOF If WXYZ is a parallelogram, 
B is the midpoint of AC, and F is ZW = ZX, and M is the midpoint 
the midpoint of HD, write a flow of WX, write a paragraph proof to 
proof to prove that ABFH isa prove that ZMY is an isosceles 
parallelogram. triangle. 


A B Cc WwW M x 
H F D Z Y 
17. REPAIR Parallelogram lifts are used to elevate large vehicles for maintenance. In the 


diagram, ABEF and BCDE are parallelograms. Write a two-column proof to show that 
ACDF is also a parallelogram. 


Example 3 ALGEBRA Find x and y so that the quadrilateral is a parallelogram. 


18. 2x+9 19. 4x —17 20. - Gx) 
106° (4x — 8)° 
(3y + 19)° 
11 = 
* 2x— 1 y—8) 
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ALGEBRA Find x and y so that the quadrilateral is a parallelogram. 
23. 2x + 4y 


21 3x + 3y 


1 
by+ 5x 


Example 4 COORDINATE GEOMETRY Graph each quadrilateral with the given vertices. 
Determine whether the figure is a parallelogram. Justify your answer with 
the method indicated. 


24. A(—3, 4), B(4, 5), C(5, —1), D(—2, —2); Slope Formula 
25. J(—4, —4), K(—3, 1), L(4, 3), M(3, —3); Distance Formula 
26. V(3, 5), W(1, —2), X(—6, 2), Y(—4, 7); Slope Formula 


27. Q(2, —4), R(4, 3), S(—3, 6), T(—5, —1); Distance and Slope Formulas 


Example 5 28. Write a coordinate proof for the statement: If both pairs of opposite sides of a quadrilateral 
are congruent, then the quadrilateral is a parallelogram. 


29. Write a coordinate proof for the statement: If a parallelogram has one right angle, it has 
four right angles. 


30. PROOF Write a paragraph proof of Theorem 6.10. 


PANTOGRAPH A pantograph is a device that C. 
can be used to copy an object and either , 
enlarge or reduce it based on the dimensions 
of the pantograph. 


a. If AC = CF, AB = CD = BE, and DF = DE, 
write a paragraph proof to show that 
BE || CD. 


Ag 
Fixed Point ~ 


b. The scale of the copied object is the 
ratio of CF to BE. If AB is 12 inches, 
DF is 8 inches, and the width of the 
original object is 5.5 inches, what is 
the width of the copy? 


Original Object is traced using this point 


PROOF Write a two-column proof. 
32. Theorem 6.11 33. Theorem 6.12 


34. CONSTRUCTION Explain how you can use Theorem 6.11 to construct a parallelogram. 
Then construct a parallelogram using your method. 


—_~ 
GOSS REASONING Name the missing coordinates for each parallelogram. 


(35) D(?,2) 1” 2, 36. 


A(0,0) Bla+t b, 0) X (a, ?) 
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SERVICE While replacing a hand rail, a 

contractor uses a carpenter’s square to 

confirm that the vertical supports are vertical 
perpendicular to the top step and the a 
ground, respectively. How can the 

contractor prove that the two hand rails 

are parallel using the fewest measurements? 

Assume that the top step and the ground 

are both level. 


hand rails 


N vertical 
support 


38. PROOF Write a coordinate proof to prove that the 
segments joining the midpoints of the sides of any 
quadrilateral form a parallelogram. 


39, 9§9 MULTIPLE REPRESENTATIONS In this problem, you 
will explore the properties of rectangles. A rectangle is 
a quadrilateral with four right angles. 


a. Geometric Draw three rectangles with varying 
lengths and widths. Label one rectangle ABCD, 
one MNOP, and one WXYZ. Draw the two 
diagonals for each rectangle. 


Rectangle | Side 
AC 


b. Tabular Measure the diagonals of each rectangle, 
and complete the table at the right. 


c. Verbal Write a conjecture about the diagonals of 
a rectangle. 


H.0.T. Problems Use Higher-Order Thinking Skills 


40. CHALLENGE The diagonals of a parallelogram meet at the point (0, 1). One vertex of the 
parallelogram is located at (2, 4), and a second vertex is located at (3, 1). Find the 
locations of the remaining vertices. 


41. WRITING IN MATH Compare and contrast Theorem 6.9 and Theorem 6.3. 


~~ 
42. cess ARGUMENTS If two parallelograms have four congruent corresponding angles, are 
the parallelograms sometimes, always, or never congruent? 


43. OPEN ENDED Position and label a parallelogram on the coordinate plane differently than 
shown in either Example 5, Exercise 35, or Exercise 36. 


44. CHALLENGE If ABCD is a parallelogram and A B 
AJ = KC, show that quadrilateral JBKD is a 
parallelogram. 


C 
45. EA) WRITING IN MATH How can you prove that a quadrilateral 


is a parallelogram? 
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Standardized Test Practice 


46. If sides AB and DC of quadrilateral ABCD are 48. ALGEBRA Jarod’s average driving speed for a 
parallel, which additional information would be 5-hour trip was 58 miles per hour. During the 
sufficient to prove that quadrilateral ABCD is a first 3 hours, he drove 50 miles per hour. What 
parallelogram? was his average speed in miles per hour for the 

eet, ee ee is trip? 

A ABS AC C AC=BD last 2 hours of his trip? 
B AB= DC D AD =BC ae a 
G 66 J 54 


47. SHORT RESPONSE Quadrilateral ABCD is shown. 
49. SAT/ACT A parallelogram has vertices at (0, 0), 


: 3 a = 
AC is 40 and BD is BAC. BD bisects AC. For (3, 5), and (0, 5). What are the coordinates of the 
what value of x is ABCD a parallelogram? fourth vertex? 
A B A (0,3) D0, <3) 


C (5,0) 


Spiral Review 


COORDINATE GEOMETRY Find the coordinates of the intersection of the diagonals of 
CIABCD with the given vertices. (Lesson 6-2) 


50. A =3, 5), B(6, 5), C5, —A4), D(-—4, —A) 51. A(2, 5), B(10, var C(7, —2), D(-1, —A4) 
Find the value of x. (Lesson 6-1) 
52. 53. 


55. FITNESS Toshiro was at the gym for just over two hours. He swam laps in the pool 
and lifted weights. Prove that he did one of these activities for more than an 
hour. (Lesson 5-4) 


PROOF Write a flow proof. (Lesson 4-5) 


56. Given: EJ || FK, JG || KH, EF = GH 57. Given: MN = PQ, ZM = ZQ, 22= 23 
Prove: AEJG = AFKH Prove: AMLP = AQLN 
JK i 


Skills Review 


Use slope to determine whether XY and YZ are perpendicular or not perpendicular. 


58. X(—2, 2), Y(0, 1), Z(4, 1) 59. X(4, 1), Y(5, 3), Z(6, 2) 


Mid-Chapter Quiz 


Lessons 6-1 through 6-3 


Find the sum of the measures of the interior angles of each 
convex polygon. (Lesson 6-1) 


1. pentagon 
3. 18-gon 


2. heptagon 
4. 23-gon 


Find the measure of each interior angle. (Lesson 6-1) 


The sum of the measures of the interior angles of a regular 
polygon is given. Find the number of sides in the polygon. 
(Lesson 6-1) 


7. 720 
9. 1800 


8. 1260 
10. 4500 


Find the value of xin each diagram. (Lesson 6-1) 
11. 


(2x — 35)° 


Use CIWXYZ to find each measure. (lesson 6- - 


13. mZWZY 

15. MZXYZ 

16. DESIGN Describe two ways to ensure 
that the pieces of the design at the 
right would fit properly together. 
(Lesson 6-2) 


ALGEBRA Find the value of each variable in each parallelogram. 


(Lesson 6-2) 
17. W, a 


Xx 
s—7 


Y 


Pee 2)° 
2f+ 8 


i) 

nm 
| 

fo) 
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19. PROOF Write a two-column proof. (Lesson 6-2) 
Given: CJGFBA and -JHACD 
Prove: ZF= ZD 


F D 


Find x and y so that each quadrilateral is a parallelogram. 
(Lesson 6-3) 


20. x+5 21. 3x—2 
y+10 
2x+6 
2x+2 


22. MUSIC Why will the keyboard stand with legs joined at the 
midpoints always remain parallel to the floor? (Lesson 6-3) 


23. MULTIPLE CHOICE Which of the following quadrilaterals is 
not a parallelogram? (Lesson 6-3) 


| [- WAY 
| _ | . 
COORDINATE GEOMETRY Determine whether the figure is a 


parallelogram. Justify your answer with the method indicated. 
(Lesson 6-3) 


A(—6, —9), Bi-1, —A4), C0, —1), D5, —2); 
Distance Formula 


25. Q—5, 2), R(—3, —6), S(2, 2), (—1, 6); 
Slope Formula 


a 
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You used properties 
of parallelograms 
and determined 
whether 
quadrilaterals were 
parallelograms. 


NewVocabulary 
rectangle 


Common Core 
State Standards 


Content Standards 
G.C0.11 Prove theorems 
about parallelograms. 
G.GPE.4 Use coordinates to 
prove simple geometric 
theorems algebraically. 


Mathematical Practices 

3 Construct viable 
arguments and critique 
the reasoning of others. 

5 Use appropriate tools 
strategically. 


Rectangles 


 ) Recognize and apply @ Leonardo is in charge of set design for 


properties of 
rectangles. 


Determine whether 
parallelograms are 
rectangles. 


Properties of Rectangles A rectangle is a parallelogram with four right angles. 
By definition, a rectangle has the following properties. 


Why? 


a school play. He needs to use paint to 
create the appearance of a doorway on 
a lightweight solid wall. The doorway is 
to be a rectangle 36 inches wide and 
80 inches tall. How can Leonardo be 
sure that he paints a rectangle? 


e All four angles are right angles. A B 


¢ Opposite sides are parallel and congruent. 
¢ Opposite angles are congruent. 
¢ Consecutive angles are supplementary. 


¢ Diagonals bisect each other. D C 
In addition, the diagonals of a rectangle are congruent. Rectangle ABCD 
co 
Theorem 6.13 Diagonals of a Rectangle as 
If a parallelogram is a rectangle, then its diagonals are congruent. J K 
Abbreviation /f aC isa rectangle, diag. are =. 


Example If CTUKLMis a rectangle, then JL = MK. 
Ee 
M 
L y, 
You will prove Theorem 6.13 in Exercise 33. 
Real-World Example 1 
EXERCISE A rectangular park has two walking paths as P Q 
shown. If PS = 180 meters and PR = 200 meters, find QT. 
OS = PR Ifa © is a rectangle, diag. are =. 
QS = PR Definition of congruence 
QS = 200 Substitution 
Since PQRS is a rectangle, it is a parallelogram. The diagonals 
of a parallelogram bisect each other, so QT = ST. 
QT + ST=QS Segment Addition s PB 
QT + QT=Q5S Substitution 
2QT = QS Simplify. 
QT= $Qs Divide each side by 2. 
QT = $(200) or 100 Substitution 
GuidedPractice Refer to the figure in Example 1. 
1A. If TS = 120 meters, find PR. 1B. If mZPRS = 64, find mZSQR. 


a2 


You can use the properties of rectangles along with algebra to find missing values. 


Example 2 


r ALGEBRA Quadrilateral JKLM is a rectangle. If J K 
StudyTip mZKJL = 2x + 4and mZJLK = 7x + 5, find x. i eo ae 
Right Angles Recall from Since JKLM is a rectangle, it has four right angles. So, 

Theorem 6-6 that if a mZMLK = 90. Since a rectangle is a parallelogram, De 
parallelogram has one right opposite sides are parallel. Alternate interior angles of | M L 
angle, then it has four right parallel lines are congruent, so ZJLM = ZKJL and 

angles. mZJLM = mZKIL. 


mZJLM + mZJLK = 90 Angle Addition 
mZKJL + mZJLK = 90 Substitution 
2x +4+7x+5=90 Substitution 
9x +9=90 Add like terms. 
9x = 81 Subtract 9 from each side. 
x=9 Divide each side by 9. 


GuidedPractice 
2. Refer to the figure in Example 2. If JP = 3y—5 and MK = 5y + 1, find y. 


Prove that Parallelograms are Rectangles The converse of Theorem 6.13 is 
also true. 


_ Theorem 6.14 Diagonals of a Rectangle ] 


If the diagonals of a parallelogram are congruent, then the parallelogram is W xX 
a rectangle. 


Abbreviation /f diag. of aL are =, then C2 is a rectangle. 
Example If WY = XZin WXYZ, then CIWXYZis a rectangle. 


You will prove Theorem 6.14 in Exercise 34. 


Real-World Example 3 


DODGEBALL A community recreation 
center has created an outdoor dodgeball 
playing field. To be sure that it meets the 
ideal playing field requirements, they 
measure the sides of the field and its 
diagonals. If AB = 60 feet, BC = 30 feet, 
CD = 60 feet, AD = 30 feet, AC = 67 feet, 
and BD = 67 feet, explain how the 
recreation center can be sure that the 
playing field is rectangular. 


Since AB = CD, BC = AD, and AC = BD, AB = CD, BC = AD, and AC = BD. 


Because AB = CD and BC = AD, ABCD isa parallelogram. Since AC and BD are 
congruent diagonals in TABCD, CIABCD is a rectangle. 


Real-WorldLink 


The game of dodgeball is 
played on a rectangular 
playing field ideally 60 feet 
long and 30 feet wide. The 
field is divided into two equal 
sections by a center-line and 
attack-lines that are 3 meters 
(9.8 feet) from, and parallel 
to, the centerline. 


Source: National Amateur Dodgeball 
Assoc. 
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Real-WorldLink 


The Mosaic Youth Theater in 
Detroit, Michigan, is a 
professional performing arts 
training program for young 
people ages 12 to 18. 
Students are involved in all 
aspects of performances, 
including set and lighting 
design, set construction, 
stage management, sound, 
and costumes. 


Jim West/age fotostock 


P 
StudyTip 

Rectangles and 

Parallelograms A rectangle 

is a parallelogram, but a 

parallelogram is not 

necessarily a rectangle. 


he 


GuidedPractice 


3. SET DESIGN Refer to the beginning of the lesson. Leonardo measures the sides of his 
figure and confirms that they have the desired measures as shown. Using a 
carpenter’s square, he also confirms that the measure of the bottom left corner of 
the figure is a right angle. Can he conclude that the figure is a rectangle? Explain. 


ONT 


You can also use the properties of rectangles to prove that a quadrilateral positioned on a 
coordinate plane is a rectangle given the coordinates of the vertices. 


Example 4 


COORDINATE GEOMETRY Quadrilateral PQRS has vertices P(—5, 3), Q(, —1), 
R(—1, —4), and S(—7, 0). Determine whether PQRS is a rectangle by using the 
Distance Formula. 


Step 1| Use the Distance Formula to determine 
whether PQRS is a parallelogram by 
determining if opposite sides are congruent. 


(—5 — 1)? + [3 — (-1)P or V52 
RS =\/[-1— (-7)P + (—4 — 0)? or V52 
PS =\/[-5 — (-7)2 + (3 — 0) or V13 


OR = V[1 — (-1)7 + [-1 — (4)? or V13 


Since opposite sides of the quadrilateral have the same measure, they are congruent. 
So, quadrilateral PQRS is a parallelogram. 


| Step 2| Determine whether the diagonals of IPQRS are congruent. 
PR = [—5 — (-1)F + [3 — (—4)}* or V65 
[1 — (—7)P + (-1 — 0)? or V65 


Since the diagonals have the same measure, they are congruent. So, —~IPQRS is a 
rectangle. 


GuidedPractice 


4. Quadrilateral JKLM has vertices J(—10, 2), K(—8, —6), L(5, —3), and M(2, 5). 
Determine whether JKLM is a rectangle using the Slope Formula. 
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Check Your Understanding 


Example 1 


Example 2 


Example 3 


Example 4 


FARMING An X-brace on a rectangular barn door 
is both decorative and functional. It helps to prevent 


the door from warping over time. If ST = eed feet, 
PS = 7 feet, and mZPTQ = 67, find each measure. 


1. QR 2. SQ 
3. mZTQR 4. mZTSR 
ALGEBRA Quadrilateral DEFG is a rectangle. D E 


5. If FD = 3x —7 and EG =x +5, find EG. 
6. If mZEFD = 2x —3andmZDFG =x+412, 


find mZEFD. G F 
7. PROOF If ABDE is a rectangle and BC = DC, A B 
prove that AC = EC. 
COORDINATE GEOMETRY Graph each quadrilateral Cc 


with the given vertices. Determine whether the 
figure is a rectangle. Justify your answer using 
the indicated formula. E D 


8. W(—4, 3), X(1, 5), Y(3, 1), Z(—2, —2); Slope Formula 
9. A(4, 3), B(4, —2), C(—4, —2), D(—4, 3); Distance Formula 


Practice and Problem Solving Extra Practice is on page R6. 


Example 1 


Example 2 


FENCING X-braces are also used to provide support in 
rectangular fencing. If AB = 6 feet, AD = 2 feet, and 
mZDAE = 65, find each measure. 


10. BC (41) DB 


12. mZCEB 13. mZEDC 


a> 
CESS REGULARITY Quadrilateral WXYZ is a rectangle. 
14, If ZY = 2x +3 and WX =x + 4, find WX. 


15. If PY = 3x —5 and WP = 2x + 11, find ZP. we 


16. If mZZYW = 2x — 7 and mZWYX = 2x +5, W xX 
find mZZYW. 


N 


17. If ZP = 4x — 9 and PY = 2x + 5, find ZX. 
18. If mZXZY = 3x + 6and mZXZW = 5x — 12, find mZYXZ. 
19. If mZZXW = x — 1land mZWZX = x — 9, find mZZXY. 
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Example 3 PROOF Write a two-column proof. 


20. Given: ABCD is a rectangle. 21. Given: QTVW is a rectangle. 
Prove: AADC = ABCD QR = ST 
Prove: ASWQ = ARVT 


A B Q Rs T 
D Cc i . 


Example 4 COORDINATE GEOMETRY Graph each quadrilateral with the given vertices. Determine 
whether the figure is a rectangle. Justify your answer using the indicated formula. 


22. W(—2, 4), X(5, 5), Y(6, —2), Z(—1, —3); Slope Formula 
23. J(3, 3), K(—5, 2), L(—4, —4), M(4, —3); Distance Formula 
24. Q(—2, 2), R(O, —2), S(6, 1), T(4, 5); Distance Formula 

25. G(1, 8), H(—7, 7), J(—6, 1), K(2, 2); Slope Formula 


Quadrilateral ABCD is a rectangle. Find each 
measute if mZ2 = 40. 


26. mZ1 27. mZ7 28. mZ3 
(29) mZ5 30. mZ6 31. mZ8 


32. Css MODELING Jody is building a new bookshelf using 
wood and metal supports like the one shown. To what 
length should she cut the metal supports in order for the 
bookshelf to be square, which means that the angles 
formed by the shelves and the vertical supports are all 
right angles? Explain your reasoning. 


PROOF Write a two-column proof. 
33. Theorem 6.13 34. Theorem 6.14 


PROOF Write a paragraph proof of each statement. 


35. If a parallelogram has one right angle, then it is a rectangle. 


36. If a quadrilateral has four right angles, then it is a rectangle. 


37. CONSTRUCTION Construct a rectangle using the construction for congruent segments 
and the construction for a line perpendicular to another line through a point on the 
line. Justify each step of the construction. 


38. SPORTS The end zone of a football field is 160 feet wide and 30 feet long. Kyle is 
responsible for painting the field. He has finished the end zone. Explain how Kyle can 
confirm that the end zone is the regulation size and be sure that it is also a rectangle 
using only a tape measure. 


ALGEBRA Quadrilateral WXYZ is a rectangle. . ¥ 
40. If XZ = 2c and ZY = 6, and XY = 8, find WY. w Zz 
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41. SIGNS The sign below is in the foyer of Nyoko’s school. Based on the dimensions 
given, can Nyoko be sure that the sign is a rectangle? Explain your reasoning. 


—— 


PROOF Write a coordinate proof of each statement. 


42. The diagonals of a rectangle are congruent. 


(43) If the diagonals of a parallelogram are congruent, then it is a rectangle. 


44, 6§8 MULTIPLE REPRESENTATIONS In the problem, you will explore properties of other 
special parallelograms. 


a. Geometric Draw three parallelograms, each with all four sides congruent. Label one 
parallelogram ABCD, one MNOP, and one WXYZ. Draw the two diagonals of each 
parallelogram and label the intersections R. 


b. Tabular Use a protractor to measure the appropriate angles and complete the 
table below. 


Parallelogram 


Angle Measure 


c. Verbal Make a conjecture about the diagonals of a parallelogram with four 
congruent sides. 


H.0.T. Problems Use Higher-Order Thinking Skills 


45. CHALLENGE In rectangle ABCD, mZEAB = 4x + 6, B 
mZDEC = 10 — 11y, and mZEBC = 60. Find the 
values of x and y. 


46. Css CRITIQUE Parker says that any two congruent 
acute triangles can be arranged to make a rectangle. A 
Tamika says that only two congruent right triangles 
can be arranged to make a rectangle. Is either of 
them correct? Explain your reasoning. D 


47. REASONING In the diagram at the right, lines 1, p, 7, mp gq Tf 
and r are parallel and lines € and m are parallel. How 
many rectangles are formed by the intersecting lines? 


48. OPEN ENDED Write the equations of four lines having 
intersections that form the vertices of a rectangle. Verify 
your answer using coordinate geometry. 


49. EA) WRITING IN MATH Why are all rectangles parallelograms, 
but all parallelograms are not rectangles? Explain. 
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Standardized Test Practice 


50. If FJ) = —3x + 5y, FM = 3x + y, GH = 11, and 52. SHORT RESPONSE What is the measure of 
GM = 13, what values of x and y make ZAPB? 
parallelogram FGHJ a rectangle? 


53. SAT/ACT If p is odd, which of the following must 


also be odd? 

51. ALGEBRA A rectangular playground is A 2p 

surrounded by an 80-foot fence. One side of the 

playground is 10 feet longer than the other. Bape 

Which of the following equations could be used ch 

to find r, the shorter side of the playground? 2 

F 10r +r =80 H 1(r + 10) = 80 D 2p-2 

G 4r+10=80 J 2(r + 10) + 2r = 80 Ep+2 


Spiral Review 


ALGEBRA Find x and y so that the quadrilateral is a parallelogram. (Lesson 6-3) 
54. 2x+7 55. 4x—17 56. 


| 
wo 


57. COORDINATE GEOMETRY Find the coordinates of the intersection of the diagonals of 
CIABCD with vertices A(1, 3), B(6, 2), C(4, —2), and D(—1, —1). (Lesson 6-2) 


2x—1 


Refer to the figure at the right. (Lesson 4-6) A 
58. If AC = AF, name two congruent angles. 


59. If ZAHJ = ZAJH, name two congruent segments. 


C 
60. If ZAJL = ZALJ, name two congruent segments. fie 
K 


61. If JA = KA, name two congruent angles. H J 


Skills Review 


Find the distance between each pair of points. 


62. (4, 2), (2, —5) 63. (0, 6), (—1, —4) 64. (—4, 3), (3, —4) 
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Rhombi and Squares 


:- Then :-‘Now :-Why? 


Recognize and apply @ Some fruits, nuts, and vegetables 


@ You determined 


whether the properties of are packaged using bags made out 7 
quadrilaterals were rhombi and squares. of rhombus-shaped tubular netting. 

parallelograms and/ Heterhilne whether Similar shaped nylon netting is 

or rectangles. : used for goals in such sports as 


quadrilaterals are 


rectangles, rhombi, soccer, hockey, and football. A 


rhombus and a square are both 


ae types of equilateral parallelograms. 
eg Gd NewVocabulary Properties of Rhombi and Squares A siombus G H 

rhombus is a parallelogram with all four sides congruent. A 
square rhombus has all the properties of a parallelogram and 

the two additional characteristics described in the 

theorems below. F J 
Ess) Common Core Tee eeieinanee nc ocala “inalalac cael 

eS) State Standards eorems Diagonals of a Rhombus 

Content Standards 6.15 Ifa parallelogram is a rhombus, then its diagonals are 
G.C0.11 Prove theorems perpendicular. 
about parallelograms. , ee 
G.GPE.4 Use coordinates to Example |f CJABCDis a rhombus, then AC _ BD. 
prove simple geometric 


theorems algebraically. 


Mathematical Practices 6.16 If a parallelogram is a rhombus, then each diagonal bisects a pair of 


3 Construct viable 
arguments and critique opposite angles. 

: seco li Example If CJNPQRis a rhombus, then 71 = 22, 73 = Z4, 
quantitatively. 25 = Z6,and 27 = 28. 


You will prove Theorem 6.16 in Exercise 34. 


Proof Theorem 6.15 
Given: ABCD is a rhombus. 


Oe ee A B 
Prove: AC 1 BD ee 
Paragraph Proof: 
Since ABCD is a rhombus, by definition AB = BC. J Ss 


A rhombus is a parallelogram and the diagonals of _ 

a parallelogram bisect each other, so BD bisects AC 

at P. Thus, AP = PC. BP = BP by the Reflexive Property. 
So, AAPB = ACPB by SSS. ZAPB = ZCPB by CPCTC. 
ZAPB and Z CPB also form a linear pair. Two congruent 
angles that form a linear pair are right angles. ZAPB 

is aright angle, so AC 1 BD by the definition of 
perpendicular lines. 


sabew| Ayayg/ixel/yolmueg SPWOUL 
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ReadingMath 


Rhombi The plural form of 
rhombus is rhombi, 
pronounced ROM-bye. 


Example 1 


The diagonals of rhombus FGH] intersect at K. Use the G 
given information to find each measure or value. 


a. If mZFJH = 82, find mZKH). F 


Since FGH] is a rhombus, diagonal JG bisects ZFJH. H 
Therefore, mZKJH = am ZFIH. So mZKJH = $(82) or 41. 


Since the diagonals of a rhombus are perpendicular, J 
mZJKH = 90 by the definition of perpendicular lines. 


mZKJH + mZJKH + mZKHJ = 180 Triangle Sum Theorem 
41 + 90 + mZKH]J = 180 Substitution 
131 + mZKH]J = 180 Simplify. 
mZKH] = 49 Subtract 131 from each side. 


b. ALGEBRA If GH = x + 9 and JH = 5x — 2, find x. 
GH= JH By definition, all sides of a rhombus are congruent. 
GH = JH Definition of congruence 
x+9=5x-2 Substitution 


9=4x-2 Subtract x from each side. 


11 = 4x Add 2 to each side. 
2.75 =X Divide each side by 4. 
GuidedPractice 


Refer to rhombus FGHJ above. 
1A. If FK = 5 and FG = 13, find Kj. 
1B. ALGEBRA If mZJFK = 6y + 7 and mZKFG = 9y — 5, find y. 


A square is a parallelogram with four congruent sides and four A B 
right angles. Recall that a parallelogram with four right angles is a 
rectangle, and a parallelogram with four congruent sides is a 

rhombus. Therefore, a parallelogram that is both a rectangle and a 
rhombus is also a square. D C 


Square ABCD 


The Venn diagram summarizes the relationships among 
parallelograms, rhombi, rectangles, and squares. 


f 
ConceptSummary Parallelograms eh 


Parallelograms (Opp. sides are ||.) 


Rhombi 
(4 = sides) 


< 4 
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All of the properties of parallelograms, rectangles, and rhombi apply to squares. For 
example, the diagonals of a square bisect each other (parallelogram), are congruent 
(rectangle), and are perpendicular (rhombus). 


Prove that Quadrilaterals are Rhombi or Squares The theorems below provide 
conditions for rhombi and squares. 


G _ . 
StudyTip Theorems Conditions for Rhombi and Squares 
Common Misconception 6.17 If the diagonals of a parallelogram are perpendicular, then the K 
ieprems 617,616 ane parallelogram is a rhombus. (Converse of Theorem. 6.15) L 
6.19 apply only if you already eee 
know that a quadrilateral is a Example If JL | KM, then CJJKLM is a rhombus. J 
parallelogram. M 
L 
6.18 If one diagonal of a parallelogram bisects a pair of opposite WwW 
angles, then the parallelogram is a rhombus. (Converse of 
Theorem. 6.16) x 
Example If 21 = 22 and 23 = 24, or25 = 26 and 
Z1 = Z8, then COWXYZis a rhombus. ? ay 
Y 
6.19 If one pair of consecutive sides of a parallelogram are A 
congruent, the parallelogram is a rhombus. B 
Example If AB = BC, then ABCD is a rhombus. D 
Cc 
6.20 If a quadrilateral is both a rectangle and a rhombus, then it is a square. 
._ 
You will prove Theorems 6.17-6.20 in Exercises 35-38, respectively. 
You can use the properties of rhombi and squares to write proofs. 
Example 2 
rc Write a paragraph proof. K L 
StudyTip Given: JKLM is a parallelogram. A) 
Congruent Triangles i at 
Since a rhombus has four PE piiisasosccles: 
congruent sides, one diagonal Prove: JKLM is a rhombus. 
separates the rhombus into 
two congruent isosceles Paragraph Proof: J M 


triangles. Drawing two 
diagonals separates the 
rhombus into four congruent 
right triangles. 


Since it is given that AJKL is isosceles, KL = JK by 
definition. These are consecutive sides of the given 
parallelogram JKLM. So, by Theorem 6.19, JKLM is a rhombus. 


GuidedPractice 
2. Write a paragraph proof. 


P 
Given: SQ is the perpendicular bisector of PR. 
PR is the perpendicular bisector of SQ. s 
ARMS is isosceles. 
R 


PQRS is a square. 


© 
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Real-World Example 3 


ARCHAEOLOGY The key to the successful excavation of an archaeological site is 
accurate mapping. How can archaeologists be sure that the region they have marked 
off is a 1-meter by 1-meter square? 


Real-WorldLink 


Archaeology is the study of 
artifacts that provide 
information about human life 
and activities in the past. 
Since humans only began 
writing about 5000 years ago, 
information from periods 
before that time must be 


gathered from the objects Each side of quadrilateral ABCD measures 1 meter. Since opposite sides are congruent, 
that archeologists locate. ABCD is a parallelogram. Since consecutive sides of PIABCD are congruent, it is a 
Source: Encyclopeadia Britannica rhombus. If the archaeologists can show that CJABCD is also a rectangle, then by 


Theorem 6.20, SIABCD is a square. 


If the diagonals of a parallelogram are congruent, then the parallelogram is a rectangle. 
So if the archeologists measure the length of string needed to form each diagonal and 
find that these lengths are equal, then ABCD is a square. 


GuidedPractice 


3. QUILTING Kathy is designing a quilt with blocks 
like the one shown. 


A. If she marks the diagonals of each yellow piece 
and determines that each pair of diagonals is 
perpendicular, can she conclude that each 
yellow piece is a rhombus? Explain. 


B. If all four angles of the green piece have the 
same measure and the bottom and left sides 
have the same measure, can she conclude that 
the green piece is a square? Explain. 


In Chapter 4, you used coordinate geometry to classify triangles. Coordinate geometry 
can also be used to classify quadrilaterals. 


Kenneth Garrett/National Geographic/Getty Images 


Aemecedncernicmy 433 yb) 


Problem-SolvingTip 


Make a Graph When 
analyzing a figure using 
coordinate geometry, graph 
the figure to help formulate a 
conjecture and also to help 
check the reasonableness of 
the answer you obtain 
algebraically. 


StudyTip 


Square and Rhombus 

A square is a rhombus, but a 
rhombus is not necessarily a 
square. 


Example 4 


COORDINATE GEOMETRY Determine whether CJJKLM with vertices J(—7, —2), K(0, 4), 
L(Q, 2), and M(2, —4) is a rhombus, a rectangle, or a square. List all that apply. 


Explain. 


Understand 


Plan 


Solve 


Check 


Plot and connect the vertices y 
on a coordinate plane. K 
L 
It appears from the graph that 
the parallelogram has four 5 
x 


congruent sides, but no right 


angles. So, it appears that the 


i 


figure is a rhombus, but not a 


square or a rectangle. M 


If the diagonals of the parallelogram are congruent, then it is a 
rectangle. If they are perpendicular, then it is a rhombus. If they are 
both congruent and perpendicular, the parallelogram is a rectangle, a 
rhombus, and a square. 


Step 1| Use the Distance Formula to compare the diagonal lengths. 
KM = \/(2 — 0)? + (—4 — 4)? = V68 or 2V/17 
= V 272 or 4V17 


Since 2V17 # 417, the diagonals are not congruent. So, FIJKLM is not a 
rectangle. Since the figure is not a rectangle, it also cannot be a square. 


P=(=)P +R =C2F 


| Step 2| Use the Slope Formula to determine whether the diagonals are 


perpendicular. 

may 4-4-8... 
slope of KM = = ek eee, 

a2 _ 4 1 
slope of JL = 9-7 = 16 or 


Since the product of the slopes of the diagonals is —1, the diagonals are 
perpendicular, so FJKLM is a rhombus. 


JK = [4 — (-2) + [0 — (—7)P or V85 
KL=\V(9 — 0)? + (2 — 4)? or V85 


So, FIJKLM is a rhombus by Theorem 6.20. 


heh 
0—(-7) cae oF 

and the product of these slopes is not —1, consecutive sides JK and KL 
are not perpendicular. Therefore, ZJKL is not a right angle. So FIJKLM is 
not a rectangle or a square. W 


2-4 2 


Since the slope of JK = or g the slope of KL = 


GuidedPractice 
4. Given J(5, 0), K(8, —11), L(—3, —14), M(—6, —3), determine whether parallelogram 


(As) 
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JKLM is a rhombus, a rectangle, or a square. List all that apply. Explain. 


Check Your Understanding 


Example 1 ALGEBRA Quadrilateral ABCD is a rhombus. Find each A B 
value or measure. 


1. If mZBCD = 64, find mZBAC. 


2. If AB = 2x + 3and BC =x + 7, find CD. D C 
Examples 2-3 3, PROOF Write a two-column proof 4. GAMES The checkerboard below 
to prove that if ABCD is a rhombus is made up of 64 congruent black and 
with diagonal DB, then AP = CP. red squares. Use this information to 


prove that the board itself is a square. 


SB) 


Lo 


D Cc 


Example 4 COORDINATE GEOMETRY Given each set of vertices, determine whether CJQRST is a 
rhombus, a rectangle, or a square. List all that apply. Explain. 


5. O(1,2), R(=2, =1), S(1, —4), T —1) 6:02, 1), R(1, 5 1) 7G = 2) 


Practice and Problem Solving Extra Practice is on page R6. 


Example 1 ALGEBRA Quadrilateral ABCD is a rhombus. Find each value or measure. 


7. If AB = 14, find BC. A B 
8. If mZBCD = 54, find mZBAC. ey, 
9. If AP = 3x-1land PC=x +9, find AC. ?' 
10. If DB = 2x —4 and PB = 2x -9, find PD. a 
(11) If mZABC = 2x —-7 and mZBCD = 2x + 3, find mZDAB. D C 


12. If mZDPC = 3x - 15, find x. 
Va~ 
Example 2 cess ARGUMENTS Write a two-column proof. 


13. Given: WZ || XY , WX || ZY 14. Given: QRST is a parallelogram. 
WZ = ZY TR = QS, mZQPR = 90 
Prove: WXYZ is a rhombus. Prove: QRST is a square. 
W Xx Q R 


4 
VAN 


Z Y T S 
15. Given: JKQP is a square. 16. Given: ACDH and BCDF are 
ML bisects JP and KQ. parallelograms; BF = AB. 
Prove: JKLM is a parallelogram. Prove: ABFH is a rhombus. 
J K B Cc 
A 
M L 
7D 
H 


Example 3 17. ROADWAYS Main Street and High Street intersect 
as shown in the diagram. Each of the crosswalks 
is the same length. Classify the quadrilateral 
formed by the crosswalks. Explain your reasoning. 


18. cess MODELING A landscaper has staked out 
the area for a square garden as shown. She has 
confirmed that each side of the quadrilateral 
formed by the stakes is congruent and that 
the diagonals are perpendicular. Is this 
information enough for the landscaper to be 
sure that the garden is a square? Explain your 
reasoning. 


Example 4 COORDINATE GEOMETRY Given each set of vertices, determine whether CJJKLM is a 
rhombus, a rectangle, or a square. List all that apply. Explain. 


19. J(—4, -1), K(1, -1), L(4, 3), M(-1, 3) 20. J(—3, —2), K(2, —2), L(5, 2), M(0, 2) 


21. J(-2, —1), K(-4, 3), Ld, 5), Mo, 1) 22. J(-1, 1), K(4, 1), L(4, 6), M(-1, 6) 
ABCD is a rhombus. If PB = 12, AB = 15, and mZABD = 24, A B 
find each measure. ed) 
@ 4? 24. CP Le 
25. mZBDA 26. mZACB D Cc 
WXYZ is a square. If WT = 3, find each measure. X W 
N Z 
27. ZX 28. XY XY 
29. mZWTZ 30. mZWYX - 
VA N 
Classify each quadrilateral. Y Zz 
31. 


| | Aa 
aks ae 


PROOF Write a paragraph proof. 
34. Theorem 6.16 35. Theorem 6.17 36. Theorem 6.18 
37. Theorem 6.19 38. Theorem 6.20 


CONSTRUCTION Use diagonals to construct each figure. Justify each construction. 
39. rhombus 40. square 


PROOF Write a coordinate proof of each statement. 
41. The diagonals of a square are perpendicular. 


42. The segments joining the midpoints of the sides of a rectangle form a rhombus. 
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45. 


DESIGN The tile pattern below 44, REPAIR The window pane shown 
consists of regular octagons and needs to be replaced. What are the 
quadrilaterals. Classify the dimensions of the replacement pane? 
quadrilaterals in the pattern and 
explain your reasoning. 


of? MULTIPLE REPRESENTATIONS In this problem, you will explore the properties of kites, 
which are quadrilaterals with exactly two distinct pairs of adjacent congruent sides. 


a. Geometric Draw three kites with varying side lengths. B 
Label one kite ABCD, one PQRS, and one WXYZ. Then 
draw the diagonals of each kite, labeling the point of 
intersection N for each kite. A C 


b. Tabular Measure the distance from N to each vertex. 
Record your results in a table like the one shown. 


Distance from N to Each Distance from N to Each D 


Figure ; : 
Vertex Along Shorter Diagonal | Vertex Along Longer Diagonal Kite ABCD 


ABCD 
PQRS 


DS | 


c. Verbal Make a conjecture about the diagonals of a kite. 


H.0.T. Problems Use Higher-Order Thinking Skills 


46. 


47. 


48. 


49. 


50. 


ERROR ANALYSIS In parallelogram PQRS, PR = QS. Lola thinks p 
that the parallelogram is a square, and Xavier thinks that it is a 
rhombus. Is either of them correct? Explain your reasoning. Q 


CESS ARGUMENTS Determine whether the statement is true or false. S 

Then write the converse, inverse, and contrapositive of the 

statement and determine the truth value of each. Explain R 
your reasoning. 


If a quadrilateral is a square, then it is a rectangle. 


CHALLENGE The area of square ABCD is 36 square A B 
units and the area of AEBF is 20 square units. 
If EB | BF and AE = 2, find the length of CF. 


OPEN ENDED Find the vertices of a square with 
diagonals that are contained in the lines y = x and 
y = —x + 6. Justify your reasoning. 


WRITING IN MATH Compare all of the properties of 
the following quadrilaterals: parallelograms, 
rectangles, rhombi, and squares. 
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Standardized Test Practice 


51. JKLM is a rhombus. J 
If CK = 8 and JK = 10, 
find JC. 


A4 C 8 
B 6 D 10 M L 


52. EXTENDED RESPONSE The 
sides of square ABCD are 
extended by sides of equal 
length to form square 
WXYZ. 


a. If CY = 3 cm and the area of ABCD is 
81 cm2, find the area of WXYZ. 


b. If the areas of ABCD and WXYZ are 49 cm2 


53. ALGEBRA What values of x and y make 
quadrilateral ABCD a parallelogram? 


A 13 B 

17 13x — 3y 
D bx+y C 

Fx=3,y=2 

Di 

GLaay= 1 

H x=2,y=3 

J x=3,y=-1 


54. SAT/ACT What is 6 more than the product of —3 
and a certain number x? 


A —3x-—6 D —3x + 6 
and 169 cm? respectively, find DZ. B —3x E 6 43x 
c. If AB = 2CY and the area of ABCD = — 
g square meters, find the area of WXYZ 
in square meters. 
Spiral Review 
Quadrilateral ABDC is a rectangle. Find each measure if mZ1 = 38. (Lesson 6-4) A Cc 


55. mZ2 56. mZ5 


Determine whether each quadrilateral is a parallelogram. Justify your 


answer. (Lesson 6-3) 


58. - 59. 


120° 


B D 
60. 


45 45 


61. MEASUREMENT Monifa says that her backyard is shaped like a triangle and that the 
lengths of its sides are 22 feet, 23 feet, and 45 feet. Do you think these measurements 


are correct? Explain your reasoning. (Lesson 5-5) 


62. COORDINATE GEOMETRY Identify the transformation and verify that 


it is a congruence transformation. (Lesson 4-7) 


Skills Review 


Solve each equation. 


63. (5x + 7x — 1) = 115 
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64. $(10x +6x+2)=7 


65. (12x + 6 — 8x +7) =9 


Trapezoids and Kites 


:-Now :-Why? 


@ You used properties @ 1 Apply properties of | @ In gymnastics, vaulting boxes made out of 
of special trapezoids. high compression foam are used as spotting 
parallelograms. platforms, vaulting horses, and steps. The left 


HM Eee and right side of each section is a trapezoid. 


kites. 


Gog NewVocabulary Properties of Trapezoids A trapezoid is a quadrilateral with 


= trapezoid exactly one pair of parallel sides. The parallel sides are called 
bases bases. The nonparallel sides are called legs. The base angles leg leg 
legs of a trapezoid are formed by the base and one of the legs. In trapezoid ABCD, 
base angles ZA and ZB are one pair of base angles and ZC and ZD are the D hase Cc 
isosceles trapezoid other pair. If the legs of a trapezoid are congruent, then it is an 
midsegment of a trapezoid 
kite 
Theorems lsosceles Trapezoids 
(cs) Common Core 6.21 If a trapezoid is isosceles, then each pair of base angles is congruent. G H 
y) State Standards Example __ If trapezoid FGHJ is isosceles, then 2G = ZH and 
Content Standards ZF= Zu. 
G.GPE.4 Use coordinates to F J 
prove simple geometric 
theorems algebraically. 6.22 If a trapezoid has one pair of congruent base angles, then it is an K L 
G.MG.3 Apply geometric isosceles trapezoid. 
methods to solve problems 
(e.g., designing an object or Example lf 72 = 2M, then trapezoid KLMP is isosceles. 
structure to satisfy physical P M 
constraints or minimize cost; 
working with typographic 6.23 A trapezoid is isosceles if and only if its diagonals are congruent. R 
grid systems based on ae tee 
ratios). + Example If trapezoid QRSTis isosceles, then QS = AT. Likewise, Q Ss 
Mathematical Practices if QS = AT, then trapezoid QRST is isosceles. 
1 Make sense of problems I 
and persevere in solving q J 
them. 
2 Reason abstractly and You will prove Theorem 6.21, Theorem 6.22, and the other part of Theorem 6.23 in Exercises 28, 29, and 30. 
quantitatively. 


Proof Part of Theorem 6.23 


Given: ABCD is an isosceles trapezoid. A B 
Prove: AC = BD 


ABCD is an isosceles trapezoid. 


Given 


D Cc 
> 
E Reflexive Property Def. Isos. Trapezoid Base A of trapezoid are =. 
= 
E AADC = ABCD ————>| AC = BD | 
oO 
S SAS CPCTC 
a \ J 


ao 


Real-World Example 1 


MUSIC The speaker shown is an isosceles 
trapezoid. If mZFJH = 85, FK = 8 inches, 
and JG = 19 inches, find each measure. 


a. mZFGH 


Since FGH] is an isosceles trapezoid, 
ZFJH and ZGH] are congruent base 
angles. So, mZGHJ = mZFJH = 85. 


Since FGH] is a trapezoid, FG || JH. 


mZFGH + mZGH]J = 180 Consecutive Interior Angles Theorem 
mZFGH + 85 = 180 Substitution 
mZFGH = 95 Subtract 85 from each side. 


Real-WorldLink 


Speakers are amplifiers that 
intensify sound waves so that 
they are audible to the 
unaided ear. Amplifiers exist 
in devices such as televisions, 


b. KH 


Since FGH] is an isosceles trapezoid, diagonals FH and JG are congruent. 


stereos, and computers. FH = JG Definition of congruent 
ee ge FK + KH = JG Segment Addition 
8+ KH=19 Substitution 
KH = 11cm Subtract 8 from each side. 
GuidedPractice 


1. CAFETERIA TRAYS To save space at a square 
table, cafeteria trays often incorporate 


trapezoids into their design. If WXYZ is an 
isosceles trapezoid and mZYZW = 45, 

WV = 15 centimeters, and VY = 10 
centimeters, find each measure. 


A. mZXWZ B. mZWXY 


StudyTip 


Isosceles Trapezoids 

The base angles of a 
trapezoid are only congruent 
if the trapezoid is isosceles. 


C. XZ D. XV 


You can use coordinate geometry to determine whether a trapezoid is an 
isosceles trapezoid. 


Example 2 


COORDINATE GEOMETRY Quadrilateral ABCD has vertices A(—3, 4), B(2, 5), C(3, 3), 
and D(—1, 0). Show that ABCD is a trapezoid and determine whether it is an 
isosceles trapezoid. 


Graph and connect the vertices of ABCD. 


Step 1| Use the Slope Formula to compare the slopes of 
opposite sides BC and AD and of opposite sides 
AB and DC. A quadrilateral is a trapezoid if exactly 
one pair of opposite sides are parallel. 
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Opposite sides BC and AD: 


slope of BC = 3 — 3 — = or -2 
AD et S38 St oe 
slope ola = ea 7 or —2 


Since the slopes of BC and AD 
are equal, BC || AD. 


Opposite sides AB and DC: 
AD 5-4 1 nr _ _0-3 —3 3 
- slope of AB = => slope of DC = = or 
ReadingMath P 2-(-3) 5 P =a ag 


Symbols Recall that the 
symbol }{ means is not 
parallel to. 


Since the slopes of AB and DC are not equal, BC }t AD. Since quadrilateral 
ABCD has only one pair of opposite sides that are parallel, quadrilateral ABCD 
is a trapezoid. 


| Step 2| Use the Distance Formula to compare the lengths of legs AB and DC. 
A trapezoid is isosceles if its legs are congruent. 


AB =\/(—3 — 2)* + (4—5)? or V26 
DC = V(-1 — 3)? + (0 — 3)? = V25 or 5 


Since AB # DC, legs AB abd DC are not congruent. Therefore, trapezoid ABCD 
is not isosceles. 


GuidedPractice 


2. Quadrilateral QRST has vertices Q(—8, —4), R(0, 8), S(6, 8), and T(—6, —10). 
Show that QRST is a trapezoid and determine whether QRST is an isosceles 
trapezoid. 


ReadingMath 
Midsegment Amidsegment The midsegiment Of a trapezoid is the segment that connects the midpoints of 


alg paeeeu ee Ie as the legs of the trapezoid. 
called a median. 


The theorem below relates the midsegment and the bases of a trapezoid. 


| Theorem 6.24 Trapezoid Midsegment Theorem 


The midsegment of a trapezoid is parallel to each base C 
and its measure is one half the sum of the lengths of B 
the bases. A 


Example If BEis the midsegment of trapezoid 
ACDF, then AF || BE, CD || BE, and 
BE = HAF + CD). E 


You will prove Theorem 6.24 in Exercise 33. 
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Test-TakingTip 
Gridded Responses 
Rational answers can often 


be gridded in more than one 
way. An answer such as ia 
could be gridded as 8/5 or 


1.6, but not as 1 3/5. 


Standardized Test Example 3 


GRIDDED RESPONSE In the figure, LH is F x G 
the midsegment of trapezoid FGJK. 
What is the value of x? 


K 18.2 J 
Note: The figure is not drawn to scale. 


Read the Test Item 
You are given the measure of the midsegment of a trapezoid and the measure of one of 
its bases. You are asked to find the measure of the other base. 
Solve the Test Item 
LH = (FG + KJ) Trapezoid Midsegment Theorem 
5= F(x + 18.2) Substitution 
30 = x + 18.2 Multiply each side by 2. 
11.8=x Subtract 18.2 from each side. 


Grid In Your Answer 


¢ You can align the numerical answer by placing the first 

1 4 = 8 eae the left a box or by putting the last digit in 
O|O|}@/O the right answer box. 
Oo ; . 8 ¢ Do not leave blank boxes in the middle of an answer. 
. ® . S e Fill in one bubble for each filled answer box. Do not fill 
OR TORTOR ES more than one bubble for an answer box. Do not fill in a 
8 . . . bubble for blank answer boxes. 
ORROREOREO) 
@ 
@1|©|O1@ 

GuidedPractice 


3. GRIDDED RESPONSE Trapezoid ABCD is shown below. If FGis parallel to AD, what is 
the x-coordinate of point G? 


(20, 0) 
24 | x 
Properties of Kites A Kite is a quadrilateral with P 
exactly two pairs of consecutive congruent sides. 
Unlike a parallelogram, the opposite sides of a kite are s Q 


not congruent or parallel. 


(As) 
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StudyTip 


Kites The congruent angles 
of a kite are included by the 
non-congruent adjacent 
sides. 


 Real-WorldLink 


The fastest recorded speed of 
a kite is over 120 miles per 
hour. The record for the 
highest single kite flown is 
12,471 feet. 


Source: Borealis Kites 


Guy Grenier/Masterfile 


Theorems Kites 


6.25 If a quadrilateral is a kite, then its diagonals are perpendicular. 
Example If quadrilateral ABCD is a kite, then AC | BD. 


6.26 If a quadrilateral is a kite, then exactly one pair of opposite 
angles is congruent. 
Example If quadrilateral UKLMis a kite, JK = KL, and 
JM = LM, then ZJ = ZL and ZK# ZM. 


M 


You will prove Theorems 6.25 and 6.26 in Exercises 31 and 32, respectively. 


You can use the theorems above, the Pythagorean Theorem, and the Polygon Interior 


Angles Sum Theorem to find missing measures in kites. 


Example 4 


a. If FGH] is a kite, find mZGFJ. 


Since a kite can only have one pair of opposite congruent 
angles and ZG ¥ ZJ, then ZF = ZH.So0, mZF = mZH. 
Write and solve an equation to find mZF. 


mZF+mZG+mZH+mZJ = 360 Polygon Interior Angles 


Sum Theorem 
mZF + 1284+ mZF + 72 = 360 Substitution 
2mZF + 200 = 360 Simplify. 


2mZF = 160 
mZF = 80 


Subtract 200 from each side. 


Divide each side by 2. 


b. If WXYZ is a kite, find ZY. 


Since the diagonals of a kite are 

perpendicular, they divide WXYZ into Ww 
four right triangles. Use the Pythagorean 

Theorem to find ZY, the length of the 

hypotenuse of right AYPZ. 


PZ2+ PY2=ZyY* _ Pythagorean Theorem 


82 + 242 = ZY Substitution 
640 = ZY? _ Simplify. 
V 640 = ZY Take the square root of each side. 
8V10 = ZY Simplify. 
GuidedPractice 


4A. If mZBAD = 38 and mZBCD = 50, find mZADC. 
4B. If BT = 5 and TC = 8, find CD. 


Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Find each measure. 


1. mZD A B 2. WT, if ZX = 20 x 
and TY = 15 WwW 


Z 


Example 2 COORDINATE GEOMETRY Quadrilateral ABCD has vertices A(—4, —1), B(—2, 3), C(3, 3), 
and D(5, —1). 
3. Verify that ABCD is a trapezoid. 


4, Determine whether ABCD is an isosceles trapezoid. Explain. 


Example 3 5. GRIDDED RESPONSE In the figure at the right, YZ is the T 14.8 Ww 
midsegment of trapezoid TWRV. Determine the value of x. ee 
Va~ Y Z 
Example 4 GCS SENSE-MAKING If ABCD is a kite, find each measure. VF 
6. AB 7. mZC V 
A A 
120° 
D <y B oS : 
G C 


Practice and Problem Solving Extra Practice is on page R6. 


Example 1 Find each measure. 


8. mZK J K 9.mZQ Q ; 
R 
6 6 
80° 
M L : S 
T 
10. JL, if KP =4 K @pw, if XZ = 18 Y 
and PM = 7 and PY =3 
J x 
L ZL 
M W 
Example 2 COORDINATE GEOMETRY For each quadrilateral with the given vertices, verify that the 
quadrilateral is a trapezoid and determine whether the figure is an isosceles 
trapezoid. 
12. A(-2, 5), B(-3, 1), C(6, 1), DG, 5) 13. J(-4, —6), K(6, 2), Ld, 3), M(-4, —1) 
14. Q(2, 5), KZ, 4); o(=1, =6); TQ: 4) 15. W(-5, =), (=2; 2), XG; 1), Z(5, —3) 
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Example 3 


Example 4 


For trapezoid QRTU, V and S are midpoints of the legs. 
16. 
17. 
18. 
19. 
20. 
21. 


22. 


If QR = 12 and UT = 22, find VS. 
If QR = 4and UT = 16, find VS. 
If VS = 9 and UT = 12, find OR. 
If TU = 26 and SV = 17, find QR. 
If QR = 2 and VS = 7, find UT. 
If RQ = 5 and VS = 11, find UT. 
DESIGN Juana is designing a 
window box. She wants the end 
of the box to be a trapezoid with 
the dimensions shown. If she 
wants to put a shelf in the middle 


for the plants to rest on, about how 
wide should she make the shelf? 


|—12 in. 


@) Music The keys of the xylophone 
shown form a trapezoid. If the 
length of the lower pitched C is 
6 inches long, and the higher pitched 
D is 1.8 inches long, how long is 
the G key? 


loa-~ 
CESS SENSE-MAKING If WXYZ is a kite, find each measure. 


24. 


26. 


YZ WwW 
ih 
4 
mZX 


Xx 
W <70° 56> Y 
Z 


25. WP Xx 


oi 


27. mZZ 


PROOF Write a paragraph proof for each theorem. 


28. 
31. 


33. 


34. 


Theorem 6.21 
Theorem 6.25 


29. Theorem 6.22 
32. Theorem 6.26 


30. Theorem 6.23 


PROOF Write a coordinate proof for Theorem 6.24. 


COORDINATE GEOMETRY Refer to quadrilateral ABCD. 


a. Determine whether the figure is a trapezoid. If so, 


is it isosceles? Explain. 


b. Is the midsegment contained in the line with 
equation y = — x + 1? Justify your answer. 


c. Find the length of the midsegment. 


aas 


ALGEBRA ABCD is a trapezoid. 


35. If AC = 3x -7 and BD = 2x + 8, find the value of x so 
that ABCD is isosceles. 


36. If mZABC = 4x + 11 and mZDAB = 2x + 33, find the 
value of x so that ABCD is isosceles. 


SPORTS The end of the batting cage shown is an 
isosceles trapezoid. If PT = 12 feet, ST = 28 feet, 
and mZPQR = 110, find each measure. 


37. TR 38. SQ 

39. mZQRS 40. mZQPS 

ALGEBRA For trapezoid QRST, M and P are Q R 
midpoints of the legs. 

41. If QR = 16, PM = 12, and TS = 4x, find x. Pp M 


42. If TS = 2x, PM = 20, and QR = 6x, find x. 

43. If PM = 2x, QR = 3x, and TS = 10, find PM. 

44, If TS = 2x + 2, QR = 5x + 3, and PM = 13, find TS. 
SHOPPING The side of the shopping bag shown is an 


isosceles trapezoid. If EC = 9 inches, DB = 19 inches, 
mZABE = 40, and mZEBC = 35, find each measure. 


45. AE 46. AC 
47. mZBCD 48. mZEDC 
ALGEBRA WXYZ is a kite. Ww 


If mZWXY = 120, mZWZY = 4x, and 
mZZWX = 10x, find mZZYX. 


Z Xx 
50. If mZWXY = 13x + 24, mZWZY = 35, 
and mZZWX = 13x + 14, find mZZYX. 
ee Y 
GOSS ARGUMENTS Write a two-column proof. 
51. Given: ABCD is an isosceles 52. Given: WZ = ZV, XY bisects WZ 
trapezoid. and ZV, and ZW = ZZXY. 
Prove: ZDAC = ZCBD Prove: WXYV is an isosceles trapezoid. 
B W 
an X 
Z 
Y 
D Cc V 


Determine whether each statement is always, sometimes, or never true. Explain. 
53. The opposite angles of a trapezoid are supplementary. 

54. One pair of opposite sides are parallel in a kite. 

55. A square is a rhombus. 

56. A rectangle is a square. 


57. A parallelogram is a rectangle. 
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58. KITES Refer to the kite at the right. Using the P 
properties of kites, write a two-column proof to 
show that AMNR is congruent to APNR. 


59. VENN DIAGRAM Create a Venn diagram that Qu on 
incorporates all quadrilaterals, including M = 
trapezoids, isosceles trapezoids, kites, and 
quadrilaterals that cannot be classified as anything 
other than quadrilaterals. 


COORDINATE GEOMETRY Determine whether each figure is a trapezoid, a parallelogram, a 
square, a rhombus, or a quadrilateral given the coordinates of the vertices. Choose the 
most specific term. Explain. 


60. A(—1, 4), B(2, 6), C(3, 3), D(0, 1) @w-s, 4), X(3, 4), Y(5, 3), Z(—5, 1) 


62. 9§9 MULTIPLE REPRESENTATIONS In this problem, you will explore B 
proportions in kites. 


a. Geometric Draw a segment. Construct a noncongruent A C 
segment that perpendicularly bisects the first segment. 
Connect the endpoints of the segments to form a 
quadrilateral ABCD. Repeat the process two times. 
Name the additional quadrilaterals PQRS and WXYZ. D 


b. Tabular Copy and complete the table below. 
Figure Side Length Side Length | Side Length Side Length 
ABCD 
PQRS 
WXYZ 


c. Verbal Make a conjecture about a quadrilateral in which the diagonals are 
perpendicular, exactly one diagonal is bisected, and the diagonals are not congruent. 
PROOF Write a coordinate proof of each statement. 
63. The diagonals of an isosceles trapezoid are congruent. 


64. The median of an isosceles trapezoid is parallel to the bases. 


H.0.T. Problems Use Higher-Order Thinking Skills 


65. ERROR ANALYSIS Bedagi and Belinda are trying to determine 


A 
mZA in kite ABCD shown. Is either of them correct? Explain. 
< 100° 
Bedagi Belinda ° 7 
wZA = 45 mZA = 115 45° 
Cc 


66. CHALLENGE If the parallel sides of a trapezoid are contained by the lines y = x + 4 and 
y = x — 8, what equation represents the line contained by the midsegment? 


—_ 
67. cess ARGUMENTS Is it sometimes, always, or never true that a square is also a kite? Explain. 


68. OPEN ENDED Sketch two noncongruent trapezoids ABCD and FGHJ in which 
AC = FH and BD = GJ. 


69. WRITING IN MATH Describe the properties a quadrilateral must possess in order for the 
quadrilateral to be classified as a trapezoid, an isosceles trapezoid, or a kite. Compare 
the properties of all three quadrilaterals. 


{Mfconoerted nograw-nicon] AA7 


Standardized Test Practice 


70. ALGEBRA All of the items on a breakfast menu 72. Which figure can serve as a counterexample to 
cost the same whether ordered with something the conjecture below? 
else or alone. Two pancakes and one order of 
bacon costs $4.92. If two orders of bacon cost 
$3.96, what does one pancake cost? 


A $0.96 C $1.98 
B $1.47 D $2.94 


If the diagonals of a quadrilateral are congruent, then 
the quadrilateral is a rectangle. 

F square H parallelogram 

G rhombus J isosceles trapezoid 


73. SAT/ACT In the figure below, what is the value 


71. GRIDDED RESPONSE If quadrilateral ABCD is a kite, of 2 


what is mZC? 


x (x _ 60)° 


D 240 
E 300 


Spiral Review 


ALGEBRA Quadrilateral DFGH is a rhombus. Find each value or measure. (lesson 6-5) 
74, If mZFGH = 118, find mZMHG. D F 
75. If DM = 4x -3 and MG = x + 6, find DG. 

76. If DF = 10, find FG. 


7. HM = ond 10 = 15, ind MC. ” G 


COORDINATE GEOMETRY Graph each quadrilateral with the given vertices. Determine whether the 
figure is a rectangle. Justify your answer using the indicated formula. (Lesson 6-4) 


78. A(4, 2), B(—4, 1), C(—3, —5), D(S5, —4); Distance Formula 

79. J(0, 7), K(—8, 6), L(—7, 0), M(1, 1); Slope Formula 

80. BASEBALL A batter hits the ball to the third baseman and begins to run 
toward first base. At the same time, the runner on first base runs 


toward second base. If the third baseman wants to throw the ball to the 
nearest base, to which base should he throw? Explain. (Lesson 5-3) 


81. PROOF Write a two-column proof. (Lesson 4-5) 


Given: ZCMF = ZEMF, C 
ZCFM = ZEFM 
Prove: ADMC = ADME 
D F 
E 


Skills Review 


Write an expression for the slope of each segment given the coordinates and 
endpoints. 


82. (x, 4y), (—x, 4y) 83. (—x, 5x), (0, 6x) 84. (y, x), (y, y) 
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Study Guide and Review 


Study Guide 


KeyConcepts 


KeyVocabulary S 


Angles of Polygons (Lesson 6-1) 


e The sum of the measures of the interior angles of a polygon is 
given by the formula S = (n — 2)180. 


e The sum of the measures of the exterior angles of a convex 
polygon is 360. 


Properties of Parallelograms (Lessons 6-2 and 6-3) 

e Opposite sides are congruent and parallel. 

e Opposite angles are congruent. 

e Consecutive angles are supplementary. 

e Ifa parallelogram has one right angle, it has four right angles. 


e Diagonals bisect each other. 


Properties of Rectangles, Rhombi, Squares, 
and Trapezoids (Lesson 6-4 through 6-6) 


e Arectangle has all the properties of a parallelogram. Diagonals 
are congruent and bisect each other. All four angles are 
right angles. 


e Arhombus has all the properties of a parallelogram. All sides are 
congruent. Diagonals are perpendicular. Each diagonal bisects a 
pair of opposite angles. 


e Asquare has all the properties of a parallelogram, a rectangle, 
and a rhombus. 


e In an isosceles trapezoid, both pairs of base angles are 
congruent and the diagonals are congruent. 


StudyOrganizer 


Be sure the Key Concepts lc 
are noted in your Foldable. [I] 


° 


base (p. 439) 

base angle (p. 439) 
diagonal (p. 393) 

isosceles trapezoid (p. 439) 
kite (p. 442) 

legs (p. 439) 

midsegment of a trapezoid (p. 441) 
parallelogram (p. 403) 
rectangle (p. 423) 
rhombus (p. 430) 

square (p. 431) 

trapezoid (p. 439) 


VocabularyCheck 


State whether each sentence is ¢rue or false. If false, replace the 
underlined word or phrase to make a true sentence. 


1. No angles in an isosceles trapezoid are congruent. 


2. Ifa parallelogram is a rectangle, then the diagonals are 
congruent. 


3. A midsegment of a trapezoid is a segment that connects any 
two nonconsecutive vertices. 


4. The base of a trapezoid is one of the parallel sides. 


5. The diagonals of a rhombus are perpendicular. 


6. The diagonal of a trapezoid is the segment that connects the 
midpoints of the legs. 


7. Arectangle is not always a parallelogram. 


8. A quadrilateral with only one set of parallel sides is a 
parallelogram. 


9. Arectangle that is also a rhombus is a square. 


10. The leg of a trapezoid is one of the parallel sides. 


Pipe ao 
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Lesson-by-Lesson Review 


Angles of Polygons 


Find the sum of the measures of the interior angles of each 
convex polygon. 


11. decagon 
12. 15-gon 


13. SNOWFLAKES The snowflake 
decoration at the right suggests 
a regular hexagon. Find the sum 
of the measures of the interior 
angles of the hexagon. 


The measure of an interior angle of a regular polygon is given. 
Find the number of sides in the polygon. 


14. 135 
15. +166.15 


Parallelograms 


Use CJABCD to find each measure. 
16. mZADC 

17. AD 

18. AB 

19. mZBCD 


ALGEBRA Find the value of each variable in each 
parallelogram. 
21. ay+19 


3y + 13 


22. DESIGN What type of information is needed to determine 
whether the shapes that make up the stained glass window 
below are parallelograms? 
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Example 1 
Find the sum of the measures of the interior angles of a 
convex 22-gon. 
m= (n— 2)180 
= (22 — 2)180 
= 20- 180 
= 3600 


The measure of an interior angle of a regular polygon is 
157.5. Find the number of sides in the polygon. 
157.5n = (n — 2)180 
157.5n = 180n — 360 
—22.5n = —360 
n= 16 


Write an equation. 
Substitution 
Subtract. 

Multiply. 


Write an equation. 
Distributive Property 
Subtract. 

Divide. 

The polygon has 16 sides. 


Example 3 


ALGEBRA If KLMNis a parallelogram, find the value of the 
indicated variable. 


Opp. sides of a J are =. 
Definition of congruence 
Substitution 

Divide. 


NJ= JL 
NJ= JL 
y+15=3y-7 
—2y= —22 
y=11 


Diag. of a 7 bisect each other. 
Definition of congruence 
Substitution 

Subtract. 

Divide. 


Tests for Parallelograms 


Determine whether each quadrilateral is a parallelogram. 
Justify your answer. 


25. PROOF Write a two-column proof. 
Given: CJABCD, AE = CF 
Prove: Quadrilateral EBFD is a parallelogram. 
B Cc 


A D 


ALGEBRA Find x and yso that the quadrilateral is a 
parallelogram. 


9y—12 25x+ 20 


Rectangles 


28. PARKING The lines of the parking space shown below are 
parallel. How wide is the space (in inches)? 


a. 
| 


. If MZFEG = 57, find mZGEH. 

. If MZHGE = 13, find mZFGE. 

. If FK = 32 feet, find EG. 

. Find mZHEF + mZEFG. 

. If EF= 4x — 6 and HG= x + 3, find EF. 


Example 4 


lf TP= 4x + 2, QP= 2y—6, PS = 5y — 12, and 
PR = 6x — 4, find x and yso that the quadrilateral 
is a parallelogram. 


Q 


R Ss 
Find x such that 7P = PRand ysuch that QP = PS. 


TP = PR 
4x+2=6x-—4 
—2x= -6 
x=3 


QP = PS 
2y—6 = 5y— 12 


Definition of = 
Substitution 
Subtract. 
Divide. 


Definition of = 


Substitution 


—3y=—-6 Subtract. 
y=2 Divide. 


Example 5 
ALGEBRA Quadrilateral ABCD is a rectangle. If 
mZADB = 4x + 8 and mZ DBA = 6x + 12, find x. 


A D 


B Cc 


ABCDis a rectangle, so mZABC = 90. Since the opposite 
sides of a rectangle are parallel, and the alternate interior 
angles of parallel lines are congruent, ZDBC = ZADB and 
mZDBC = mZADB. 


mZDBC + mZDBA = 90 
mZADB + mZDBA = 90 Substitution 
4x+8+6x+12=90 Substitution 
10x + 20 = 90 Add. 
10x = 70 Subtract. 
x=7 Divide. 


Angle Addition 
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Rhombi and Squares 


ALGEBRA ABCDis a rhombus. If FB = 9, AB = 12 and 
mZABD = 55, find each measure. 


34, AE A B 
35. mZBDA 
36. CE 
37. mZACB 
38. LOGOS A car company uses 
the symbol shown at the right for 
their logo. If the inside space of the 


logo is a rhombus, what is the 
length of Fu? 


COORDINATE GEOMETRY Given each set of vertices, 
determine whether CJQRST is a rhombus, a rectangle, 
or a square. List all that apply. Explain. 


39. Q(12, 0), A(6, —6), S(0, 0), 7(6, 6) 
40. Q(—2, 4), R(5, 6), $(12, 4), T(5, 2) 


Trapezoids and Kites 


Find each measure. 
41. GH 


43. DESIGN Renee designed the square 
tile as an art project. 


a. Describe a way to determine if 
the trapezoids in the design 
are isosceles. 


. lf the perimeter of the tile is 48 inches and the perimeter 
of the red square is 16 inches, what is the perimeter of 
one of the trapezoids? 
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Example 6 


The diagonals of rhombus QRST intersect at P. Use the 
information to find each measure or value. 


a. ALGEBRA If QT = x + 7 andTS = 2x — 9, find x. 
QT= TS 
QT= TS Def. of congruence 

X+7=2x-9 Substitution 
—x=—-16 Subtract. 
x= 16 Divide. 
. If mZQTS = 76, find mZ TSP. 
TRbisects ZQTS. Therefore, MZPTS = LmZQTS. 
So mZPTS = 4(76) or 38. Since the 
diagonals of a rhombus are perpendicular, mZ7PS = 90. 
mZPTS + mZTPS + mMZTSP = 180 A Sum Thm. 
38 + 90 + mZTSP = 180 Substitution 
128 + mZTSP = 180 Add. 
mZTSP = 52 Subtract. 


Def. of rhombus 


Example 7 
lf QRSTis a kite, find mZ RST. 


Since ZQ = ZS,mZQ= mZS. 
Write and solve an equation 
to find mZS. 


mZQ+ mZR+ mZS+ mZT= 360 Polygon Int. & 


Sum Thm 
mZQ+ 136 + mZS + 68 = 360 
2mZS + 204 = 360 Simplify. 
2mZS = 156 Subtract. 
mZS = 78 Divide. 


Substitution 


Practice Test 


Find the sum of the measures of the interior angles 
of each convex polygon. 


1. hexagon 2. 16-gon 


3. ART Jen is making a frame to stretch a canvas over 
for a painting. She nailed four pieces of wood 
together at what she believes will be the four 
vertices of a square. 


a. How can she be sure that the canvas will be a 
square? 


b. If the canvas has the dimensions shown below, 
what are the missing measures? 


x 


2 ft 


Quadrilateral ABCD is an isosceles trapezoid. 


A B 


D Cc 


4. Which angle is congruent to ZC? 
5. Which side is parallel to AB? 
6. Which segment is congruent to AC? 
The measure of the interior angles of a regular 


polygon is given. Find the number of sides in 
the polygon. 


7. 900 8. 1980 
9. 2880 10. 5400 


11. MULTIPLE CHOICE If QRST is a parallelogram, what 


is the value of x? 


Q R 


If CDFG is a kite, find each measure. 
12. GF 13. mZD 


ALGEBRA Quadrilateral MNOP is a rhombus. Find 
each value or measure. 


14. mZMRN M N 


15. If PR = 12, find RN. 8 
16. If mZPON = 124, find Lo, 


mZPOM. a O 


17. CONSTRUCTION The Smiths are building an addition 
to their house. Mrs. Smith is cutting an opening for 
a new window. If she measures to see that the 
opposite sides are congruent and that the diagonal 
measures are congruent, can Mrs. Smith be sure 
that the window opening is rectangular? Explain. 


Use CJJKLM to find each measure. 
J 


18. mZJML K 
19. JK 
20. mZKLM 
M ; 
ALGEBRA Quadrilateral DEFG is a rectangle. 
D E 
G F 


21. If DF = 2(x + 5) — 7 and EG = 3(x — 2), find EG. 


22. If mZEDF = 5x —3 and mZDFG = 3x + 7, 
find mZEDF. 


23. If DE = 14 + 2x and GF = 4(x — 3) + 6, find GE. 


Determine whether each quadrilateral is a 
parallelogram. Justify your answer. 


24. 25. ff 


a. (al 
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Preparing for Standardized Tests 


Apply Definitions and Properties 


Many geometry problems on standardized tests 
require the application of definitions and properties 
in order to solve them. Use this section to practice 
applying definitions to help you solve extended- 
response test items. 


Strategies for Applying Definitions and Properties 


Read the problem statement carefully. 
e Determine what you are being asked to solve. 
e Study any figures given in the problem. 


e Ask yourself: What principles or properties of this figure can | 
apply to solve the problem? 


Solve the problem. 


e Identify any definitions or geometric concepts you can use to help you find the 
unknowns in the problem. 


e Use definitions and properties of figures to set up and solve an equation. 


e Check your answer. 


Standardized Test Example 


Read the problem. Identify what you need to know. Then use the information in 
the problem to solve. Show your work. 


A performing arts group is building a theater in the round 
for upcoming productions. The stage will be a regular 
octagon with a perimeter of 76 feet. 


a. What length should each board be to form the sides 
of the stage? 


b. What angle should the end of each board be cut so that 
they will fit together properly to form the stage? Explain. 
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Read the problem carefully. You are told that the boards form a regular octagon with a 
perimeter of 76 feet. You need to find the length of each board and the angle that they 
should be cut to fit together properly. 


To find the length of each board, divide the perimeter by the number of boards. 
76+8=9.5 
So, each board should be 9.5 feet, or 9 feet 6 inches, long. 
Use the property of the interior angle sum of convex polygons to find the measure of 
an interior angle of a regular octagon. First find the sum S of the interior angles. 
S = (n — 2) - 180 

= (8 — 2) - 180 

= 1080 


So, the measure of an interior angle of a regular octagon is 1080 + 8, or 135°. Since 
two boards are used to form each vertex of the stage, the end of each board should be 
cut at an angle of 135 + 2, or 67.5°. 


Read each problem. Identify what you need to know. 3. Use the graph shown below to answer each 
Then use the information in the problem to solve. question. 
Show your work. 
1. RS is the midsegment t of trapezoid MNOP. 
What is the length of RS? 
M 10x+3 N 
P 4x+7 O 
; : a. Do the diagonals of quadrilateral RSTU bisect 
A 14 units C 23 units each other? Use the Distance Formula to verify 
B 19 units D 26 units VOM enewel 
ee b. What type of quadrilateral is RSTU? Explain 
2. If AB || DC, find x. using the properties and/or definitions of this 
j B type of quadrilateral. 
4, What is the sum of the measures of the exterior 
angles of a regular octagon? 
A 45 
D . B 135 
F 32.5 H 105 C 360 
G 65 J 115 D 1080 
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Cumulative, Chapters 1 through 6 


Multiple Choice 


Read each question. Then fill in the correct answer on 
the answer document provided by your teacher or on 
a sheet of paper. 


1. Ifa || 6, which of the following might not be true? 


A 241223 
B 244=27 


C 22=45 
D 28222 


2. Classify the triangle below according to its angle 
measures. Choose the most appropriate term. 


60° 


60° 60° 
acute 
equiangular 


obtuse 


= fo = 


right 


3. Solve for x in parallelogram RSTU. 


A 12 C2 
B 18 D 30 
Test-TakingTip 


Question 3 Use the properties of parallelograms to solve the 
problem. Opposite angles are congruent. 
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Standardized Test Practice 


4. What is the measure of an interior angle of a 


regular pentagon? 


F 96 H 120 
G 108 J 135 


. Quadrilateral ABCD is a rhombus. If 


mZBCD = 120, find mZDAC. 


B C 
A D 
A 30 C 90 
B 60 D 120 


. What is the value of x in the figure below? 


62° (5x + 2)° 
F 10 H 14 
G 12 J 15 


. Which of the following statements is true? 


A All rectangles are squares. 
B All rhombi are squares. 
C All rectangles are parallelograms. 


D All parallelograms are rectangles. 


Short Response/Gridded Response 


Record your answers on the answer sheet provided 
by your teacher or a sheet of paper. 


8. GRIDDED RESPONSE The posts for Nancy’s gazebo 
form a regular hexagon. What is the measure of 
the angle formed at each corner of the gazebo? 


oe, 


9. What are the coordinates of point P, the fourth 
vertex of an isosceles trapezoid? Show your work. 


10. What do you know about a parallelogram if its 
diagonals are perpendicular? Explain. 


11. Determine whether the stated conclusion is valid 
based on the given information below. If not, write 
invalid. Explain your reasoning. 


Given: If a number is divisible by 9, then the 
number is divisible by 3. The number 144 is 
divisible by 9. 


Conclusion: The number 144 is divisible by 3. 


12. GRIDDED RESPONSE Solve for x in the figure below. 
Round to the nearest tenth if necessary. 


6x+4 
10x-2 


13. What are the coordinates of the circumcenter of the 
triangle below? 


Extended Response 


Record your answers on a sheet of paper. Show 
your work. 


14, Determine whether you can prove each figure is a 
parallelogram. If not, tell what additional 
information would be needed to prove that it is a 
parallelogram. Explain your reasoning. 


2 
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Get Ready for the Chapter 


Diagnose Readiness | You have two options for checking prerequisite skills. 


| 1 Textbook Option Take the Quick Check below. Refer to the Quick Review for help. 


Solve each equation. 


Example 1 


3x _ 6 7_ x-4 4x—3 _ 2x+11 
1% 235 5 | Solve = — ; 
3, 19 _ x= 4. 3-3 a = = u Original equation 


5. EDUCATION The student to teacher ratio at Elder High School 


3(4x — 3) = 5(2x + 11) 


Cross multiplication 


is 17 to 1. If there are 1088 students in the school, how many 12x—9=10x+ 55 Distributive Property 
2 
teachers are there? Dy = 6A Add. 
x='32 Simplify. 


= —_ => 
ALGEBRA In the figure, BA and BC are opposite rays and BD | Example 2 | 


a eee In the figure, OP and OR are opposite rays, and ar bisects 
ZSQR. lf MZSQR = 6x + 8 and mZTQR = 4x — 14, find 
mZSQT. 

S T, 
P Q R 


6. If mMZABF = 3x — 8 and MZABD = x + 14, find mZABD. 
7. If mMZFBC = 2x + 25 and mZABF = 10x — 1, find mZ DBF. 


8. LANDSCAPING A landscape architect is planning to add 
— —= 
sidewalks around a fountain as shown below. If BA and BC 


Since TQ bisects ZSQR, mZSQR = 2(mZ TAR). 


mZSQR = 2(mZ TQR) 
6x + 8 = 2(4x — 14) 


Def. of Z bisector 


Substitution 


sca 6x + 8 = 8x— 28 Distributive Property 
are opposite rays and BD bisects ZABF, find mZ FBC. 
—2x = —36 Subtract. 
x= 18 Simplify. 


Since TQ bisects ZSQR, mZSQT = mZTAR. 
mZSQT = mZTQR 
mZSQT = 4x — 14 
mZSQT = 58 


—-, 
2 Online Option Take an online self-check Chapter Readiness Quiz at connectED.mcgraw-hill.com. v/ 


Def. of Z bisector 
Substitution 


x= 18 
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Get Started on the Chapter 


You will learn several new concepts, skills, and vocabulary terms as you study 
Chapter 7. To get ready, identify important terms and organize your resources. 
You may wish to refer to Chapter 0 to review prerequisite skills. 


[ZEEYTTS)| StudyOrganizer 


Proportions and Similarity Make this Foldable to help you English Espanol 
organize your Chapter 7 notes about proportions, similar 
polygons, and similarity transformations. Begin with four 


NewVocabulary 


ratio p.461 razon 


sheets of notebook paper. proportion p.462 — proporcion 
extremes p.462  extremos 
means p.462 medias 
1 Fold the four sheets of cross products p.462 productos cruzados 
paper in half. similar polygons p.469 _ poligonos semejantes 
scale factor p.470 factor de escala 
dilation p.511  homotecia 
similarity p.511 — transformacién de 
transformation semejanza 
2 Cut along the top fold of enlargement p.511 ampliacion 
the papers. Staple along reduction p.511 — reduccidn 
the side to form a book. 


scale model p.518 modeloaescala 


scale drawing p.518 dibujo a escala 


ReviewVocabulary 


3 Cut the right sides of each 
paper to create a tab for 
each lesson. 


altitude altura a segment drawn from a vertex of a 
triangle perpendicular to the line containing the other side 


angle bisector bisectriz de un angulo a ray that divides 
an angle into two congruent angles 


median mediana a segment drawn from a vertex of 
a triangle to the midpoint of the opposite side 


BXis an B 
altitude. 


4 Label each tab with a 
lesson number, as shown. 
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You solved e 1 Write ratios. @ [he aspect ratio of a television 


problems by 
writing and 
solving equations. 


(g>d NewVocabulary 


== ratio 


@ 


()Clearviewstock/Alamy, (b)John Capella/Sports Imagery/Getty Images 


extended ratios 
proportion 
extremes 
means 

cross products 


Common Core 
State Standards 


Content Standards 
G.MG.3 Apply geometric 
methods to solve problems 
(e.g., designing an object or 
structure to satisfy physical 
constraints or minimize cost; 
working with typographic 
grid systems based on 
ratios). %* 


Mathematical Practices 

7 Look for and make use of 
structure. 

8 Look for and express 
regularity in repeated 
reasoning. 


Write and solve height. A standard television 
proportions. screen has an aspect ratio 


or computer screen is the 
screen’s width divided by its 


of 4 or 4:3, while a high 

definition television screen 
(HDTV) has an aspect ratio 
of 16:9. 


Write and Use Ratios A £ati6 is a comparison of two quantities using division. The 
ratio of quantities a and b can be expressed as a to b, a:b, or zi where b + 0. Ratios are 
usually expressed in simplest form. 

The aspect ratios 32:18 and 16:9 are equivalent. 


width of screen _ 32 in. 


height of screen 18 in. pe 


_ 32+2 16 dee ‘ 
= R29 or 9 Divide out common factors. 
Real-World Example 1 


SPORTS A baseball player’s batting average is the 
ratio of the number of base hits to the number of 
at-bats, not including walks. Minnesota Twins’ Joe 
Mauer had the highest batting average in Major 
League Baseball in 2006. If he had 521 official 
at-bats and 181 hits, find his batting average. 


Divide the number of hits by the number of 
at-bats. 


number of hits _ 181 
number of at-bats 521 
— 0.347 A ratio in which the 
cn a denominator is 1 is 
called a unit ratio. 


Joe Mauer’s batting average was 0.347. 


GuidedPractice 


1. SCHOOL In Logan’s high school, there are 190 teachers and 2650 students. What is 
the approximate student-teacher ratio at his school? 


Extended ratios can be used to compare three or more quantities. The expression a@:b:c 
means that the ratio of the first two quantities is a:b, the ratio of the last two quantities is 


b:c, and the ratio of the first and last quantities is a:c. 
(canoes 461 


Example 2 


The ratio of the measures of the angles in a triangle is 3:4:5. Find the measures 
of the angles. 


Just as the ratio + or 3:4 is equivalent to = or 3x:4x, the extended ratio 


3:4:5 can be written as 3x:4x:5x. 


Sketch and label the angle measures of the triangle. 
Then write and solve an equation to find the value 
of x. 


3x + 4x + 5x = 180 Triangle Sum Theorem 
12x = 180 Combine like terms. 
x=15 Divide each side by 12. 


So the measures of the angles are 3(15) or 45, 4(15) or 
60, and 5(15) or 75. 


CHECK The sum of the angle measures should be 180. 
45 + 60 + 75 = 180 Vv 


GuidedPractice 


2. Ina triangle, the ratio of the measures of the sides is 2:2:3 and the perimeter is 
392 inches. Find the length of the longest side of the triangle. 


ReadingMath 


Proportion When a . . ; : ‘ 
nroportion iaawattenusing Use Properties of Proportions An equation stating that two ratios are equal 


colons, it is read using the is called a proportion. In the proportion = = - the numbers a and d are called 
word to for the colon. For the extremes of the proportion, while the numbers b and c are called the means of 


example, 2:3 is read 2 to 3. 


The means are the inside the proportion. 


numbers, and the extremes extreme > g = ¢ <mean 
are the outside numbers. detiee: b a oes 
extremes 
7 The product of the extremes ad and the product of the means bc are called 
means cross products. 
L J 


KeyConcept Cross Products Property 


Words In a proportion, the product of the extremes equals the 
product of the means. 


Symbols Itt = 5 when b # O and d + 0, then ad = bc. 
4_6 -15—10- 
Example lao 75° then 4 15=10-6. 


. 


You will prove the Cross Products Property in Exercise 41. 


The converse of the Cross Products Property is also true. If ad = be and b # Oand d # 0, 
then ¢ = = That is, ; and F form a proportion. You can use the Cross Products Property 


to solve a proportion. 
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Example 3 


y 

StudyTip Solve each proportion. 

> 
CCSS Perseverance 6_ 21 x+3 _ 4x 
Example 30 Id also be es a ‘ 

xample 3b could also 
solved by multiplying each Ba a Original proportion = + a = 
side of the equation by 10, * . 
the least common 6(31.5) = x(21) Cross Products (x + 3)5 = 2(4x) 
denominator. Property 
10(442) = 4110) ~ 

2 5 189 = 21x Simplify. 5x + 15 = 8x 
5(x + 3) = 2(4x) 
5x + 15 = 8x Oo = % Solve for x. 15 = 3x 
15 = 3x 5=yx 
5=xX 
‘ . . 
GuidedPractice 
2 =4__ 6 729 
a aa ee ~ Qy+5 wb Fg 44 


Proportions can be used to make predictions. 


Real-World Example 4 


CAR OWNERSHIP Fernando conducted a survey of 50 students driving to school and 
found that 28 owned cars. If 755 students drive to his school, predict the total 
number of students who own cats. 


Write and solve a proportion that compares the number of students who own cars to 
the number who drive to school. 

28 __x | ~<~—students owning cars 

50 755 = <<— students driving to school 


28° 755 = 50°x Cross Products Property 


§ Real-WorldLink 


The percent of driving-age 


teens (ages 15 to 20) with 21,140 = 50x Simplify. 
their own vehicles nearly 
doubled nationwide from 422.8 =x Divide each side by 50. 


22 percent in 1985 to 
42 percent in 2003. 


Source: CNW Marketing Research 


Based on Fernando’s survey, about 423 students at his school own cars. 


GuidedPractice 


4. BIOLOGY In an experiment, students netted butterflies, recorded the number with 
tags on their wings, and then released them. The students netted 48 butterflies and 
3 of those had tagged wings. Predict the number of butterflies that would have 
tagged wings out of 100 netted. 


The proportion shown in Example 4 is not the only correct proportion for that situation. 
Equivalent forms of a proportion all have identical cross products. 


_KeyConcept Equivalent Proportions 


Symbols The following proportions are equivalent. 
a_c b_d a_b c_d 


@ b do ac Cg a5 

S Examples 28 =x 50 755 28 50 x _ 755 

s 50 755°28 =X’ X 7552850 

8 \ 4 


Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 1. PETS Out of a survey of 1000 households, 460 had at least one dog or cat as a pet. What 
is the ratio of pet owners to households? 


2. SPORTS Thirty girls tried out for 15 spots on the basketball team. What is the ratio of 
open spots to the number of girls competing? 


Example 2 3. The ratio of the measures of three sides of a triangle is 2:5:4, and its perimeter is 
165 units. Find the measure of each side of the triangle. 


4. The ratios of the measures of three angles of a triangle are 4:6:8. Find the measure of 
each angle of the triangle. 


Example 3 Solve each proportion. 
2 x x 28 7 2.2 _ 26.4 3. X= 3 


=a on "5 100 


x 96 “3 


ya~ 

Example 4 9. CESS MODELING Ella is baking apple muffins for the Student Council bake sale. The 
recipe that she is using calls for 2 eggs per dozen muffins, and she needs to make 
108 muffins. How many eggs will she need? 


Practice and Problem Solving Extra Practice is on page R7. 


Example 1 MOVIES For Exercises 10 and 11, refer to the graphic below. 


i, Nominations 


bi 


MovieA MovieB 


10. Of the films listed, which had the greatest ratio of Academy Awards to number 
of nominations? 


11. Which film listed had the lowest ratio of awards to nominations? 


Example 2 12. GAMES A video game store has 60 games to choose from, including 40 sports games. 
What is the ratio of sports games to video games? 


(13) The ratio of the measures of the three sides of a triangle is 9: 7 : 5. Its perimeter is 
191.1 inches. Find the measure of each side. 


14. The ratio of the measures of the three sides of a triangle is 3:7:5, and its perimeter 
is 156.8 meters. Find the measure of each side. 


:1. Its perimeter is 


15. The ratio of the measures of the three sides of a triangle is a 6 


4.75 feet. Find the length of the longest side. 7 


cole 


:+ and its perimeter 


16. The ratio of the measures of the three sides of a triangle is A 6 


is 31.5 centimeters. Find the length of the shortest side. 


wle 
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Example 3 


Example 4 


Find the measures of the angles of each triangle. 

17. The ratio of the measures of the three angles is 3:6:1. 
18. The ratio of the measures of the three angles is 7:5:8. 
19. The ratio of the measures of the three angles is 10:8:6. 


20. The ratio of the measures of the three angles is 5:4:7. 


Solve each proportion. 


Die wii 4x _ 56 dl _ 55 
Bega 22. 64. 2 "24 112 sai 20 ~ 20x 

2x+5 _ 42 a+2_3 3x—-1_ 2x+4 3x—-6_ 4x-—2 
25. 10. +20 3 ae alien 5 i re 


(29) NUTRITION According to a recent study, 7 out of every 500 Americans aged 13 to 


17 years are vegetarian. In a group of 350 13- to 17-year-olds, about how many 
would you expect to be vegetarian? 


30. CURRENCY Your family is traveling to Mexico on vacation. You have saved $500 to use 
for spending money. If 269 Mexican pesos is equivalent to 25 United States dollars, 
how much money will you get when you exchange your $500 for pesos? 


ALGEBRA Solve each proportion. Round to the nearest tenth. 
31, 2x43 __6 32 xe+4x4+4 x42 33, 2X +6 _ 20x +4 


3 x-1 : 40 10 "18 3x 


34. The perimeter of a rectangle is 98 feet. The ratio of its length to its width is 5:2. Find 
the area of the rectangle. 


35. The perimeter of a rectangle is 220 inches. The ratio of its length to its width is 7:3. 
Find the area of the rectangle. 


36. The ratio of the measures of the side lengths of a quadrilateral is 2:3:5:4. Its perimeter 
is 154 feet. Find the length of the shortest side. 


37. The ratio of the measures of the angles of a quadrilateral is 2:4:6:3. Find the measures 
of the angles of the quadrilateral. 


38. SUMMER JOBS In June of 2000, 60.2% of American teens 16 to 19 years old had 
summer jobs. By June of 2006, 51.6% of teens in that age group were a part of 
the summer work force. 


a. Has the number of 16- to 19-year-olds with summer jobs increased or decreased 
since 2000? Explain your reasoning. 


b. In June 2006, how many 16- to 19-year-olds would you expect to have jobs out of 
700 in that age group? Explain your reasoning. 


a 
39. CSS MODELING Ina golden rectangle, the ratio of the length to the width is about 1.618. 
This is known as the golden ratio. 


a. Recall from page 461 that a standard television screen has an aspect ratio of 4:3, 
while a high-definition television screen has an aspect ratio of 16:9. Is either type of 
screen a golden rectangle? Explain. 


b. The golden ratio can also be used to determine column layouts for Web pages. 
Consider a site with two columns, the left for content and the right as a sidebar. The 
ratio of the left to right column widths is the golden ratio. Determine the width of 
each column if the page is 960 pixels wide. 


40. SCHOOL ACTIVITIES A survey of club involvement showed that, of the 36 students 
surveyed, the ratio of French Club members to Spanish Club members to Drama Club 
members was 2:3:7. How many of those surveyed participate in Spanish Club? 
Assume that each student is active in only one club. 


ye 


41. PROOF Write an algebraic proof of the Cross Products Property. 


42. SPORTS Jane jogs the same path every day in the winter to stay in shape for track 
season. She runs at a constant rate, and she spends a total of 39 minutes jogging. If the 
ratio of the times of the four legs of the jog is 3:5:1:4, how long does the second leg of 
the jog take her? 


fp MULTIPLE REPRESENTATIONS In this problem, you will explore proportional 
relationships in triangles. 


a. Geometric Draw an isosceles triangle ABC. Measure and label the legs and the vertex 
angle. Draw a second triangle MNO with a congruent vertex angle and legs twice as 
long as ABC. Draw a third triangle PQR with a congruent vertex angle and legs half 
as long as ABC. 


b. Tabular Copy and complete the table below using the appropriate measures. 


Triangle 


Leg length 


Perimeter 


c. Verbal Make a conjecture about the change in the perimeter of an isosceles triangle 
if the vertex angle is held constant and the leg length is increased or decreased by 
a factor. 


H.0.T. Problems Use Higher-Order Thinking Skills 


44, ERROR ANALYSIS Mollie and Eva have solved the proportion — = >. Is either of 
them correct? Explain your reasoning. 


Mollie Eva 
(x -%)| = 4(2) x — 3(2) = 4(1) 


x-3=8 ey 


x= II x=7 


45. CHALLENGE The dimensions of a rectangle are y and y” + 1 and the perimeter of the 
rectangle is 14 units. Find the ratio of the longer side of the rectangle to the shorter side 
of the rectangle. 


la~ 

46. (€SS REASONING The ratio of the lengths of the diagonals of a quadrilateral is 1:1. The 
ratio of the lengths of the consecutive sides of the quadrilateral is 3:4:3:5. Classify the 
quadrilateral. Explain. 


47. WHICH ONE DOESN’T BELONG? Identify the proportion that does not belong with the 
other three. Explain your reasoning. 


Sin BA. ZF een i 186 
8 22.4 ees 6 16.8 Guu 252 


48. OPEN ENDED Write four ratios that are equivalent to the ratio 2:5. Explain why all of the 
ratios are equivalent. 


49. WRITING IN MATH Compare and contrast a ratio and a proportion. Explain how you use 
both to solve a problem. 
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Standardized Test Practice 


50. Solve the following proportion. 52. GRIDDED RESPONSE Mrs. Sullivan’s rectangular 
x _ 12 bedroom measures 12 feet by 10 feet. She wants 
8 6 to purchase carpet for the bedroom that costs 
A —12 C —16 $2.56 per square foot, including tax. How much 
B —-14 D —-18 will it cost in dollars to carpet her bedroom? 
51. What is the area of rectangle WXYZ? 53. SAT/ACT Kamilah has 5 more than 4 times the 


number of DVDs that Mercedes has. If Mercedes 


Ww Z has x DVDs, then in terms of x, how many DVDs 
does Kamilah have? 
3.2 cm 
A 4(x + 5) D 4x+5 
a Ls B A(x + 3) E 5x+4 
F 18.6 cm? H 21.2 cm? C 9x 
G 20.4 cm? 


Spiral Review 


For trapezoid ABCD, S and T are midpoints of the legs. A B 
(Lesson 6-6) 
54. If CD = 14, ST = 10, and AB = 2x, find x. Ss T 
55. If AB = 3x, ST = 15, and CD = 9x, find x. 

Cc D 


56. If AB=x+4,CD =3x + 2,and ST = 9, find AB. 


57. SPORTS The infield of a baseball diamond is a square, as shown at the right. 
Is the pitcher’s mound located in the center of the infield? Explain. (Lesson 6-5) 


Write an inequality for the range of values for x. (Lesson 5-6) 


59. 


(7x+4)° 


Use the Exterior Angle Inequality Theorem to list all of the angles that satisfy 
the stated condition. (Lesson 5-3) 


60. measures less than mZ5 61. measures greater than mZ6 


62. measures greater than mZ10 63. measures less than mZ11 


64. REASONING Find a counterexample for the following statement. (Lesson 3-5) 
If lines p and m are cut by transversal t so that consecutive interior angles are 
congruent, then lines p and mare parallel and t is perpendicular to both lines. 


Skills Review 


Write a paragraph proof. 
B E H 


65. Given: AABC = ADEF; ADEF = AGHI 
Prove: AABC = AGHI xO Ps ra 
A e D . G ’ 
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‘Graphing Technology Lab 


Fibonacci Sequence 
and Ratios 


Leonardo Pisano (c. 1170—c. 1250), or Fibonacci, was born in Italy but educated in North Africa. 
As a result, his work is similar to that of other North African authors of that time. His book Liber 
abaci, published in 1202, introduced what is now called the Fibonacci sequence, in which each 
term after the first two terms is the sum of the two numbers before it. 


Fibonacci Number 


Activity 


You can use CellSheet on a TI-83/84 Plus graphing calculator to calculate terms of the 
Fibonacci sequence. Then compare each term with its preceding term. 


| Step 1 | Access the CellSheet application by pressing the | APPS | key. 
Choose the number for CellSheet and press [ENTER]. 


| Step 2 | Enter the column headings in row 1. Use the ALPHA key 
to enter letters and press [“] at the beginning of each label. 


| Step 3 | Enter 1 into cell A2. Then insert the formula =A2+1 in cell A3. 


Press to insert the = in the formula. Then use to copy 


this formula and use to paste it in each cell in the column. 
This will automatically calculate the number of the term. 


| Step 4 | In column B, we will record the Fibonacci numbers. Enter 1 in 
cells B2 and B3 since you do not have two previous terms to add. 
Then insert the formula =B2+B3 in cell B4. Copy this formula 
down the column. 


| Step 5 | In column C, we will find the ratio of each term to its preceding term. 
Enter 1 in cell C2 since there is no preceding term. Then enter B3/B2 
in cell €3. Copy this formula down the column. The screens show the 

results for terms 1 through 11. 


Analyze the Results 
1. What happens to the Fibonacci number as the number of the term increases? 


2. What pattern of odd and even numbers do you notice in the Fibonacci sequence? 
3. As the number of terms gets greater, what pattern do you notice in the ratio column? 
4 


. Extend the spreadsheet to calculate fifty terms of the Fibonacci sequence. Describe 
any differences in the patterns you described in Exercises 1-3. 


5. MAKE A CONJECTURE How might the Fibonacci sequence relate to the golden ratio? 
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Similar Polygons 


:- Then :-‘Now :-Why? 


@ People often customize their 


@ You used proportions @ Use proportions to 


to solve problems. identify similar computer desktops using photos, 
polygons. centering the images at their 
original size or stretching them to 
fit the screen. This second method 
distorts the image, because the 
original and new images are not 
geometrically similar. 


Solve problems using 
the properties of 
similar polygons. 


Ope NewVocabulary Identify Similar Polygons Similar polygons have the same shape but not 
= similar polygons necessarily the same size. 
scale factor 
KeyConcept Similar Polygons 
MEN conan Core Two polygons are similar if and only if their corresponding angles are 
, ] congruent and corresponding side lengths are proportional. 
State Standards pee : pee 

Content Standards Example In the diagram below, ABCD is similar to WXYZ. 
G.SRT.2 Given two figures, A Corresponding angles 
use the definition of 15 Ww , 
similarity in terms of B xX ZLA= ZW, ZB= ZX, ZC= ZY, 
similarity transformations to 18 6 and ZD= ZZ 
decide if they are similar; 12 4 a 
explain using similarity Corresponding sides 
transformations the meaning D m4 Cc Zz 7 Y AB BC CD DA 3 
of similarity for triangles as WX XY YZ. ZW 1 
the equality of all Symbols ABCD ~ WXYZ 
corresponding pairs of q J 
angles and the 
proportionality of all 
corresponding pairs of sides. As with congruence statements, the order of vertices in a similarity statement like 
Mathematical Practices ABCD ~ WXYZ is important. It identifies the corresponding angles and sides. 
7 Look for and make use of (pr) 


structure. 

3 Construct viable 
arguments and critique 
the reasoning of others. 


Example 1 
If AFGH ~ AJKL, list all pairs of congruent 


F L 
angles, and write a proportion that relates the 
corresponding sides. 
K 
G H 


Use the similarity statement. i 


VY vy Congruent angles: ZF = ZJ, ZG = ZK, ZH = ZL 


AFGH ~ AJKL 
ion: FG — GH _ HF 
A A Proportion: 7K KL 


: N P 
GuidedPractice Ss T 
1. In the diagram, NPQR ~ UVST. List all pairs of 
congruent angles, and write a proportion that 
relates the corresponding sides. R Q V U 


()D. Hurst/Alamy, (r)Yellow Dog Productions/Photodisc/Getty Images 


StudyTip 


Similarity Ratio The scale 
factor between two similar 
polygons is sometimes called 
the similarity ratio. 


In the diagram, AABC ~ AXYZ. 


The scale factor of AABC to AXYZ is é or 2. 


3 
The scale factor of AXYZ to AABC is = or + 


Real-World Example 2 


scale factor. Explain your reasoning. 


12 in. 


H 14 in. G 


Compare corresponding sides. 
pe _ 10 5 


PHOTO EDITING Kuma wants to use the rectangular 
photo shown as the background for her computer’s 
desktop, but she needs to resize it. Determine 
whether the following rectangular images are 
similar. If so, write the similarity statement and 


F b. 


Compare corresponding angles. 


BC _ 8 2 
=~ or 


The ratio of the lengths of the corresponding sides of two similar polygons is called the 
scale factor. The scale factor depends on the order of comparison. 


A C 


12 in. 


Since all angles of a rectangle are right angles and right angles are 
congruent, corresponding angles are congruent. 


ReadingMath 


Similarity Symbol The 
symbol + is read as is 
not similar to. 


HG 14.7 


So the photos are not similar. 


are congruent. 


Compare corresponding sides. 
DC _ 10 2 


GuidedPractice 


and scale factor. Explain your reasoning. 
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FG 12° 3 
Since corresponding sides are not proportional, ABCD + EFGH. 


= Be B28 
ML 15 3 KL 12 3 
Since corresponding sides are proportional, ABCD ~ JKLM. So the 


2. Determine whether the triangles shown are 
similar. If so, write the similarity statement 


5,2 
773 


Since ABCD and JKLM are both rectangles, corresponding angles 


2_2 
a= 


3 


rectangles are similar with a scale factor of 2. 


T 


sabew| Aye9/a14q4901S 


StudyTip Use Similar Figures You can use scale factors and proportions to solve problems 


Similarity and Congruence If involving similar figures. 
two polygons are congruent, 
they are also similar. All of 
the corresponding angles are 
congruent, and the lengths of 
the corresponding sides have 
a ratio of 1:1. 


Example 3 


In the diagram, ACDF ~ VWYZ. A C 


a. Find x. 


12 9 
Use the corresponding side lengths to 
write a proportion. F x D 
CD _ DE aoe 
Wy 7 Yz Similarity proportion y 10 Z 


aT CD= 9, WY= 6, DF = x, YZ= 10 M4 


Ww V 
9(10) = 6(x) Cross Products Property 
90 = 6x Multiply. 
15=x Divide each side by 6. 
b. Find y. 
CD _ FA pa 
WY ZV Similarity proportion 
9. 12 = = = =3y— 
6. Sy CD=9, WY=6, FA= 12, ZV= 3y—1 
9(3y — 1) = 6(12) Cross Products Property 
27y —9=72 Multiply. 
27y = 81 Add 9 to each side. 
y=3 Divide each side by 27. 
StudyTip GuidedPractice J ' Ss 
Identifying Similar Find the value of each variable if M a 
Triangles When only two AJLM ~ AQST. 3y—2 5 
congruent angles of a triangle 6x —3 T 
are given, remember that you 3A. x 2 
can use the Third Angles Q 
Theorem to establish that the 3B. y 7 


remaining corresponding 
angles are also congruent. 


In similar polygons, the ratio of any two corresponding lengths is proportional to the 
scale factor between them. This leads to the following theorem about the perimeters of 
two similar polygons. 


[ Theorem 7.1 Perimeters of Similar Polygons 


If two polygons are similar, then their B 


perimeters are proportional to the scale A 
factor between them. i K 
Example If ABCD ~ JKLM, then D Cc x | 


\ 


a 


WatchOut! 


Perimeter Remember that 
perimeter is the distance 
around a figure. Be sure to 
find the sum of all side 
lengths when finding the 
perimeter of a polygon. You 
may need to use other 
markings or geometric 
principles to find the length 
of unmarked sides. 


Example 4 


If ABCDE ~ PQRST, find the scale factor B 
of ABCDE to PQRST and the perimeter of 8 
each polygon. 


The scale factor of ABCDE to PQRST 


is a or : 4 
a aS E 6 D 
Since BC = AB and AE = CD, the perimeter Q 
of ABCDE is8+8+4+6+4or 30. 
Use the perimeter of ABCDE and the scale R Pp 
factor to write a proportion. Let x represent 
the perimeter of PORST. 3 
4 _ perimeter of ABCDE Th 4 s T 
3) perimeter of PQORST igre 
4 _ 30 are 
3x Substitution 
(3)(30) = 4x Cross Products Property 
22.5 =x Solve. 
So, the perimeter of PQRST is 22.5. 
GuidedPractice 
4. If MNPQ ~ XYZW, find the w 4 _x Pe a 
scale factor of MNPQ to Zz 9 
XYZW and the perimeter P 
of each polygon. 7 
M 8 6 Q 


Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 List all pairs of congruent angles, and write a proportion that relates the corresponding 
sides for each pair of similar polygons. 


(1) AABC ~ AZYX 2. JKLM ~ TSRQ 
A R 
Zz J x ° 
B Xx ra, 7 / \ 
MS. ML T s 
C 


Example 2 Determine whether each pair of figures is similar. If so, write the 
similarity statement and scale factor. If not, explain your reasoning. 


3. 


J 
6 G) 
3 
57° 117° 
F 4. oH 
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Example 3 Each pair of polygons is similar. Find the value of x. 
5. S T 6. A 8 C os 9 V 


Cc D 
20 x 5 4 

4 
Zz 3 Ww 


"a. | a aa i eo SF 


foe) 


Example 4 7. DESIGN On the blueprint of the apartment 
shown, the balcony measures 1 inch wide 
by 1.75 inches long. If the actual length of 
the balcony is 7 feet, what is the perimeter 
of the balcony? 


Extra Practice is on page R7. 


Practice and Problem Solving 


Example 1 List all pairs of congruent angles, and write a proportion that relates the corresponding 
sides for each pair of similar polygons. 


8. ACHF ~ AYWS 9. JHFM ~ PQST 
c ji 
Ss T 
F Ww H 
° 
H Y 
<u | M F 
6S P 

10. ABDF ~ VXZT 11. ADFG ~ AKMJ 


F Z F M 
ey OV IN 
J 
K 
B " D 2 
= 
Example 2 CESS ARGUMENTS Determine whether each pair of figures is similar. If so, write 
the similarity statement and scale factor. If not, explain your reasoning. 


12. 


K 
14, 15. A 6 D 
w 4 M 
8 
6 
G K Z L 
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Example 3 


Example 4 


16. GAMES The dimensions of a hockey 
rink are 200 feet by 85 feet. Are the 
hockey rink and the air hockey table 
shown similar? Explain your reasoning. 


17. COMPUTERS The acon of a 17-inch flat panel computer screen are 
approximately 134 by 103 inches. The Senerler of a 19-inch flat panel 
computer screen me oa 143 by 12 inches. To the nearest tenth, 
are the computer screens similar? Eaplai your reasoning. 


S REGULARITY Each pair of sas is ry Find the value of x. 


J 3 H 
20. Q R 21 
Ss V 
— 
W 12 Z 
M 8x-1 P 


22. Rectangle ABCD has a width of 8 yards and a length of 20 yards. Rectangle QRST, 
which is similar to rectangle ABCD, has a length of 40 yards. Find the scale factor of 
rectangle ABCD to rectangle QRST and the perimeter of each rectangle. 


Find the perimeter of the given triangle. 


23. ADEF, if AABC ~ ADEF, 24. AWZX, if AWZX ~ ASRT, 
AB =5,BC = 6, AC = 7, and ST = 6, WX = 5, and the perimeter 
and DE = 3 of ASRT = 15 

A W 
S 
IN AN 
Z X 
B 6 C OE F R + 

25. ACBH, if ACBH ~ AFEH, 26. ADEF, if ADEF ~ ACBF, 
ADEG is a parallelogram, CH = 7, perimeter of ACBF = 27, 
FH = 10, FE = 11, and EH = 6 DF =6,FC=8 


A Cc 
B E 
ce tuw <<] 


27. Two similar rectangles have a scale factor of 2:4. The perimeter of the large rectangle 
is 80 meters. Find the perimeter of the small rectangle. 


28. Two similar rectangles have a scale factor of 3:2. The perimeter of the small rectangle is 
50 feet. Find the perimeter of the large rectangle. 


List all pairs of congruent angles, and write a proportion that relates the 
corresponding sides. 


29. 30. 


SHUFFLEBOARD A shuffleboard court 
forms three similar triangles in which 
ZAHB = ZAGC = ZAFD. For the given 
sides or angles, find the corresponding 
side(s) or angle(s) that are congruent. 


31. AB 32. FD 
33. ZACG 34. ZA 


Find the value of each variable. 
(35) ABCD ~ QSRP 36. AJKL ~ AWYZ 


J Ww 
(4x — 13)° 


37. SLIDESHOW You are using a digital projector for a slide show. The photos are 13 inches 
by 94 inches on the computer screen, and the scale factor of the computer image to the 


projected image is 1:4. What are the dimensions of the projected image? 


COORDINATE GEOMETRY For the given vertices, determine whether rectangle 
ABCD is similar to rectangle WXYZ. Justify your answer. 


38. A(—1, 5), B(7, 5), C(7, -1), D(-1, -1); 
W(—2, 10), X(14, 10), Y(14, —2), Z(—2, —2) 


39. A(5, 5), B(O, 0), C(5, —5), D(10, 0); 
W(1, 6), X(—3, 2), Y(2, —3), Z(6, 1) 


Va 
CESS ARGUMENTS Determine whether the polygons are always, sometimes, or never 
similar. Explain your reasoning. 


40. two obtuse triangles 41. a trapezoid and a parallelogram 

42. two right triangles 43. two isosceles triangles 

44, ascalene triangle and an isosceles triangle 

45. two equilateral triangles 

46. PROOF Write a paragraph proof of Theorem 7.1. B FE 

Given: AABC ~ ADEF and 48 = a A Ze D 
_ Perimeter of AABC in Cc F 


Prove: perimeter of ADEF 
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(a7) PHOTOS You are enlarging the photo shown at the right 
for your school yearbook. If the dimensions of the 
original photo are 25 inches by 14 inches and the scale 
factor of the old photo to the new photo is 2:3, what are 
the dimensions of the new photo? 


48. CHANGING DIMENSIONS Rectangle QRST is similar to 
rectangle JKLM with sides in a ratio of 4:1. 


a. What is the ratio of the areas of the two 
rectangles? 


b. Suppose the dimension of each rectangle is tripled. 
What is the new ratio of the sides of the rectangles? 


c. What is the ratio of the areas of these larger 
rectangles? 


49. CHANGING DIMENSIONS In the figure shown, X 
AFGH ~ AXYZ. 


a. Show that the perimeters of AFGH and 3b 
AXYZ have the same ratio as their F se 


corresponding sides. b : ‘ 


b. If 6 units are added to the lengths of each Nee Y 3a Z 
side, are the new triangles similar? Explain. 


50. 99? MULTIPLE REPRESENTATIONS In this problem, you will investigate similarity 
in squares. 


a. Geometric Draw three different-sized squares. Label them ABCD, PQRS, and WXYZ. 
Measure and label each square with its side length. 


b. Tabular Calculate and record in a table the ratios of corresponding sides for each 
pair of squares: ABCD and PQRS, PQRS and WXYZ, and WXYZ and ABCD. Is each 
pair of squares similar? 


c. Verbal Make a conjecture about the similarity of all squares. 


H.0.T. Problems — Use Higher-Order Thinking Skills 


51. CHALLENGE For what value(s) of x is BEFA ~ EDCB? A 36 B Cc 


52. REASONING Recall that an equivalence relation 12 
is any relationship that satisfies the Reflexive, 
Symmetric, and Transitive Properties. Is 
similarity an equivalence relation? Explain. 


53. OPEN ENDED Find a counterexample for the following statement. 


All rectangles are similar. 


ya 
54. cess REASONING Draw two regular pentagons of different sizes. Are the pentagons similar? 
Will any two regular polygons with the same number of sides be similar? Explain. 


55. EA) WRITING IN MATH How can you describe the relationship between two figures? 
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Standardized Test Practice 


56. ALGEBRA If the arithmetic mean of 4x, 3x, and 12 58. SHORT RESPONSE If a jar contains 25 dimes and 


is 18, then what is the value of x? 7 quarters, what is the probability that a coin 
selected from the jar at random will be a dime? 

A 6 C 4 

BS D3 59. SAT/ACT If the side of a square is x + 3, then 


, what is the diagonal of the square? 
57. Two similar rectangles have a scale factor of 3:5. 


The perimeter of the large rectangle is 65 meters. Ax+3 D xv¥3 + 3V3 
What is the perimeter of the small rectangle? B 3x+3 E xV¥2+3V2 
F 29m H 49m Caer? 

G 39m J 59m 


Spiral Review 


60. COMPUTERS Ina survey of 5000 households, 4200 had at least one computer. What is 
the ratio of computers to households? (Lesson 7-1) D 
61. PROOF Write a flow proof. (Lesson 6-6) 


Given: E and C are midpoints of AD and DB, E Cc 
AD = DB, ZA = 21. 
Prove: ABCE is an isosceles trapezoid. A B 


62. COORDINATE GEOMETRY Determine the coordinates of the intersection of the diagonals 
of CUJKLM with vertices J(2, 5), K(6, 6), L(4, 0), and M(0, —1). (Lesson 6-2) 


State the assumption you would make to start an indirect proof of 
each statement. (Lesson 5-4) 


63. If 3x > 12, then x > 4. 64. PO=ST 


65. The angle bisector of the vertex angle of an isosceles triangle is also an altitude of 
the triangle. 


66. If a rational number is any number that can be expressed as a where a and b are 
integers and b # 0, then 6 is a rational number. 
Find the measures of each numbered angle. (Lesson 4-2) 
67. mZ1 
68. mZ2 
69. mZ3 


Skills Review 


ALGEBRA Find x and the unknown side measures of each triangle. 


70. K 71. 3x+2 72. C 
A ° 2x+4 i ; 10 
X+7 
2x+4 B X+2 D 
T 
J 4x—8 L 
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Similar Triangles 


:-‘Now :-Why? 

@ You used the AAS, C | Identify similar @ Julian wants to draw a similar version of his 
SSS, and SAS triangles using the AA _ skate club’s logo on a poster. He first draws 
Congruence Similarity Postulate a line at the bottom of the poster. Next, he 
Theorems to prove and the SSS and SAS uses a cutout of the original triangle to copy 
triangles congruent. Similarity Theorems. the two bottom angles. Finally, he extends 


cae F the noncommon sides of the two angles. 
Use similar triangles 


to solve problems. 


7 
ore 
ae * 
Pe al . wa. 


| @ rae Common Core Identify Similar Triangles The example suggests that two triangles are similar if 


State Standards ‘ : 
wo pairs of corresponding angles are congruent. 
Content Standards 
G.SRT.4 Prove theorems 
about triangles. Postulate 7.1 Angle-Angle (AA) Similarity 
G.SRT.5 Use congruence 
and similarity criteria for If two angles of one triangle are congruent to two A B 
triangles to solve problems angles of another triangle, then the triangles are similar. G 
and to prove relationships in F 
geometric figures. Example If ZA= ZFand ZB = ZG, then a 
Mathematical Practices Seis aan C 
4 Model with mathematics. H 
7 Look for and make use of ‘ “ 
structure. 
Example 1 


Determine whether the triangles are similar. If so, write a similarity statement. 
Explain your reasoning. 


J M P b. R ; 
| 
48° 
\) x N f 
57° 
L K Ww 


a. Since mZL = mZM, ZL = ZM. By the Triangle Sum Theorem, 57 + 48 + mZK = 180, 
so mZK = 75. Since mZP = 75, ZK = ZP. S50, ALJK ~ AMQP by AA Similarity. 


b. ZRSX = ZWST by the Vertical Angles Theorem. Since RX || TW, ZR = ZW. 
So, ARSX ~ AWST by AA Similarity. 
GuidedPractice 
1B. 
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StudyTip 


Corresponding Sides To 
determine which sides of 
two triangles correspond, 
begin by comparing the 
longest sides, then the next 
longest sides, and finish by 


comparing the shortest sides. 


You can use the AA Similarity Postulate to prove the following two theorems. 


| Theorems Triangle Similarity 


7.2 Side-Side-Side (SSS) Similarity M 
If the corresponding side lengths of two 
triangles are proportional, then the J 
triangles are similar. » Q P 
JK_ KL_ Ld 
Example If —— MP PO = OM, then 


AJKL ~ AMPQ. 


7.3 Side-Angle-Side (SAS) Similarity Ss 
If the lengths of two sides of one triangle ‘ y 
are proportional to the lengths of two 
corresponding sides of another triangle T 


and the included angles are congruent, 
then the triangles are similar. 


RS _ ST = x 
Example If XY > ¥z and 2S = ZY, then 
ARST ~ AXYZ. 


You will prove Theorem 7.3 in Exercise 25. 


[ Proof Theorem 7.2 


Given: BB a BE 


FG GH a 
Prove: AABC ~ AFGH a | L 


5 Paragraph Proof: 


Locate J on FG so that JG = AB. B 
Draw JK so that JK || FH. G 
Label ZGJK as 21. 
A Cc J K 
Since ZG = ZG by the Reflexive 
Property and 21 = ZF by the F H 


Corresponding Angles Postulate, 
AGJK ~ AGFH by the AA 


Similarity Postulate. 
JG _GK_ JK sgasel 
By the definition of similar polygons, —— FG > GH > FE By substitution, 
AB _ GK _ JK 
FG GH FH’ 
Since we are also given that 48 — BC _ AC we can say that GX and 
F a GH FH’ GH aa 


JK 
FH 


By SSS, AABC = AJGK. 


=< . This means that GK = BC and JK = AC, so GK = BC and JK = AC. 


By CPCTC, ZB = ZGand ZA = 1. Since 21 = ZF, ZA = ZF by the 
Transitive Property. By AA Similarity, AABC ~ AFGH. 


——S SS, Pal 
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Example 2 


Determine whether the triangles are similar. If so, write a similarity 
statement. Explain your reasoning. 


a Pp 6 Q PR Se PO 6D QR_ 5 _ 50 
: ; SR 20° 5’ ST 15% 5’ 9" TR = T25 ~ Tas 
R or = So, APQR ~ ASTR by the SSS Similarity Theorem. 
12.5 20 
T 15 S 
bh 860A By the Reflexive Property, ZA = ZA. 
AE 10 10.2 AE 8 8 2 
1 0 = = => => 
: 7 ee 6° So 7c 344 OOS 
E F 5 Since the lengths of the sides that include ZA 
‘ are proportional, AAEF ~ AACB by the SAS 
Cc e Similarity Theorem. 
(f 7 
StudyTip 
Draw Diagrams It is helpful xX 
to redraw similar triangles oy) 
so that the corresponding 10 Ww 
side lengths have the 
L same orientation. 11 ‘ 
Y 
Standardized Test Example 3 
In the figure, ZADB is a right angle. Which of the B 
following would not be sufficient to prove that 
AADB ~ ACDB? 
AD _ BD ~ A C 
A BD ~ CD C ZABD= ZC D 
AB _ BD p 4D _ BD _ AB 
BC” CD BD” CD BC 
Read the Test Item 
You are given that ZADB is a right angle and asked to identify which additional 
information would not be enough to prove that AADB ~ ACDB. 
C Solve the Test Item 
Test-TakingTip Since ZADB is a right angle, ZCDB is also a right angle. Since all right angles are 
Identifying Nonexamples congruent, ZADB = ZCDB. Check each answer choice until you find one that 
Sometimes test questions 


3 


‘ does not supply a sufficient additional condition to prove that AADB ~ ACDB. 
require you to find a 


nonexample, as in this 


case. You must check each Choice A: If 42 = 22 and ZADB = ZCDB, then AADB ~ ACDB by 

option until you find a valid SAS Similarity. 

nonexample. If you would 

like to check your answer, F : AB _ BD = 

Conlin that each additional Choice B: _ If 3c cD and ZADB = ZCDB, then we cannot conclude that 
option is correct. AADB ~ ACDB because the included angle of side AB and BD is 


AZ: not ZADB. So the answer is B. 


w 
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StudyTip 
Proportions An additional 
proportion that is true for 


i‘. AC _ AB 
Example 4 is Op = BE 


GuidedPractice 


3. If AJKL and AFGH are two triangles such that ZJ = ZF, which of the 
following would be sufficient to prove that the triangles are similar? 
KL _ JL @ J 27h y JRL 


GH FH 


JL _ GH 


ik &G FG GH J JK FG 


Use Similar Triangles Like the congruence of triangles, similarity of triangles is 
reflexive, symmetric, and transitive. 


Theorem 7.4 Properties of Similarity 
Reflexive Property of Similarity A\ABC ~ AAABC 
Symmetric Property of Similarity If AABC ~ ADEF, then ADEF ~ AABC. 


Transitive Property of Similarity If AABC ~ ADEF, and ADEF ~ AXYZ, 


then AABC ~ AXYZ. 
= A 


You will prove Theorem 7.4 in Exercise 26. 


Example 4 


Find BE and AD. 


Since BE || CD, ZABE = ZBCD, and ZAEB = ZEDC 
because they are corresponding angles. By 
AA Similarity, AABE ~ AACD. 


AB _ BE 7 - 
AC = CD Definition of Similar Polygons 
3x 7 a - = 
5-35 AC = 5, CD = 3.5, AB= 3, BE= x 
3.5*°3=5+x Cross Products Property 
2.1=x BE is 2.1. 
AC _ AD sa = 
AB = AE Definition of Similar Polygons 
+3 
si. AC = 5, AB= 3, AD= y+ 3,AE=y 
5+y = 3(y + 3) Cross Products Property 
5y = 3y +9 Distributive Property 
2y =9 Subtract 3y from each side. 
y=45 AD is y + 3 or 7.5. 
GuidedPractice 


Find each measure. 


4A. QP and MP 4B. WR and RT 


R 2x+6 T 


aot 


Real-World Example 5 


ROLLER COASTERS Hallie is estimating the height of the Superman roller coaster in 
Mitchellville, Maryland. She is 5 feet 3 inches tall and her shadow is 3 feet long. If 
the length of the shadow of the roller coaster is 40 feet, how tall is the roller coaster? 


Understand Make a sketch of the situation. 5 feet 3 inches is equivalent to 5.25 feet. 


Ses 


reese X 


oF aeSe 


b> 


-—— 40 ft —+| 


Plan In shadow problems, you can assume that the angles formed by the Sun’s 
rays with any two objects are congruent and that the two objects form the 
sides of two right triangles. 


Since two pairs of angles are congruent, the right triangles are similar by 
the AA Similarity Postulate. So, the following proportion can be written. 


Hallie’s height Hallie’s shadow length 
coaster’s height —_coaster’s shadow length 


Solve Substitute the known values and let x = roller coaster’s height. 


525 3 ae 
x =H Substitution 
3 +x = 40(5.25) Cross Products Property 
3x = 210 Simplify. 
x = 70 Divide each side by 3. 


4 
Problem-SolvingTip The roller coaster is 70 feet tall. 


Reasonable Answers When 
you have solved a problem, 
check your answer for 
reasonableness. In this 
example, Hallie’s shadow is 
a little more than half her 
height. The coaster’s shadow 
is also a little more than half 
of the height you calculated. 
Therefore, the answer 

is reasonable. 


Check The roller coaster’s shadow length is aut or about 13.3 times Hallie’s 


shadow length. Check to see that the roller coaster’s height is about 


. re 70 ft _ 
13.3 times Hallie’s height. 505K 13.3 vo 


GuidedPractice 


5. BUILDINGS Adam is standing next to the Palmetto Building in Columbia, South 
Carolina. He is 6 feet tall and the length of his shadow is 9 feet. If the length of 
the shadow of the building is 322.5 feet, how tall is the building? 


Ss 4 
ConceptSummary Triangle Similarity 
AA Similarity Postulate SSS Similarity Theorem SAS Similarity Theorem 
a SDL WY 
A Zz Cc . ' Cc Z 
Cc 

- = AB _ BC _ CA Z AB _ CA 
lf ZA= ZXand ZC = ZZ, If YW Ww lf ZA = ZX and VW 

then AABC ~ AXYZ. then AABC ~ AXYZ. then AABC ~ AXYZ. 

X wi, 


rm) 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Examples 1-2 Determine whether the triangles are similar. If so, write a similarity statement. Explain 


your reasoning. 
2. A D 10 E 
3 7 * \ Z 
B Cc 
F 
7 4. J 
S 
g 5 
_ . / \ as 
6 4 
K 15 LOR 6 Q 


U H 


1. x 


N 


Example 3 5. MULTIPLE CHOICE In the figure, AB intersects DE E B 
at point C. Which additional information would 
be enough to prove that AADC ~ ABEC? 


A ZDAC and ZECB are congruent. Cc 
B AC and BC are congruent. A 
C AD and EB are parallel. 

D ZCBE isa right angle. 


Example 4 CSS STRUCTURE Identify the similar triangles. Find each measure. 


6. KL 7. 
Xx K 
o 4 
5 Sh |x 
y 15 Z L 


Example 5 8. COMMUNICATION A cell phone tower casts a 100-foot shadow. At the same time, 
a 4-foot 6-inch post near the tower casts a shadow of 3 feet 4 inches. Find the 
height of the tower. 


Practice and Problem Solving Extra Practice is on page R7. 


Examples 1-3 Determine whether the triangles are similar. If so, write a similarity statement. If not, 
what would be sufficient to prove the triangles similar? Explain your reasoning. 


9. 10. A (11) le 
- 10 
B C A 5 F 9 38 B 
a 
D FE D 
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Examples 1-3 Determine whether the triangles are similar. If so, write a similarity statement. If not, 
what would be sufficient to prove the triangles similar? Explain your reasoning. 


12. L 13. . re x 14 g T y 
K H 59° 
47° 
12 
V, 
68° 
J P M J 2 kK Y R Ss V 


15. Css MODELING When we look at an object, it is projected on the retina through the 
pupil. The distances from the pupil to the top and bottom of the object are congruent 
and the distances from the pupil to the top and bottom of the image on the retina 
are congruent. Are the triangles formed between the object and the pupil and the 
object and the image similar? Explain your reasoning. 


A 
la A ___--- ¢ 
Object a ce | Image on Retina 
——— D 
E 


Example 4 ALGEBRA Identify the similar triangles. Then find each measure. 


16. JK (17) ST 18. WZ, UZ 
J x K Q Ww 
4 3x—6 40 
6 
P 12 M P 16 T Z x+6 U 32 4 
19. HJ, HK 20. DB, CB 
J A 
P_8 ON 
ices 2 oo\ /t2 ay ox +1 
Q Cy Y\ 
H 6x-2 K GC @ F%-1 B G 2x—-2D J 


Example 5 22. STATUES Mei is standing next to a statue in the park. If Mei is 5 feet tall, her shadow is 
3 feet long, and the statue’s shadow is 10, feet long, how tall is the statue? 


23. SPORTS When Alonzo, who is 5’11” tall, stands next to a basketball goal, his shadow 
is 2’ long, and the basketball goal’s shadow is 4’4” long. About how tall is the 
basketball goal? 


24. FORESTRY A hypsometer, as shown, can 
be used to estimate the height of a tree. 
Bartolo looks through the straw to the top Hypsometer 
of the tree and obtains the readings given. 
Find the height of the tree. 


PROOF Write a two-column proof. 
25. Theorem 7.3 26. Theorem 7.4 
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PROOF Write a two-column proof. 


27. Given: AXYZ and AABC are right 28. Given: ABCD is a trapezoid. 
ee ae 3 _ DP _ cP 
triangles; AB = BC’ Prove: PB = PA 
Prove: AYXZ ~ ABAC A B 


, Ne 
il. 


D Cc 
Z Y Cc B 


la 
29. cess MODELING When Luis’s dad threw a bounce pass to him, the angles formed by the 
basketball’s path were congruent. The ball landed 2 of the way between them before 


it bounced back up. If Luis’s dad released the ball 40 inches above the floor, at what 
height did Luis catch the ball? 


COORDINATE GEOMETRY AXYZ and AWYV have vertices X(—1, —9), ¥(5, 3), Z(—1, 6), 
W(1, —5), and V(1, 5). 


30. Graph the triangles, and prove that AXYZ ~ AWYV. 
(31) Find the ratio of the perimeters of the two triangles. 


32. BILLIARDS When a ball is deflected off a smooth surface, the angles formed by the 
path are congruent. Booker hit the orange ball and it followed the path from A to B 
to C as shown below. What was the total distance traveled by the ball from the time 
Booker hit it until it came to rest at the end of the table? 


1. 
I7yin. 


33. PROOF Use similar triangles to show that the slope of the line through any two points 
on that line is constant. That is, if points A, B, A’ and B’ are on line £, use similar 
triangles to show that the slope of the line from A to B is equal to the slope of the 
line from A’ to B’. 


34. 


CHANGING DIMENSIONS Assume that AABC ~ AJKL. 


a. If the lengths of the sides of AJKL are half the length of the sides of AABC, and the 
area of AABC is 40 square inches, what is the area of AJKL? How is the area related 
to the scale factor of AABC to AJKL? 


b. If the lengths of the sides of AABC are three times the length of the sides of AJKL, 
and the area of AABC is 63 square inches, what is the area of AJKL? How is the area 
related to the scale factor of AABC to AJKL? 


(35) MEDICINE Certain medical treatments involve laser beams Laser 


36. 


that contact and penetrate the skin, forming similar Source 
triangles. Refer to the diagram at the right. How far 
apart should the laser sources be placed to ensure 
that the areas treated by each source do not overlap? 


of MULTIPLE REPRESENTATIONS In this problem, you will 
explore proportional parts of triangles. 


a. Geometric Draw AABC with DE parallel 
to AC as shown at the right. 


b. Tabular Measure and record the lengths AD, DB, CD, D E 
Cc 


- AD E. 
and EB and the ratios DB and Fp ina table. A é 


c. Verbal Make a conjecture about the segments created by a line parallel to one side 
of a triangle and intersecting the other two sides. 


H.0.T. Problems Use Higher-Order Thinking Skills 


37. 


38. 


39. 


40. 


41. 


WRITING IN MATH Compare and contrast the AA Similarity Postulate, the SSS Similarity 
Theorem, and the SAS similarity theorem. 


CHALLENGE YWis an altitude of AXYZ. Find YW. x 


Css REASONING A pair of similar triangles has angle 
measures of 50°, 85°, and 45°. The sides of one 
triangle measure 3, 3.25, and 4.23 units, and the sides of y 5 Z 
the second triangle measure x — 0.46, x, and x + 1.81 units. 

Find the value of x. 


OPEN ENDED Draw a triangle that is similar to 
AABC shown. Explain how you know that it 
is similar. 


EA) WRITING IN MATH How can you choose 
an appropriate scale? 
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Standardized Test Practice 


42. PROBABILITY a — 44, ALGEBRA Which polynomial represents 
on (x — 3)! ae the area of the shaded region? 
B 0.33 D x3 — 3x? 4 2x F xr? 
2 2 
43. EXTENDED RESPONSE In the figure below, ene 
EB || DC. H wr+r 
J a= 


45. SAT/ACT The volume of a certain rectangular 
solid is 16x cubic units. If the dimensions of the 
solid are integers x, y, and z units, what is the 
greatest possible value of z? 


a. Write a proportion that could be used to iii poe 
find x. B 16 E 2 
b. Find the value of x and the measure of AB. Ce 


Spiral Review 


List all pairs of congruent angles, and write a proportion that relates the 
corresponding sides for each pair of similar polygons. (Lesson 7-2) 


46. AJKL ~ ACDE 47. WXYZ ~ QRST 48. FGH] ~ MPQS 
K Z F 
WwW 
D T M 
| \ Q J S 
J Cc | > G P 7 
4 H Q 
L E Xx R 


Solve each proportion. (Lesson 7-1) 


3X x _ 22 20.2 _ 12 
eG — 96 50. +5 = 50 ae ae 
53. TANGRAMS A tangram set consists of seven pieces: a small square, 
two small congruent right triangles, two large congruent right triangles, 
a medium-sized right triangle, and a quadrilateral. How can you 
determine the shape of the quadrilateral? Explain. (Lesson 6-3) 


Determine which postulate can be used to prove that the triangles are congruent. 
If it is not possible to prove congruence, write not possible. (Lesson 4-4) 


Skills Review 


Write a two-column proof. t c 


57. Given: r || t 25 = 26 r 


Prove: ¢ || m LP 
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PVGeometry Lab 


Proofs of Perpendicular 
and Parallel Lines 
ccs Common Core State Standards 


You have learned that two straight lines that are neither horizontal nor vertical are = Y22 a tent Standards 
perpendicular if and only if the product of their slopes is —1. In this activity, you will G.GPE.5 Prove the slope criteria for parallel and 
use similar triangles to prove the first half of this theorem: if two straight lines perpendicular lines and use them to solve geometric 


F F a problems (e.g., find the equation of a line parallel or 
are perpendicular, then the product of their slopes is —1. perpendicular fo-a:alven line thel passes thrauaha 


given point). 
Mathematical Practices 3 


Activity 1 Perpendicular Lines 


7 —_— —_— —_ —_ 
Given: Slope of AC = m,, slope of CE = m,, and AC L CE. 
Prove: m,m,=—1 


| Step 1 | On, a coordinate plane, construct AC ill CE and transversal 
BD parallel to the x-axis through C. Then construct right 
AABC such that AC is the hypotenuse and right AEDC such 
that CE is the hypotenuse. The legs of both triangles should 
be parallel to the x-and y-axes, as shown. 


—_— —_ 
| Step 2 | Find the slopes of AC and CE. 


_ _ 
Slope of AC Slope of CE 
mM, = rise Slope Formula My = Hise Slope Formula 
2 SAB 6 Be —— _ — DE oa _ 
= 3c or BC rise = —AB, run = BC = cp rise = DE, run = CD 


ESQ) Show that AABC ~ ACDE. 


Since AACB is a right triangle with right angle B, ZBAC is complementary to 
ZACB. It is given that AC | CE,so we know that AACE is a right angle. By 
construction, ZBCD is a straight angle. So, ZECD is complementary to ZACB. 
Since angles complementary to the same angle are congruent, ZBAC = ZECD. 
Since right angles are congruent, ZB = ZD. Therefore, by AA Similarity, 


AABC ~ ACDE. 
A 
MN. aed 
B c ae 


BZ] Use the fact that AABC ~ ACDE to show that mm, = —1. 


_ _AB = 0E _ (_AB)(DE) g; “a 
Since m, = BC and m, = Cp? My AB) BE). Since two similar polygons have 
proportional sides, a = a Therefore, by substitution, m,m, = (-2) (25) or —1. 
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Model 
1. PROOF Use the diagram from Activity 1 to prove the second half of the theorem. 


Given: Slope of CE’= m,, slope of AC = M,and m,m, = —1. AABC is a right triangle 
with right angle B. ACDE is a right triangle with right angle D. 


—_ —_ 
Prove: CE 1 AC 


You can also use similar triangles to prove statements about parallel lines. 


Activity 2 Parallel Lines 


Given: Slope of FG = m,, Slope of JK= m,, and m, = m,. AFHG is a right triangle with right 
angle H. AJLK is a right triangle with right angle L. 


_ _ 
Prove: FG || JK 
—_ —_ 
| Step 1 | On a coordinate plane, construct FG and JK, right AFHG, 


and right AJLK. Then draw horizontal transversal FL, 
as shown. 


—_ — 
| Step 2 | Find the slopes of FG and JK. 


—_—_- —_—_ 
Slope of FG Slope of JK 
m,= tise Slope Formula My = tise Slope Formula 
— GH ise = = — KL ies = 
= FE rise = GH, run = HF = rise = KL, run = LJ 
ESE Show that AFHG ~ AJLK. G K 
as _ ee <: a <a ae 
It is given that m, = m,. By substitution, HE = Ty" This ratio can 
be rewritten as G4 = HF since ZH and ZL are right angles, ZH = ZL. Ec hm od L 


KL LJ 
Therefore, by SAS similarity, AFHG ~ AJLK. 


as 
| Step 4 | Use the fact that AFHG ~ AJLK to prove that FG || JK. 


Corresponding angles in similar triangles are congruent, so ZGFH = ZKJL. From the 
definition of congruent angles, mZGFH = mZKJL (or ZGFH = ZKJL). By definition, 
ZKJH and ZKJL form a linear pair. Since linear pairs are supplementary, mZKJH + 
mZKJL = 180. So, by substitution, mZKJH + mZGFH = 180. By definition, ZKJH 
and ZGFH are supplementary. Since ZKJH and ZGFH are supplementary 

and are consecutive interior angles, FG || JK. 


Model 
2. PROOF Use the diagram from Activity 2 to prove the following statement. 


—_ —_— ——_- 
Given: Slope of FG = m,, slope of JK = m,,and FG || JK. 


Prove: m, =m), 
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Parallel Lines and Proportional Parts 


:- Then -- Why? 


@ You used proportions @ Use proportional parts @ Photographers have many techniques at their 
to solve problems within triangles. disposal that can be used to add interest to a 
between similar photograph. One such technique is the use of a 
triangles. vanishing point perspective, in which an image 

with parallel lines, such as train tracks, is 

photographed so that the lines appear to 
converge at a point on the horizon. 


--Now 


Use proportional parts 
with parallel lines. 


Ged NewVocabulary Proportional Parts Within Triangles When a triangle contains a line that is 


= midsegment of a triangle parallel to one of its sides, the two triangles formed can be proved similar using 
the Angle-Angle Similarity Postulate. Since the triangles are similar, their sides 
are proportional. 
salty Lame Theorem 7.5 Triangle Proportionality Theorem 
Content Standards If a line is parallel to one side of a triangle and BC 
G.SRT.4 Prove theorems intersects the other two sides, then it divides the A 


about triangles. 


G.SRT.5 Use congruence 
and similarity criteria for 
triangles to solve problems 
and to prove relationships in 
geometric figures. 


Mathematical Practices 

1 Make sense of problems 
and persevere in solving 
them. 

3 Construct viable 
arguments and critique 
the reasoning of others. 
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sides into segments of proportional lengths. 


E 
BE || CD. then 42 — AE D 
Example If BE || CD, then BC = ED’ 
x 
You will prove Theorem 7.5 in Exercise 30. 
Example 1 
In APQR, ST || RQ. If PT = 7.5, TQ = 3, and 
SR = 2.5, find PS. 
Use the Triangle Proportionality Theorem. P 
Pe. PT i 
SR ~ TQ Triangle Proportionality Theorem ; 
PS. 7:8: : Ss 
a5 = 3 Substitute. Q 
R 


PS +3 = (2.5)(7.5) Cross Products Property 


3PS = 18.75 Multiply. 
PS = 6.25 Divide each side by 3. 
GuidedPractice 


1. If PS = 12.5,SR =5, and PT = 15, find TQ. 


sabew| Ayag/s4ol4/ueuey obey 


Math HistoryLink 


Galileo Galilei (1564-1642) 
Galileo was born in Pisa, 
Italy. He studied philosophy, 


astronomy, and mathematics. 


Galileo made essential 
contributions to all three 
disciplines. Refer to 
Exercise 39. 


Source: Encyclopaedia Britannica 


Ivan Petrovich Keler-Viliandi/The Bridgeman Art Library/Getty Images 


StudyTip 


Midsegment Triangle 
The three midsegments 
of a triangle form the 
midsegment triangle. 


The converse of Theorem 7.5 is also true and can be proved using the proportional parts 
of a triangle. 


Theorem 7.6 Converse of Triangle Proportionality Theorem 


If a line intersects two sides of a triangle and separates the A 

sides into proportional corresponding segments, then the E 

line is parallel to the third side of the triangle. 

Example If 4 = £2 then AC || ED. B 
EB DB C D 


You will prove Theorem 7.6 in Exercise 31. 


Example 2 


In ADEF, EH = 3, HF = 9, and DG is _ E 
one-third the length of GF. Is DE || GH? D 


Using the converse of the Triangle Proportionality 
Theorem, in order to show that DE || GH, we must 
show that 2G = £4 

GF HF’ 
Find and simplify each ratio. Let DG = x. 
Since DG is one-third of GF, GF = 3x. 


DG — * oh FH _3 5,1 
GF 3x 3 HF 9 3 
Since + 7 + the sides are proportional, so DE || GH. 


GuidedPractice 
2. DG is half the length of GF, EH = 6, and HF = 10. Is DE || GH? 


A midsegment of a triangle is a segment with A 
endpoints that are the midpoints of two sides of 
the triangle. Every triangle has three midsegments. 
The midsegments of AABC are RP, PQ, RQ. 


A special case of the Triangle Proportionality Cc 
Theorem is the Triangle Midsegment Theorem. 


_ Theorem 7.7 Triangle Midsegment Theorem 


A midsegment of a triangle is parallel to one side of the F 
triangle, and its length is one half the length of that side. 


Example If J and K are midpoints of FH and HG, J 
respectively, then JK || FG and JK = SFG. K 


You will prove Theorem 7.7 in Exercise 32. 
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StudyTip Example 3 
Midsegment The Triangle —— — 
Midsegment Theorem is In the figure, XY and XZ are midsegments S 
similar to the Trapezoid of ARST. Find each measure. 
Midsegment Theorem, which 
states that the midsegment a. XZ x Z 
of a trapezoid is parallel to 1 : 
the bases and its length is XZ = aRT Triangle Midsegment Theorem 
one half the sum of the 1 
measures of the bases. XZ = 5 (13) Substitution 
(Lesson 6-6) 
. c b. ST 
D Cc 
ee XY = 3ST Triangle Midsegment Theorem 
FF || AB || DC 
EF = (AB + DC) 7= SST Substitution 
‘ A 14 = ST Multiply each side by 2. 
c. mZRYX 
By the Triangle Midsegment Theorem, XZ || RT. 
ZRYX = ZYXZ Alternate Interior Angles Theorem 
mZRYX = mZYXZ Definition of congruence 
mZRYX = 124 Substitution 
GuidedPractice 
Find each measure. A 
3A. DE 
De D 
3B. DB + es 
3€. mZFED C E B 
Proportional Parts with Parallel Lines ie oF 
Another special case of the Triangle a 
Proportionality Theorem involves three or i ee 
more parallel lines cut by two transversals. allie 
Notice that if transversals a and b are extended, 
ig they form triangles with the parallel lines. . 
StudyTip 


Other Proportions Two other 
proportions can be written for 
the example in Corollary 7.1. If three or more parallel lines intersect two transversals, 


AB_ BC,,4 AC _ EG then they cut off the transversals proportionally. 
EF FG" Bc = FG y prop ¥ 


Corollary 7.1 Proportional Parts of Parallel Lines 


FE || BEI CG then AB — £F 
Example If AE || BF || CG, then BCT FG 


You will prove Corollary 7.1 in Exercise 28. 
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is 


Real-World Example 4 


ART Megan is drawing a hallway 
in one-point perspective. She uses 
the guidelines shown to draw two 
windows on the left wall. If _ Vanishing 
segments AD, BC, WZ, and XY . Point 
are all parallel, AB = 8 centimeters, N\ 
DC = 9 centimeters, and 

ZY = 5 centimeters, find WX. 


Real-WorldLink By Corollary 7.1, if AD || BC || WZ || XY, 
To make a two-dimensional 
drawing appear three- th AB _ DC 
dimensional, an artist provides “1 WX ~ ZY" 
santa pencenity cues. AB _ DC eas 
e size - faraway items WX ZY orollary /. 

look smaller 
e clarity - closer objects oe Substitute. 

: Wx 5 

appear more in focus 
© detail - nearby objects WX°9=8°5 Cross Products Property 

have texture, while distant 

ones are roughly outlined 9WX = 40 simplify. 
Source: Center for Media Literacy 

WX = 3 Divide each side by 4. 


The distance between W and X should be oe or about 4.4 centimeters. 


CHECK The ratio of DC to ZY is 9 to 5, which is about 10 to 5 or 2 to 1. 
The ratio of AB to WX is 8 to 4.4 or about 8 to 4 or 2 to 1 as well, 
so the answer is reasonable. Y 


GuidedPractice 


4, REAL ESTATE Frontage is the measurement 
of a property’s boundary that runs along 
the side of a particular feature such as a 
street, lake, ocean, or river. Find the 
ocean frontage for Lot A to the nearest 
tenth of a yard. 


Ocean Drive 


If the scale factor of the proportional segments is 1, they separate the transversals 
into congruent parts. 


Corollary 7.2 Congruent Parts of Parallel Lines 

If three or more parallel lines cut off congruent segments on 

one transversal, then they cut off congruent segments on A E 

every transversal. 
B F 

Example If AE || BF || CG, and AB = BC, C G 

then EF = FG. 
\ / 


You will prove Corollary 7.2 in Exercise 29. 


202 


Real-World Example 5 
ALGEBRA Find x and y. 


SS, SS — — 
Since JM || KP || LQ and MP = PQ, 
then JK = KL by Corollary 7.2. 


JK=KL Definition of congruence 
6x -—5=4x +3 Substitution 
2x—-5=3 Subtract 4x from each side. 
2x =8 Add 5 to each side. 
x=4 Divide each side by 2. 
MP =PQ Definition of congruence 
3y +8 =5y—7 Substitution 
8=2y—7 Subtract 3y from each side. 
15 = 2y Add 7 to each side. 
7.59=Y Divide each side by 2. 


GuidedPractice 


38x—5 


It is possible to separate a segment into two congruent parts by constructing the 
perpendicular bisector of a segment. However, a segment cannot be separated into 
three congruent parts by constructing perpendicular bisectors. To do this, you must 
use parallel lines and Corollary 7.2. 


ad 
1 A Construction Trisect a Segment 


.. 


Draw a segment AB. Then use Corollary 7.2 to trisect AB. oe 


EXCH) Draw AC. Then with the compass | FRGh PJ Use the same compass setting | ECE] Construct lines through Yand X 


A B 


at A, mark off an arc that to mark off Yand Z such that that are parallel to ZB. Label the 
intersects AC at X. AX = XY = YZ.Then draw ZB. intersection points on AB as J 
and K. 
(6; zc 
Y 
Xx Xx 
A B A B 


Conclusion: Since parallel lines cut off congruent segments on transversals, AJ = JK = KB. 
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Check Your Understanding 


Y 
Example 1 1. If XM = 4, XN = 6, and NZ = 9, find XY. 
2. If XN = 6, XM =2, and XY = 10, find NZ. ra 
x N Z 

Example 2 3. In AABC, BC = 15, BE= 6, 4. In AJKL, JK = 15, JM =5, 

DC=12,andAD=8. __ LK=13,andPK=9. 

Determine whether DE || AB. Determine whether JL || MP. 

Justify your answer. Justify your answer. 


B J M K 
E 
P 
L 
A D Cc 
Example 3 JHisamidsegment of AKLM. Find the value of x. 
5. L 6. 


K 22 M 


Example 4 7. MAPS Refer to the map at the right. 
3rd Avenue and 5th Avenue are parallel. & . 
If the distance from 3rd Avenue to 
City Mall along State Street is 3201 feet, 3rd Ave. | 
find the distance between 5th Avenue | 


and City Mall along Union Street. 
Round to the nearest tenth. 


Example 5 ALGEBRA Find x and y. 


8. 3y 9. 
20 — 3x 
Fy +20 


2x—5 


Practice and Problem Solving Extra Practice is on page R7. 


Example1 10. If AB = 6, BC =4, and AE =9, find ED. Cc 
@ if AB = 12, AC = 16, and ED = 5, find AE. 

12. If AC = 14, BC = 8, and AD = 21, find ED. 

13. If AD = 27, AB = 8, and AE = 12, find BC. A ED 
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Example 2. + Determine whether VY || ZW. Justify your answer. 


14. ZX = 18, ZV = 6, WX = 24, and YX = 16 w 

15. VX = 7.5, ZX = 24, WY = 27.5, and WX = 40 y 

16. ZV =8, VX =2, and YX = swy 

17. WX = 31, YX = 21, and ZX = 4ZV — : 


Example 3 JH, JP, and PH are midsegments of AKLM. Find the value of x. 
18. K J L 


Example 4 22, (¢SS/MODELING In Charleston, South 7718 tag 
Carolina, Logan Street is parallel to both Beaufain St. | 
King Street and Smith Street between 
Beaufain Street and Queen Street. 
What is the distance from Smith to 
Logan along Beaufain? Round to the 
nearest foot. 


Smith St. 


Queen St. 


23. ART Tonisha drew the line of dancers shown below for her perspective project in 
art class. Each of the dancers is parallel. Find the lower distance between the first 
two dancers. 


Example 5 ALGEBRA Find x and y. 
24. 25. sy ly +8 
= 1 


3 
foxee | gy? 


aN 
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ALGEBRA Find x and y. 


26. 
txt 3 2y+1 


4x — 35 2 oa 


—~ 
CESS ARGUMENTS Write a paragraph proof. 
28. Corollary 7.1 29. Corollary 7.2 30. Theorem 7.5 


Va~ 
(CSS ARGUMENTS Write a two-column proof. 
31. Theorem 7.6 32. Theorem 7.7 


Refer to AQRS. 


Q P S 
33. If ST = 8, TR = 4, and PT = 6, find QR. 
34, If SP = 4, PT = 6, and QR = 12, find SQ. T 
R 


IfCE=t—2,EB=t+1,CD=2, 36. If WX =7, WY =a, WV =6, and 

and CA = 10, find t and CE. VZ =a —9, find WY. 

A WwW 

B 
V x 
E 
e Z ¥ 
37. If QR = 2, XW = 12, QW = 15, 38. If LK = 4, MP = 3, PQ=6, 

and ST = 5, find RS and WV. KJ] = 2, RS = 6, and LP = 2, find 

ML, QR, OK, and JH. 
T H 
S J 
K 
R L 
Qn x W V s RQ P M 


39. MATH HISTORY The sector compass was a tool 
perfected by Galileo in the sixteenth century for 
measurement. To draw a segment two-fifths the 
length of a given segment, align the ends of 
the arms with the given segment. Then draw 
a segment at the 40 mark. Write a justification 
that explains why the sector compass works 
for proportional measurement. 


A 
Determine the value of x so that BC || DF. B C 
40. AB=x+5,BD =12, AC = 3x + 1,and CF = 15 
41. AC = 15, BD = 3x — 2, CF = 3x + 2, and AB = 12 D F 
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42. COORDINATE GEOMETRY AABC has vertices A(—8, 7), B(0, 1), and C(7, 5). Draw AABC. 
Determine the coordinates of the midsegment of AABC that is parallel to BC. Justify 
your answer. 


HOUSES Refer to the diagram of the gable at 
the right. Each piece of siding is a uniform 


width. Find the lengths of FG, EH, and DJ. : 


CONSTRUCTIONS Construct each segment as directed. 

44, a segment separated into five congruent segments 

45. a segment separated into two segments in which their lengths have a ratio of 1 to 3 
46. a segment 3 inches long, separated into four congruent segments 


47. ahs MULTIPLE REPRESENTATIONS In this problem, you Triangle Length 
will explore angle bisectors and proportions. 


a. Geometric Draw three triangles, one acute, 
one right, and one obtuse. Label one triangle ABC 
and draw angle bisector BD. Label the second 
MNP with angle bisector NQ and the third WXY 
with angle bisector XZ. 


b. Tabular Copy and complete the table at the right 
with the appropriate values. 


c. Verbal Make a conjecture about the segments 
of a triangle created by an angle bisector. 


H.0.T. Problems Use Higher-Order Thinking Skills 


—_~ 

48. (£89 CRITIQUE Jacob and Sebastian are finding the H 
value of x in AJHL. Jacob says that MP is one half of 4 
JL, so x is 4.5. Sebastian says that JL is one half of MP, M P 


so x is 18. Is either of them correct? Explain. xX 9 X 


49. REASONING In AABC, AF = FB and AH = HC. 


If Dis 3 of the way from A to B and E is 2 of 


the way from A to C, is DE always, sometimes, 


or never 3 of BC? Explain. 


50. CHALLENGE Write a two-column proof. 
Given: AB=4,BC =4,and CD = DE 
Prove: BD || AE 


51. OPEN ENDED Draw three segments, a, b, and c, of all different lengths. Draw a fourth 


segment, d, such that 7 = a 


52. WRITING IN MATH Compare the Triangle Proportionality Theorem and the Triangle 
Midsegment Theorem. 
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Standardized Test Practice 


53. SHORT RESPONSE What is the value of x? 55. ALGEBRA A breakfast cereal contains wheat, rice, 
and oats in the ratio 2:4:1. If the manufacturer 
makes a mixture using 110 pounds of wheat, 
how many pounds of rice will be used? 


F 120 lb H 240 lb 
PES) =e G 220 lb J 440 Ib 
56. SAT/ACT If the area of a circle is 16 square 
54. If the vertices of triangle JKL are (0, 0), (0, 10) meters, what is its radius in meters? 
and (10, 10), then the area of triangle JKL is 
as eee esas D 127 
A 20 units? C 40 units? 


E 167 


B 30 units” D 50 units? 


Spiral Review 


ALGEBRA Identify the similar triangles. Then find the measure(s) of the 
indicated segment(s). (Lesson 7-3) 


57. AB 58. RT, RS 
A D 
: E 
P 10 6x+2 4x+3 
8 
Cc S16 WwW 9 T 


60. SURVEYING Mr. Turner uses a carpenter’s square to find the 
distance across a stream. The carpenter’s square models right 
angle NOL. He puts the square on top of a pole that is high 
enough to sight along OL to point P across the river. Then he 
sights along ON to point M. If MK is 1.5 feet and OK is 4.5 feet, 
find the distance KP across the stream. (Lesson 7-2) 


COORDINATE GEOMETRY For each quadrilateral with the given vertices, verify 
that the quadrilateral is a trapezoid and determine whether the figure is 
an isosceles trapezoid. (Lesson 6-6) 


61. Q(—12, 1), R(—9, 4), S(—4, 3), T(—11, —4) 62. A(—3, 3), B(—4, —1), C(5, —1), D(2, 3) 


Point S is the incenter of AJPL. Find each measure. (Lesson 5-1) 
63. SQ 64. QJ 
65. mZMPQ 66. mZSJP 


Skills Review 


Solve each proportion. 


ioe a8 25. #. x-2_4 x _8 
67. 7 =5 68. 7 =2 69. => = 70. == A. ==5 
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Mid-Chapter Quiz 


Lessons 7-1 through 7-4 


Solve each proportion. (Lesson 7-1) 


2_ Xx 10_ 7 
1. 5 05 2. ogy 
y+4_y-2 BAN, on 0 
3 11 9 7 3 Z+1 


5. BASEBALL A pitcher’s earned run average, or ERA, is the 
product of 9 and the ratio of earned runs the pitcher has 
allowed to the number of innings pitched. During the 2007 
season, Johan Santana of the Minnesota Twins allowed 
81 earned runs in 219 innings pitched. Find his ERA to 
the nearest hundredth. (Lesson 7-1) 


Each pair of polygons is similar. Find the value of x. (Lesson 7-2) 


6. B Q 
JN ; 18 
A tw © 
Pp . in 


ls 4x+3 Z 
F x+9 i 
T V G oH 


8. MULTIPLE CHOICE Two similar polygons have a scale factor 
of 3:5. The perimeter of the larger polygon is 120 feet. Find 
the perimeter of the smaller polygon. (Lesson 7-2) 


A 68 ft C 192 ft 
B 72 ft D 200 ft 


Determine whether the triangles are similar. If so, write a 
similarity statement. If not, what would be sufficient to prove 
the triangles similar? Explain your reasoning. (Lesson 7-3) 


9. Xx 10. B 
R 61° 
499 
Y Z 
. A CG 
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ALGEBRA Identify the similar triangles. Find each measure. 
(Lesson 7-3) 


1.SR og T 3 = S§ 


87° 
46 46° * 
16 
87° ‘ 
K 12 ~L 
12. AF 
B 
1 
. E 
x 
A 9 D6 C 


13. HISTORY In the fifteenth century, mathematicians and artists 
tried to construct the perfect letter. A square was used as a 
frame to design the letter “A,” as shown below. The thickness 


of the major stroke of the letter was the height of the 
12 
letter. (Lesson 7-4) 


) Major Stroke 


a. Explain why the bar through the middle of the A is half the 
length of the space between the outside bottom corners of 
the sides of the letter. 


b. If the letter were 3 centimeters tall, how wide would the 
major stroke be? 


ALGEBRA Find xand y. (Lesson 7-4) 


14. 
17 45y 3x—9 
13 + 6y Ax — 22 
15. 
7. 12 —2x 
5y-+16 eels 


@ You learned that 


corresponding sides 
of similar polygons 
are proportional. 


Common Core 
State Standards 


Content Standards 
G.SRT.4 Prove theorems 
about triangles. 


G.SRT.5 Use congruence 
and similarity criteria for 
triangles to solve problems 
and to prove relationships in 
geometric figures. 


Mathematical Practices 

1 Make sense of problems 
and persevere in solving 
them. 

3 Construct viable 
arguments and critique 
the reasoning of others. 


 ) Recognize and 
use proportional 
relationships of 
corresponding angle 
bisectors, altitudes, 
and medians of 
similar triangles. 


Use the Triangle 
Bisector Theorem. 


@ The “Rule of Thumb” uses the average ratio of a person’s arm length to the distance 
between his or her eyes and the altitudes of similar triangles to estimate the distance 
between a person and an object of approximately known width. 


Special Segments of Similar Triangles You learned in Lesson 7-2 that the 
corresponding side lengths of similar polygons, such as triangles, are proportional. 
This concept can be extended to other segments in triangles. 


7.8 If two triangles are similar, the lengths of 
corresponding altitudes are proportional 
to the lengths of corresponding sides. 


Abbreviation ~A\s have corr. altitudes 
proportional to corr. sides. 


lf A ABC ~ AFGH, then 42 — 48 


Example Fy = FG’ 


Theorems Special Segments of Similar Triangles 


7.9 If two triangles are similar, the lengths of 
corresponding angle bisectors are proportional 
to the lengths of corresponding sides. 


Abbreviation ~A\s have corr. Z bisectors 
proportional to corr. sides. 


lf AKLM ~ AQRS, then £2 — 


Example AT = RS 


7.10 If two triangles are similar, the lengths of 
corresponding medians are proportional 
to the lengths of corresponding sides. 


Abbreviation ~Z\s have corr. medians 
proportional to corr. sides. 


If AABC~ AWRY, then 2 = 46 


Example = WK" 


\ 


A 


F 
D B Al 
H J G 
K L 
nO 
M 
: 
S 
D B 
oe Z Xx 
Cc 


Y 


You will prove Theorems 7.9 and 7.10 in Exercises 18 and 19, respectively. 


Athletic Trainer Athletic 
trainers help prevent and 
treat sports injuries. They 
ensure that protective 
equipment is used properly 


Proof Theorem 7.8 


Given: AFGH ~ AKLM K 
FJand KP are altitudes. F 
» Bs dF / ! a 
Prove: KP = MK PY . 
H Jd G 
Paragraph Proof: 


Since AFGH ~ AKLM, ZH= ZM. ZFJH = ZKPM because they are both right angles created 
by the altitudes drawn to the opposite side and all right angles are congruent. 


Thus AHFJ~ A MKP by AA Similarity. So a = ie by the definition of similar polygons. 


Since the corresponding altitudes are chosen at random, we need not prove 
Theorem 7.8 for every pair of altitudes. 
\ fi 


You can use special segments in similar triangles to find missing measures. 


Example 1 


In the figure, AABC ~ AFDG. Find the value of x. 


and that people understand A 
safe practices that prevent D 
injury. An athletic trainer 
must have a bachelor’s 15 42 
degree to be certified. Most Q 
also have master’s degrees. a < 
Refer to Exercise 29. G Sr 
A C P B 
AP and FQ are corresponding angle bisectors and AB and FD are corresponding sides 
| StudyTip of similar triangles ABC and FDG. 


Use Scale Factor Example 1 
could also have been solved 
by first finding the scale 
factor between AABC and 
A\FDG. The ratio of the angle 
bisector in AABC to the 
angle bisector in AFDG 
would then be equal to this 
scale factor. 


AP _ AB is : : ; 
FO ~ ED Ass have corr. Z bisectors proportional to the corr. sides. 
x 15 ee 
a Substitution 
8-15=x-12 Cross Products Property 
120 = 12x Simplify. 
10=x Divide each side by 12. 
J 
GuidedPractice 


Find the value of x. 


<1 
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You can use special segments in similar triangles to solve real-world problems. 


Real-World Example 2 


ESTIMATING DISTANCES Liliana holds her arm straight out in front of her with her 
elbow straight and her thumb pointing up. Closing one eye, she aligns one edge of 
her thumb with a car she is sighting. Next she switches eyes without moving her 
head or her arm. The car appears to jump 4 car widths. If Liliana’s arm is about 

10 times longer than the distance between her eyes, and the car is about 5.5 feet 
wide, estimate the distance from Liliana’s thumb to the car. 


Understand Make a diagram of the situation labeling the given distances and the 
distance you need to find as x. Also, label the vertices of the triangles 
formed. 


Real-WorldLink 


Hold your outstretched hand 
horizontal at arm’s length 
with your palm facing you; 
for each hand width the sun 
is above the horizon, there 
is one remaining hour 

of sunlight. 


Source: Sail Island Channels 


Image of Car with 
Right Eye Closed 


Image of Car with 
Left Eye Closed 


Note: Not drawn to scale. 


We assume that if Liliana’s thumb is straight out in front of her, then 
PC is an altitude of AABC. Likewise, QC is the corresponding altitude. 
We assume that AB || DF. 


Plan Since AB || DF, ZBAC = ZDFC and ZCBA = ZCDF by the Alternate 
Interior Angles Theorem. Therefore AABC ~ AFDC by AA Similarity. 
Write a proportion and solve for x. 


PC _ AB 
Solve OC = DE Theorem 7.8 
10 1 os 
x 550g Substitution 
104. at: er 
= 59 Simplify. 
10-22=x-1 Cross Products Property 
220 =x Simplify. 


So the estimated distance to the car is 220 feet. 


Check The ratio of Liliana’s arm length to the width between her eyes is 10 to 1. 
The ratio of the distance to the car to the distance the image of the car 
jumped is 22 to 220 or 10 tol. Vv 


GuidedPractice 


2. Suppose Liliana stands at the back of her classroom and sights a clock on the wall 
at the front of the room. If the clock is 30 centimeters wide and appears to move 
3 clock widths when she switches eyes, estimate the distance from Liliana’s thumb 


to the clock. 
503 by 


Morey Milbradt/Brand X Pictures/Getty Images 


StudyTip 


Proportions Another 
proportion that could be 
written using the Triangle 
Angle Bisector Theorem 
KM _ LM 
KI Ld 


Triangle Angle Bisector Theorem An angle bisector of a triangle also divides the 
side opposite the angle proportionally. 


Theorem 7.11 Triangle Angle Bisector 


An angle bisector in a triangle separates the opposite side into two K 
segments that are proportional to the lengths of the other two sides. 


Example If JMis an angle bisector of A JKL, M 
then KM_ KJ ~<— segments with vertex K 
LM LJ’ <— segments with vertex L 


You will prove Theorem 7.11 in Exercise 25. 


Example 3 


Find x. Q 
Since RT is an angle bisector of AQRS, you can use the 


Triangle Angle Bisector Theorem to write a proportion. : 6 
T R 18 7 

QT — QR Triangle Angle Bisector Theorem 

ST SR R 

16 ree 

icy Substitution - 
(18 — x)(6) =x +14 Cross Products Property 
108 — 6x = 14x Simplify. Ss 

108 = 20x Add 6x to each side. 

54=x Divide each side by 20. 
GuidedPractice 


Find the value of x. 
14 


Check Your Understanding 


Example 1 Find x. 


Example 2 


2. VJ 1 me 
: 
AN (\ 
15 


3. VISION A cat that is 10 inches tall forms a retinal image that is 7 millimeters tall. If 


AABE ~ ADBC and the distance from the pupil to the retina is 25 millimeters, how 
far away from your pupil is the cat? 


——— 
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Example 3 Find the value of each variable. 


4, 5. 


Extra Practice is on page R7. 


Example 1 Find x. 
6. 


10. ROADWAYS The intersection of the two roads shown forms two similar triangles. If AC 
is 382 feet, MP is 248 feet, and the gas station is 50 feet from the intersection, how far 


from the intersection is the bank? 


Example 2 


Example 3 CESS SENSE-MAKING Find the value of each variable. 


(11) 27 12. 

15 — ee 
e- 

13. 14, ZN‘. 


foe) 


ist) 


Aesmecedneuewnicon) 505 (b) 


(15) ALGEBRA If AB and JK are altitudes, 16. ALGEBRA If NO and VX are medians, 


ADAC ~ AMJL, AB = 9, AD = 4x — 8, APNR ~ AWVY, NQ = 8, PR = 12, 
JK = 21, and JM = 5x + 3, find x. WY = 7x — 1,and VX = 4x + 2, find x. 
N 
” p Q RW Xx Y 


17. If ASRY ~ AWXQ, RT is an altitude of ASRY, 


W. 
XV is an altitude of AWXQ, RT = 5,RQ =4, wy 
QY =6,and YX = 2, find XV. 7 
18. PROOF Write a paragraph proof of Theorem 7.9. Q 
19. PROOF Write a two-column proof of Theorem 7.10. S R 


ALGEBRA Find x. 
20. 21. 6x+2 8 
24 18 


9x—2 


24. SPORTS Consider the triangle formed by the 
path between a batter, center fielder, and right 
fielder as shown. If the batter gets a hit that 
bisects the triangle at ZB, is the center fielder 
or the right fielder closer to the ball? Explain 
your reasoning. 


= 
(CSS ARGUMENTS Write a two-column proof. 


25. Theorem 7.11 26. Given: ZH is a right angle. 
Given: CD bisects HACER. L, K, and M are midpoints. 
By construction, AE || CD. Prove: ZLKM isa right angle. 
_ AD _ AC 
Prove: DB = BC G 
E 
* K L 
i "Ss GC 
\ 
\ 
\ 
“Aw J " ss 
A D B 
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PROOF Write a two-column proof. 


27. Given: AQTS ~ AXWZ, TR and 28. Given: FD || BC, BF || CD, 
WY are angle bisectors. AC bisects ZC. 
5 TR RE , DE _ BA 
Prove: WY = XW Prove: EC = AC 
T Ww B C 
S R Q Z Y Xx y 


SPORTS During football practice, 
Trevor threw a pass to Ricardo as 
shown below. If Eli is farther from 
Trevor when he completes the pass 
to Ricardo and Craig and Eli move 


30. 


SHELVING In the bookshelf 
shown, the distance between 
each shelf is 13 inches and AK 
is a median of AABC. If EF is 


35 inches, what is BK? 


at the same speed, who will reach 
Ricardo to tackle him first? 


H.0.T. Problems 


Use Higher-Order Thinking Skills 


31. ERROR ANALYSIS Chun and Traci are determining the 


value of x in the figure. Chun says to find x, solve the 


proportion 2 = — but Traci says to find x, the proportion 
5 = = should be solved. Is either of them correct? Explain. 


15 
x 
5 
8 


32. cCss ARGUMENTS Find a counterexample to the following statement. Explain. 


If the measure of an altitude and side of a triangle are proportional to the corresponding altitude 
and corresponding side of another triangle, then the triangles are similar. 


29.2 R 
Q 
22.4 6 
P 


33. CHALLENGE The perimeter of APQR is 94 units. 
QS bisects ZPQR. Find PS and RS. 


34, OPEN ENDED Draw two triangles so that the measures 
of corresponding medians and a corresponding side 
are proportional, but the triangles are not similar. 


35. WRITING IN MATH Compare and contrast Theorem 7.9 
and the Triangle Angle Bisector Theorem. 


Standardized Test Practice 


36. ALGEBRA Which shows 0.00234 written in 
scientific notation? 
A 2.34 x 10° 
B 2.34 x 10° 


C 2.34 x 1072 
D 2.34 x 107 


37. SHORT RESPONSE In the figures below, AB DC 


38. Quadrilateral HJKL is a parallelogram. If the 
diagonals are perpendicular, which statement 
must be true? 


F Quadrilateral HJKL is a square. 
G Quadrilateral HJKL is a rectangle. 
H Quadrilateral HJKL is a rhombus. 


and GH 1 FE. J Quadrilateral HJKL is an isosceles trapezoid. 
G 
A 63 39. SAT/ACT The sum of three numbers is 180. Two 
rita of the numbers are the same, and each of them 
DB © fH E is one third of the greatest number. What is the 
least number? 
If AACD ~ AGEF, find AB. A 15 D 45 
B 30 E 60 
C 36 
Spiral Review 
ALGEBRA Find x and y. (Lesson 7-4) 
40. 4x+2 41. 42. 3y—6 
6x — 10 2y+4 
sy+5 7y-11 Sx 412 
5x+8 


Find the indicated measure(s). (Lesson 7-3) 


43. If PR || KL, KN = 9, LN = 16, and PM = 2(KP), 
find KP, KM, MR, ML, MN, and PR. 


L N K 
(ae 


NI 


M 


45. GEESE A flock of geese flies in formation. Prove that AEFG = AHFG 


if EF = HF and that G is the midpoint of EH. (Lesson 4-4) 


Skills Review 


44, If PR || WX, WX = 10, XY = 6, WY =8, 


RY = 5,and PS = 3, find PY, SY, and PQ. 


Pp 
Y. SW 


Q 


x 


Find the distance between each pair of points. 
46. E(—3, —2), F(5, 8) 47. A(2, 3), B(5, 7) 
49. W(7, 3), Z(—4, —1) 50. J(—4, —5), K(2, 9) 


—— 
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48. C(—2, 0), D(6, 4) 
51. R(—6, 10), S(8, —2) 


SIGYOO/IMS asey 


Geometry Lab 
Fractals 


A fractal is a geometric figure that is created using iteration. Iteration is a process of repeating the 
same operation over and over again. Fractals are self-similar, which means that the smaller details 
of the shape have the same geometric characteristics as the original form. 


Activity 1 

SEY Draw an equilateral Stage 1| Connect the midpoints Stage 2| Repeat the process using 
triangle on isometric of the sides to form the three unshaded 
dot paper in which each another triangle. Shade triangles. Connect the 
side is 8 units long. the center triangle. midpoints of the sides to 


form three other triangles. 


If you repeat this process indefinitely, the figure that results is called the Sierpinski Triangle. 


Analyze the Results 
1. If you continue the process, how many unshaded triangles will you have at Stage 3? 
2. What is the perimeter of an unshaded triangle in Stage 4? 


3. If you continue the process indefinitely, what will happen to the perimeters of the 
unshaded triangles? 


4, CHALLENGE Complete the proof below. 
Given: AKAP is equilateral. D, F, M, B, C, and E 


are midpoints of KA, AP, PK, DA, AF, and 
FD, respectively. 


Prove: ABAC ~ AKAP 


5. A fractal tree can be drawn by making two new branches 
from the endpoint of each original branch, each one-third 
as long as the previous branch. 


a. Draw Stages 3 and 4 of a fractal tree. How many total 
branches do you have in Stages 1 through 4? (Do not 
count the stems.) 


Stage 1 Stage 2 


b. Write an expression to predict the number of branches 
at each stage. (continued on the next page) 
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Geometry Lab 


F fa cta Is Continued 


Not all iterative processes involve manipulation of geometric shapes. Some iterative 
processes can be translated into formulas or algebraic equations, similar to the 
expression you wrote in Exercise 5 on the previous page. 


Pascal's Triangle is a numerical pattern in which each row begins and ends with 1 and 
all other terms in the row are the sum of the two numbers above it. Find a formula in 
terms of the row number for any row in Pascal’s Triangle. 


| Step 1 | Draw rows 1 through 5 in | Step 2 | Find the sum of values in | Step 3 | Find a pattern using the 

Pascal’s Triangle. each row. row number that can be 
used to determine the 
sum of any row. 


Pascal’s Triangle Pattern 
9091-1 
g1—92-1 
92 93-1 
93 94-1 
2495-1 


Analyze the Results 
6. Write a formula for the sum S of any row n in the Pascal Triangle. 


7. What is the sum of the values in the eighth row of Pascal’s Triangle? 


Write a formula for F(x). 
8. Mm >) 4)6 i]s) to 9 MM ol 5 | to | 15] 20 
Fx) ae erm oo | 20 | 90 | 210 | 380 
10. 1 2 4 8 | 10 1. as | 9 | 16] 25) 36 
moi | (os | 025 | 0125) of amsicscilz7isala 


12. CHALLENGE The figural pattern below represents a sequence of figural numbers called 
triangular numbers. How many dots will be in the 8th term in the sequence? Is it possible 


to write a formula that can be used to determine the number of dots in the nth 
triangular number in the series? If so, write the formula. If not, explain why not. 


e ee 
e ee eee 
e ee eee ee ee 
1 2 3 4 
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Similarity Transformations 


Why? 


@ Adriana uses a copier to enlarge a movie 


--Now 


@ You identified td 1 Identify similarity 


congruence transformations. ticket to use as the background for a 
transformations. Rocneaan page in her movie ticket scrapbook. 5cem 
MOU en Ns She places the ticket on the glass of the 
a similarity ; ‘ 
: copier. Then she must decide what 
transformation. 


percentage to input in order to create 
an image that is three times as big as 
her original ticket. 


Identify Similarity Transformations Recall from Lesson 4-7 that a transformation 
is an operation that maps an original figure, the preimage, onto a new figure called 
the image. 


@>4 NewVocabulary 
~ dilation 
similarity transformation 
center of dilation 
scale factor of a dilation 
enlargement 
reduction 


A dilation is a transformation that enlarges or reduces 
the original figure proportionally. Since a dilation 
produces a similar figure, a dilation is a type of 


; Dilations are performed with respect to a fixed point 
€¢s§) Common Core called the center of dilation. 
State Standards 


~ Content Standards The describes the extent of 
G.SRT.2 Given two figures, the dilation. The scale factor is the ratio of a length on 


use the definition of the image to a corresponding length on the preimage. 
similarity in terms of 
similarity transformations to 


AJKL is a dilation of A ABC. 
Center of dilation: (0, 0) 


Scale factor: JK 


decide if they are similar; 
explain using similarity 
transformations the meaning 
of similarity for triangles as 
the equality of all 
Corresponding pairs of 
angles and the 
proportionality of all 


corresponding pairs of sides. 


G.SRT.5 Use congruence 
and similarity criteria for 
triangles to solve problems 
and to prove relationships in 
geometric figures. 


Mathematical Practices 
6 Attend to precision. 
4 Model with mathematics. 


The letter k usually represents the scale factor of AB 
a dilation. The value of k determines whether the 
dilation is an enlargement or a reduction. 


ConceptSummary Types of Dilations 


A dilation with a scale factor greater than 1 produces 


an enlargement, or an image that is larger than the 
original figure. 


Symbols If k > 1, the dilation is an enlargement. 


Example AFGH is dilated by a scale factor of 
3 to produce A\RST. Since 3 > 1, 
ARSTis an enlargement of AFGH. 


A dilation with a scale factor between 0 and 1 A > B 
produces a reduction, an image that is smaller 


than the original figure. NAN. C 
Symbols If 0 < k < 1, the dilation is a reduction. 


Example ABCD is dilated by a scale factor oft 


F 1 / 
to produce WXYZ. Since 0 < ri <1, #p 


WXYZ is a reduction of ABCD. O<k<l 
q -. 


1 


StudyTip 

Multiple Representations 
The scale factor of a dilation 
can be represented as a 
fraction, a decimal, or as 

a percent. For example, 

a scale factor of 2 can also 
be written as 0.4 or as 40%. 


Real-WorldLink 


Hew Weng Fatt accepted a 
contest challenge to collect 
the most movie stubs from 
a certain popular fantasy 
movie. He collected 6561 
movie stubs in 38 days! 


Source: Youth2, Star Publications 


Example 1 


Determine whether the dilation from A to B is an enlargement or a reduction. Then 
find the scale factor of the dilation. 


a. y Bis smaller than A, so the dilation is a reduction. 


B The distance between the vertices at (—3, 2) and (3, 2) for 
x A is 6 and from the vertices at (—1.5, 1) and (1.5, 1) 


for B is 3. So the scale factor is ~ or >. 


B is larger than A, so the dilation is an enlargement. 


The distance between the vertices at (3, 3) and (3, 0) for 
A is 3 and between the vertices at (4, 4) and (4, 0) 


for B is 4. So the scale factor is 4 


GuidedPractice 
1A. 


Real-World Example 2 


COLLECTING Refer to the beginning of the lesson. 
By what percent should Adriana enlarge the 
ticket stub so that the dimensions of its image 
are 3 times that of her original? What will be 
the dimensions of the enlarged image? 


Adriana wants to create a dilated image of her 

ticket stub using the copier. The scale factor of 

her enlargement is 3. Written as a percent, 

the scale factor is (3 + 100)% or 300%. Now find 
the dimension of the enlarged image using the 
scale factor. 


width: 5 cm * 300% = 15 cm length: 6.4 cm * 300% = 19.2 cm 


The enlarged ticket stub image will be 15 centimeters by 19.2 centimeters. 


GuidedPractice 


2. If the resulting ticket stub image was 1.5 centimeters wide by about 
1.9 centimeters long instead, what percent did Adriana mistakenly 
use to dilate the original image? Explain your reasoning. 
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Verify Similarity You can verify that a dilation produces a similar figure by 
comparing corresponding sides and angles. For triangles, you can also use 
SAS Similarity. 


Example 3 


Graph the original figure and its dilated image. Then 


verify that the dilation is a similarity transformation. 


StudyTip 


Center of Dilation 

Unless otherwise stated, all 
dilations on the coordinate 
plane use the origin as their 
center of dilation. 


a. original: A(—6, —3), B(3, 3), C3, —3); image: X(—4, —2), Y(2, 2), Z(2, —2) 


Graph each figure. Since ZC and ZZ are both right 
angles, ZC = ZZ. Show that the lengths of the sides 
that include ZC and ZZ are proportional. 


Use the coordinate grid to find the side lengths. 


AZ, 6 2 YZ_ 4.2 XZ _ YZ 
Ac 9% gen ge go" 97° a0 — BC. 
Since the lengths of the sides that include ZC 
and ZZ are proportional, AXYZ ~ AABC by 


SAS Similarity. 


b. original: J(—6, 4), K(6, 8), L(8, 2), M(—4, —2); 
image: P(—3, 2), Q(3, 4), R(4, 1), S(—2, —1) 


Use the Distance Formula to find the length of each side. 


JK =\/[6 — (—6)]2 + (8 — 4)? =V160 or 4V10 y ; 
PQ =\/[3 — (—3)P + (4 — 2)? =V40 or 2V10 ; : . 

KL = (8 — 6)? + (2 — 8)? =V40 or 2V10 PL f 
QR = V4 3 + 0 — 4? = Vio Hats. ae 
LM = \V(-4 — 8)? + (-2 — 2)? = V160 or 4V10 


RS = (-2 — 4)? + (-1— 1)? = V40 or 2V10 
MJ = V[-6 — (-4 + [4— (-2)2 = V40 or 2V10 
[-3 — (—2)? + [2—(-DFP = 


Find and compare the ratios of corresponding sides. 


PQ _ 2V10 1 QR _ 10 ial RS _ 2V10 1 SP __v10 oe 
JK aV/i0 2 KL 2V10 2 IM 4V10 2 MJ 210° 2 


PQRS and JKLM are both rectangles. This can be proved by showing that diagonals 
PR = SQand JL = KM are congruent using the Distance Formula. Since they are 
both rectangles, their corresponding angles are congruent. 

PQ _ QR _ RS _ SP 
JK KL LM MJ 


Since and corresponding angles are congruent, PQRS ~ JKLM. 
GuidedPractice 


3A. original: A(2, 3), B(O, 1), C(3, 0) 
image: D(4, 6), F(0, 2), G(6, 0) 


3B. original: H(0, 0), J(6, 0), K(6, 4), L(0, 4) 
image: W(0, 0), X(3, 0), Y(3, 2), Z(O, 2) 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Determine whether the dilation from A to B is an enlargement or a reduction. 
Then find the scale factor of the dilation. 


1. 


Example 2 


Example 3 


Practice and Problem Solving 


GAMES The dimensions of a regulation tennis court 

are 27 feet by 78 feet. The dimensions of a table tennis 
table are 152.5 centimeters by 274 centimeters. Is a table 
tennis table a dilation of a tennis court? If so, what is 
the scale factor? Explain. 


Example 1 Determine whether the dilation from A to B is an enlargement or a reduction. 
Then find the scale factor of the dilation. 


—e 
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Extra Practice is on page R7. 


(I)C Squared Studios/Getty Images, (r)Photodisc/Getty Images, (inset)VisionsofAmerica/Joe Sohm/Digital Vision/Getty Images 


Example 2 


Example 3 


Determine whether each dilation is an enlargement or reduction. 


10. Before After 


, —a—— oo~ 
w 


Postcard 


11. Painting 


12. YEARBOOK Jordan is putting a photo of the lacrosse team in a full-page layout in the 
yearbook. The original photo is 4 inches by 6 inches. If the photo in the yearbook is 


65 inches by 10 inches, is the yearbook photo a dilation of the original photo? If so, 
what is the scale factor? Explain. 


a~ 

13. cess MODELING Candace created a design to be made into temporary tattoos for a 
homecoming game as shown. Is the temporary tattoo a dilation of the original design? 
If so, what is the scale factor? Explain. 


Original Design 


NW W Gg - ole 


ceo7 4.25 in. 


Temporary Tattoo 


2.5 in. 


3 in. 
Graph the original figure and its dilated image. Then verify that the dilation is 
a similarity transformation. 
14. M(1, 4), P(2, 2), Q(5, 5); S(—3, 6), T(0, 0), U9, 9) 
15. A(1, 3), B(—1, 2), C(1, 1); D(—7, —1), E(1, —5) 
16. V(—3, 4), W(—5, 0), X(1, 2); Y(—6, —2), Z(3, 1) 
17. J(—6, 8), K(6, 6), L(—2, 4); D(—12, 16), G(12, 12), H(—4, 8) 


If AABC ~ AAYZ, find the missing coordinate. 


18. y (19) y 


C (4, 0) 


Z (12, 0) 


{Mfcoroerted negraw-ni con] my 515 is) 


20. GRAPHIC ART Aimee painted the sample sign shown using + bottle of glass paint. The 
actual sign she will paint in a shop window is to be 3 feet by 75 feet. 


15 in. 


a. Explain why the actual sign is a dilation of her sample. 


b. How many bottles of paint will Aimee need to complete the actual sign? 


af? MULTIPLE REPRESENTATIONS In this problem, you will investigate similarity of 
triangles on the coordinate plane. 


a. Geometric Draw a triangle with vertex A at the origin. Make sure that 
the two additional vertices B and C have whole-number coordinates. 
Draw a similar triangle that is twice as large as AABC with its vertex 
also located at the origin. Label the triangle ADE. 


b. Geometric Repeat the process in part a two times. Label the second pair 
of triangles MNP and MQR and the third pair TWX and TYZ. Use 
different scale factors than part a. 


c. Tabular Copy and complete the table below with the appropriate values. 


Coordinates 


AABC A\ADE AMNP AMaQR ATWX ATYZ 


M M T T 
N Q W Y 
P R X Z 


d. Verbal Make a conjecture about how you could predict the coordinates of a dilated 
triangle with a scale factor of n if the two similar triangles share a corresponding 
vertex at the origin. 


H.0.T. Problems Use Higher-Order Thinking Skills 


22. CHALLENGE MNOP is a dilation of ABCD. How is the scale factor of the dilation related 
to the similarity ratio of ABCD to MNOP? Explain your reasoning. 


23. (ess REASONING The coordinates of 


; PQR AXYZ 
two triangles are provided in the le | 
table at the right. Is AXYZ (a, 20) 
a dilation of APQR? Explain. (3¢, 2d) 


(3e, 2f) 


OPEN ENDED Describe a real-world example of each transformation other than those 
given in this lesson. 


24. enlargement 25. reduction 26. congruence transformation 


27. WRITING IN MATH Explain how you can use scale factor to determine whether a 
transformation is an enlargement, a reduction, or a congruence transformation. 


i) 516 | Lesson 7-6 | Similarity Transformations 


Standardized Test Practice 


28. ALGEBRA Which equation describes the line that 30. In the figure below, ZA = ZC. 

passes through (—3, 4) and is perpendicular to E 

3x —y = 6? 

A y=-3r+4 C y=3x+4 

aed - a 

By= 3k +3 D y=3x+3 ee L ES. 
29. SHORT RESPONSE What is the scale factor of the 

dilation shown below? Which additional information would not be 


enough to prove that AADB ~ ACEB? 
AB _ CB ED = DB 
Dp = EB H ED=DB 

G ZADB = ZCEB J EB LAC 


31. SAT/ACT x = 


6 __ 3 = 
gag age 


A4 ci ES 
3 
B 2 D rs 
Spiral Review 
32. LANDSCAPING Shea is designing two gardens shaped like similar triangles. One garden 
has a perimeter of 53.5 feet, and the longest side is 25 feet. She wants the second garden 
to have a perimeter of 32.1 feet. Find the length of the longest side of this garden. (Lesson 7-5) 
Determine whether AB || CD. Justify your answer. (Lesson 7-4) A B 
33. AC = 8.4, BD = 6.3, DE = 4.5, and CE = 6 C D 
34. AC = 7, BD = 10.5, BE = 22.5, and AE = 15 
35. AB = 8, AE=9,CD = 4, and CE = 4 E 
If each figure is a kite, find each measure. (Lesson 6-6) 
36. QR 37. mZK 38. BC 
R J A 
Q D 
\ 59° 
eZ s M k . 
677 
r C 
E 


39. PROOF Write a coordinate proof for the following statement. (Lesson 4-8) 
If a line segment joins the midpoints of two sides of a triangle, then it is parallel to the third side. 


Skills Review 


Solve each equation. 


40. 145 = 29 -t M1. 216 =d-27 42. 2r = 67-5 
_ 70 80 _ 2t+15 _ 
43. 100¢ = 355 44, [- = 14d 45, => — 92 
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Scale Drawings and Models 


:‘Now -- Why? 


@ You used scale @ Interpret scale @ In Saint-Luc, Switzerland, Le Chemin des planetes, 
factors to solve models. has constructed a scale model of each planet in the 
problems with solar system. It is one of the largest complete 
similar polygons. three-dimensional scale models of the solar 

system. The diameter of the center of the model of 

Saturn shown is 121 millimeters; the diameter of 

the real planet is about 121,000 kilometers. 


Use scale factors to 
solve problems. 


Ged NewVocabulary Scale Models A scale model or a Seale drawing is an object or drawing with lengths 


= scale model proportional to the object it represents. The scale of a model or drawing is the ratio of 
scale drawing a length on the model or drawing to the actual length of the object being modeled or drawn. 
scale 
Example 1 
—~ MAPS The scale on the map shown is + 
(ss) Common Core 0.4 inch : 40 miles. Find the actual alla 
y/ State Standards distance from Nashville to Memphis. (? 


Content Standards 
G.MG.3 Apply geometric 
methods to solve problems 
(e.g., designing an object or 
structure to satisfy physical 
constraints or minimize cost; 


Use a ruler. The distance between 
Nashville and Memphis is about 1.5 inches. 


| Method 1| Write and solve a proportion. 


Seat aa al Let x represent the distance between Nashville and Memphis. 
ratios). * Scale Nashville to Memphis 


map —> 0.4in. _ 15 in. <— map 
actual —> 40 mi xmi <— actual 
0.4-x=40-1.5 Cross Products Property 


x = 150 Simplify. 


Mathematical Practices 
4 Model with mathematics. 


7 Look for and make use of 
structure. 


| Method 2 Write and solve an equation. 
Let a = actual distance in miles between Nashville and Memphis and m = map 


= , which is 40 + 0.4 or 100 miles per inch. 
0.4 in. 


So for every inch on the map, the actual distance is 100 miles. 


distance in inches. Write the scale as 


a=100-m Write an equation. 
= 100-1.5 m= 1.5 in. 
= 150 Solve. 


CHECK Use dimensional analysis. 


a mi. 5 ‘ 
mi = a ein. => mi = miv 


The distance between Nashville and Memphis is 150 miles. 


GuidedPractice 
1. MAPS Find the actual distance between Nashville and Chattanooga. 


sabewl dy/Ayeyng ‘4 weqoy 
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StudyTip 
(ess Regularity The scale 


factor of a model that is smaller 
than the original object is 
between 0 and 1 and the scale 
factor for a model that is larger 
than the original object is 
greater than 1. 


Real-WorldLink 


The St. Louis Gateway Arch 


is the tallest national 
monument in the United 
States at 630 feet. The span 
of the base is also 630 feet. 
The arch weighs 17,246 tons 
and can sway a maximum 

of 9 inches in each direction 
during high winds. 


Source: Gateway Arch Facts 


Use Scale Factors The scale factor of a drawing or scale model is written as a 
unitless ratio in simplest form. Scale factors are always written so that the model 
length in the ratio comes first. 


Example 2 


SCALE MODEL This is a miniature replica of 

a 1923 Checker Cab. The length of the model 
is 6.5 inches. The actual length of the car 
was 13 feet. 


a. What is the scale of the model? 


To find the scale, write the ratio of a model 
length to an actual length. 


modellength — 65in. lin. 
actuallength 13 ft 2 ft 
The scale of the model is 1 in. :2 ft. 


b. How many times as long as the actual car is the model? 


To answer this question, find the scale factor of the model. Multiply by 
a conversion factor that relates inches to feet to obtain a unitless ratio. 


lin. lin. iff _ 1 


2f 2f 12in. 24 
The scale factor is 1:24. That is, the model is sy as long as the actual car. 


GuidedPractice 


2. SCALE MODEL Mrs. Alejandro’s history class made a scale model of the Alamo 
that is 3 feet tall. The actual height of the building is 33 feet 6 inches. 


A. What is the scale of the model? 


B. How many times as tall as the actual building is the model? How many times 
as tall as the model is the actual building? 


Real-World Example 3 


SCALE MODEL Suppose you want to build a model of the St. Louis Gateway Arch that 
is no more than 11 inches tall. Choose an appropriate scale and use it to determine 
the height of the model. Use the information at the left. 


The actual monument is 630 feet tall. Since 630 feet + 11 inches = 57.3 feet per inch, 
a scale of 1 inch = 60 feet is an appropriate scale. So, for every inch on the model m, let 
the actual measure a be 60 feet. Write this as an equation. 


a=60-m Write an equation. 
630 = 60 +m a= 630 
10.5 =m So the height of the model would be 10.5 inches. 
GuidedPractice 


3. SCALE DRAWING Sonya is making a scale drawing of her room on an 8.5-by-11-inch 
sheet of paper. If her room is 14 feet by 12 feet, find an appropriate scale for the 
drawing and determine the dimensions of the drawing. 
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Check Your Understanding 


Example 1 MAPS Use the map of Maine shown and a 
customary ruler to find the actual distance 
between each pair of cities. Measure to the 
nearest sixteenth of an inch. 


1. Bangor and Portland 
2. Augusta and Houlton 


Example 2 3. SCALE MODELS Carlos made a scale model of 
a local bridge. The model spans 6 inches; the 
actual bridge spans 50 feet. 


a. What is the scale of the model? 


b. What scale factor did Carlos use to build 
his model? 


Example 3 4. SPORTS A volleyball court is 9 meters wide and 18 meters long. Choose an appropriate 
scale and construct a scale drawing of the court to fit on a 3-inch by 5-inch 
index card. 


Practice and Problem Solving Extra Practice is on page R7. 


= 
Example 1 CESS MODELING Use the map of Oklahoma shown and a metric ruler to find the actual 
distance between each pair of cities. Measure to the nearest centimeter. 


1.5 cm = 100 km 


5. Guymon and Oklahoma City 6. Lawton and Tulsa 
7. Enid and Tulsa 8. Ponca City and Shawnee 


Example 2 (9) SCULPTURE A replica of The Thinker is 10 inches tall. A statue 
of The Thinker at the University of Louisville is 10 feet tall. 


a. What is the scale of the replica? 


b. How many times as tall as the actual sculpture is the replica? 
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Example 3 


10. MAPS The map below shows a portion of Frankfort, Kentucky. 


* 


3 
=> 
<= 
& 
= 
oO 


= 
” 
i 


a. If the actual distance from the intersection of Conway Street and 4th Street to the 
intersection of Murray Street and 4th Street is 0.47 mile, use a customary ruler to 
estimate the scale of the map. 


b. What is the approximate scale factor of the map? Interpret its meaning. 


SPORTS Choose an appropriate scale and construct a scale drawing of each playing 
area so that it would fit on an 8.5-by-11-inch sheet of paper. 


11. A baseball diamond is a square 90 feet on each side with about a 128-foot diagonal. 


12. Ahigh school basketball court is a rectangle with length 84 feet and width 50 feet. 


a 

CCSS MODELING Use the map shown and an inch 
ruler to answer each question. Measure to the 
nearest sixteenth of an inch and assume 

that you can travel along any straight line. 


Valdosta), GEORGIA 
gy Jacksonville 


13. About how long would it take to drive 
from Valdosta, Georgia, to Daytona Beach, 
Florida, traveling at 65 miles per hour? 


14. How long would it take to drive from 
Gainesville to Miami, Florida, traveling 
at 70 miles per hour? 


1 in. = 200 mi 


15. SCALE MODELS If the distance between Earth and the Sun is actually 
150,000,000 kilometers, how far apart are Earth and the Sun when using the 
1:93,000,000 scale model? 


16. LITERATURE In the book, Alice’s Adventures in Wonderland, Alice’s size changes from 
her normal height of about 50 inches. Suppose Alice came across a door about 
15 inches high and her height changed to 10 inches. 


a. Find the ratio of the height of the door to Alice’s height in Wonderland. 


b. How tall would the door have been in Alice’s normal world? 


(a7) ROCKETS Peter bought a ; ot scale model of the Mercury-Redstone rocket. 


a. If the height of the model is 7 inches, what is the approximate height of the rocket? 


b. If the diameter of the rocket is 70 inches, what is the diameter of the model? 
Round to the nearest half inch. 


——— 
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18. ARCHITECTURE A replica of the Statue of Liberty in Austin, Texas, is 165 feet tall. 


If the scale factor of the replica to the actual statue is 1:9, how tall is the actual 
statue in New York Harbor? 


(19) AMUSEMENT PARK The Eiffel Tower in Paris, France, is 986 feet tall, not including its 
antenna. A replica of the Eiffel Tower was built as a ride in an amusement park. If 
the scale factor of the replica to the actual tower is approximately 1:3, how tall is 
the ride? 


20. 9§9 MULTIPLE REPRESENTATIONS In this problem, you will explore the B 
altitudes of right triangles. 


a. Geometric Draw right AABC with the right angle at 
vertex B. Draw altitude BD. Draw right AMNP, with Cc 
right angle N and altitude NQ, and right AWXY, with D 
right angle X and altitude XZ. A 


b. Tabular Measure and record indicated angles in the 
table below. 


Angle Measure 


c. Verbal Make a conjecture about the altitude of a right triangle originating at the 
right angle of the triangle. 


H.0.T. Problems Use Higher-Order Thinking Skills 


21. ERROR ANALYSIS Felix and Tamara are building a replica of their high school. The high 
school is 75 feet tall and the replica is 1.5 feet tall. Felix says the scale factor of the 
actual high school to the replica is 50:1, while Tamara says the scale factor is 1:50. 

Is either of them correct? Explain your reasoning. 


22. CHALLENGE You can produce a scale model of a certain object by extending each 
dimension by a constant. What must be true of the shape of the object? Explain your 
reasoning. 


23. css SENSE-MAKING Sofia is making two scale drawings of the lunchroom. In the first 
drawing, Sofia used a scale of 1 inch = 1 foot, and in the second drawing she used a 
scale of 1 inch = 6 feet. Which scale will produce a larger drawing? What is the scale 
factor of the first drawing to the second drawing? Explain. 


24, OPEN ENDED Draw a scale model of your classroom using any scale. 


25. WRITING IN MATH Compare and contrast scale and scale factor. 
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Standardized Test Practice 


26. SHORT RESPONSE If 3* = 27 — 4), then what is the 28. Ina triangle, the ratio of the measures of 


value of x? the sides is 4: 7: 10, and its longest side is 
— 40 centimeters. Find the perimeter of the 
27. In AABC, BD is a median. If AD = 3x + 5 and triangle in centimeters. 
CD = 5x — 1, find AC. 
F 37cm H 84cm 
if G 43cm J 168 cm 


29. SAT/ACT If Lydia can type 80 words in two 
minutes, how long will it take Lydia to type 


600 words? 
A D Cc 
A 30 min D 10min 
ne eat B 20 min E 5min 


C 15 min 


Spiral Review 


30. PAINTING Aaron is painting a portrait of a friend for an art class. Since his friend 
doesn’t have time to model, he uses a photo that is 6 inches by 8 inches. If the canvas is 
24 inches by 32 inches, is the painting a dilation of the original photo? If so, what is the 
scale factor? Explain. (Lesson 7-6) 


Find x. (Lesson 7-5) 
31. 


ALGEBRA Quadrilateral JKMN is a rectangle. (Lesson 6-4) 
34. If NQ = 2x + 3 and QK = 5x — 9, find JQ. 

35. If mZNJM = 2x — 3 and mZKJM = x +5, find x. 

36. If NM = 8x — 14 and JK = x? + 1, find JK. 


In AABC, MC = 7, RM = 4, and AT = 16. Find each measure. (Lesson 5-2) A 
37. MS 38. AM 39. SC 


40. RB 41. MB 42. TM R LX 
Determine whether AJKL = AXYZ. Explain. (Lesson 4-4) LIS B 
G 


43. J(3, 9), K(4, 6), L(1, 5), X(1, 7), Y(2, 4), Z(—1, 3) 
44, J(—1, -1), K(0, 6), L(2, 3), X(3, 1), Y(5, 3), Z(8, 1) 


Skills Review 


Simplify each expression. 


45. V4-16 46. V3-27 47. V 32-72 48. V15-16 49. V33-21 
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Study Guide and Review 


Study Guide 


keatons eg 
KeyConcepts KeyVocabulary S 


Proportions (Lesson 7-1) cross products (p. 462) reduction (p. 511) 
e For any numbers a and cand any nonzero numbers b dilation (p.511) scale (p. 518) 
and d, 5 = a if and only if ad = be. enlargement (p. 511) scale drawing (p. 518) 
extremes (p. 462) scale factor (p. 470) 


Similar Polygons and Triangles (\essons 7-2 and 7-3) 


© Two polygons are similar if and only if their corresponding means (p. 462) scale model (p. 518) 
angles are congruent and the measures of their corresponding 
sides are proportional. 


Two triangles are similar if: 


AA: Two angles of one triangle are congruent to two angles ; 
of the other triangle. ratio (p. 461) 


SSS: The measures of the corresponding sides of the two 


triangles are proportional. VocabularyCheck 


SAS: The measures of two sides of one triangle are proportional to 


midsegment of similar polygons (p. 469) 


eAtangle atom similarity transformation 


proportion (p. 462) (p. 511) 


the measures of two corresponding sides of another triangle and Choose the letter of the word or phrase that best completes 

their included angles are congruent. each statement. 
Proportional Parts (Lessons 7-4 and 7-5) : fee : ae cies sae 
e lfa line is parallel to one side of a triangle and intersects the other a. means i midsegment 

two sides in two distinct points, then it separates these sides into : ‘ iat 

segments of proportional length. d. erenes - dilation 
e Amidsegment of a triangle is parallel to one side of the triangle 8. similar I eilergamont 

and its length is one-half the length of that side. f. scale factor m. reduction 

g. AA Similarity Post. 


Two triangles are similar when each of the following are 
proportional in measure: their perimeters, their corresponding 1. An) 
altitudes, their corresponding angle bisectors, and their 
corresponding medians. 


7 of a triangle has endpoints that are the 
midpoints of two sides of the triangle. 


2. A(n) 2? isa comparison of two quantities using 


Similarity Transformations and Scale Drawings 


and Models (Lessons 7-6 and 7-7) alvision. 

¢ Ascale model or scale drawing has lengths that are 3. If ZA= ZXand ZC = ZZ then AABC ~ AXYZ by the 
proportional to the corresponding lengths in the object —_ 
it represents. 


4. A(n) _? isan example of a similarity transformation. 
2 


- . 4_£ 7 
yTt3| StudyOrganizer 5. If =< then aand dare the 


6. The ratio of the lengths of two corresponding sides of 
two similar polygons is the ? 


Be sure the Key Concepts 
are noted in your Foldable. 


7. A(n) 2 is an equation stating that two ratios 
are equivalent. 


8. A dilation with a scale factor of z will result in 
a(n) 


aN 
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Lesson-by-Lesson Review 


Ratios and Proportions 


Solve each proportion. 
9 X+8 _ 2x-3 3x+9_ 12 


6 10 a a 
x _ 50 Fi A& 
- 12° 6x "xX 9 
13. The ratio of the lengths of the three sides of a triangle is 
5:8:10. If its perimeter is 276 inches, find the length of the 


longest side of the triangle. 


. CARPENTRY A board that is 12 feet long must be cut into 
two pieces that have lengths in a ratio of 3 to 2. Find the 
lengths of the two pieces. 


Similar Polygons 


Determine whether each pair of figures is similar. If so, write 
the similarity statement and scale factor. If not, explain your 
reasoning. 


15. F 16 G 
B 6 C 
A 6 D 
E 16 H 


10 xX 


17. The two triangles in the figure below are similar. Find the 
value of x. 


B 
V 
2 os 
G x C oy 22 
18. PHOTOS If the dimensions of a photo are 2 inches by 


3 inches and the dimensions of a poster are 8 inches by 
12 inches, are the photo and poster similar? Explain. 


Example 1 


Original proportion 
3(2x — 3) = 4(x + 9) 
6x—9 = 4x+ 36 
2x —9 = 36 
2x = 45 
X= 22.5 


Cross Products Property 
Simplify. 

Subtract. 

Add 9 to each side. 


Divide each side by 2. 


Example 2 


Determine whether the pair of triangles is similar. If so, write 
the similarity statement and scale factor. If not, explain your 
reasoning. 


B 24 


ZA= ZXand ZC = ZZ, so by the Third Angle Theorem, 
ZB = ZY.All of the corresponding angles are therefore 
congruent. 


Similar polygons must also have proportional side lengths. 
Check the ratios of corresponding side lengths. 


AB _ 20 4 4 


BC _ 24,4 
XY” 15° 3 ” 


YZ 18° 3 


AC _ 38 
XZ 285 


Since corresponding sides are proportional, 
AABC ~ AXYZ. So, the triangles are similar with 
a scale factor of 3 
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Study Guide and Review continued 


Similar Triangles 


Determine whether the triangles are similar. If so, write a similarity Example 3 


statement. Explain your reasoning. Determine whether the triangles are similar. If so, write 
2 a similarity statement. Explain your reasoning. 


Xx 


Ww 9 Z 16 Y 


ZW2ZX = ZXZY because they are both right angles. Now 
compare the ratios of the legs of the right triangles. 


0. ] 
4 5 
J 
Hy. 6 K 
6 75 
9 
G 
2. U : W123 
~ 42 — YZ 16° 4 
T, Since two pairs of sides are proportional with the included 
R Ss 


2 


angles congruent, AWZX ~ AXZY by SAS Similarity. 


23. TREES To estimate the height of a tree, Dave stands in the 
shadow of the tree so that his shadow and the tree’s shadow 
end at the same point. Dave is 6 feet 4 inches tall and his 
shadow is 15 feet long. If he is standing 66 feet away from 
the tree, what is the height of the tree? 


Parallel Lines and Proportional Parts 

Example 4 

ALGEBRA Find x and y. 
FK = KG 


y+12 
8x+7=4x-1 


18 " 
— —— 
5 12 F 


26. STREETS Find the distance along Broadway between a 
37th Street and 36th Street. 


38x+7 K 4x-1G 


FJ= JH Definition of congruence 
38th St. y+12=2y—5 Substitution 
-y=-17 Subtract. 

37th St. y=17 Simplify. 


36th St. 


7th Ave. Broadway 
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Parts of Similar Triangles 


Find the value of each variable. 


29. MAPS The scale given on a map of the state of Missouri 
indicates that 3 inches represents 50 miles. The cities of 
St. Louis, Springfield, and Kansas City form a triangle. If the 
measurements of the lengths of the sides of this triangle on 
the map are 15 inches, 10 inches, and 13 inches, find the 
perimeter of the actual triangle formed by these cities to the 
nearest mile. 


Similarity Transformations 


Determine whether the dilation from A to Bis an enlargement 
or a reduction. Then find the scale factor of the dilation. 


30. 31. 


32. GRAPHIC DESIGN Jamie wants to use a photocopier to 
enlarge her design for the Honors Program at her school. 
She sets the copier to 250%. If the original drawing 
was 6 inches by 9 inches, find the dimensions of 
the enlargement. 


Example 5 


Z 
12 


Use the Triangle Angle Bisector Theorem to write a proportion. 


WX _ XZ . 
YW YZ Triangle Angle Bisector Thm. 


Me a ie 
28—x 14 
(28 — x12) = x- 14 Cross Products Property 
336 — 12x = 14x Simplify. 
336 = 26x Add. 
12.9 =x Simplify. 


Substitution 


Example 6 


Determine whether the dilation from A to Bis an 
enlargement or a reduction. Then find the scale factor 
of the dilation. 


Bis larger than A, so the dilation is an enlargement. 

The distance between the vertices at (—4, 0) and (2, 0) 

for Ais 6 and the distance between the vertices at (—6, 0) 
9.83 


and (3, 0) for Bis 9. So the scale factor is 6 or 5 
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Study Guide and Review continued 


Scale Drawings and Models 


33. BUILDING PLANS Ina scale drawing of a school’s floor 


plan, 6 inches represents 100 feet. If the distance from one 
end of the main hallway to the other is 175 feet, find the 
corresponding length in the scale drawing. 


. MODEL TRAINS A popular scale for model trains is the 
1:48 scale. If the actual train car had a length of 72 feet, 
find the corresponding length of the model in inches. 


. MAPS A map of the eastern United States has a scale 
where 3 inches = 25 miles. If the distance on the map 
between Columbia, South Carolina, and Charlotte, North 
Carolina, is 11.5 inches what is the actual distance 
between the cities? 


528 | Chapter 7 | Study Guide and Review 


Example 7 


In the scale of a map of the Pacific Northwest 
1 inch = 20 miles. The distance on the map between 
Portland, Oregon, and Seattle, Washington, is 8.75 inches. 
Find the distance between the two cities. 
1 _ 875 ; 
70 = x Write a proportion. 
X = 20(8.75) 
x=175 


Cross Products Property 
Simplify. 


The distance between the two cities is 175 miles. 


Practice Test 


Solve each proportion. 12. SHORT RESPONSE Jimmy has a diecast metal car that 
1,32-2 g 2 a 8+3 is a scale model of an actual race car. If the actual 
7 "5 3 length of the car is 10 feet and 6 inches and the 
3, 4x — 60 _ sx—4_ 13 model has a length of 7 inches, what is the scale 
Ib * ax+7 0 factor of model to actual car? 


Determine whether each pair of figures is similar. If 
so, write the similarity statement and scale factor. 


If not, explain your reasoning. Find x. 
5. A 13. 
| 
x 4 a1 951 
TN a 
l I 
Y 7 Z O 
B 24.5 Cc 
14, 
6. Q 21 R 
E J 
10 
9 L\ as 
30 40 
G4HT Ss 


7. CURRENCY Jane is traveling to Europe this summer 
with the French Club. She plans to bring $300 to 
spend while she is there. If $90 in U.S. currency is 
equivalent to 63 euros, how many euros will she 
receive when she exchanges her money? 15. 


Determine whether the dilation from A to B is an 
enlargement or a reduction. Then find the scale factor 
of the dilation. 


ALGEBRA Find x and y. Round to the nearest tenth 
if necessary. 


8 | 3x4+11 


16. y 


17. ALGEBRA Identify the similar triangles. Find WZ 


and UZ. 
10. ALGEBRA Equilateral AMNP has perimeter Ww 
12a + 18b. QR is a midsegment. What is QR? 
11, ALGEBRA Right isosceles AABC has hypotenuse x44 iy 


length h. DE is a midsegment with length 4x that is 
not parallel to the hypotenuse. What is the 
perimeter of AABC? Zx-08 U = 128 Y 


——— 7) 
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Preparing for Standardized Tests 


Identifying Nonexamples 


Multiple choice items sometimes ask you to determine 
which of the given answer choices is a nonexample. 
These types of problems require a different approach 
when solving them. 


Strategies for Identifying Nonexamples 


Read and understand the problem statement. 


e Nonexample: A nonexample is an answer choice that 
does not satisfy the conditions of the problem statement. 


e Keywords: Look for the word nof (usually bold, all 
capital letters, or italicized) to indicate that you need 
to find a nonexample. 


Follow the concepts and steps below to help you identify nonexamples. 
Identify any answer choices that are clearly incorrect and eliminate them. 


e Eliminate any answer choices that are not in the proper format. 


e Eliminate any answer choices that do not have the correct units. 


Standardized Test Example 


Read the problem. Identify what you need to know. Then use the information in 
the problem to solve. 


In the adjacent triangle, you know that Q 


ZMOQN = ZRQS. Which of the following would 
not be sufficient to prove that AQMN ~ AQRS? M N 


A ZQOMN = ZQRS 

B MN || RS 

C ON=NS 
QM _ QN 


QR Qs 
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The italicized not indicates that you need to find a nonexample. Test each answer 
choice using the principles of triangle similarity to see which one would not prove 
AQMN = AQRS. 


Choice A: ZQMN = ZQRS 
If ZQMN = ZQRS, then AQMN ~ AQRS by AA Similarity. 
Choice B: MN || RS. 


If MN || RS, then ZQMN = ZQRS, because they are corresponding angles of two 
parallel lines cut by transversal QR. Therefore, AQMN ~ AQRS by AA Similarity. 


Choice C: ON = NS 


If ON = NS, we cannot conclude that AQMN ~ AQRS because we do not know 
anything about QM and MR. So, answer choice C is a nonexample. 


The correct answer is C. You should also check answer choice D to make sure it is 
a valid example if you have time. 


Read each problem. Identify what you need to know. 3. Consider the figure below. Which of the following 
Then use the information in the problem to solve. is not sufficient to prove that AGIK ~ AHIG? 
1. The ratio of the measures of the angles of the ’ 
quadrilateral below is 6:5:4:3. Which of the 
following is not an angle measure of the figure? 
H | K 
A ZGKI = ZHGI 
HI _ GI 
GI IK 
A 60° C 120° c GH_ GK 
5 D 140° GI IK 
ne : D ZIGK = ZIHG 
2. Which figure can serve as a counterexample to the ; ; aren 
conjecture below? 4. Which triangles are not necessarily similar? 


F two right triangles with one angle measuring 30° 


If all angles of a quadrilateral G two right triangles with one angle measuring 45° 


are right angles, then the ; : 
quadrilateral is a square. H two isosceles triangles 


J two equilateral triangles 


F parallelogram 
G rectangle 
H rhombus 


J trapezoid 
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Standardized Test Practice 
Cumulative, Chapters 1 through 7 


F : 4. Refer to the figures below. Which of the following 
welds Biwi terms best describes the transformation? 
Read each question. Then fill in the correct answer on 


the answer document provided by your teacher or on 
a sheet of paper. 


1. Adrian wants to measure the width of a ravine. 
He marks distances as shown in the diagram. 


congruent 
enlargement 


reduction 


=f f 


scale 


5. The ratio of North Carolina residents to Americans 


Using this information, what is the approximate is about 295 to 10,000. If there are approximately 
width of the ravine? 300,000,000 Americans, how many of them are 
A 5ft C 7ft North Carolina residents? 

B 6ft D 8ft A_ 7,950,000 


B 8,400,000 
2. Kyle and his family are planning a vacation in C 8.850.000 
Cancun, Mexico. Kyle wants to convert 200 US tins 
dollars to Mexican pesos for spending money. D 9,125,000 
If 278 Mexican pesos are equivalent to $25, how 
many pesos will Kyle get for $200? 


Pee Hee 6. Solve for x. 
G 2224 J 2504 
3. Which of the following terms best describes the 
transformation below? 
F 3 
=) 
A dilation C rotation 
. lati 7. Two similar trapezoids have a scale factor of 3:2. 
Breeton Beiansiagon The perimeter of the larger trapezoid is 21 yards. 
What is the perimeter of the smaller trapezoid? 
A l4yd 
Test-TakingTip B 17.5yd 
Question 2 Set up and solve the proportion for the number of 
: C 28 yd 
pesos. Use the ratio pesos: dollars. 
D 31.5 yd 
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a 
P 13. GRIDDED RESPONSE The scale of a map is 1 inch = 
SHOFLRESpOnse/Gnddeu JRESponse 2.5 miles. What is the distance between two cities 


that are 3.3 inches apart on the map? Round to the 
nearest tenth, if necessary. 


Record your answers on the answer sheet provided 
by your teacher or on a sheet of paper. 


8. GRIDDED RESPONSE Colleen surveyed 50 students 14, What is the value of x in the figure? 
in her school and found that 35 of them have 
homework at least four nights a week. If there are 
290 students in the school altogether, how many of 62° (5x + 2)° 
them would you expect to have homework at least 
four nights a week? 


9. GRIDDED RESPONSE In the triangle below, MN || BC. 


Solve for x. 
A Extended Response 
4x—6 
3x—2 Record your answers on a sheet of paper. 
M 
Show your work. 
24 N 
B 20 15. Refer to triangle XYZ to answer each question. 
C xX 
Y 
10. Quadrilateral WXYZ is a rhombus. If mZXYZ = 110°, Q 
find mZZWY. R 
W. xX 
Z 
a. Suppose QR || XY. What do you know about 
the relationship between segments XQ, QZ, YR, 
Z Y and RZ? 
11. What is the contrapositive of the statement below? b. IfOR|| XY, XQ = 15, QZ = 12, and YR = 20, 


If Tom was born in Louisville, what is the length of RZ? 
hen hi in K ky. ee eS 
ee eae ae c. Suppose QR || XY, XQ = QZ, and QR = 9.5 units. 


—_ i YY? 
12. GRIDDED RESPONSE In the triangle below, RS bisects Mite ele 
ZVRU. Solve for x. 
R 
W/V 
V ; Ss x U 
@ By 
Need ExtraHelp? 
If you missed Question... 1 2. 3 4 5 6 7 8 9 10 11 12 13 14 15 
ae Lesson... 7-3 | 7-1 4-7 | 7-6 | 7-1 5-1 7-2 | 7-1 7-6 | 6-5 | 2-3 | 7-5 | 7-7 | 1-5 ite) 


Mfeomectd megraw-nitcoml) 533 


Right Triangles and Trigonometry 


O You solved _ © Inthis chapter, you will: © Properties of triangles can be used in planning and preparation 


proportions. (ise the for special events including the height of decorations. 


Pythagorean 


Theorem. vn a 


« Use properties of — 
special right 
triangles. 


a Use trigonometry 
to find missing 
measures of 
triangles. 


~connectED.mcgraw-hill.com BAQa tie Eiunenel 
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Get Ready for the Chapter 


Diagnose Readiness | You have two options for checking prerequisite skills. 


| 1 Textbook Option Take the Quick Check below. Refer to the Quick Review for help. 


Simplify. Example 1 
V24 ren. 
1. V112 2. —— 3. V15- 20 Simplify —. 
28 Oa 
6 6 V3 oe 
— = — Multiply by —. 
pee Ba ge Va V3 V3 Vi 
a 3 80 6 —3V8 eva 
= 7 or 2v3 Simplify. 
Find x. | Example 2 _| 
7. 8. Find x. 
* 19 
6 x 
7 8 
8 x 
15 
9. BANNERS Anna is making a banner out of 4 congruent a+ b2?=c? Pythagorean Theorem 
triangles as shown below. How much blue trim will she need ‘ 2_ 2 
for each side? 8° + 15° = a=8andb=15 
289 = x? Simplify. 


289 = V x2 Take the positive square 


root of each side. 


17=x Simplify. 


Graph the line segment with the given endpoints. | Example 3 | 


10. G(3, —4) and H(3, 4) Graph the line segment with endpoints A(—4, 2) and B(3, —2). 
11. E(—3, 5) and F(4, —3) Plot points A and B. Connect the points. 
y y 


12. COLLEGES Quinn is visiting a college campus. He notices 
from his map that several important buildings are located A A 
around a grassy area the students call the Quad. If the library 
is represented on the map by L(6, 8) and the cafeteria is 
represented by C(0, 0), graph the line segment that represents 
the shortest path between the two buildings. 


—_, 
2 Online Option Take an online self-check Chapter Readiness Quiz at connectED.mcgraw-hill.com. v/ 
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Get Started on the Chapter 


You will learn several new concepts, skills, and vocabulary terms as you study 
Chapter 8. To get ready, identify important terms and organize your resources. 
You may wish to refer to Chapter 0 to review prerequisite skills. 


[ET StudyOrganizer 


NewVocabulary 


one sheet of construction paper. 


1 Stack the notebook paper 
on the construction paper. 


2. Fold the paper diagonally to 
form a triangle and cut off the 
eXCess. 


3 Open the paper and staple 


4 Label each page with a 
lesson number and title. 


the inside fold to form a booklet. 


Right Angles and Trigonometry Make this Foldable to help 
you organize your Chapter 8 notes about right angles and 
trigonometry. Begin with three sheets of notebook paper and 
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English Espafol 
geometric mean p.537 media geométrica 
Pythagorean triple p.548  triplete pitagorico 
trigonometry p.568  trigonométria 
trigonometric ratio p.568 razon trigonométrica 
sine p.568  seno 
cosine p.568 coseno 
tangent p.568  tangente 
angle of elevation p.580  angulo de elevacién 
angle of depression p.580 angulo de depresion 
Law of Sines p.588 ley de los senos 
Law of Cosines p.589 ley do los cosenos 
vector p.600 vector 
magnitude p.600 magnitud 
resultant p.601 — resultante 


component form p.602 componente 


ReviewVocabulary 


altitude altura a segment drawn from a vertex of a triangle 
perpendicular to the line containing the other side 


Pythagorean Theorem Teorema de Pitagoras If aand bare the 
measures of the legs of a right triangle and c is the measure of 
the hypotenuse, then a2 + b* = c?. 


/\ 
i ML J 


KMis an altitude of AJKL. 


Py 
] 
a x 


Geometric Mean 


:- Then :-‘Now :-Why? 


@ You used @ Find the geometric @ Photographing very tall or very wide objects 
proportional mean between two can be challenging. It can be difficult to 
relationships of numbers. include the entire object in your shot without 
corresponding angle distorting the image. If your camera is set 
bisectors, altitudes, for a vertical viewing angle of 90° and you 
and medians of know the height of the object you wish to 
similar triangles. photograph, you can use the geometric mean 


Solve problems 
involving relationships 
between parts of a 


righ ! Tonal ane of the distance from the top of the object to 
altitude to its < 
hvaotentise your camera level and the distance from the 
yp ; bottom of the object to camera level. 
obe NewVocabulary Geometric Mean When the means of a proportion are the same number, that 
= geometric mean number is called the geometric mean of the extremes. The geometric mean between 
two numbers is the positive square root of their product. 
extreme—» 4 _ * <~—mean 
mean —> x b <— extreme 


€css) Common Core 
A y) State Standards 
Content Standards 


G.SRT.4 Prove theorems 
about triangles. Words The geometric mean of two positive numbers a and bis the number x such 
G.SRT.5 Use congruence that 2 — *. So, x2 = aband x = Vab. 

and similarity criteria for xb 
triangles to solve problems Example The geometric mean of a = 9 and b = 4is 6, because 6 = V9 « 4. 

and to prove relationships in q J 
geometric figures. 


Mathematical Practices 

7 Look for and make use of 
structure. 

3 Construct viable 
arguments and critique 


Example 1 


Find the geometric mean between 8 and 10. 


the reasoning of others. LS Vab Definition of geometric mean 
= V8-10 a=8and b= 10 
= V(4+2)+(2+5) Factor. 
=V16°5 Associative Property 
= 4/5 Simplify. 


The geometric mean between 8 and 10 is 4V5 or about 8.9. 


GuidedPractice 
Find the geometric mean between each pair of numbers. 


1A. 5 and 45 1B. 12 and 15 


Geometric Means in Right Triangles In a right triangle, an altitude drawn from 
the vertex of the right angle to the hypotenuse forms two additional right triangles. 


These three right triangles share a special relationship. 


Digital Vision/Alamy 


( +) | Th 8.1 
ReviewVocabulary a neor em: ] 
altitude pa shits If the altitude is drawn to the hypotenuse of a right 
eae soniehitt rs triangle, then the two triangles formed are similar 
opposite side and to the original triangle and to each other. aia \ 
perpendiue . the line Example If CDis the altitude to hypotenuse AB ne 
coma Uie May aia of right AABC, then AACD ~ A ABC, Cc ° 
‘ 4 A CBD ~ AABC, and AACD ~ ACBD. \ 
D B 
S 


You will prove Theorem 8.1 in Exercise 39. 


Example 2 
Write a similarity statement identifying the three similar 


right triangles in the figure. 
Separate the triangle into two triangles along the altitude. 
Then sketch the three triangles, reorienting the smaller 


ones so that their corresponding angles and sides are in 
the same positions as the original triangle. 


la G F 
StudyTip F 
Reorienting Triangles —s 
To reorient the right triangles J G J H G H 


in Example 2, first match up 
the right angles. Then match 


up the shorter sides. So by Theorem 8.1, AFJG ~ AGJH ~ AFGH. 


‘ 


GuidedPractice 
2A. K P ib 2B. S 


From Theorem 8.1, you know that altitude CD C 
drawn to the hypotenuse of right triangle ABC forms 
three similar triangles: AACB ~ AADC ~ ACDB. 
By the definition of similar polygons, you can write 
the following proportions comparing the side A x D ¥ B 
lengths of these triangles. 


shorter leg ab hypotenuse _ a hypotenuse _{c|_ b _ 
longerleg a shorter leg longerleg Jal h 


Notice that the circled relationships involve geometric means. This leads to the theorems 
at the top of the next page. 


is) 538 | Lesson 8-1 | Geometric Mean 


_ Theorems Right Triangle Geometric Mean Theorems 


8.2 Geometric Mean (Altitude) Theorem The altitude Cc 
drawn to the hypotenuse of a right triangle separates 
the hypotenuse into two segments. The length of this 
altitude is the geometric mean between the lengths 
of these two segments. 


Example If CDis the altitude to hypotenuse AB of 
right AABC, then , = 4 or h = «/xy. 


8.3 Geometric Mean (Leg) Theorem The altitude drawn Cc 
to the hypotenuse of a right triangle separates the 
hypotenuse into two segments. The length of a leg of b a 
this triangle is the geometric mean between the length 
of the hypotenuse and the segment of the hypotenuse 
adjacent to that leg. Ls c | 


Example If CDis the altitude to hypotenuse AB of right 
AABC, then 5 = £ or b= Vx¢ and £ = 7 or 


a= ye. 


You will prove Theorems 8.2 and 8.3 in Exercises 40 and 41, respectively. 


Example 3 
Find x, y, and z. ‘ 
Since x is the measure of the altitude drawn to the 
hypotenuse of right AJKL, x is the geometric mean 
of the lengths of the two segments that make up the 
StudyTip hypotenuse, JM and MK. 20 , 
Use .a/Froporon = VJM+ MK Geometric Mean (Altitude) Th 
In Example 3, the value of x 7 J i a ae ss M 
could also be found by solving =V/5-20 Substitution 
the proportion 3 = on 5 
= V 100 or 10 Simplify. J y L 


Since y is the measure of leg JL, y is the geometric mean of JM, the measure of the 
segment adjacent to this leg, and the measure of the hypotenuse JK. 


y=VJM°: JK Geometric Mean (Leg) Theorem 


= /5 + (20+ 5) Substitution 


= V125 or about 11.2 Use a calculator to simplify. 


Since z is the measure of leg KL, zis the geometric mean of MK, the measure of the 
segment adjacent to KL, and the measure of the hypotenuse JK. 


z=\/MK: JK Geometric Mean (Leg) Theorem 


= 20+ (20 + 5) Substitution 


= V500 or about 22.4 Use a calculator to simplify. 
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Real-WorldCareer 


Event Planner 

Event planners organize 
events including choosing 
a location, arranging for 
food, and scheduling 
entertainment. They also 
coordinate services like 
transportation and 
photography. 

Most of the skills required 
for event planning are 
acquired through on-the-job 
experience. 


GuidedPractice 
Find x, y, and z. 


3A. 8 3B. x 9 


You can use geometric mean to measure height indirectly. 


Real-World Example 4 


ADVERTISING Zach wants to order a 
banner that will hang over the side 
of his high school baseball stadium 
grandstand and reach the ground. 


To find this height, he uses a 
cardboard square to line up the top 
and bottom of the grandstand. He 
measures his distance from the 
grandstand and from the ground to 
his eye level. Find the height of the 
grandstand to the nearest foot. 


The distance from Zach to the 
grandstand is the altitude to the 
hypotenuse of a right triangle. The 
length of this altitude is the geometric 
mean of the two segments that make 

up the hypotenuse. The shorter segment 
has the measure of 5.75 feet. Let the 
unknown measure be x feet. 


Note: Not drawn to scale 


10.5 = V5.75 ° x Geometric Mean (Altitude) Theorem 
110.25 = 5.75x Square each side. 


19.17 =x Divide each side by 5.75. 


The height of the grandstand is the total length of the hypotenuse, 5.75 + 19.17, 
or about 25 feet. 


GuidedPractice 


4. SPORTS A community center needs to estimate the cost of installing a rock 
climbing wall by estimating the height of the wall. Sue holds a book up to her 
eyes so that the top and bottom of the wall are in line with the bottom edge 
and binding of the cover. If her eye level is 5 feet above the ground and she 
stands 11 feet from the wall, how high is the wall? Draw a diagram and explain 
your reasoning. 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 


Example 2 


Example 3 


Example 4 


Find the geometric mean between each pair of numbers. 


1. 5 and 20 2. 36 and 4 3. 40 and 15 
4. Write a similarity statement identifying the three similar triangles : 
in the figure. 
Find x, y, and z. F D 
5. 3 6. 
y 12 


7. CESS) MODELING Corey is visiting the Jefferson Mi a 
Memorial with his family. He wants to estimate the MM a IN 
height of the statue of Thomas Jefferson. Corey | a 
stands so that his line of vision to the top and base 
of the statue form a right angle as shown in the 
diagram. About how tall is the statue? 


Note: Not drawn to scale. 


Practice and Problem Solving Extra Practice is on page R8. 


Example 1 


Example 2 


Find the geometric mean between each pair of numbers. 


8. 81 and 4 (9) 25 and 16 10. 20 and 25 


11. 36 and 24 12. 12 and 2.4 13. 18 and 1.5 


Write a similarity statement identifying the three similar triangles in the figure. 


14. M 15. X Y 


UN 

N O 
16. Q : 17. , H 
L ) wey 
R 2 G 
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Example 3 Find x, y, and z. 


x 


18. 
y z 
9 4 
21. 5 22. 23. x 
x 
Z 
“SS Zz zZ 12 
14 << 
a 
Example 4 24. CESS) MODELING Evelina is hanging silver stars from 

the gym ceiling using string for the homecoming 
dance. She wants the ends of the strings where the 
stars will be attached to be 7 feet from the floor. Use 


the diagram to determine how long she should 
make the strings. 


25. cess MODELING Makayla is using a book to sight 
the top of a waterfall. Her eye level is 5 feet from 
the ground and she is a horizontal distance of 28 
feet from the waterfall. Find the height of the 
waterfall to the nearest tenth of a foot. 


Note: Not drawn to scale 
Find the geometric mean between each pair of numbers. 


26. £ and 60 27, 3¥2 and SV2 28. WE and We 


Find x, y, and z. 


29, vy 30. avz z 
2V3 x y 
J | 
V3 


31. ALGEBRA The geometric mean of a number and four times the number is 22. What is 
the number? 
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Use similar triangles to find the value of x. 


ALGEBRA Find the value of the variable. 


35. 36. aN 37. 
m 
t+1 
a 
m+5 
CI 
24 6 


VA 


38. CONSTRUCTION A room-in-attic truss is a truss design that provides support while 
leaving area that can be enclosed as living space. In the diagram, ZBCA and ZEGB are 
right angles, ABEF is isosceles, CD is an altitude of AABC, and EG is an altitude of 
ABEF. If DB = 5 feet, CD = 6 feet 4 inches, BF = 10 feet 10 inches, and EG = 4 feet 
6 inches, what is AE? 


=> 
CESS ARGUMENTS Write a proof for each theorem. 
39. Theorem 8.1 40. Theorem 8.2 41. Theorem 8.3 


42. TRUCKS In photography, the angle formed 
by the top of the subject, the camera, and 
the bottom of the subject is called the 
viewing angle, as shown at the right. 
Natalie is taking a picture of Bigfoot #5, 
which is 15 feet 6 inches tall. She sets her 
camera on a tripod that is 5 feet above 
ground level. The vertical viewing angle 
of her camera is set for 90°. 


a. Sketch a diagram of this situation. 


b. How far away from the truck should Natalie stand so that she perfectly frames 
the entire height of the truck in her shot? 


FINANCE The average rate of return on an investment over two years is the geometric 
mean of the two annual returns. If an investment returns 12% one year and 7% the next 
year, what is the average rate of return on this investment over the two-year period? 


44, PROOF Derive the Pythagorean 


Theorem using the figure at the b a 
right and the Geometric Mean 
(Leg) Theorem. x y 
Is c >| 
Determine whether each statement is always, sometimes, or never true. Explain your 
reasoning. 


(45) The geometric mean for consecutive positive integers is the mean of the two numbers. 
46. The geometric mean for two perfect squares is a positive integer. 


47. The geometric mean for two positive integers is another integer. 


48, 9G? MULTIPLE REPRESENTATIONS In this problem, you will investigate geometric mean. 


a. Tabular Copy and complete the 
table of five ordered pairs (x, y) such 
that ,/xy = 8. 

b. Graphical Graph the ordered pairs 
from your table in a scatter plot. 


c. Verbal Make a conjecture as to the 
type of graph that would be formed if 
you connected the points from your 
scatter plot. Do you think the graph of any set of ordered pairs that results in the 
same geometric mean would have the same general shape? Explain your reasoning. 


H.0.T. Problems Use Higher-Order Thinking Skills 


49. ERROR ANALYSIS Aiden and Tia are finding the value x 
in the triangle shown. Is either of them correct? Explain 
your reasoning. 


Aiden 
ees 
~ 7 
eS! 


oD 
50. CHALLENGE Refer to the figure at the right. 


% 8.8 
Find x, y, and z. 
51. OPEN ENDED Find two pairs of whole numbers with 8.5 7 


a geometric mean that is also a whole number. What 
condition must be met in order for a pair of numbers 
to produce a whole-number geometric mean? 


52. cess REASONING Refer to the figure at the right. The A 
Princeariter of AABC is located 6.4 units from 5.3 
point D. Find BC. D 
B C 


53. WRITING IN MATH Compare and contrast the arithmetic and geometric means of two 
numbers. When will the two means be equal? Justify your reasoning. 
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Standardized Test Practice 


54. What is the geometric mean of 8 and 22 in 56. ALGEBRA What are the solutions of the quadratic 
simplest form? equation x* — 20 = 8x? 
A 4v11 C 16v 11 F 2,10 H —1,20 
B 15 D 176 G 20,1 J =2,10 


55. SHORT RESPONSE If MN || PQ, use a proportion to 57. SAT/ACT In the figure, AD is perpendicular to BC, 
find the value of x. Show your work. and AB is perpendicular to AC. What is BC? 


—< A 5V2 A 
M 
p B 5V3 

os C 20 10 

: D 25 


E 75 B 5D Cc 


Spiral Review 


58. MAPS Use the map to estimate how long it would take to drive 
from Chicago to Springfield if you averaged 65 miles per hour. 
(Lesson 7-7) 


Graph the original figure and its dilated image. Then verify that the 
dilation is a similarity transformation. (Lesson 7-6) 


59. A(—3, 1), BY, 7), C3, —2); D(-1, 1), EG, 3), F(1, 0) 

60. G(—4, —4), H(-1, 2), J(2, —1); K(—3, —2), L(1, 0) 

61. M(7, —4), N(5, —4), P(7, —1); Q(2, —8), R(6, —8), S(2, —2) 

The interior angle measure of a regular polygon is given. Identify 


the polygon. (Lesson 6-1) 
62. 108 63. 135 


Find x and y in each figure. (Lesson 3-2) 
64, 


65. 


Identify each solid. Name the bases, faces, edges, and vertices. (Lesson 1-7) 


67. G 68. dd) 69. P 
P Q 
\ 
A D 
F E 


Skills Review 


Simplify each expression by rationalizing the denominator. 


2 16 V6 3V5 21 
70. 71. — 72. — 73. — 74, — 
V2 V3 V4 vil V3 


Geometry Lab 


Proofs Without Words 


In Chapter 1, you learned that the Pythagorean Theorem relates the measures of the (ess Common Core State Standards 
legs and the hypotenuse of a right triangle. You can prove the Pythagorean Theorem © —=Cantent Standards 


: . : G.C0.10 Prove theorems about triangles. 
by using diagrams without words. Matheretival Practives 4 


Prove the Pythagorean Theorem by using paper and algebra. 


a b a b a b 
b b b b2 |b 
a b a b 
On a piece of tracing paper, Copy these measures on each Fold the paper into four sections 
mark one side a and b as of the other sides. and label the area of each section. 


shown above. 


| Step 4) | Step 5 Step 6 
Sora, as jas 
: ‘ les Se 


b a 
On another piece of tracing Connect the marks using a Label the area of each 
paper, mark each side a and b straightedge. Let c represent triangle =ab and the area of 
as shown above. the length of each hypotenuse. each square c?. 


SGU Place the squares side by side and color the corresponding 
regions that have the same area. For example, ab = 5 ab + 5a. ab 


The parts that are not shaded tell us that a? + b? = c’. 


Analyze the Results 
1. Use a ruler to measure a, b, and c. Do these measures confirm that a2 + b? = c2? 


2. Repeat the activity with different a and b values. What do you notice? 


3. WRITING IN MATH Explain why the diagram at the right is an illustration of the 
Pythagorean Theorem. 


4. CHALLENGE Draw a geometric diagram to show that for any positive numbers a and 


b,a+b>Var+b?. Explain. 
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- 


The Pythagorean Theorem 
and Its Converse 


:-‘Now :-Why? 


@ You used the @ 1 Use the Pythagorean @ Tether lines are used to steady an inflatable 


Pythagorean Theorem. snowman. Suppose you know the height at 
Theorem to develop which the tether lines are attached to the 

: Use the Converse of 
the Distance the Pythagorean snowman and how far away you want to 
Formula. 9 anchor the tether in the ground. You can use 


Nee, the converse of the Pythagorean Theorem to 


adjust the lengths of the tethers to keep the 
snowman perpendicular to the ground. 


@>4 NewVocabulary The Pythagorean Theorem The Pythagorean 
= Pythagorean triple Theorem is perhaps one of the most famous hypotenuse 
theorems in mathematics. It relates the lengths of the leg 


hypotenuse (side opposite the right angle) and legs 
(sides adjacent to the right angle) of a right triangle. 


. leg 
ECS) Common Core 
State Standards 
— Theorem 8.4 Pythagorean Theorem 
Content Standards 
ee Be ie eee Words In a right triangle, the sum of the squares of B 
sia ‘ ee the lengths of the legs is equal to the square 
triangles in applied of the length of the hypotenuse. a c 
roblems. ae ; Pree 
P i . Symbols If A ABC is a right triangle with right angle C, 
G.MG.3 Apply geometric h 2 Be 5 
methods to solve problems then a° + be = c*. C b A 
(e.g., designing an object or Ny y 
structure to satisfy physical 
constraints or minimize cost; 
king with hi . 
arid eh Leena i The geometric mean can be used to prove the Pythagorean Theorem. 
ratios). %* 
Mathematical Practices Proof Pythagorean Theorem 
1 Make sense of problems 
and persevere in solving Given: AABC with right angle at C Cc 
them. 
4 Model with mathematics. Prove: 2+ = F b 
Proof: 
Draw right triangle ABC so Cis the right angle. B yD x A 
Then draw the altitude from C to AB. Let AB = c, |. c -| 
AC = b, BC = a, AD = x, DB= y, and CD= h. 
Two geometric means now exist. 
c_da c_b 
any and AR Geometric Mean (Leg) Theorem 
a= cy b? = cx Cross products 
a’ + b* = cy+ cx Add the equations. 
a+ b*=cy+x) Factor. 
av+b?=c-e Since c = y + x, substitute c for (y + x). 
av+h=ce Simplify. 
\ y, 


You can use the Pythagorean Theorem to find the measure of any side of a right triangle 
given the lengths of the other two sides. 


Example 1 


Find x. 
a. 15 The side opposite the right angle is the hypotenuse, 
soc=X. 
6 
x a? +b? =? Pythagorean Theorem 
67 + 152 = x? a=6and b=15 
= 
StudyTip 261 = x? Simplify. 
Positive Square Root V261 = x Take the positive square root of each side. 
When finding the length of a 
side using the Pythagorean 3V29 =x Simplify. 
Theorem, use only the 
positive and not the negative 
salere rook since ent b. i The hypotenuse is 11, so c = 11. 
cannot be negative. 
y a? + 0? = c? Pythagorean Theorem 
x 
9 x2 49% = 117 a=xandb=9 
x2 4+ 81=121 Simplify. 
x? = 40 Subtract 81 from each side. 
x = V40 or 2V10 Take the positive square root 
of each side and simplify. 
GuidedPractice 


1A. 1B. 
x 25 


A Pythagorean triple is a set of three nonzero whole 


numbers a, b, and c, such that a2 + b2 = c2. One common 

Pythagorean triple is 3, 4, 5; that is, the sides of a right 3 

triangle are in the ratio 3:4:5. The most common 

Pythagorean triples are shown below in the first row. The 

triples below these are found by multiplying each number 4 


~ in the triple by the same factor. 


StudyTip 

Eyinaporesny TDG. KeyConcept Common Pythagorean Triples 

If the measures of the sides 

of any right triangle are 3,4,5 5, 12, 13 8, 15, 17 7, 24, 25 

not whole numbers, the 

measures do not form a 6, 8, 10 10, 24, 26 16, 30, 34 14, 48, 50 

Py Maporeanaiple: J 9,12, 15 15, 36, 39 24, 45, 51 21,72, 75 
3x, 4x, 5X 5x, 12x, 13x 8x, 15x, 17x 7X, 24x, 25x 


The largest number in each triple is the length of the hypotenuse. 
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ReadingMath 

3-4-5 A right triangle with 
side lengths 3, 4, and 5 is 
called a 3-4-5 right triangle. 


Test-TakingTip 

(ess Sense-Making 

Since the hypotenuse of a 
right triangle is always the 
longest side, the length of the 
ladder in Example 3 must be 
greater than 5 or 12 feet. 
Since 7 and 11 feet are both 
less than 12 feet, choices A 
and B can be eliminated. 


Example 2 


Use a Pythagorean triple to find x. Explain your reasoning. 


x 
Notice that 15 and 12 are both multiples of 3, because 15 = 3° 5 
and 12 = 3+ 4. Since 3, 4, 5 is a Pythagorean triple, the missing 
leg length x is 3 + 3 or 9. 15 
CHECK 127 + 92 = 152 Pythagorean Theorem 12 


225 = 225 V Simplify. 


GuidedPractice 


Standardized Test Example 3 


Damon is locked out of his house. The only open 
window is on the second floor, which is 12 feet 
above the ground. He needs to borrow a ladder 
from his neighbor. If he must place the ladder 

5 feet from the house to avoid some bushes, 
what length of ladder does Damon need? 


A 7 feet C 13 feet 
B 11 feet D 17 feet 


Note: Not drawn to scale 


Read the Test Item 


The distance the ladder is from the house, the height the ladder reaches, and the 
length of the ladder itself make up the lengths of the sides of a right triangle. You 
need to find the length of the ladder, which is the hypotenuse. 


Solve the Test Item 


DEUTER Use a Pythagorean triple. 
The lengths of the legs are 5 and 12. 5, 12, 13 is a Pythagorean triple, so the length of 
the ladder is 13 feet. 
| Method 2 | Use the Pythagorean Theorem. 
Let x represent the length of the ladder. 
52 4 12? = x? Pythagorean Theorem 

169 =x* Simplify. 

V169 =x Take the positive square root of each side. 
13 =x Simplify. 


So, the answer is choice C. 


GuidedPractice 


3. According to your company’s safety 
regulations, the distance from the base 
of a ladder to a wall that it leans against 
should be at least one fourth of the 
ladder’s total length. You are given a 
20-foot ladder to place against a wall at 
a job site. If you follow the company’s 
safety regulations, what is the maximum 
distance x up the wall the ladder will 
reach, to the nearest tenth? 


F 12 feet H_ 20.6 feet Note: Not drawn to scale. 


G 19.4 feet J 30.6 feet 


Converse of the Pythagorean Theorem The converse of the Pythagorean 
Theorem also holds. You can use this theorem to help you determine whether 
a triangle is a right triangle given the measures of all three sides. 


Theorem 8.5 Converse of the Pythagorean Theorem 
Words If the sum of the squares of the lengths of the 
shortest sides of a triangle is equal to the square B 
of the length of the longest side, then the triangle ‘ 
is a right triangle. a 
Symbols If a2 + b* = c?, then A ABCis a right triangle. C b A 


You will prove Theorem 8.5 in Exercise 35. 


C ' You can also use side lengths to classify a triangle as acute or obtuse. 
StudyTip 
Determining the Longest . 
eile i iii Imieseuiee OF at Theorems Pythagorean Inequality Theorems 
of the sides of a triangle are 8.6 If the square of the length of the longest side of a B 
expressed as radicals, you triangle is less than the sum of the squares of the 
See ce lengths of the other two sides, then the triangle is : ‘ 
the longest. an acute triangle. 
L Symbols If c? < a? + b’, then A ABCis acute. pi ; 7 
8.7 If the square of the length of the longest side of a B 
triangle is greater than the sum of the squares of 
the lengths of the other two sides, then the ¢ 
triangle is an obtuse triangle. a 
Symbols If c2 > a? + b*, then A ABC is obtuse. e ; i 
dA 


You will prove Theorems 8.6 and 8.7 in Exercises 36 and 37, respectively. 
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Example 4 


Determine whether each set of numbers can be the measures of the 
sides of a triangle. If so, classify the triangle as acute, right, or obtuse. 
Justify your answer. 


a. 7,14, 16 


S@H Determine whether the measures can form a triangle using the Triangle 
Inequality Theorem. 


7+14>16Vv 1444+ 16>7V 7+16>14v 


ReviewVocabulary 


Triangle Inequality 

Theorem The sum of the 
lengths of any two sides of a 
triangle must be greater than 
the length of the third side. 


The side lengths 7, 14, and 16 can form a triangle. 


BE Classify the triangle by comparing the square of the longest side to the 


sum of the squares of the other two sides. 


ct a*+b? Compare c? and a? + b’. 
162 = 72 + 142 Substitution 
256 > 245 Simplify and compare. 


Since c2 > a? + b2, the triangle is obtuse. 


b. 9, 40, 41 
SEH Determine whether the measures can form a triangle. 
9+40>41 Vv 40+41>9v 9+41>40 ¥ 
The side lengths 9, 40, and 41 can form a triangle. 


BeEW Classify the triangle. 
c2a2+b? Compare c and a + Bb. 
4122924 402 _—_ Substitution 
1681 = 1681 Simplify and compare. 


2 


Since c? = a* + b?, the triangle is a right triangle. 


GuidedPractice 
4A. 11, 60, 61 4B. 2/3, 4V2, 3V5 AC. 6.2, 13.8, 20 


Check Your Understanding 


Example 1 Find x. 


1. ie 2. (3) x 
5 
7 12 4 
x 
8 


16 


Example 2 4. Use a Pythagorean triple to find x. Explain 
your reasoning. 35 


Example 3 5. MULTIPLE CHOICE The mainsail of a boat is shown. 
What is the length, in feet, of LN? 


A 52.5 C 72.5 
B 65 D 7 


Example 4 Determine whether each set of numbers can be the 
measures of the sides of a triangle. If so, classify the 
triangle as acute, obtuse, or right. Justify your answer. 


6. 15, 36, 39 7. 16, 18, 26 8. 15, 20, 24 


Practice and Problem Solving Extra Practice is on page R8. 


Example 1 Find x. 


9. 12 10 11. x 
15 
2 
9 
Xx 16 5 
Xx 
12. 66 13. 3 14, 
x 4 Fi 8 
33 8 x a : 
Xx 
—_> 
Example 2 cess PERSEVERANCE Use a Pythagorean Triple to find x. 
@® —« 16. 17. 24 18, x 
x 9 72 
\ 30 ba 74 78 


14 


Example 3 19. BASKETBALL The support for a basketball goal 
forms a right triangle as shown. What is the 
length x of the horizontal portion of the support? 


20. DRIVING The street that Khaliah usually 
uses to get to school is under construction. 
She has been taking the detour shown. If 
the construction starts at the point where 
Khaliah leaves her normal route and ends 
at the point where she re-enters her 
normal route, about how long is the 
stretch of road under construction? 
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Example 4 


Determine whether each set of numbers can be the measures of the sides of a triangle. 
If so, classify the triangle as acute, obtuse, or right. Justify your answer. 


21. 7,15, 21 22. 10, 12, 23 23. 4.5, 20, 20.5 
24, 44, 46, 91 25. 4.2, 6.4, 7.6 26. 4,12, 14 
Find x. 


27. x 28. F— 29. 
ae | 
QO 16 
ye | > 
7 10 


COORDINATE GEOMETRY Determine whether AXYZ is an acute, right, or obtuse triangle for 
the given vertices. Explain. 

30. X(—3, —2), Y(—1, 0), Z(0, —1) 31. X(—7, —3), Y(—2, —5), Z(—4, —1) 

32. X(1, 2), Y(4, 6), Z(6, 6) 33. X(3, 1), YG, 7), Z(11, 1) 


34, JOGGING Brett jogs in the park three times a week. 
Usually, he takes a 3-mile path that cuts through 


the park. Today, the path is closed, so he is taking the 
orange route shown. How much farther will he jog on 
his alternate route than he would have if he had 
followed his normal path? 


35. PROOF Write a paragraph proof of Theorem 8.5. 


PROOF Write a two-column proof for each theorem. 


36. Theorem 8.6 37. Theorem 8.7 


cess SENSE-MAKING Find the perimeter and area of each figure. 


38. 12 39. 40. 10 
13 13 


+10 —+ 4 


41. ALGEBRA The sides of a triangle have lengths x, x + 5, and 25. If the length of the 
longest side is 25, what value of x makes the triangle a right triangle? 


42. ALGEBRA The sides of a triangle have lengths 2x, 8, and 12. If the length of the 
longest side is 2x, what values of x make the triangle acute? 


(43) TELEVISION The screen aspect ratio, or the ratio 
of the width to the height, of a high-definition 
television is 16:9. The size of a television is given 
by the diagonal distance across the screen. If an 
HDTV is 41 inches wide, what is its screen size? 


a. 
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44, PLAYGROUND According to the 
Handbook for Public Playground Safety, 
the ratio of the vertical distance to 
the horizontal distance covered by a 
slide should not be more than about 
4 to 7. If the horizontal distance 
allotted in a slide design is 14 feet, 
approximately how long should the 
slide be? 


Vertical 


Distance 


Find x. 
47. 


v2 


48. 6§8 MULTIPLE REPRESENTATIONS In this problem, you will investigate special 

right triangles. 

a. Geometric Draw three different isosceles right triangles that have whole-number 
side lengths. Label the triangles ABC, MNP, and XYZ with the right angle located at 
vertex A, M, and X, respectively. Label the leg lengths of each side, and find the 
exact length of the hypotenuse. 


b. Tabular Copy and complete the table below. 


c. Verbal Make a conjecture about the ratio of the hypotenuse to a leg of an isosceles 
right triangle. 


H.0.T. Problems Use Higher-Order Thinking Skills 


49. CHALLENGE Find the value of x in the 
figure at the right. 


50. Css ARGUMENTS True or false? Any 
two right triangles with the same 
hypotenuse have the same area. 
Explain your reasoning. 


51. OPEN ENDED Draw a right triangle with side lengths that form a Pythagorean triple. If 
you double the length of each side, is the resulting triangle acute, right, or obtuse? if you 
halve the length of each side? Explain. 


52. WRITING IN MATH Research incommensurable magnitudes, and describe how this phrase 
relates to the use of irrational numbers in geometry. Include one example of an 
irrational number used in geometry. 
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Standardized Test Practice 


53. Which set of numbers cannot be the measures of 55. SHORT RESPONSE If the 


the sides of a triangle? perimeter of square 2 is 
A 10, 11, 20 C 35, 45,75 200 units and the perimeter of 
B 14, 16, 28 D 41,55, 98 square 1 is 150 units, what is 


the perimeter of square 3? 
54. A square park has a diagonal walkway from one 


corner to another. If the walkway is 120 meters 56. SAT/ACT In AABC, ZB is a right angle and 
long, what is the approximate length of each ZA is 20° greater than ZC. What is the measure 
side of the park? of ZC? 

F 60m H 170m A 30 C 40 E 70 

G 8m J 240m B 35 D 45 


Spiral Review 


Find the geometric mean between each pair of numbers. (Lesson 8-1) 
57. 9 and 4 58. 45 and 5 59. 12 and 15 60. 36 and 48 


61. SCALE DRAWING Teodoro is creating a scale model of a skateboarding ramp ona 
10-by-8-inch sheet of graph paper. If the real ramp is going to be 12 feet by 8 feet, find 
an appropriate scale for the drawing and determine the ramp’s dimensions. (Lesson 7-7) 


Determine whether the triangles are similar. If so, write a similarity statement. If not, 
what would be sufficient to prove the triangles similar? Explain your reasoning. (Lesson 7-3) 


62. 4g : 6 8 63. 64. 


65. PROOF Write a two-column proof. (Lesson 5-3) F 


Given: FG de 
FH is any nonperpendicular 
segment from F to £. 1 


Prove: FH > FG G A 


Find each measure if mZDGF = 53 D F A 
and mZAGC = 40. (Lesson 4-2) — 


66. mZ1 67. mZ2 


S 
68. 123 69. mZ4 eS 
lA 


G Cc 
Find the distance between each pair of parallel lines with the given equations. (Lesson 3-6) 


70. y = 4x 71. y=2x —3 72. y = —0.75x —1 
y =4x—-17 2x -—y=—-4 3x + 4y = 20 


Skills Review 


Find the value of x. 
73. 16 = 32/3 74, 24 = 2xV2 75. 9/2 +x =18V2 6. 2=4 a 
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feonctry Lab 
Coordinates in Space 


You have used ordered pairs of two coordinates to describe the location of a point on the coordinate 
plane. Because space has three dimensions, a point requires three numbers, or coordinates, to 
describe its location in space. 


A point in space is represented by an ordered triple of real 
numbers (x, y, Z). In the figure at the right, the ordered triple 
(2, 3, 6) locates point P. Notice that a rectangular prism is 
used to show perspective. 


Zz P(2,3,6) 


The x-, y-, and 
Z-axes are 
perpendicular 
to each other. 


Activity 1 Graph a Rectangular Solid 


Graph a rectangular solid that has two vertices, L(4, —5, 2) and the origin. Label the 
coordinates of each vertex. 


EGE Plot the x-coordinate first. Draw a segment from 
the origin 4 units in the positive direction. 


| Step 2 [ite plot the y-coordinate, draw a segment five 
units in the negative direction. 


| Step 3 | Next, to plot the z-coordinate, draw a segment 
two units long in the positive direction. 


| Step 4 | Label the coordinate L. 


| Step 5 | Draw the rectangular prism and label each 
vertex: L(4, —5, 2), K(0, —5, 2), J(0, 0, 2), 
M&(4, 0, 2) Q(4, —5, 0), P(0, —5, 0), N(O, 0, 0), 
and R(4, 0, 0). 


Finding the distance between points and the midpoint of a segment in space is similar to finding 
distance and a midpoint in the coordinate plane. 


KeyConcept Distance and Midpoint Formulas in Space 


If Ahas coordinates A(x,, y,, Z,) and B 
has coordinates B(x,, Y>, Z,), then 


B(Xp, Vo , Zo) 


AB = \/ (X> — %4)* + Vo — 4)? + (% — %). 


an Hea: 
The midpoint M of AB has coordinates (Xp W420) 


w(* +X V+ Vy 4+ *) x 
2° 2’ 2 . 
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Activity 2 Distance and Midpoint Formulas in Space 


Consider J(2, 4, 9) and K(—4, —5, 11). 
a. Find JK. 
JK =\/ (x — x1)? + YW, — 91)? + @ — 2)" Distance Formula in Space 
= V(-4 — 2)? + (-5 — 42 + (1 — 9)? Substitution 
=vV121 Simplify. 


— fal | Use a calculator. 


b. Determine the coordinates of the midpoint M of JK. 


Xp +X Yy+Y. | 
¥ y 


5) 7 5) Midpoint Formula in Space 


me 


= P+ Pi#), S(O) Dice 11) Substitution 


. <a « 
_ (-1, 1 10) Simplify. 


Graph a rectangular solid that contains the given point and the origin as vertices. Label the coordinates 
of each vertex. 


1. A(2, 1,5) 2, P1492) 5. CE239) 
4. R(3, —4, 1) 5. P(4, 6, —3) 6. G(4, 1, -3) 
7. K(=2,-4,-9) 8. W(-1, —3, —6) 9. W(3, 3, 4) 


Determine the distance between each pair of points. Then determine the coordinates of the midpoint 
M of the segment joining the pair of points. 


10. D(0, 0, 0) and E(1, 5, 7) 11. G(-3, —4, 6) and H(5, —3, —5) 
12. K(2,2, 0) and L(—2, —2, 0) 13. P(—2, =5, 8) and OG, =? =1) 

14. A(4, 7, 9) and B(—3, 8, —8) 15. W(—12, 8, 10) and Z(—4, 1, —2) 
16. F(2,0, 4) and G(0, 3, 0) 17. G(1, -1, 6) and HE, -2,2) 

18. B(V3, 2, 2V2) and C(—2V3, 4, 4V2) 19. 5(6V3, 4, 4V2) and T(4V3, 5, V2) 


20. PROOF Write a coordinate proof of the Distance 
Formula in Space. 


Bl Xp, Yo, Zo) 
Given: A has coordinates A(x,, y,, Z,), and B has 
coordinates B(x, Y5, Z). 


Prove: AB = \/ (x) — x,)? + (Yo — y,)* + ( — 24)" 
21. WRITING IN MATH Compare and contrast the 


Distance and Midpoint Formulas on the coordinate 
plane and in three-dimensional coordinate space. 
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Special Right Triangles 


Why? 


@ You used properties Use the properties of @ As part of a packet for students attending a regional 
of isosceles and 45°-45°-90° student council meeting, Lyndsay orders triangular 
equilateral triangles. triangles. highlighters. She wants to buy rectangular boxes for 

the highlighters and other items, but she is concerned 

that the highlighters will not fit in the box she has 
chosen. If she knows the length of a side of the 
highlighter, Lyndsay can use the properties of special 
right triangles to determine if it will fit in the box. 


Use the properties of 
30°-60°-90° 
triangles. 


\\ Common Core Properties of 45°-45°-90° Triangles The diagonal of a square 
| @ serrence State Standards 


forms two congruent isosceles right triangles. Since the base angles 45° 
Content Standards of an isosceles triangle are congruent, the measure of each acute angle 
G.SRT.6 Understand that by is 90 + 2 or 45. Such a triangle is also known as a 45°-45°-90° triangle. 45° 4 


similarity, side ratios in right 
triangles are properties of 
the angles in the triangle, 
leading to definitions of 
trigonometric ratios for acute 


You can use the Pythagorean Theorem to find a relationship among 
the side lengths of a 45°-45°-90° right triangle. 


02 + 62 = hr? Pythagorean Theorem 


angles. : 
: 0? = h2 Simplify. nh “4 
Mathematical Practices 
\V 202 =~Wh2 Take the positive square root of each side. f 


1 Make sense of problems 


and persevere in solving = ais 45° q 
eas eV2=h Simplify. 2 
7 Look for and make use of This algebraic proof verifies the following theorem. 
structure. 
Theorem 8.8 45°-45°-90° Triangle Theorem 
In a 45°-45°-90° triangle, the legs @ are congruent and the ot B 
2 454 
length of the hypotenuse his V2 times the length of a leg. 
A ° 
Symbols In a 45°-45°-90° triangle, € = @ and h= ev2. = e 
£ Oy 
Cc 
\ yy, 


Example 1 
a. © . 
6 
ave 
x 9/2 
The acute angles of a right triangle The legs of this right triangle have the 
are complementary, so the measure same measure, so it is isosceles. Since 
of the third angle is 90 — 45 or 45. this is a 45°-45°-90° triangle, use 
Since this is a 45°-45°-90° triangle, Theorem 8.8. 
use Theorem 8.8. h=ev2 Theorem 8.8 
h=£V/2 — Theorem8.8 x=9/2+V/2 Substitution 
x=6V2 Substitution x=9:20r18 V2ev2=2 
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ReviewVocabulary 


rationalizing the 
denominator a method used 
to eliminate radicals from the 
denominator of a fraction 


StudyTip 


Altitudes of Isosceles 
Triangles Notice that an 
altitude of an isosceles 
triangle is also a median of 
the triangle. In the figure 
at the right, BD bisects AC. 


GuidedPractice 
Find x. 


1A. a 1B. x 1C. 
x : 5 : y y 72 
a 


You can also work backward using Theorem 8.8 to find the lengths of the legs of a 
45°-45°-90° triangle given the length of its hypotenuse. 


Example 2 


Find x. 


The legs of this right triangle have the same measure, x, So x 
it is a 45°-45°-90° triangle. Use Theorem 8.8 to find x. 


h= V2 —_45°-45°-90° Triangle Theorem x 12 
12=xV2 Substitution 
12 aioe , 
— =x Divide each side by V2. 
v2 
a v2 =< Rationalize the denominator. 
v2 V2 
12v2 ee Multiply. 
2 
6V2 =x Simplify. 
GuidedPractice 


18 


Properties of 30°-60°-90° Triangles A 30°-60°-90° triangle is another special right 
triangle or right triangle with side lengths that share a special relationship. You can 
use an equilateral triangle to find this relationship. 


When an altitude is drawn from any vertex of an 
equilateral triangle, two congruent 30°-60°-90° triangles 
are formed. In the figure shown, AABD = ACBD, 

so AD = CD. If AD = x, then CD = x and AC = 2x. 
Since AABC is equilateral, AB = 2x and BC = 2x. 


Use the Pythagorean Theorem to find a, the length of 
the altitude BD, which is also the longer leg of ABDC. 


a* + x2 = (2x)? Pythagorean Theorem 
a2 + x* = 4? Simplify. 
a? = 3x2 Subtract x2 from each side. 


a= V 3x2 Take the positive square root of each side. 
a=xV3 Simplify. 


| yea } 
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StudyTip 

Use Ratios The lengths of 
the sides of a 30°-60°-90° 
triangle are in a ratio of 1 


to V3 to 2 or 1:3 :2. 


This algebraic proof verifies the following theorem. 


Theorem 8.9 30°-60°-90° Triangle Theorem 
In a 30°-60°-90° triangle, the length of the hypotenuse h B 
is 2 times the length of the shorter leg s, and the length of 60° 5 
the longer leg £ is 3 times the length of the shorter leg. s 
Symbols In a 30°-60°-90° triangle, h = 2s and £ = sV3. O 30° 
A sV3 Cc 
‘_ 


Remember, the shortest side of a triangle is opposite the smallest angle. So the shorter 
leg in a 30°-60°-90° triangle is opposite the 30° angle, and the longer leg is opposite the 
60° angle. 


Example 3 


Find x and y. x 


The acute angles of a right triangle are complementary, so the 
measure of the third angle in this triangle is 90 — 60 or 30. This 


is a 30°-60°-90° triangle. i ; 
Use Theorem 8.9 to find x, the length of the shorter side. 
£=sV3 Theorem 8.9 
15 =xV3 Substitution 
15 oe . 
—=x Divide each side by V3. 
V3 y 
J3.. v3 =X Rationalize the denominator. 
v3 V3 
15V3 
=x Multiply. 
V3 F V3 ply. 
ze =x V3+V3=3 
5/3 =x Simplify. 
Now use Theorem 8.9 to find y, the length of the hypotenuse. 
h = 2s Theorem 8.9 
y = 2(5V3) or 10V3 Substitution 
GuidedPractice 
Find x and y. 
3C. 
30°\_ x 
y 
60° 
u 21 
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Problem-SolvingTip 


Guess and Check When 
using the guess and check 
strategy, it can be helpful to 
keep a list of those guesses 
that you have already tried 
and know do not work. 


In Example 4, suppose your 


first guess had been that the 
box was 5 crayons wide. 


The sketch of this possibility 
reveals that this leads to a 
stack of 25, not 16 crayons. 


You can use the properties of 30°-60°-90° and 45°-45°-90° triangles to solve real-world 
problems. 


Real-World Example 4 


INVENTIONS A company makes crayons that “do 
not roll off tables” by shaping them as triangular ss 
prisms with equilateral bases. Sixteen of these 


crayons fit into a box shaped like a triangular 


prism that is 15 inches wide. The crayons stand 
on end in the box and the base of the box 

is equilateral. What are the dimensions of “4 
each crayon? 


2 Me 


Understand You know that 16 crayons with equilateral triangular bases fit into a prism. 
You need to find the base length and height of each crayon. 


Plan Guess and check to determine the arrangement of 16 crayons that would 
stack to fill the box. Find the width of one crayon and use the 30°-60°-90° 
Triangle Theorem to find its altitude. 


Solve Make a guess that 4 equilateral crayons 
will fit across the base of the box. A sketch 
shows that the total number of crayons it takes 
to fill the box using 4 crayons across the base 
is 16. ¥ 
The width of the box is 5 inches, so the 
width of one crayon is 15 +4or = inch. 
Draw an equilateral triangle representing 
one crayon. Its altitude forms the longer 
leg of two 30°-60°-90° triangles. Use 
Theorem 8.9 to find the approximate length 
of the altitude a. 


longer leg length = shorter leg length - V3 


ae 
a= 3 or about 0.3 


Each crayon is < or about 0.4 inch by about 0.3 inch. 

Check Find the height of the box using the 30°-60°-90° Triangle Theorem. Then 
divide by four, since the box is four crayons high. The result is a crayon 
height of about 0.3 inch. ¥ 


GuidedPractice 


4. FURNITURE The top of the aquarium 
coffee table shown is an isosceles 
right triangle. The table’s longest 
side, AC, measures 107 centimeters. 
What is the distance from vertex B to 

side AC? What are the lengths of the 

other two sides? 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Examples 1-2 Find x. 


1. O 2. 14 3 112 
5 x >, 
x x x 
11/2 
Example 3 Find x and y. 
x 7 
4. : 5. q 6. y 
16/3 “ y ° i 
x Oo 


Example 4 7. ART Paulo is mailing an engraved plaque that is 
at inches high to the winner of a chess tournament. 
He has a mailer that is a triangular prism with 
4-inch equilateral triangle bases as shown in the 


diagram. Will the plaque fit through the opening 
of the mailer? Explain. 


Practice and Problem Solving Extra Practice is on page R8. 


la~ 
Examples 1-2 GCSS/SENSE-MAKING Find x. 


8. 16 9 10 17V2, 
45° 4 
J 15 
x oO 
A, 4 45 
(11) 18V5 12 13 


14, If a 45°-45°-90° triangle has a hypotenuse length of 9, find the leg length. 


15. Determine the length of the leg of a 45°-45°-90° triangle with a hypotenuse 
length of 11. 


16. What is the length of the hypotenuse of a 45°-45°-90° triangle if the leg 
length is 6 centimeters? 


17. Find the length of the hypotenuse of a 45°-45°-90° triangle with a leg 
length of 8 centimeters. 


wan 
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Example 3 


Example 4 


Find x and y. 
18. 19. y 20. 


24. An equilateral triangle has an altitude length of 18 feet. Determine the length of a side 
of the triangle. 


25. Find the length of the side of an equilateral triangle that has an altitude length 
of 24 feet. 


26. css MODELING Refer to the beginning of the lesson. 
Each highlighter is an equilateral triangle with 
9-centimeter sides. Will the highlighter fit in a 
10-centimeter by 7-centimeter rectangular box? 
Explain. 


27. EVENT PLANNING Grace is having a party, and she 
wants to decorate the gable of the house as shown. 
The gable is an isosceles right triangle and she 
knows that the height of the gable is 8 feet. What 
length of lights will she need to cover the gable 
below the roof line? 


Find x and y. 


“Py “ZB 


34. QUILTS The quilt block shown is 
made up of a square and four 
isosceles right triangles. What is the 


value of x? What is the side length of 
the entire quilt block? 


32. 


563 


@) 2iP LINE Suppose a zip line is 
anchored in one corner of a course 


shaped like a rectangular prism. The 
other end is anchored in the opposite 
corner as shown. If the zip line makes 
a 60° angle with post AF, find the zip 
line’s length, AD. 


36. GAMES Kei is building a bean bag toss for 
the school carnival. He is using a 2-foot 
back support that is perpendicular to the 
ground 2 feet from the front of the board. 
He also wants to use a support that is 
perpendicular to the board as shown in 
the diagram. How long should he make 
the support? 


37. Find x, y, and z. 38. Each triangle in the figure is a 
45°-45°-90° triangle. Find x. 


iA~ 

39. CCS) MODELING The dump truck shown 
has a 15-foot bed length. What is the 
height of the bed h when angle x is 30°? 
45°? 60°? 


Y 


40. Find x, y, and z, and the perimeter of trapezoid PQORS. 
s 10 R 


12 


Q 


-— 7 fs 


41. COORDINATE GEOMETRY AXYZ is a 45°-45°-90° triangle with right angle Z. Find the 
coordinates of X in Quadrant I for Y(—1, 2) and Z(6, 2). 


42. COORDINATE GEOMETRY AFFG is a 30°-60°-90° triangle with mZF = 90. Find 
the coordinates of E in Quadrant III for F(—3, —4) and G(—3, 2). FG is the 
longer leg. 


43. COORDINATE GEOMETRY AJKL is a 45°-45°-90° triangle with right angle K. Find the 
coordinates of L in Quadrant IV for J(—3, 5) and K(—3, —2). 
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44, EVENT PLANNING Eva has reserved a gazebo at a local park for a party. 7 tt 
She wants to be sure that there will be enough space for her 12 guests 
to be in the gazebo at the same time. She wants to allow 8 square feet 
of area for each guest. If the floor of the gazebo is a regular hexagon 
and each side is 7 feet, will there be enough room for Eva and her 
friends? Explain. (Hint: Use the Polygon Interior Angle Sum 
Theorem and the properties of special right triangles.) 


af? MULTIPLE REPRESENTATIONS In this problem, you will investigate ratios in 
right triangles. 


a. Geometric Draw three similar right triangles with a 50° angle. Label one 
triangle ABC where angle A is the right angle and B is the 50° angle. Label 
a second triangle MNP where M is the right angle and N is the 50° angle. 
Label the third triangle XYZ where X is the right angle and Y is the 
50° angle. 


b. Tabular Copy and complete the table below. 


Triangle | Length 


c. Verbal Make a conjecture about the ratio of the leg opposite the 50° angle to the 
hypotenuse in any right triangle with an angle measuring 50°. 


H.0.T. Problems Use Higher-Order Thinking Skills 


A> 
46. GOSS CRITIQUE Carmen and Audrey want to find x in 
the triangle shown. Is either of them correct? Explain. 6 


Cavmen 


47. OPEN ENDED Draw a rectangle that has a diagonal twice as long as its width. 
Then write an equation to find the length of the rectangle. 


48. CHALLENGE Find the perimeter of 
quadrilateral ABCD. 


49. REASONING The ratio of the measure of the angles of a 
triangle is 1:2:3. The length of the shortest side is 8. 
What is the perimeter of the triangle? 


50. EA) WRITING IN MATH Why are some right triangles considered special? 


Standardized Test Practice 


51. If the length of the longer leg in a 30°-60°-90° 54. SAT/ACT In the figure, below, square ABCD is 
triangle is 5V3, what is the length of the attached to AADE as shown. If mZEAD is 30° 
shorter leg? and AE is equal to 4\/3, then what is the area of 
A 3 C 5V2 square ABCD? 

B5 D 10 A 8V3 B 


B 16 
52. ALGEBRA Solve V5 — 4x — 6 =7. C 64 
F —44 H 41 D7 
G —41 J 44 E 64V2 a C 
53. SHORT RESPONSE A XYZ is a 45°-45°-90° triangle EF D 


with right angle Y. Find the coordinates of X in 
Quadrant III for Y(—3, —3) and Z(—3, 7). 


Spiral Review 


55. SPORTS Dylan is making a ramp for bike jumps. The ramp support forms a right angle. 
The base is 12 feet long, and the height is 9 feet. What length of plywood does Dylan 
need for the ramp? (Lesson 8-2) 


Find x, y, and z. (Lesson 8-1) 


NA OD AR 


Find the measures of the angles of each triangle. (Lesson 7-1) 


59. The ratio of the measures of the three angles is 2:5:3. 
60. The ratio of the measures of the three angles is 6:9:10. 
61. The ratio of the measures of the three angles is 5:7:8. 


Use the Exterior Angle Inequality Theorem to list all of the angles that satisfy the 
stated condition. (Lesson 5-3) 


62. measures less than mZ5 

63. measures greater than mZ6 3 

64. measures greater than mZ10 pax 

65. measures less than mZ11 u Ae aia 


Skills Review 


Find x. 
66. 67. 68. 32 


13 
6.3 


res] 
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Graphing Technology Lab 


Trigonometry 


You have investigated patterns in the measures of special right triangles. CCSS) Common Core State Standards 

i j i j i —- Content Standards 
fagonenieny be t he study of the patterns in all right triangles. You can use the G.SRT.6 Understand that by similarity, side ratios in right triangles are 
Cabri™ Jr. application on a graphing calculator to investigate these patterns. properties of the angles in the triangle, leading to definitions of 


trigonometric ratios for acute angles. 
Mathematical Practices 5 


Activity _ Investigate Trigonometric Ratios 


SGUL Use the line tool on the F2 menu to draw a horizontal 
line. Label the points on the line A and B. 


FSG Press F2 and choose the Perpendicular tool to create 
a perpendicular line through point B. Draw and 
label a point C on the perpendicular line. 


Steps 1 and 2 


| Step 3 | Use the Segment tool on the F2 menu to 
draw AC. 


| Step 4 | Find and label the measures of BC and AC 
using the Distance and Length tool under 
Measure on the F5 menu. Use the Angle tool 
to find the measure of ZA. 


Steps 3 through 5 


| Step 5 | Calculate and display the ratio a 


Calculate tool on the F5 menu. Label the ratio 
as A/B. 


using the 


SGA Press [CLEAR]. Then use the arrow keys to move 


the cursor close to point B. When the arrow is clear, 


press and hold the | ALPHA | key. Drag B and 
observe the ratio. 


Analyze the Results 
1. Discuss the effect on a by dragging point B on BC, AC, and ZA. 


2. Use the calculate tool to find the ratios a and a Then drag B and observe the ratios. 
3. MAKE A CONJECTURE The sine, cosine, and tangent functions are trigonometric functions 
based on angle measures. Make a note of mZA. Exit Cabri Jr. and use [COS], 
and on the calculator to find sine, cosine and tangent for mZA. Compare the 
results to the ratios you found in the activity. Make a conjecture about the definitions 
of sine, cosine, and tangent. 
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Trigonometry 


:- Then :-‘Now :-Why? 


@ You used the t Find trigonometric @ The steepness of a hiking trail is often 
Pythagorean ratios using right expressed as a percent of grade. The 
Theorem to find triangles. steepest part of Bright Angel Trail in the 
missing lengths in Grand Canyon National Park has about 


right triangles. me iipenomenic a 15.7% grade. This means that the trail 
ratios to find angle ; i 
measures in right rises or falls 15.7 feet over a horizontal 
“en ce. distance of 100 feet. You can use 
trigonometric ratios to determine that 
this steepness is equivalent to an angle 
of about 9°. 
ed NewVocabulary Trigonometric Ratios The word tigonometty comes from B 
— trigonometry two Greek terms, trigon, meaning triangle, and metron, 
trigonometric ratio meaning measure. The study of trigonometry involves 
sine triangle measurement. A trigonometric ratio is a ratio of the 
cosine lengths of two sides of a right triangle. One trigonometric O 
nee ratio of AABC is 4S, ‘“ ° 
inverse cosine 
inverse tangent 


By AA Similarity, a right triangle with a given 


K 
acute angle measure is similar to every G 
other right triangle with the same acute 
Common Core angle measure. So, trigonometric ratios 
| @znngnce State Standards are constant for a given angle measure. O 
H F Ol 
J L 


Content Standards 
G.SRT.6 Understand that by 
similarity, side ratios in right FH JL 
triangles are properties of AABC ~ AFGH ~ AJKL, so ae = FG UK 
the angles in the triangle, 
leading to definitions of The names of the three most common trigonometric ratios are given below. 
trigonometric ratios for acute 
angles. 
G.SRT.7 Explain and use | & KeyConcept Trigonometric Ratios 
the relationship between 
the sine and cosine of Words Symbols 
complementary angles. 
; yon If A ABC is a right triangle with acute 2 A, then sin Aa oe or 2 
Mathematical Practices the sine of 2 A (written sin A) is the ratio of the hyp ¢ 
: Hat oesacans toni length of the leg opposite Z A (opp) to the length | gi, p _ OPP 5, b A 
es : of the hypotenuse (hyp). hyp & 
3 See fools if A ABCis a right triangle with acute Z A, then ey es 9 
eae the Cosine of Z A (written cos A) is the ratio of the h ” , é 
length of the leg adjacent Z A (adj) to the length cos B = ag or 2 b ~ 
of the hypotenuse (hyp). h ¢ & 
If A ABC is a right triangle with acute 2 A, then an A= oP or 2 3 
the tangent of Z A (written tan A) is the ratio of adj 5 C asB = 
the length of the leg opposite Z A (opp) to the tan B— Opp or b s 
length of the leg adjacent Z A (adj). adj 4 > 
\ J 3 
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StudyTip 


Memorizing 

Trigonometric Ratios 
SOH-CAH-TOA is a 
mnemonic device for learning 
the ratios for sine, cosine, 
and tangent using the first 
letter of each word in the 
ratios. 


snAS 
hyp 

cosA= ml 
hyp 

tanA = ~_ 
adj 


Example 1 


Express each ratio as a fraction and as a decimal to the nearest Q 
hundredth. 
a. sin P b. cos P 
dj 
sin P = PP cos P = — bes 
hyp hyp 17 
15 8 
==> or about 0.88 = — or about 0.47 
17 i R 
c. tan P d. sin Q 8 
OPP OPP 
= —. — —— P 
tan P adj sin Q hyp 


= > or about 1.88 


e. cos Q f. tan Q 
_ adj __ opp 
as an aj 
a= or about 0.88 J or about 0.53 
ng , 15 , 
GuidedPractice 
1. Find sin J, cos J, tan J, sin K, cos K, and tan K. K 
Express each ratio as a fraction and as a 13 
decimal to the nearest hundredth. 5 
Ee 12 J 


Special right triangles can be used to find the sine, cosine, and tangent of 30°, 60°, and 
45° angles. 


Example 2 


Use a special right triangle to express the tangent of 30° as a fraction and as a 
decimal to the nearest hundredth. 


Draw and label the side lengths of a 30°-60°-90° right 
triangle, with x as the length of the shorter leg. 


30° 
The side opposite the 30° angle has a measure of x. 2x VT 
xv3 
The side adjacent to the 30° angle has a measure of xV3. 
opp aa 60° 
tan 30° = — Definition of tangent ratio x 
adj 
x err 
as Substitution 
a3 
amar v3 Simplify and rationalize the denominator. 
v3 V3 
= NS. or about 0.58 Simplify and use a calculator. 
GuidedPractice 


2. Use a special right triangle to express the cosine of 45° as a fraction and as 
a decimal to the nearest hundredth. 


aE 


569 Ss) 


7 
il 
‘< 
ow 


Real-WorldLink 


The grade of a trail often 
changes many times. Average 
grade is the average of 
several consecutive running 
grades of a trail. Maximum 
grade is the smaller section 
of a trail that exceeds the 
trail’s typical running grade. 
Trails often have maximum 
grades that are much steeper 
than a trail’s average running 
grade. 


Source: Federal Highway 
Administration 


StudyTip 


Graphing Calculator Be sure 
your graphing calculator is in 
degree mode rather than 
radian mode. 


Real-World Example 3 


HIKING A certain part of a hiking 
trail slopes upward at about a 5° 
angle. After traveling a horizontal 
distance of 100 feet along this part 
of the trail, what would be the 
change in a hiker’s vertical 
position? What distance has the 
hiker traveled along the path? 


Let mZA = 5. The vertical change in the hiker’s position is x, the measure of the leg 
opposite ZA. The horizontal distance traveled is 100 feet, the measure of the leg 
adjacent to ZA. Since the length of the leg opposite and the leg adjacent to a given 
angle are involved, write an equation using a tangent ratio. 


Oo 
tan A = a Definition of tangent ratio 


tan 5° = ang Substitution 


100 + tan 5° = x Multiply each side by 100. 


Use a calculator to find x. 


100 5 ENTER] 8.748866353 


The hiker is about 8.75 feet higher than when he started walking. 


The distance y traveled along the path is the length of the hypotenuse, so you can use 
a cosine ratio to find this distance. 


adj as ee 
cos A = isp Definition of cosine ratio 
cos 5° = ~ Substitution 
y * cos 5° = 100 Multiply each side by y. 
= a Divide each side by cos 5°. 


Use a calculator to find y. 


100 [=] 5 [ENTER] 100.3819838 


The hiker has traveled a distance of about 100.38 feet along the path. 


GuidedPractice 
Find x to the nearest hundredth. 


oN = ow, 


3C. ARCHITECTURE The front of the vacation 
cottage shown is an isosceles triangle. 
What is the height x of the cottage above 
its foundation? What is the length y of the 
roof? Explain your reasoning. 
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ReadingMath 


Inverse Trigonometric Ratios 
The expression sin—! xis 
read the inverse sine of x and 
is interpreted as the angle 
with sine x. Be careful not to 
confuse this notation with 
the notation for negative 
exponents— 

a | 1 
sin-' x# ane 
Instead, this notation is 
similar to the notation for an 
inverse function, f—1 (x). 


StudyTip 

> 

CESS Tools Use a graphing 
calculator. The second 
functions of the| SIN |, 
[COS}, and 


keys are usually the inverses. 


Use Inverse Trigonometric Ratios In Example 2, you found that tan 30° = 0.58. 
It follows that if the tangent of an acute angle is 0.58, then the angle measures 
approximately 30. 


If you know the sine, cosine, or tangent of an acute angle, you can use a calculator to find 
the measure of the angle, which is the inverse of the trigonometric ratio. 


o§ KeyConcept Inverse Trigonometric Ratios 

Words If Z Ais an acute angle and the sine of A is x, then the 
inverse sine of xis the measure of 2 A. 

Symbols If sin A = x, then sin—! x= mZA. 

Words If ZA is an acute angle and the cosine of A is x, then the 
inverse cosine of xis the measure of ZA. 

Symbols If cos A = x, then cos~! x = mZA. 

Words If Z Ais an acute angle and the tangent of A is x, then the 
inverse tangent of xis the measure of 2 A. 

Symbols If tan A = x, then tan—! x= mZA. 

‘_ dA 


So if tan 30° ~ 0.58, then tan-! 0.58 = 30°. 


Example 4 


Use a calculator to find the measure of ZA to the A 
nearest tenth. 


27 
The measures given are those of the leg opposite 
ZA and the hypotenuse, so write an equation 
using the sine ratio. B iC 
18 Gy 2 ee 
sin A = 97 O83 sin A= inp 


If sin A = Z, then sin7! Z = mZA. Use a calculator. 


KEYSTROKES: [SIN—"] |(_]2[=]3[_) J[ENTER] 41.8103149 


So, mZA = 41.8°. 


GuidedPractice 


Use a calculator to find the measure of ZA to the nearest tenth. 


sm 


StudyTip 


Alternative Methods 

Right triangles can often 

be solved using different 
methods. In Example 5, mZY 
could have been found using 
a tangent ratio, and mZX and 
a sine ratio could have been 
used to find XY. 


WatchOut! 


Approximation If using 
calculated measures to find 
other measures in a right 
triangle, be careful not to 
round values until the last 
step. So in the following 
equation, use tan~? 2 
instead of its approximate 
value, 61°. 

__9 
aS sin X 

_ 9 

F 19 
sin (tan 2) 


= 10.3 


When you use given measures to find the unknown angle and side measures of a 
right triangle, this is known as solving a right triangle. To solve a right triangle, you 
need to know 


¢ two side lengths or 
¢ one side length and the measure of one acute angle. 


Example 5 


Solve the right triangle. Round side measures to the x 
nearest tenth and angle measures to the nearest degree. 


: : ‘ 5 
| Step 1 | Find mZX by using a tangent ratio. 
tan X = 2 tan X= PP Z 9 Y 
5 adj 
tan! 2 = mZX Definition of inverse tangent 
60.9453959 = mZX Use a calculator. 


So, mZX = 61. 


| Step 2 | Find mZY using Corollary 4.1, which states that the acute angles of a right 
triangle are complementary. 


mZX +mZY = 90 Corollary 4.1 
61+ mZY = 90 mZX = 61 
mZY = 29 Subtract 61 from each side. 
So, mZY = 29. 


Boel Find xy by using the Pythagorean Theorem. 
(XZ)? + (ZY)? = (xyy Pythagorean Theorem 
52 + 92 = (XY)? Substitution 
106 =(XY)* _ Simplify. 


V106 = XY Take the positive square root of each side. 
10.3 = XY Use a calculator. 
So XY = 10.3. 
GuidedPractice 


Solve each right triangle. Round side measures to the nearest tenth and angle 
measures to the nearest degree. 


H 5B. A B 5C. P 
O 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Express each ratio as a fraction and as a decimal to the A 
nearest hundredth. 
oe 12 
1. sin A 2. tan C 3. cos A 
4. tan A 5. cos C 6. sin C C 16 B 
Example 2 7. Use a special right triangle to express sin 60° as a fraction 


and as a decimal to the nearest hundredth. 


Example 3 Find x. Round to the nearest hundredth. 


8. 18 9. 
7 


Ly 


11. SPORTS David is building a bike ramp. He wants 
the angle that the ramp makes with the ground 
to be 20°. If the board he wants to use for his 


ramp is 35 feet long, about how tall will the 
ramp need to be at the highest point? 


=> 
Example 4 CESS TOOLS Use a calculator to find the measure of ZZ to the nearest tenth. 


12. Y Z 13. Zz 14. ¥ 
15 
5 
9 14 10 Xx 
Xx 25 
Xx ¥ Z 

Example 5 15. Solve the right triangle. Round side measures R Ss 

to the nearest tenth and angle measures to the 

nearest degree. 9 6 

r 


Practice and Problem Solving Extra Practice is on page R8. 


Example 1 Find sin J, cos J, tan J, sin L, cos L, and tan L. Express each ratio as a fraction and as 
a decimal to the nearest hundredth. 


16. K L L 18. L 
(7) . 
16 

65 33 4 : 

J 
a 
19. L 20 K 21. K 
J 


4 oV/2 
J ova 4/3 
84 4 2Ve in 
J avi5 L 


L 


30 
34 
85 
K 


Example 2 Use a special right triangle to express each trigonometric ratio as a fraction and as 
a decimal to the nearest hundredth. 


22. tan 60° 23. cos 30° 24. sin 45° 
25. sin 30° 26. tan 45° 27. cos 60° 


Example 3 Find x. Round to the nearest tenth. 
30. Z x Y 


8 A 29. J 
Cc 
" y 
a 28 
Gc B KO 
x 


X 
31. Te 15V3 U 32. H 33. O 
¥ DO 
N 
32 
20V2, 
G oy 
x F P 


34. GYMNASTICS The springboard that Eric uses in 
his gymnastics class has 6-inch coils and forms 
an angle of 14.5° with the base. About how long 
is the springboard? 


ROLLER COASTERS The angle of ascent of the 
first hill of a roller coaster is 55°. If the length 

of the track from the beginning of the ascent 

to the highest point is 98 feet, what is the height 
of the roller coaster when it reaches the top of 
the first hill? 


Va 

Example 4 CESS TOOLS Use a calculator to find the measure of ZT to the nearest tenth. 

36. S 8 37. T 38. R ae 
Ss 

30 
T 
41. R 
at 4V3_ 
7 | 
7 
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Solve each right triangle. Round side measures to the nearest tenth and angle measures 
to the nearest degree. 


42. 


46. 


H 48, Xx 44. K 45. E 
32° bl Z 
22 36 
18 J s 
G 3 A ' 19 
11 FE WwW 


BACKPACKS Ramon has a rolling backpack that 
is 32 feet tall when the handle is extended. 
When he is pulling the backpack, Ramon’s hand 
is 3 feet from the ground. What angle does his 
backpack make with the floor? Round to the 
nearest degree. 


COORDINATE GEOMETRY Find the measure of each angle to the nearest tenth of a degree 
using the Distance Formula and an inverse trigonometric ratio. 


(47) ZK in right triangle JKL with vertices J(—2, —3), K(—7, —3), and L(—2, 4) 


48. 
49. 


50. 


ZY in right triangle XYZ with vertices X(4, 1), Y(—6, 3), and Z(—2, 7) 
ZA in right triangle ABC with vertices A(3, 1), B(3, —3), and C(8, —3) 


SCHOOL SPIRIT Hana is making a pennant 

for each of the 18 girls on her basketball 

team. She will use =-inch seam binding 

to finish the edges of the pennants. 

a. What is the total length of seam binding 
needed to finish all of the pennants? 


b. If seam binding is sold in 3-yard packages 
at a cost of $1.79, how much will it cost? 


cEss SENSE-MAKING Find the perimeter and area of each triangle. Round to the nearest 
hundredth. 


51. 


54. 


55. 


56. 


3.5 ft 


Find the tangent of the greater acute angle in a triangle with side lengths of 3, 4, 
and 5 centimeters. 


Find the cosine of the smaller acute angle in a triangle with side lengths of 10, 24, 
and 26 inches. 


ESTIMATION Ethan and Tariq want to estimate the area of the field that 
their team will use for soccer practice. They know that the field is 
rectangular, and they have paced off the width of the field as shown. 
They used the fence posts at the corners of the field to estimate that the 
angle between the length of the field and the diagonal is about 40°. If they 
assume that each of their steps is about 18 inches, what is the area of the 
practice field in square feet? Round to the nearest square foot. 


|«—— 280 steps ——-| 


{Mfcoroerted negraw-nitcon] my 575 is) 


Find x and y. Round to the nearest tenth. 


67) 58. 59. eee 


32 


a 
b> 


x 
LJ 


60. COORDINATE GEOMETRY Show that the slope of a line at 225° 
from the x-axis is equal to the tangent of 225°. 


61. 99? MULTIPLE REPRESENTATIONS In this problem, you will investigate an algebraic 
relationship between the sine and cosine ratios. 


a. Geometric Draw three right triangles that are not similar to each other. Label the 
triangles ABC, MNP, and XYZ, with the right angles located at vertices B, N, and Y, 
respectively. Measure and label each side of the three triangles. 


b. Tabular Copy and complete the table below. 
Triangle | Trigonometric Ratios Sum of Ratios Squared 
cos A)? + (sin A)* = 
cos C)? + (sin C)? = 
cos M)? + (sin M)? = 
cos P)? + (sin P)? = 
cos X)? + (sin X)* = 
cos Z)* + (sin Z)? = 


c. Verbal Make a conjecture about the sum of the squares of the cosine and sine of an 
acute angle of a right triangle. 


d. Algebraic Express your conjecture algebraically for an 
angle X. 


e. Analytical Show that your conjecture is valid for angle 
A in the figure at the right using the trigonometric 
functions and the Pythagorean Theorem. 


H.0.T. Problems Use Higher-Order Thinking Skills 


62. CHALLENGE Solve AABC. Round to the nearest 
whole number. 


63. REASONING Are the values of sine and cosine for 
an acute angle of a right triangle always less 
than 1? Explain. 


—~ 

64. CCSS REASONING What is the relationship between i 
the sine and cosine of complementary angles? 
Explain your reasoning and use the relationship 
to find cos 50 if sin 40 = 0.64. 


65. WRITING IN MATH Explain how you can use ratios of the side lengths to find the angle 
measures of the acute angles in a right triangle. 
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Standardized Test Practice 


66. What is the value of tan x? 68. GRIDDED RESPONSE If AC = 12 and AB = 25, what 
is the measure of ZB to the nearest tenth? 
13 
5 
A 25 B 
CI 
12 
_ 13 a 
A tan x = 5 C tanx=75 é 
-l2 eae 
ae 5 pep 69. SAT/ACT The area of a right triangle is 240 square 
67. ALGEBRA Which of the following has the same a ay. 
waliaeaeaoe ca inches long is the hypotenuse? 
F 2-36 H 2-9 A5 D 2V241 
G49 J 2-4 B 8 E 34 
C 16 


Spiral Review 


Find x and y. (Lesson 8-3) 


y 
70. 71. 72. y 
y } 14 Y 
63 <p , 
| Oo 


Determine whether each set of numbers can be the measures of the sides of a triangle. 
If so, classify the triangle as acute, obtuse, or right. Justify your answer. (Lesson 8-2) 


73. 8,15, 17 74. 11, 12, 24 75. 13, 30, 35 
76. 18, 24, 30 77. 3.2, 5.3, 8.6 78. 6V3, 14, 17 


79. MAPS The scale on the map of New Mexico is 2 centimeters = 160 miles. 
The width of New Mexico through Albuquerque on the map is 
4.1 centimeters. How long would it take to drive across New Mexico 
if you drove at an average of 60 miles per hour? (Lesson 7-7) 


ALGEBRA Find x and y. (Lesson 7-4) 


80. 3x41 81. 
3y-—9 
4 
2x+3 qvtl 
X+2 6—x 2y 
2y+6 


Skills Review 


Solve each proportion. Round to the nearest tenth if necessary. 


82, 2.14 = + 83. 0.05x = 13 84, 0.37 = 2 
85. 0.74 = 14 86. 1.66 == 87. 0.21 = 
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Graphing Technology Lab 


Secant, Cosecant, 
and Cotangent 


L— 


In the previous lesson, you used the trigonometric functions sine, cosine, and tangent to find ccs Common Core State Standards 
angle relationships in right angles. In this activity, you will use the reciprocals of those functions, ~ oiled acai fina 
cosecant, secant, and cotangent, to explore angle and side relationships in right triangles. side ratios in right triangles are 


properties of the angles in the triangle, 
leading to definitions of trigonometric 


| oS KeyConcept Reciprocal Trigonometric Ratios | ratios for acute angles. 
Mathematical Practices 5 
Words Symbols 
The cosecant of ZA (written csc A) cscA =—1_ or £ 
P : ; sinA a 
is the reciprocal of sin A. 
The secant of 2A (written sec A) sec A = a or 5 
is the reciprocal of cos A. a 
The cotangent of 2 A (written cot A) cotA=— or 4 
; : tanA 4 
L is the reciprocal of tan A. J 


Activity _ Find Trigonometric Values 


| Step 1 | Draw and label a right triangle with the dimensions 
shown at the right. 


Bew use your graphing calculator to find the values for sin A, 
cos A, and tan A. 


| Step 3 | Next, find the value for csc A by dividing 1 by A. 
Repeat step 3 to find sec A and cot A . 


| Step 4 | Copy the table below and record your results. Next, find the value of each 
trigonometric function for angle C. 


1. Find the values of the six trigonometric functions for a 45° angle in 
a 45°-45°-90° triangle with legs that are 4 cm. 


2. In AFGH, tan F = =. Find cot F and sin F if ZG is a right angle. 


3. Find the values of the six trigonometric functions for angle T in 
ARST if mZR = 36°. Round to the nearest hundredth. 
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Mid-Chapter Quiz 


Lessons 8-1 through 8-4 


Find the geometric mean between each pair of numbers. 
(Lesson 8-1) 


1. 12 and3 
3. 45 and 20 


2. 63 and 7 
4. 50 and 10 


Write a similarity statement identifying the three similar 
triangles in each figure. (Lesson 8-1) 


5. P 6. B 
S 
R 
A D Cc 
Q 


7. Find x, y, and z. (Lesson 8-1) 


16 


8. PARKS There is a small park in a corner made by two 
perpendicular streets. The park is 100 ft by 150 ft, witha 
diagonal path, as shown below. What is the length of 
path AC? (Lesson 8-2) 


Find x. Round to the nearest hundredth. (Lesson 8-2) 


9. 10. 
5 


16 


11. MULTIPLE CHOICE Which of the following sets of numbers is 
not a Pythagorean triple? (Lesson 8-2) 


A 9,12, 15 C 15, 36, 39 
B 21,72, 75 D 8,13,15 


Find x. (Lesson 8-3) 


12. x 13 9/2 
7 6v2 x 7 
92 


14. DESIGN Jamie designed a pinwheel to put in her garden. In 
the pinwheel, the blue triangles are congruent equilateral 
triangles, each with an altitude of 4 inches. The red triangles 
are congruent isosceles right triangles. The hypotenuse of a 
red triangle is congruent to a side of the blue triangle. 
(Lesson 8-3) 


a. If angles 1,2, and 3 are congruent, find the measure 
of each angle. 


b. Find the perimeter of the pinwheel. 


Find x and y. (Lesson 8-3) 
15. 16. 


oO 


Express each ratio as a fraction and as a decimal to the nearest 
hundredth. (Lesson 8-4) 


17. tan M 18. cos M P 36 M 
19. cos NV 20. sin N | a 
39 
N 


21. Solve the right triangle. Round angle measures to the nearest 
degree and side measures to the nearest tenth. (Lesson 8-4) 
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-- Then --Now 


@ You used similar @ Solve problems @ To make a field goal, a kicker must kick 


triangles to involving angles of the ball with enough force and at an 
measure distances elevation and appropriate angle of elevation to ensure 
indirectly. depression. that the ball will reach the goal post at 


a level high enough to make it over the 
horizontal bar. This angle must change 
depending on the initial placement of the 
ball away from the base of the goalpost. 


Use angles of elevation 
and depression to find 
the distance between 


two objects. 
Gad Newvocabulary i ion An angle of elevation is the angle formed 
angle of elevation by a horizontal line and an observer’s line of sight to an object above the horizontal 
angle of depression line. An angle of depression is the angle formed by a horizontal line and an observer’s 


line of sight to an object below the horizontal line. 


ECs) Common Core ~_ angle of depression 
y/ State Standards line of sight 


Content Standards 
G.SRT.8 Use trigonometric 
ratios and the Pythagorean 
Theorem to solve right 
triangles in applied 
problems. * 


Horizontal lines are parallel, so the angle of elevation and the angle of depression in the 


Mathematical Practices diagram are congruent by the Alternate Interior Angles Theorem. 


4 Model with mathematics. 
1 Make sense of problems 


and persevere in solving Example 1 
them. 


Leah wants to see a castle in an amusement park. She sights the top of the 
castle at an angle of elevation of 38°. She knows that the castle is 190 feet tall. If 
Leah is 5.5 feet tall, how far is she from the castle to the nearest foot? 


Make a sketch to represent 
the situation. 


Since Leah is 5.5 feet tall, BC = 190 — 5.5 or 184.5 feet. Let x represent the distance from 


Leah to the castle, AC. 
_ BC 
tan A = AC 
tan 38° = vee 
_ 184.5 
tan 38° 
x = 236.1 


Leah is about 236 feet from the castle. 


SIgy09/sebew aoinr 
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The Art Gallery Collection/Alamy 


WatchOut! 


Angles of Elevation and 
Depression To avoid 
mislabeling, remember that 
angles of elevation and 
depression are always 
formed with a horizontal line 
and never with a vertical line. 


Math HistoryLink 


Eratosthenes (276-194 B.c.) 
Eratosthenes was a 
mathematician and 
astronomer who was born 
in Cyrene, which is now 
Libya. He used the angle 
of elevation of the Sun 

at noon in the cities of 
Alexandria and Syene (now 
Egypt) to measure the 
circumference of Earth. 


Source: Encyclopaedia Britannica 


GuidedPractice 


1. FOOTBALL The cross bar of a goalpost is 10 feet high. If a field goal attempt is 
made 25 yards from the base of the goalpost that clears the goal by 1 foot, what is 
the smallest angle of elevation at which the ball could have been kicked to the 
nearest degree? 


Example 2 


EMERGENCY A search and rescue team is airlifting people from the scene of a 
boating accident when they observe another person in need of help. If the 
angle of depression to this other person is 42° and the helicopter is 18 feet 
above the water, what is the horizontal distance from the rescuers to this 
person to the nearest foot? 


Make a sketch of the situation. 


Since AB and DC are parallel, 
mZBAC = mZACD by the 
Alternate Interior Angles 
Theorem. 


------- > 


42° angle of depression 


Let x represent the horizontal 
distance from the rescuers to the 


person DC. 
_ AD __ opposite Note: Art not drawn to scale. 
anc DC a= adjacent 
tan 42° = 18 C= 42, AD = 18, and DC = x 
x tan 42° = 18 Multiply each side by x. 
_ 18 a : 
x= Tan 42> Divide each side by tan 42°. 
x = 20.0 Use a calculator. 


The horizontal distance from the rescuers to the person is 20.0 feet. 


GuidedPractice 


2. LIFEGUARDING A lifeguard is watching 
a beach from a line of sight 6 feet 
above the ground. She sees a 
swimmer at an angle of depression 

of 8°. How far away from the tower is 
the swimmer? 


Two Angles of Elevation or Depression Angles of elevation or depression to two 
different objects can be used to estimate the distance between those objects. Similarly, 
the angles from two different positions of observation to the same object can be used to 


estimate the object’s height. 


Real-WorldLink 


In the United States, lumber 
volume is measured in board- 
feet, which is defined as a 
piece of wood containing 

144 cubic inches. Woodland 
owners often estimate the 
lumber volume of trees they 
own to determine how many 
to cut and sell. 


Source: The Ohio State University 
School of Natural Resources 


a» \e 


i 
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StudyTip 


Indirect Measurement 
When using the angles of 
depression to two different 
objects to calculate the 
distance between then, it is 
important to remember that 
the two objects must lie in 
the same horizontal plane. 
In other words, one object 
cannot be higher or lower 
than the other. 


Example 3 


TREE REMOVAL To estimate the height of 
a tree she wants removed, Mrs. Long 
sights the tree’s top at a 70° angle of 
elevation. She then steps back 10 
meters and sights the top at a 26° angle. 
If Mrs. Long’s line of sight is 1.7 meters 
above the ground, how tall is the tree 
to the nearest meter? 


Understand AABC and AABD are right triangles. The height of the tree is 
the sum of Mrs. Long’s height and AB. 


Plan Since her initial distance from the tree is not given, write and solve a 
system of equations using both triangles. Let AB = x and CB = y. 
So DB = y + 10 and the height of the tree is x + 1.7. 


Solve Use AABC. 


__ opposite 


o_ x . a 
tan 70° = 7 tan = acai mZACB = 70 
y tan 70° = x Multiply each side by y. 
Use AABD. 
oT __ Opposite _ 
fan. 26° = y +10 ~ adjacent ’ 2 
y + 10) tan 26° = x Multiply each side by y + 10. 
Yy 


Substitute the value for x from AABD in the equation for AABC and 
solve for y. 


y tan 70° = x 

y tan 70° = (y + 10) tan 26° 

y tan 70° = y tan 26° + 10 tan 26° 
y tan 70° — y tan 26° = 10 tan 26° 


y(tan 70° — tan 26°) = 10 tan 26° 


a 10 tan 26° 
Y = tan 70° — tan 26° 


Use a calculator to find that y ~ 2.16. Using the equation from AABC, 
x = 2.16 tan 70° or about 5.9. 


The height of the tree is 5.9 + 1.7 or 7.6, which is about 8 meters. 


Check Substitute the value for y in the equation from AABD. 


xX = (2.16 + 10) tan 26° or about 5.9. This is the same value found using 
the equation from AABC. ¥ 


GuidedPractice 


3. SKYSCRAPERS Two buildings are sited from atop a 200-meter skyscraper. 
Building A is sited at a 35° angle of depression, while Building B is 
sighted at a 36° angle of depression. How far apart are the two buildings 
to the nearest meter? 
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Check Your Understanding 


Example 1 


Example 2 


Example 3 


1. BIKING Lenora wants to build the bike ramp 
shown. Find the length of the base of the ramp. 


rN 
10 ft 
2. BASEBALL A fan is seated in the upper deck of a u 
stadium 200 feet away from home plate. If the 
angle of depression to the field is 62°, at what 20° 


height is the fan sitting? 


3. CSS) MODELING Annabelle and Rich are setting up 
decorations for their school dance. Rich is standing 
5 feet directly in front of Annabelle under a disco ball. 
If the angle of elevation from Annabelle to the ball 
is 40° and Rich to the ball is 50°, how high is the 
disco ball? 


Practice and Problem Solving Extra Practice is on page R8. 


Example 1 


Example 2 


Example 3 


4. HOCKEY A hockey player takes a shot 20 feet away from a 5-foot goal. If the puck 
travels at a 15° angle of elevation toward the center of the goal, will the player score? 


> 
=? 


MOUNTAINS Find the angle of elevation to the peak of a mountain for an observer who 
is 155 meters from the mountain if the observer’s eye is 1.5 meters above the ground 
and the mountain is 350 meters tall. 


6. WATERPARK Two water slides are 50 meters apart on level ground. From the top of the 
taller slide, you can see the top of the shorter slide at an angle of depression of 15°. If 
you know that the top of the other slide is approximately 15 meters above the ground, 
about how far above the ground are you? Round to the nearest tenth of a meter. 


i 7 


50m | 


7. AVIATION Due to a storm, a pilot flying at an altitude of 528 feet has to land. If he has a 
horizontal distance of 2000 feet to land, at what angle of depression should he land? 


8. PYRAMIDS Miko and Tyler are visiting the 
Great Pyramid in Egypt. From where Miko 
is standing, the angle of elevation to the top 
of the pyramid is 48.6°. From Tyler’s position, 
the angle of elevation is 50°. If they are standing 
20 feet apart, and they are each 5 feet 6 inches tall, 
how tall is the pyramid? 
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(9) DIVING Austin is standing on the high dive at the local pool. Two of his friends 
are in the water as shown. If the angle of depression to one of his friends is 40°, and 30° 
to his other friend who is 5 feet beyond the first, how tall is the platform? 


10. BASKETBALL Claire and Marisa are both waiting to get a 
rebound during a basketball game. If the height of the 
basketball hoop is 10 feet, the angle of elevation between 
Claire and the goal is 35°, and the angle of elevation 
between Marisa and the goal is 25°, how far apart are 
they standing? 


11. RIVERS Hugo is standing in the top of 
St. Louis’ Gateway Arch, looking down 
on the Mississippi River. The angle of 
depression to the closer bank is 45° and 
the angle of depression to the farther bank 
is 18°. The arch is 630 feet tall. Estimate the 
width of the river at that point. 


= 

12. cess MODELING The Unzen Volcano in Japan has a magma reservoir located 
15 kilometers beneath the Chijiwa Bay, located east of the volcano. A magma channel, 
which connects the reservoir to the volcano, rises at a 40° angle of elevation toward the 


volcano. What length of magma channel is below sea level? 


13. BRIDGES Suppose you are standing in the middle of the platform of the world’s longest 
suspension bridge, the Akashi Kaikyo Bridge. If the height from the top of the platform 
holding the suspension cables is 297 meters, and the length from the platform to the 
center of the bridge is 995 meters, what is the angle of depression from the center of the 
bridge to the platform? 


14. LIGHTHOUSES Little Gull Island Lighthouse shines a light from a height of 91 feet with a 
6° angle of depression. Plum Island Lighthouse, 1800 feet away, shines a light from a 
height of 34 feet with a 2° angle of depression. Which light will reach a boat that sits 
exactly between Little Gull Island Lighthouse and Plum Island Lighthouse? 


15. TOURISM From the position of the bus on 
the street, the L’arc de Triomphe is at an 
angle of 34°. If the arc is 162 feet tall, 
how far away is the bus? Round to the 
nearest tenth. 
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16. 


MAINTENANCE Two telephone repair workers 
arrive at a location to restore electricity after 

a power outage. One of the workers climbs 

up the telephone pole while the other worker 
stands 10 feet to left of the pole. If the terminal 
box is located 30 feet above ground on the pole 
and the angle of elevation from the truck to the 
repair worker is 70°, how far is the worker on 
the ground standing from the truck? 


(17) PHOTOGRAPHY A digital camera with a panoramic lens is described as having a view 


18. 


19. 


20. 


with an angle of elevation of 38°. If the camera is on a 3-foot tripod aimed directly at 
a 124-foot-tall monument, how far from the monument should you place the tripod to 
see the entire monument in your photograph? 


la 

ccs MODELING As a part of their weather unit, 
Anoki’s science class took a hot air balloon 
ride. As they passed over a fenced field, the 
angle of depression of the closer side of the 
fence was 32°, and the angle of depression of 
the farther side of the fence was 27°. If the 
height of the balloon was 800 feet, estimate 
the width of the field. 


MARATHONS The Badwater Ultramarathon is a race that begins at the lowest point in 
California, Death Valley, and ends at the highest point of the state, Mount Whitney. 
The race starts at a depth of 86 meters below sea level and ends 2530 meters above 
sea level. 


a. Determine the angle of elevation b. If the angle of depression 
to Mount Whitney if the horizontal to Death Valley is 38°, what is 
distance from the base to the peak the horizontal distance from 
is 1200 meters. sea level? 


AMUSEMENT PARKS India, Enrique, and Trina went to an amusement park while 
visiting Japan. They went on a Ferris wheel that was 100 meters in diameter and 
on an 80-meter cliff-dropping slide. 


a. When Enrique and Trina are at the b. If the cliff-dropping ride has an 
topmost point on the Ferris wheel angle of depression of 46°, how 
shown below, how far are they long is the slide? 
from India? 


| ea Ss) 


DARTS Kelsey and José are throwing darts from a distance of 8.5 feet. The center of the 
bull’s-eye on the dartboard is 5.7 feet from the floor. José throws from a height of 6 feet, 
and Kelsey throws from a height of 5 feet. What are the angles of elevation or 
depression from which each must throw to get a bull’s-eye? Ignore other factors such 
as air resistance, velocity, and gravity. 


| 


5.7 ft 


8.5 ft 
22. 69 MULTIPLE REPRESENTATIONS In this problem, you will investigate relationships 
between the sides and angles of triangles. 


a. Geometric Draw three triangles. Make one acute, one obtuse, and one right. Label 
one triangle ABC, a second MNP, and the third XYZ. Label the side lengths and 
angle measures of each triangle. 


b. Tabular Copy and complete the table below. 


Triangle | Ratios 


c. Verbal Make a conjecture about the ratio of the sine of an angle to the length of the 
leg opposite that angle for a given triangle. 


H.0.T. Problems Use Higher-Order Thinking Skills 


23. ERROR ANALYSIS Terrence and Rodrigo are trying to determine the relationship between 
angles of elevation and depression. Terrence says that if you are looking up at someone 
with an angle of elevation of 35°, then they are looking down at you with an angle of 
depression of 55°, which is the complement of 35°. Rodrigo disagrees and says that the 
other person would be looking down at you with an angle of depression equal to your 
angle of elevation, or 35°. Is either of them correct? Explain. 


24. CHALLENGE Find the value of x. Round 
to the nearest tenth. 


la> 
25. (CSS REASONING Classify the statement below as true or false. Explain. 


As a person moves closer to an object he or she is 
sighting, the angle of elevation increases. 


26. WRITE A QUESTION A classmate finds the angle of elevation of an object, but she is trying 
to find the angle of depression. Write a question to help her solve the problem. 


27. WRITING IN MATH Describe a way that you can estimate the height of an object without 
using trigonometry by choosing your angle of elevation. Explain your reasoning. 
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Standardized Test Practice 


28. Ryan wanted to know the height of a cell-phone 30. ALGEBRA What is the solution of this system 
tower neighboring his property. He walked of equations? 
80 feet from the base of the tower and measured 


the angle of elevation to the top of the tower at = 4 a a 3 = 

54°. If Ryan is 5 feet tall, what is the height of the y= 

cell-phone tower? F (4,4) H (-—4, —4) 
A 52 ft C 110 ft ett) J (1, -4) 


Bee ae 31. SAT/ACT A triangle has sides in the ratio of 


5:12:13. What is the measure of the triangle’s 


29. SHORT RESPONSE A searchlight is 6500 feet from smallest angle in degrees? 


a weather station. If the angle of elevation to the 


spot of light on the clouds above the station is A 13.34 D 42.71 
45°, how high is the cloud ceiling? B 22.62 E 67.83 
C 34.14 


Spiral Review 


Express each ratio as a fraction and as a decimal to the nearest hundredth. (Lesson 8-4) A 
32. sin C 33. tan A 34. cos C 25 15 
35. tan C 36. cos A 37. sin A 

C 20 B 


38. LANDSCAPING Imani needs to determine the height of a tree. Holding a drafter’s 
45° triangle so that one leg is horizontal, she sights the top of the tree along the 
hypotenuse, as shown at the right. If she is 6 yards from the tree and her eyes are 
5 feet from the ground, find the height of the tree. (Lesson 8-3) 


PROOF Write a two-column proof. (Lesson 7-5) 


39. Given: CD bisects ZACB. 40. Given: JF bisects ZEFG. 
By construction, AE || CD. FH || FG, EF || HG 
~AD AC _EK _ GI 
Prove: De BC Prove: KE ~ JE 
E ‘ J 
eee 
: E K H 
‘3 
4 
A oD B F G 


COORDINATE GEOMETRY Find the coordinates of the centroid of each triangle. (Lesson 5-2) 
41. A(2, 2), B(7, 8), C(12, 2) 42. X(—3, —2), Y(1, —12), Z(—7, —7) 
43. A(—1, 11), B(—5, 1), C(—9, 6) 44. X(4, 0), Y(—2, 4), Z(0, 6) 


Skills Review 


Solve each proportion. 
=. ae oe 6 4x 62 12 _ 45 
45. 5-10 6. =3 47. 48. = 
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The Law of Sines and Law of Cosines 


:- Then :-‘Now :- Why? 


@ You used 
trigonometric ratios 
to solve right 
triangles. 


gb NewVocabulary 
— Law of Sines 
Law of Cosines 


Common Core 

| @snraee State Standards 
Content Standards 
G.SRT.9 Derive the formula 
A=-absin (C) for the area 
of a triangle by drawing an 
auxiliary line from a vertex 
perpendicular to the opposite 
side. 
G.SRT.10 Prove the Laws of 
Sines and Cosines and use 
them to solve problems. 


Mathematical Practices 

4 Model with mathematics. 

1 Make sense of problems 
and persevere in solving 
them. 
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Use the Law of Sines @ You have learned that the height or length of 
to solve triangles. a tree can be calculated using right triangle 
trigonometry if you know the angle of 
elevation to the top of the tree and your 
distance from the tree. Some trees, however, 
grow at an angle or lean due to weather 
damage. To calculate the length of such trees, 
you must use other forms of trigonometry. 


Use the Law of 
Cosines to solve 
triangles. 


Law of Sines In Lesson 8-4, you used trigonometric ratios to find side lengths and 
acute angle measures in right triangles. To find measures for nonright triangles, the 
definitions of sine and cosine can be extended to obtuse angles. 


The Law of Sines can be used to find side lengths and angle measures for any triangle. 


Theorem 8.10 Law of Sines 
If AABC has lengths a, , and c, representing B 
the lengths of the sides opposite the angles J 
with measures A, B, and 6, then lia 
sinA  sinB _ sin€ 
a” p ¢°* A b (e 
. y, 


You will prove one of the proportions for Theorem 8.10 in Exercise 45. 


You can use the Law of Sines to solve a triangle if you know the measures of two angles 
and any side (AAS or ASA). 


Example 1 


Find x. Round to the nearest tenth. 


We are given the measures of two angles and a nonincluded B 
side, so use the Law of Sines to write a proportion. 


5 : x 
sind = sin€ Law of Sines 
: P A 
sin 97° _ sin 21° _ _ _ _ 
= = mZA = 97,a= 16, mZC = 21,c=x 16 
x sin 97° = 16 sin 21° Cross Products Property 
— 16 sin 21° 32 ; . , 
= ano Divide each side by sin 97°. 
x58 Use a calculator. 
GuidedPractice e 
R 
8 
Q x Ss 


yooysuadnsjobueyy uag 


StudyTip 


Ambiguous Case You can 
sometimes use the Law of 
Sines to solve a triangle if 
you know the measures of 
two sides and a nonincluded 
angle (SSA). However, these 
three measures do not 
always determine exactly one 
triangle. You will learn more 
about this ambiguous case in 
Extend 8-6. 


QO Y 


WatchOut! 


Order of operations 
Remember to follow the 
order of operations when 
simplifying expressions. 
Multiplication or division 
must be performed before 
addition or subtraction. So, 
202 — 198 cos 28° cannot 
be simplified to 4 cos 28°. 


If given ASA, use the Triangle Angle Sum Theorem to first find the measure of the third angle. 


Example 2 


Find x. Round to the nearest tenth. 


By the Triangle Angle Sum Theorem, mZK = 180 — (45 + 73) or 62. ‘4 
oe Law of Sines 
ses ee mZH= 45, h= x, mZK= 62, k= 10 10 
x 10 
10 sin 45° = x sin 62° Cross Products Property 
pL ea =X Divide each side by sin 62°. K x J 
sin 62 
x = 8.0 Use a calculator. 
GuidedPractice 


2A. 


Law of Cosines When the Law of Sines cannot be used to solve a triangle, the Law 
of Cosines may apply. 


Theorem 8.11 Law of Cosines 


If AABC has lengths a, b, and ¢, representing the lengths of the sides opposite the angles with 
measures A, B, and €, then 


a* = b* + c? — 2becos A, B 
a 
b? = a? + c? — 2ac cos B, and Pa 
c? = a? + b* — 2abcos C. Cc b A 
._ J 


You will prove one of the equations for Theorem 8.11 in Exercise 46. 


You can use the Law of Cosines to solve a triangle if you know the measures of two sides 
and the included angle (SAS). 


Example 3 


Find x. Round to the nearest tenth. 


We are given the measures of two sides and their A 
included angle, so use the Law of Cosines. 


c? = a* + b? — 2ab cos C 
x? = 9? + 117 — 2(9)(11) cos 28° 
x? = 202 — 198 cos 28° 

x = ¥202 — 198 cos 28° 


x52 


Law of Cosines u 


Substitution B 
Simplify. C 
Take the square root of each side. 


Use a calculator. 


seo () 


GuidedPractice 


StudyTip Find x. Round to the nearest tenth. 
3A. D 3B. A 


Obtuse Angles There are 
also values for sin A, cos A, 
and tan A when A > 90°. 
Values of the ratios for these 
angles can be found using 
the trigonometric functions 
on your calculator. 


Example 4 


Find x. Round to the nearest degree. 


m? = p? + q? — 2pqcosM Law of Cosines 
82 = 6¢ + 34 — 2(6)(3) cos x° —_—_Substitution 
64 = 45 — 36 cos x° Simplify. 
19 = —36 cos x° Subtract 45 from each side. 
aS. = cos x° Divide each side by —36. 
* = cos! (-3) Use the inverse cosine ratio. Q 
x = 122 Use a calculator. 


a, 


You can use the Law of Sines and Law of Cosines to solve direct and indirect 
measurement problems. 


Real-World Example 5 


BASKETBALL Drew and Hunter are playing basketball. e& Hunter 
Drew passes the ball to Hunter when he is 26 feet from i a) 

the goal and 24 feet from Hunter. How far is Hunter 

from the goal if the angle from the goal to Drew and 


then to Hunter is 34°? ae 
Hunter 


Real-WorldLink 


| The first game of basketball Draw a diagram. Since we 


Wee played at a YMCA in know two sides of a triangle xft ie 

Springfield, Massachusetts, and the included angle, use 

o Beem) cil oe : the Law of Cosines. goal 26 ft Drew 

James Naismith, a physical 

education instructor, invented x? = 24 + 26% — 2(24)(26) cos 34° —_—Law of Cosines 

the sport using a soccer ball = 1252 — 1248 cos 34° ea a ; 
and two half-bushel peach x = V¥1252 — 1248 cos 34 Simplify and take the positive square root of each side. 
baskets, which is how the x25 Use a calculator. 


name basketball came about. 


Hunter is about 15 feet from the goal when he takes his shot. 
Source: Encyclopaedia Britannica. 
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GuidedPractice 


5. LANDSCAPING At 10 feet away from the base of a tree, the angle the 
top of a tree makes with the ground is 61°. If the tree grows at an 
angle of 78° with respect to the ground, how tall is the tree to the 
nearest foot? 


When solving right triangles, you can use sine, cosine, or tangent. When solving other 
triangles, you can use the Law of Sines or the Law of Cosines, depending on what 
information is given. 


ReadingMath Example 6 


Solve a Triangle Remember 

that to solve a triangle means 
to find all of the missing side 

measures and/or angle 


Solve triangle ABC. Round to the nearest degree. B 


Since 137 + 12? # 15%, this is not a right triangle. Since the 
measures of all three sides are given (SSS), begin by using 13 15 
the Law of Cosines to find mZA. 


measures. 
a* = b?2 + c2 —2be cosA Law of Cosines A 12 C 
152 = 122 + 132 — 2(12)(13) cos A = a= 15, b= 12, andc=13 
225 = 313 — 312 cosA Simplify. 
—88 = —312 cosA Subtract 313 from each side. 
—3§ _ 7 See 
317 = 69S A Divide each side by —312. 
mZA = cos7! Use the inverse cosine ratio. 
mZA = 74 Use a calculator. 
Use the Law of Sines to find mZB. 
sinA _ sinB . 
oar Law of Sines 
sin 74° _ sin B = _ 
eG ° a mZA = 74,a= 15, and b= 12 
12 sin 74° = 15 sin B Cross Products Property 
saa) = sin B Divide each side by 15. 
«4 12 sin 74° : F : 
mZB = sin~! ==] Use the inverse sine ratio. 
WatchOut 15 
Rounding When you round a mZB = 50 Use a calculator. 


numerical solution and then 
use it in later calculations, 
your answers may be 
inaccurate. Wait until after 
you have completed all of 
your calculations to round. 


By the Triangle Angle Sum Theorem, mZC = 180 — (74 + 50) or 56. 
Therefore mZA =~ 74,mZB =~ 50,and mZC = 56. 


GuidedPractice 


Solve triangle ABC using the given information. Round A 
angle measures to the nearest degree and side measures 6 
to the nearest tenth. 


6A. b = 10.2,c = 9.3, mZA = 26 C a 
6B. a= 6.4, mZB = 81, mZC = 46 


aS 


ConceptSummary Solving a Triangle 


acute angle-hypotenuse (AH) 
acute angle-leg (AL) 


angle-angle-side (AAS) 
angle-side-angle (ASA) 
side-angle-side (SAS) 
side-side-side (SSS) 


any triangle 


To solve... Given Begin by using... 
leg-leg (LL) tangent ratio 
aright triangle hypotenuse-leg (HL) sine or cosine ratio 


sine or cosine ratio 
sine, cosine, or tangent ratios 


Law of Sines 
Law of Sines 
Law of Cosines 
Law of Cosines 


Check Your Understanding 


= Step-by-Step Solutions begin on page R14. 


Examples 1-2 Find x. Round angle measures to the nearest degree and side measures to the 


nearest tenth. 


141° 


Examples 3-4 5. x 7 6. 
196 162 


14.7 

20 

Example 5 7. SAILING Determine the length of the 

bottom edge, or foot, of the sail. 
55 ft 62 ft 
“foot 
a> 
Example 6 CESS STRUCTURE Solve each triangle. Round angle measures to the nearest degree and 


side measures to the nearest tenth. 


8. B 9. M 10. X 


A Dy 50 
8.9 
8 N 


c P 


11. Solve ADEF if DE = 16, EF = 21.6, FD = 20. 


ae 
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Practice and Problem Solving Extra Practice is on page R8. 


Examples 1-2 Find x. Round side measures to the nearest tenth. 


18. 18° 19. 4 20. x 


21. (CSS MODELING Angelina is looking at 
the Big Dipper through a telescope. 
From her view, the cup of the 
constellation forms a triangle that 
has measurements shown on the 
diagram at the right. Use the Law of 
Sines to determine distance between 
A and C. 


Examples 3-4 Find x. Round angle measures to the nearest degree and side measures to the 
nearest tenth. 


22. x (23) a 24. 54 


25. 26. 27. 
6 61 oe 13.5 ap 
25.4 1.8 6.5 


28. HIKING A group of 
friends who are camping 
decide to go on a hike. 
According to the map 
shown at the right, what \ 
is the measure of the angle 
between Trail 1 and Trail 2? 


N 


we... Trail 1 
e 
(fA *S Camp 
= 


503 


Example 5 29. TORNADOES Find the width 30. TRAVEL A pilot flies 90 miles 

of the mouth of the tornado from Memphis, Tennessee, to 

shown below. Tupelo, Mississippi, to Huntsville, 
Alabama, and finally back to 
Memphis. How far is Memphis from 
Huntsville? 


=> 
Example 6 cess STRUCTURE Solve each triangle. Round angle measures to the nearest degree and 
side measures to the nearest tenth. 


31. B 32. +E (33) K 


79 Av 24.6 29.7 
12m 
p {108° J L 
2 os 30.0 
F 


34. M 35. H 36. S 
33° 48 
31.5 a 
133 T 
O 20.3 
21.5 N 
G 
J w 
37. P 38. X 34 39. D 
Y 
15 4 = 
50 52 
E 
2 Z 48 
R 9 (@ 


40. Solve AJKL if JK = 33, KL = 56, LJ = 65. 
41. Solve AABC if mZB = 119, mZC = 26, CA = 15. 
42. Solve AXYZ if XY = 190, YZ = 184, ZX = 75. 


43. GARDENING Crystal has an organic vegetable 
garden. She wants to add another triangular 
section so that she can start growing tomatoes. 
If the garden and neighboring space have the 
dimensions shown, find the perimeter of the 
new garden to the nearest foot. 
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44, FIELD HOCKEY Alyssa and Nari are playing field hockey. 
Alyssa is standing 20 feet from one goal post and 25 feet 
from the opposite post. Nari is standing 45 feet from one 
goal post and 38 feet from the other post. If the goal is 12 
feet wide, which player has a greater chance to make a shot? 


45. 


46. 


What is the measure of the player’s angle? 


PROOF Justify each statement for the derivation of the Law of Sines. 
Given: CD is an altitude of AABC. 


sin A = sin B 


Prove: 7 ° 


Proof: 


Statements Reasons 


CDis an altitude of AABC 
AACD and ACBD are right 


: he _h 
a. sinA =~, sin B= = 
b. bsinA=h,asinB=h 
c. bsinA=asinB 


sinA _ sinB 
a Baia b 


Given 
Def. of altitude 


a. 2? 
b. ? 
c. 2? 
d. 2? 


PROOF Justify each statement for the derivation of the Law of Cosines. 
Given: / is an altitude of AABC. 


Prove: c* =a? + b? —2abcosC 


Proof: 


Statements Reasons 


his an altitude of AABC 


Altitude 4 separates ABC into 
two right triangles 


.C=(a—xP +h? 

aa —2ax4x +? 
x + he = bP 

c? = a? — 2ax+ bP 

cos C= + 

bcos C=x 

c? = a* — 2a(bcos C) + b? 
c? = a + b? — 2abcos C 


se nro a9 5 B 


Given 
Def. of altitude 


seme 29 5 DB 


Css SENSE-MAKING Find the perimeter of each figure. Round to the nearest tenth. 


47. 


48. 


27 
98° 


2.3 68° 


40° 


ya 
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(1) MODELS Vito is working on a model castle. 


52. 


53. 


Find the length of the missing side (in inches) 
using the diagram at the right. 


COORDINATE GEOMETRY Find the measure of the largest angle in AABC with coordinates 
A(—3, 6), B(4, 2), and C(—5, 1). Explain your reasoning. 


of MULTIPLE REPRESENTATIONS In this problem, you will use trigonometry to find the 
area of a triangle. 


a. Geometric Draw an acute, scalene AABC including an altitude of length h 
originating at vertex A. 


b. Algebraic Use trigonometry to represent / in terms of mZB. 
c. Algebraic Write an equation to find the area of AABC using trigonometry. 


d. Numerical If 2B is 47, AB = 11.1, BC = 14.1, and CA = 10.4, find the area of AABC. 
Round to the nearest tenth. 


e. Analytical Write an equation to find the area of AABC using trigonometry in terms 
of a different angle measure. 


H.0.T. Problems Use Higher-Order Thinking Skills 


54. 


55. 


56. 


57. 


58. 


css CRITIQUE Colleen and Mike are planning a party. Colleen wants to sew triangular 
decorations and needs to know the perimeter of one of the triangles to buy enough 
trim. The triangles are isosceles with angle measurements of 64° at the base and side 
lengths of 5 inches. Colleen thinks the perimeter is 15.7 inches and Mike thinks it is 15 
inches. Is either of them correct? 


5 in. v 
CHALLENGE Find the value of x in the figure at the right. 


REASONING Explain why the Pythagorean Theorem is a specific 
case of the Law of Cosines. 


OPEN ENDED Draw and label a triangle that can be solved: 
a. using only the Law of Sines. 


b. using only the Law of Cosines. 


EA) WRITING IN MATH What methods can you use to solve a triangle? 
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Standardized Test Practice 


59. For AABC, mZA = 42, mZB = 74, and a = 3, 61. SHORT RESPONSE What is the perimeter 
what is the value of b? of the triangle shown below? Round to the 
A 43 C21 nearest tenth. 
B 3.8 D15 Ne 


60. ALGEBRA Which inequality best describes the 


graph below? 62. SAT/ACT If sin x = 0.6 and AB = 12, what is the 
yi area of AABC? 
B 
4 
LI] 
C A 
oe 5 ree A 9.6 units? D 34.6 units? 
S ¥ 7 : : ; y . Pad : B 28.8 units2 E 42.3 units2 
=x _— 
y Y C 31.2 units? 


Spiral Review 


63. HIKING A hiker is on top of a mountain 250 feet above sea level with a 68° 
angle of depression. She can see her camp from where she is standing. 
How far is her camp from the top of the mountain? (Lesson 8-5) 


Use a calculator to find the measure of ZJ to the nearest degree. (Lesson 8-4) 


64. L 65. J 24 7 


17 
14 K L 
Determine whether the polygons are always, sometimes, or never similar. 
Explain your reasoning. (Lesson 7-2) 
66. a right triangle and an isosceles triangle 67. an equilateral triangle and a scalene triangle 


Name the missing coordinates of each triangle. (Lesson 4-8) 


68. x R(?2,6) 69. x Qla, ?) 70. 


P(0,0) Q(2a,0) ¥ J(0,0) K(2a, 0) ¥ 


Skills Review 


Find the distance between each pair of points. Round to the nearest tenth. 


71. A(5, 1) and C(—3, —3) 72. J(7, 11) and K(-1,5) 73. W(2, 0) and X(8, 6) 
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Geometry Lab 


The Ambiguous Case 


* : — 
From your work with congruent triangles, you know that three measures ¢CSS Common Core State Standards 
; P ; == Content Standards 
determine a unique triangle when the measures are GSRT.11 Understand and apply the Law of Sines 
e three sides (SSS), and the Law of Cosines to find unknown 
© two sides and an included angle (SAS), measurements in right and non-right triangles (e.9., 


surveying problems, resultant forces). 


e two angles and an included side (ASA), or Mathematical Practiess 2 


e two angles and a nonincluded side (AAS). 


A unique triangle is not necessarily determined by three angles (AAA) or by two sides and a 
nonincluded angle. In this lab, you will investigate how many triangles are determined by this last 


case (SSA), called the ambiguous case. 


Activity 1 The Ambiguous Case (SSA): ZA is Acute 


| Step 1 | Ona5” x 8” notecard, | Step 2 | Using a brass fastener, | Step 3 | Position side a so that it is 
draw and label AC anda attach one end of a half- perpendicular to the ray. 
ray extending from A to inch strip of cardstock to Make a black mark on the 
form an acute angle. the notecard at C. The strip strip at the point where it 
Label side AC as b. should be longer than b. touches the ray. 


This represents side a. 


Model and Analyze 


1. If ahas the given length, how many triangles can be formed? (Hint: Rotate the strip to 
see if the mark can intersect the ray at any other locations to form a different triangle.) 


2. Show that if side a is perpendicular to the third side of the triangle, then a = b sin A. 
Determine the number of triangles that can be formed given each of the modifications 
to a in Activity 1. 


3. a < b sin A (Hint: Make a green mark above the black mark on the strip, and try to 
form triangle(s) using this new length for a.) 


4. a = b (Hint: Rotate the strip so that it lies on top of AC and mark off this length in red. 
Then rotate the strip to try to form triangle(s) using this new length for a.) 


5. a < banda > bsin A (Hint: Make a blue mark between the black and the red marks. 
Then rotate the strip to try to form triangle(s) using this new length for a.) 


6. a > b (Hint: Rotate the strip to try to form triangle(s) using the entire length of the strip 
as the length for a.) 
Use your results from Exercises 1-6 to determine whether the given measures define 0, 
1, 2, or infinitely many acute triangles. Justify your answers. 
7. a=14,b=16,mZA =55 8. a=7,b =11,mZA = 68 9. a =22,b = 25,mZA = 39 
10. a= 13,b=12,mZA = 81 11. a=10,b = 10, mZA = 45 12. a=6,b=9,mZA = 24 
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In the next activity, you will investigate how many triangles are determined for the ambiguous case 
when the angle given is obtuse. 


Activity 2 The Ambiguous Case (SSA): ZA is Obtuse 


| Step 1 | On a5” x 8” notecard, draw and label | Step 2 | Using a brass fastener, attach one end of 
AC and a ray extending from A to form a half-inch strip of cardstock to the 
an obtuse angle. Label side AC as b. notecard at C. The strip should be longer 
than b. This represents side a. 


Model and Analyze 


13. How many triangles can be formed if a = b? if a < b? ifa > b? 


Use your results from Exercise 13 to determine whether the given measures define 0, 1, 
2, or infinitely many obtuse triangles. Justify your answers. 


14. 2=10,b=8,mZA=95 15. a=13,b =17,mZA = 100 16. a=15,b =15, mZA = 125 


17. Explain why three angle measures do not determine a unique triangle. How many 
triangles are determined by three angles measures? 


Determine whether the given measures define 0, 1, 2, or infinitely many triangles. 
Justify your answers. 


18. a=25,b=21,mZA = 39 19. mZA = 41, mZB = 68, mZC =71 
20. a=17,b =15, mZA = 128 21. a=13,b=17,mZA =52 
22. a=5,b=9,c=6 23. a= 10,b = 15,mZA = 33 


24. OPEN ENDED Give measures for a, b, and an acute ZA that define 


a. 0 triangles. b. exactly one triangle. c. two triangles. 
25. CHALLENGE Find both solutions for AABC if a = 15, b = 21, mZA = 42. Round Cc 
angle measures to the nearest degree and side measures to the nearest tenth. \ 


21 : 
e For Solution 1, assume that ZB is acute, and use the Law of Sines to find mZB. “a 
Then find mZC. Finally, use the Law of Sines again to find c. 


¢ For Solution 2, assume that ZB is obtuse. Let this obtuse angle be ZB’. Use B’ 
mZB you found in Solution 1 and the diagram shown to find mZB’. Then 
find mZC. Finally, use the Law of Sines to find c. 
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Vectors 


Pa & 
:-Why? fora raw nn 4 BG 
a alalgrigl peas eo" 


@ You used e Perform vector @ Meteorologists use vectors to Ecko on 
trigonometry to find operations represent weather patterns.For = = § sons...) X 
side lengths and geometrically. example, wind vectors are used to SR 
angle measures of indicate wind direction and speed. EOE a ae Sek ack Seater er 
; : Perform vector TEN ok Scag ab Sa eper Se oe ov 
right triangles. ‘ 10N 
operations on the 170W 160W 150W 140W 130W 120W 110W 100W 90W 
coordinate plane. 300 mb Vector Wind (m/s) 
30 40 50 60 70 80 90 
Ope NewVocabulary Geometric Vector Operations Some quantities are described by a real number 
= vector known as a scalar, which describes the magnitude or size of the quantity. Other 
magnitude quantities are described by a vector, which describes both the magnitude and direction of 
direction the quantity. For example, a speed of 5 miles per hour is a scalar, while a velocity of 
resultant 5 miles per hour due north is a vector. 
parallelogram method terminal point 
triangle method A vector can be represented by a directed line segment or tip 
standard position with an initial point and a terminal point. The vector Z 
component form shown, with initial point A and terminal point B, can be 
called AB, @, ora. A © initial point 
or tail 
| @enoance Common Core 
State Standards terminal point. The direction of a vector can be expressed as the angle that it forms with 
Content Standards the horizontal or as a measurement between 0° and 90° east or west of the north-south 


G.GPE.6 Find the point on a line. 
directed line segment 
between two given points 
that partitions the segment 
in a given ratio. 


B B 


The direction of 2 
is 60° east of north. 


The direction of 2 is 30° 
relative to the horizontal. 


Mathematical Practices 

1 Make sense of problems 
and persevere in solving 
them. Example 1 

4 Model with mathematics. 


Use a ruler and a protractor to draw each vector. Include a scale on each diagram. 
a. m = 15 miles per hour at 140° to the horizontal 2 
m 
Using a scale of 1 cm: 5 mi/h, draw and label 

a 15 + 5 or 3-centimeter arrow at a 140° angle -L----- 
to the horizontal. 


b. ¢ = 55 pounds of force 55° west of south 


Using a scale of 1 in: 25 lbs, draw and label a 
55 + 25 or 2.2-inch arrow 55° west of the 
north-south line on the south side. 


GuidedPractice 
1A. b = 40 feet per second at 35° to the horizontal 
1B. = = 12 kilometers per hour at 85° east of north 
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The sum of two or more vectors is a single vector called the resultant. 


KeyConcept Vector Addition * 
To find the resultant of a and b, use one of 
the following methods. 3 . “ 


Parallelogram Method Triangle Method 

EXEREI Translate D so that the tail of B EXER Translate B so that the tail of b touches 
touches the tail of a. the tip of a. 

EX] complete the parallelogram. The EXER Draw the resultant vector from the tail 
resultant is the indicated diagonal of of a to the tip of b. 


the parallelogram. 


StudyTip 


Types of Vectors 

Parallel vectors have the 
same or opposite direction 
but not necessarily the same 
magnitude. 


Example 2 


= 


Copy the vectors. Then find c — d. 


Subtracting a vector is equivalent to adding Pa d 


Opposite vectors have the its opposite vector. 
same magnitude but opposite 


direction. Parallelogram Method Triangle Method 


Copy ¢ and d. Draw —d, and translate Copy Cand d. Draw —d, and translate it 


it so that its tail touches the tail of ¢. so that its tail touches the tip of ¢. 
Equivalent vectors have the 7 
same magnitude and c c 
direction. _d 
-d 


Complete the parallelogram. Then draw | Draw the resultant vector from the tail 
the diagonal. of ¢ to the tip of —d. 


Both methods produce the same resultant vector ¢ — d. You can use a ruler and a 
protractor to measure the magnitude and direction of each vector to verify your results. 


GuidedPractice 
2A. Find ¢ + d. 2B. Find d — ¢. 


yeas 
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StudyTip 

Direction Angles Vectors in 
standard position that lie in 
the third or fourth quadrants 
will have direction angles 
greater than 180°. 
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Vectors on the Coordinate Plane Vectors can also be represented on the 
coordinate plane. 


A vector is in standard position if its initial point is at the origin. 
In this position, a vector can be uniquely described by its terminal 
point P(x, y). 


To describe a vector with any initial point, you can use the 


component form (x, y), which describes the vector in terms of 
its horizontal component x and vertical component y. 


To write the component form of a vector with initial point (x,, y,;) and terminal point 
(Xp, Yo), find (x9 — 4, Y2 — 4). 


Example 3 


Write the component form of CD. 


Component form of a vector 


CD = (X2 — Xp Y2 — Yn) 


= (4—0,1- (—1)) (x1, V1) = (0, -1) and (x5, Yo) = (4, 1) 
= (4, 2) Simplify. 
GuidedPractice 


3. Write the component form of PQ. 


The magnitude of a vector on the coordinate plane can be found by using the Distance 
Formula, and the direction can be found by using trigonometric ratios. 


Example 4 


Find the magnitude and direction of 7 = (—4, —5). 
Step 1| Use the Distance Formula to find the magnitude. 
[7] = (xo — x1)? + (yo — y,)? __ Distance Formula 
= ¥(— 4-0)? + (—5 — 0)? (x, 4) = (0, 0) and (Xp, yo) = (—4, 5) 


= V4l1 or about 6.4 Simplify. 


Step 2| Use trigonometry to find the direction. 


Graph 7, its horizontal component, and its vertical 
component. Then use the inverse tangent function 


to find 0. 
_5 = ORR 
tan @= 7 tan 0= 
6 = tan! 2 Def. of inverse tangent 
6 = 51.3° Use a calculator. 


The direction of 7 is the angle that it makes with the positive x-axis, which is 
about 180° + 51.3° or 231.3°. 


So, the magnitude of 7 is about 6.4 units and the direction is at an angle of about 231.3° 
to the horizontal. 


GuidedPractice 
4. Find the magnitude and direction of p = (—1, 4). 


StudyTip 


Vector Subtraction To 
represent vector subtraction 
graphically, graph the 
opposite of the vector that is 
being subtracted. For 
instance, in Example 5b, the 
opposite of F = (3, 4) is 
—T = (-3, -4). 


StudyTip 

Scalar Multiplication The 
graph of a vector k(a, b) is a 
dilation of the vector (a, b) 
with scale factor k. For 
instance, in Example 5c, 

2t = (2, —4) isa dilation 
of t = (1, —2) with scale 
factor 2. 


You can use the properties of real numbers to add vectors, subtract vectors, and multiply 
vectors by scalars. 


| KeyConcept Vector Operations 


If (a, b) and (c, d) are vectors and kis a scalar, then the following are true. 
Vector Addition (a,b) + (¢,d) = (a+c¢,b+d) 
Vector Subtraction (a, b) — (c,d) = (a—¢,b— d) 


Scalar Multiplication k(a, b) = (ka, kb) 


Example 5 
Find each of the following for 7 = (3, 4), 5 = (5, —1), and f = (1, —2). 
Check your answers graphically. 

aT+t 


Solve Algebraically Check Graphically 


7 +t = (3,4) + (1,-2) 
= (3+ 1,4 + (—2)) 
= (4, 2) 
bs—Tr y 
3s —Fr=s8+4+(-T) O 
leet 8) ON pa 
= (5 + (-3),-1+ (-4)) 14 
20,25 “taba Ae 
e2r—s y 
2t —S =27 +(-3) 5 
me (2) 
= 2(1, —2) + (-5,1) aie mE 
= (2, —4) + (—5, 1) 7 2t 
= (2 + (-5), -4+ 1) [7r4-4N 
= (-3, —3) 
GuidedPractice 
BA. —7 5G. ¢ = 


Meomecttdmcoewcnitconl) 603 s) 


“ 

- — a 
Real-WorldLink 
Approximately 47% of 


kayakers participate in the 
sport one to three times per 
year. 


Source: Outdoor Industry Association 
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You can use vectors to solve real-world problems. 


Real-World Example 6 


KAYAKING Trey is paddling due north in a kayak at 7 feet per second. The river is 
moving with a velocity of 3 feet per second due west. What is the resultant speed 
and direction of the kayak to an observer on shore? 


Step 1 | Draw a diagram. Let 7 represent the resultant vector. 


The component form of the vector representing the 
paddling velocity is (0, 7), and the component form 
of the vector representing the velocity of the river 
is (—3, 0). 


Ww 


The resultant vector is (0, 7) + (—3, 0) or (—3, 7). This vector 
represents the resultant velocity of the kayak, and its magnitude 
represents the resultant speed. 


| Step 2| Use the Distance Formula to find the resultant speed. 


[7] = V(x — x4)? + (yy — 4)? __ Distance Formula 
=V(—-3-OP + (7—OP (4,4) = (0, 0) and (xp, yp) = (—3, 7) 


= V58 or about 7.6 Simplify. 


Step 3| Use trigonometry to find the resultant direction. 


_3 ee 
tan@=— a ee 
6=tan-! ~ Def. of inverse tangent 
0 = 23.2° Use a calculator. 


The direction of 7 is about 23.2° west of north. 


Therefore, the resultant speed of the kayak is about 7.6 feet per second at an angle of 
about 23.2° west of north. 


GuidedPractice 


6. KAYAKING Suppose Trey starts paddling due south at a speed of 

8 feet per second. If the river is flowing at a velocity of 2 feet 

per second due west, what is the resultant speed and direction of 
the kayak? 


sabe) Aya9/uols!, [ey HIq/uLald Ja1Aer 


Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 


Example 2 


Example 3 


Example 4 


Example 5 


Example 6 


Use a ruler and a protractor to draw each vector. Include a scale on each diagram. 
= 75 miles per hour 40° east of south 


= 46 feet per second 170° to the horizontal 


Copy the vectors. Then find each sum or difference. 


3.c4+d 47-2 


OL 
Q 


Write the component form of each vector. 


Find the magnitude and direction of each vector. 


7. F = (2,—4) 8. f = (—6,—5) 


Find each of the following for a = (—4, 1), b= (—1, —3), and ¢ = (3,5). 
Check your answers graphically. 


9c+7 10. 2b —7 
Re 4 
11. C€S5 MODELING A plane is traveling due north at a speed of 


350 miles per hour. If the wind is blowing from the 
west at a speed of 55 miles per hour, what is the resultant 55 mi/ 
speed and direction that the airplane is traveling? > > <a 


Meso mish 


Practice and Problem Solving Extra Practice is on page R8. 


Example 1 


Use a ruler and a protractor to draw each vector. Include a scale on each diagram. 
12. % = 60 inches per second at 145° to the horizontal 

13. 7 = 8 meters at an angle of 24° west of south 

14. @ = 32 yards per minute at 78° to the horizontal 

15. k = 95 kilometers per hour at angle of 65° east of north 
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Example 2 Copy the vectors. Then find each sum or difference. 


16.7 -—m 17.7 =k 18.047 
2 k me 
~ in j a 7 ’ 
19.C+a 21.¢—m 


Example 3 Write the component form of each vector. 


22. 23. 


24. y 


25. 


26. y 


28. FIREWORKS The ascent of a firework shell can 
be modeled using a vector. Write a vector in 
component form that can be used to describe 
the path of the firework shown. 


Example 4 (css SENSE-MAKING Find the magnitude and direction of each vector. 
29. ¢ = (5,3) 30. m = (2,9) 31. Z = (-7,1) 


32. d = (4, -8) @* = (=3,=6) 34. 7 = (—9, —4) 


Example5 —_ Find each of the following for @ = (—3, —5), b = (2, 4), and ¢ = (3, —1). 
Check your answers graphically. 


35.b47 36.747 37.b-—7 
38.7-—7 39. 2¢ 7 40. 2b4+¢ 
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41. HIKING Amy hiked due east for 2 miles and then hiked due south for 3 miles. 
a. Draw a diagram to represent the situation, where 7 is the resultant vector. 
b. How far and in what direction is Amy from her starting position? 


42. EXERCISE A runner’s velocity is 6 miles per hour due east, with the wind 
blowing 2 miles per hour due north. 


a. Draw a diagram to represent the situation, where 7 is the resultant vector. 
b. What is the resultant velocity of the runner? 


Find each of the following for 7 = (—4, —2), g = (6,1), and h= (2, —3). 
43. f +5+h 44h —2F +2 45. 29 -—3f +h 


46. HOMECOMING Nikki is on a committee to help plan her school’s 
homecoming parade. The parade starts at the high school and 
continues as shown. 


a. Find the magnitude and direction of the vector formed with 
an initial point at the school and terminal point at the end 
of the parade. 


b. Find the length of the parade if 1 unit = 0.25 mile. 


47. SWIMMING Jonas is swimming from the east bank to the west 
bank of a stream at a speed of 3.3 feet per second. The stream 
is 80 feet wide and flows south. If Jonas crosses the stream 
in 20 seconds, what is the speed of the current? 


H.0.T. Problems — Use Higher-Order Thinking Skills 


48. CHALLENGE Find the coordinates of point P on AB that partitions the segment into 
the given ratio AP to PB. 


a. A(0, 0), B(0, 6), 2 to 1 b. A(0, 0), B(—15, 0), 2 to 3 
la~ 
49. CESS PRECISION Are parallel vectors sometimes, always, or never opposite vectors? Explain. 


PROOF Prove each vector property. Let a = (x,, y,) and b= (Xo, Yo). 
50. commutative: 7 +b=b+7 


51. scalar multiplication: k(@ + 6) = ka + kb, where kis a scalar 


52. OPEN ENDED Draw a set of parallel vectors. 


a. Find the sum of the two vectors. What is true of the direction of the vector 
representing the sum? 


b. Find the difference of the two vectors. What is true of the direction of the vector 
representing the difference? 


53. WRITING IN MATH Compare and contrast the parallelogram and triangle methods 


of adding vectors. 


Standardized Test Practice 


54. EXTENDED RESPONSE Sydney parked her car and 56. PROBABILITY A die is rolled. Find the probability 
hiked along two paths described by the vectors of rolling a number greater than 4. 


(ean O) <4); F017 G033 HOS J 0.67 


a. What vector represents her hike along both 
paths? 57. SAT/ACT Caleb followed the two paths shown 


below to get to his house C from a store S. What 
is the total distance of the two paths, in meters, 
from C to S? 


b. When she got to the end of the second path, 
how far is she from her car if the numbers 
represent miles? 


55. In right triangle ABC shown below, what is 
the measure of Z A to the nearest tenth of a 
degree? 

A 


Spiral Review 


Find x. Round angle measures to the nearest degree and side measures to the nearest 
tenth. (Lesson 8-6) 


NRK OSS 


61. SOCCER Adelina is in a soccer stadium 80 feet above the field. The angle of 
depression to the field is 12°. What is the horizontal distance between Adelina 
and the soccer field? (Lesson 8-5) 


Quadrilateral WXYZ is a rectangle. Find each measure if m1 = 30. (Lesson 6-4) i 4 
62. mZ2 63. mZ8 64. mZ12 wy 
65. mZ5 66. 126 67. mZ3 ct , aa 

Y Z 


Skills Review 


Assume that segments and angles that appear to be congruent in each figure are 
congruent. Indicate which triangles are congruent. 


70. 
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Geometry Lab 


Adding Vectors 


You can use scale drawings to represent vectors and solve problems. 


Activity 


A small aircraft flies due south at an average speed of 175 miles per hour. The wind 
is blowing 30° south of west at 25 miles per hour. What is the resultant velocity and 
direction of the plane? 


| Step 1 | Choose a scale. 


Since it is not reasonable to represent the vectors using their actual sizes, you can use 
a scale drawing. For this activity, let 2 inches represent 100 miles. 


KG Make a scale drawing. 2 in. = 100 mph 


Use a ruler and protractor to make a scale 
drawing of the two vectors. 


ESGhEd Find the resultant. 


Find the resultant of the two vectors by using the 
triangle method or the parallelogram method. 


[SZ] Measure the resultant. 


Measure the length and angle of the resultant. _— of plane 
0 In. 
The resultant length is 38 inches, and it makes 


a 7° angle with the vector representing the velocity 
of the plane. 


| Step 5 | Find the magnitude and direction of the resultant. 


Use the scale with the length that you measured in 
Step 4 to calculate the magnitude of the plane’s 
resultant velocity. 

100 mph 


3. pclae Sia wind velocity 
35 ot. x SR = 187.5 mph as 


The resultant velocity of the plane is 187.5 miles per hour 7° west of south. 


Make a scale drawing to solve each problem. 


1. BIKING Lance is riding his bike west at a velocity of 10 miles per hour. The wind is 
blowing 5 miles per hour 20° north of east. What is Lance’s resultant velocity and 
direction? 


2. CANOEING Bianca is traveling due north across a river in a canoe with a current of 
3 miles per hour due west. If Bianca can canoe at a rate of 7 miles per hour, what is 
her resultant velocity and direction? 
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Study Guide and Review 


Study Guide 


SO ———— (oo 
KeyConcepts KeyVocabulary S 


Geometric Mean (Lesson 8-1) angle of depression (p. 580) Law of Sines (p. 588) 
e For two positive numbers a and b, the geometric mean is the angle of elevation (p. 580) magnitude (p. 600) 
iti h X= X: Dis true. . 

POSE NUINURE Ore ele aus component form (p. 602) Pythagorean triple (p. 548) 
Pythagorean Theorem (Lesson 8-2) cosine (p. 568) resultant (p. 601) 
e zs caer: a right triangle with right angle C. Then direction (p. 600) sine (0.568) 

a . geometric mean (p. 537) standard position (p. 602) 
Special Right Triangles (Lesson 8-3) : ae 
; inverse cosine (p. 571 angent (p.5 

e The measures of the sides of a 45°-45°-90° triangle are er enh ee 

x, X,and xV/2, inverse sine (p. 571) trigonometric ratio (p. 568) 
e The measures of the sides of a 30°-60°-90° triangle are inverse tangent (0.571) trigonometry (0. 568) 

X, 2x, and xV3. : ‘ 

Law of Cosines (p. 589) vector (p. 600) 
Trigonometry (Lesson 8-4) 
“sna opposite leg ae adjacent leg 
hypotenuse hypotenuse 
__ opposite leg 

a= adjacent leg VocabularyCheck 
Angles of Elevation and Depression ((esson 8-5) State whether each sentence is true or false. If false, replace the 


e An angle of elevation is the angle formed by a horizontal line BEND ere aes ae ee 


and the line of sight to an object above. 1. The arithmetic mean of two numbers is the positive square 
¢ An angle of depression is the angle formed by a horizontal line root of the product of the numbers. 


i i ject below. 
anariie.line Grs\gntta aivanjackbelaw 2. Extended ratios can be used to compare three or more 


Laws of Sines and Cosines (‘esson 8-6) quantities. 
Let AABC be any triangle. 3. To find the length of the hypotenuse of a right triangle, take 
© LawofSines;  SiA_ sinB_ sine the square root of the difference of the squares of the legs. 
: a b ¢ 
e LawofCosines: a2 = b* + c? — 2bcecos A 4. An angle of elevation is the angle formed by a horizontal line 
2 29. 9 and an observer’s line of sight to an object below the horizon. 
bé = a + C — 2ac cos B 
c? = a + b’ — 2abcosC 5. The sum of two vectors is the resultant. 
Vectors (Lesson 8-7) 6. Magnitude is the angle a vector makes with the x-axis. 


* Avector is @ quantity with both magnitude and direction. 7. Avector is in standard position when the initial point is at 


the origin. 
LTT, StudyOrganizer 8. The component form of a vector describes the vector in terms 


of change in x and change in y. 
Be sure the Key Concepts 


are noted in your Foldable. 9. The Law of Sines can be used to find an angle measure when 


given three side lengths. 


10. A trigonometric ratio is a ratio of the lengths of two sides of 
a right triangle. 


aN 
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Lesson-by-Lesson Review 


Geometric Mean 


Find the geometric mean between each pair of numbers. 
11. 9and4 


12. 20 and V 80 
13. —— 


14. 


y 


. DANCES Mike is hanging a string of lights on his barn for a 
square dance. Using a book to sight the top and bottom of 
the barn, he can see he is 15 feet from the barn. If his eye 
level is 5 feet from the ground, how tall is the barn? 


The Pythagorean Theorem and Its Converse 


20 


Determine whether each set of numbers can be the measures 
of the sides of a triangle. If so, classify the triangle as acute, 
obtuse, or right. Justify your answer. 


18. 7,24, 25 

19. 13,15, 16 

20. 65, 72, 88 

21. SWIMMING Alexi walks 27 meters south and 38 meters 
east to get around a lake. Her sister swims directly across 


the lake. How many meters to the nearest tenth did Alexi’s 
sister save by swimming? 


Example 1 
Find the geometric mean between 10 and 15. 
x= Vab 
a 10s 15 
= (5+ 2)+ (3-5) Factor. 
= V25-6 
=5V6 


Definition of geometric mean 


a=10and b=15 


Associative Property 


Simplify. 


Example 2 


40 

The side opposite the right angle is the hypotenuse, so c = x. 
a+ b? = ¢* 
40? + 75? = x? 
7225 = x" 
7225 = x 


85 = x 


Pythagorean Theorem 

a=40andb=75 

Simplify. 

Take the positive square root of each side. 


Simplify. 
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Special Right Triangles 


Find x and y. 
22. &, 


24. CLIMBING Jason is adding a climbing wall to his little 
brother’s swing-set. If he starts building 5 feet out from the 
existing structure, and wants it to have a 60° angle, how 
long should the wall be? 


Trigonometry 


Express each ratio as a fraction and as a decimal to the 
nearest hundredth. 


25. sinA 26. tan B 
27. sinB 28. cos A 
29. tanA 30. cosB A 


Find x. 
31. 


33. GARDENING Sofia wants to put a flower bed in the corner 
of her yard by laying a stone border that starts 3 feet from 
the corner of one fence and ends 6 feet from the corner of 
the other fence. Find the angles, x and y, the fence make 
with the border. 
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Example 3 
Find x and y. 


The measure of the third angle in 
this triangle is 90 — 60 or 30. This 
is a 30°-60°-90° triangle. 


h=2s 30°-60°-90° Triangle Theorem 
20 = 2x Substitute. 
10=x Divide. 
Now find y, the length of the longer leg. 
l= sV3 30°-60°-90° Triangle Theorem 
y= 10V3 Substitute. 


Example 4 


Express each ratio 

as a fraction and as 

a decimal to the nearest 
hundredth. 


a. sinL 


sinL = 2 or about 0.38 


b. cos L 


cos L = 4 or about 0.92 


c. tanLl 
=e o 
tan L = 19 or 0.42 


Angles of Elevation and Depression 


34. JOBS Tom delivers papers on a rural route from his car. Example 5 
If he throws a paper from a height of 4 feet, and it lands Sarah’s cat climbed up 
15 feet from the car, at what angle of depression did he a tree. If she sights her 
throw the paper to the nearest degree? cat at an angle of 


elevation of 40°, and 
her eyes are 5 feet off 
the ground, how 

high up from the 
ground is her cat? 


To find the how high the 
cat is up the tree, find CB. 


. TOWER There is a Cell phone tower in the field across from tan 40 — CB nics opposite 

Jen’s house. If Jen walks 50 feet from the tower, and finds 10 adjacent 

the angle of elevation from her position to the top of the 10(tan 40) = CB — Multiply each side by 10. 

tower to be 60°, how tall is the tower? 8.4= CB Simplify. 

Since Sarah’s eyes are 5 feet from the ground, add 5 to 8.4. 


Sarah’s cat is 13.4 feet up. 


The Law of Sines and Law of Cosines 


Find x. Round angle measures to the nearest degree and side Example 6 
measures to the nearest tenth. Find x. Round to the 


nearest tenth. 


x 
A 


We are given the measures of two sides and their included 

angle, so use the Law of Cosines. 

b? = a? + c* — 2accos B Law of Cosines 

x? = 8? + 18 — 2(8)(18) cos 140° — Substitution 

38. SKIING At Crazy Ed’s Ski resort, Ed wants to put in another ; soe 
ski lift for the skiers to ride from the base to the summit of x* = 388 — 288 cos 140 Simplify. 
the mountain. The run over which the ski lift will go is X = V 388 — 288 cos 140° = 24.7 Take the square 
represented by the figure below. The length of the lift is root of each side. 
represented by SB. If Ed needs twice as much cable as the 


length of SB, how much cable does he need? | Example7 


Find x. Round to the nearest tenth. 


sinA _ sin€ : 
or an ae Law of Sines 


sin60 _ sin x gs 
1 4 Substitution x 


11 sin 60° = 12 sin x Cross Products Property 


ee = sin x Divide each side by 12. 


x= sin! ine or about 52.5° 


h TRE 613 


Study Guide and Review continued 


Vectors 


39. Write the component form of the vector shown. 


. Copy the vectors 
to find a+ b. 


. Given that Sis (2, —6) and Tis (—10, 7), find the 
component form of $ + ft. 
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Example 8 


Find the magnitude and 


direction of ZB for 
A(1, 2) and B(—1, 5). 


Use the Distance Formula to find the magnitude. 
AB = V (Xq = xP + Vo — yy 
=V/(-i= 1)" +6=2)" Substitute. 
= V 13 or about 3.6 Simplify. 
Draw a right triangle with hypotenuse ZB and acute angle A. 
5-2 
-1 


Distance Formula 


tan A= | 1 | or 3 tan = = length cannot 


be negative. 


mZA = tan-' (-3 Def. of inverse tangent 


= —56.3 Use a calculator. 


The direction of AB is 180 — 56.3 or 123.7°. 


Practice Test 


Find the geometric mean between each pair 
of numbers. 


1. 7 and 11 2. 12 and 9 
3. 14and 21 4. 4\/3 and 10V3 
5. Find x, y, and z. 4 


Z 


6. FAIRS Blake is setting up his tent at a renaissance 
fair. If the tent is 8 feet tall, and the tether can be 
staked no more than two feet from the tent, how 
long should the tether be? 


Use a calculator to find the measure of ZR to the 
nearest tenth. 


7 P 8. P 
37 
Q 
72 
58 
R 

Q 25 R 

9. Find x and y. 


Express each ratio as a fraction and V 
as a decimal to the nearest hundredth. 
10. cos X 11. tan X "5 
12. tan V 13. sin V ae 
WwW 21 


Find the magnitude and direction of each vector. 
14. JK: J(—6, —4) and K(—10, —4) 
15. RS: R(1, 0) and S(—2, 3) 


16. SPACE Anna is watching a space shuttle launch 
6 miles from Cape Canaveral in Florida. When the 
angle of elevation from her viewing point to the 
shuttle is 80°, how high is the shuttle, if it is going 
straight up? 


Find x. Round angle measures to the nearest degree 
and side measures to the nearest tenth. 


17. . 18. 
24 a 36 
Y 59 
37 
x 
39 


19. MULTIPLE CHOICE Which of the following is the 
length of the leg of a 45°-45°-90° triangle with 
a hypotenuse of 20? 


A 10 C 20 
B 10V2 D 20V2 
Find x. 


20. 21. x 
24 
x IN 
10 


22. WHALE WATCHING Isaac is looking through 
binoculars on a whale watching trip when he 
notices a sea otter in the distance. If he is 20 feet 
above sea level in the boat, and the angle of 
depression is 30°, how far away from the boat 
is the otter to the nearest foot? 


Write the component form of each vector. 


23. y 24. 


5.6 H 


25. Solve AFGH. Round 


to the nearest degree. 
5.8 6.3 


G 
———————————————— ‘my? 
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Preparing for Standardized Tests 


Use a Formula 


Sometimes it is necessary to use a formula to solve problems on standardized tests. 
In some cases you may even be given a sheet of formulas that you are permitted to 
reference while taking the test. 


Oo (an on f ia 
l b b L xVv¥3° L 


C = 2nr A= tw A= 4h f+ Pac Special Right Triangles V = éwh V=naPh 
A=n7r 


The are 360 degrees in a circle. 
The sum of the measures of the angles of a triangle is 180. 


Strategies for Using a Formula 


Read the problem statement carefully. 
Ask yourself: 
e What am | being asked to solve? 
e What information is given in the problem? 


e Are there any formulas that | can use to help me solve the problem? 


Solve the problem. 
e Substitute the known quantities that are given in the problem statement into the formula. 


e Simplify to solve for the unknown values in the formula. 


Check your solution. 
e Determine a reasonable range of values for the answer. 
e Check to make sure that your answer makes sense. 


e [f time permits, check your answer. 
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Standardized Test Example 


the problem to solve. 


The ratio of the width to the height 
of a high-definition television is 
16:9. This is also called the aspect 
ratio of the television. The size of a 
television is given in terms of the 
diagonal distance across the screen. 
If an HD television is 25.5 inches 
tall, what is its screen size? 


A 48 inches 
B 50 inches 


16_ ow +— width of the screen 
9 25.5 <— height of the screen 

9w = 408 Cross Products Property 
w= 455 Divide each side by 9. 


the diagonal distance. 


c? =a? + b2 Pythagorean Theorem 
2 
c2 = (25.5)* + (455) Substitute for a and b. 
c = 52.01 


Read the problem. Identify what you need to know. Then use the information in 


C. 51 inches 
D 52 inches 


25.5 in. 


Read the problem statement carefully. You are given the height of the screen and the 
ratio of the width to the height. You are asked to find the diagonal distance of the 
screen. You can use the Pythagorean Theorem to solve the problem. 


Find the width of the screen. Set up and solve a proportion using the aspect ratio 16:9. 


So, the width of the screen is 455 inches. Use the Pythagorean Theorem to solve for 


Simplify. Take the square root of both sides to solve for c. 


The diagonal distance of the screen is about 52 inches. So, the answer is D. 


Read each problem. Identify what you need to know. 
Then use the information in the problem to solve. 


1. Christine is flying a kite on the end of a taut string. 
The kite is 175 feet above the ground and is a 
horizontal distance of 130 feet from where Christine 
is standing. How much kite string has Christine let 
out? Round to the nearest foot. 


A 204 ft 
B 218 ft 


C 225 ft 
D 236 


2. What is the value of x below to the nearest tenth? 
F 


13 


G 
F 9.7 G 10.2 


H 10.5 J 111 
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¥Standardized Test Practice 
Cumulative, Chapters 1 through 8 


F = 3. The scale of a map is 1 inch = 4.5 kilometers. What 
Multiple Choice is the distance between two cities that are 2.4 inches 


apart on the map? 


Read each question. Then fill in the correct answer on 
the answer document provided by your teacher or on A 10.8 kilometers 
a sheet of paper. 


B 11.1 kilometers 


1. What is the value of x in the figure below? C 11.4 kilometers 
12 D 11.5 kilometers 


4, What is the value of x in the figure below? Round to 
the nearest tenth. 


25.5 x 0 
18 . 
A 22.5 
B 23 F 10.5 
C 23.5 G 111 
D 24 H 13.6 
J 142 


2. A baseball diamond is a square with 90-ft sides. ; : . 
What is the length from 3rd base to Ist base? 5. What type of triangle is formed by the locations of 
Round tothene este Lexington, Somerset, and Bowling Green? 


2nd Base Lexington 
90 ft 
3rd ist . 
Base Base Bowling Somerset 
Green 
A acute 
Home B_ equiangular 
Bae C obtuse 
F 155.9 ft D right 


SALON 6. Grant is flying a kite on the end of a string that is 
H 127.3 ft 350 feet long. The angle elevation from Grant to 
the kite is 74°. How high above the ground is the 


j Mean kite? Round your answer to the nearest tenth 
if necessary. 
F 336.4 ft 
Question 1 Some test items require the use of a formula to solve H 141.2 ft 
them. Use the Pythagorean Theorem to find x. 
J 96.5 ft 
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Short Response/Gridded Response 


Record your answers on the answer sheet provided 
by your teacher or on a sheet of paper. 


7. GRIDDED RESPONSE Find x in the figure below. 
Round your answer to the nearest tenth if 


necessary. 
15 
19 
25 


8. Amy is paddling her canoe across a lake at a speed 
of 10 feet per second headed due north. The wind is 
blowing 40° east of north with a velocity of 2.8 feet 
per second. What is Amy’s resultant velocity? 
Express your answer as a vector. Show your work. 


9. Janice used a 16-inch dowel and a 21-inch dowel to 
build a kite as shown below. What is the perimeter 
of her kite? 


= 


10. GRIDDED RESPONSE A model airplane takes off at an 
angle of elevation of 30°. How high will the plane 
be after traveling 100 feet horizontally? Round to 
the nearest tenth. Show your work. 


11. According to the Perpendicular Bisector Theorem, 
what is the length of segment AB below? 


D 
2.5cm 


Cc 


B 


12. Find the slope of the line that contains the points 
(7,2) and (3, 4). 


13. If EG = 15 meters, what is the length of 


segment FG? 
X+3 x 
E F G 


14, What is the contrapositive of the statement below? 


If a quadrilateral is a rectangle, then it is a 
parallelogram. 


Extended Response 


Record your answers on a sheet of paper. 
Show your work. 


15. Refer to the triangle shown below. 


8 12.5 
a. Find x to the nearest tenth. 
b. Find y to the nearest tenth. 


c. Find z to the nearest tenth. 


ae a) 
Need ExtraHelp? 
If you missed Question... 1 2 3 4 5 0 8 9 10 11 12 13 14 iI5) 
te Go to Lesson... 8-2 | 8-3 | 7-7 | 8-4 | 4-1 | 8-5 | 8-6 | 8-7 | 6-6 | 8-5 | 5-1 | 3-3 | 1-2 | 2-3 el) 
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Transformations and Symmetry 


eure tt «i hoe Ee 


CLEVE LL cl LV 


; - : 7 
© You identified © In this chapter, © PHOTOGRAPHY Photographers use reflections, rotations, 


reflections, you will: and symmetry to make photographs interesting and 
translations, and visually appealing. 


rotations. = Name and draw 


figures that have 
been reflected, 
translated, rotated, 
or dilated. 


= Recognize and 
draw compositions 
of transformations. 


= Identify symmetry 
in two- and three- 
dimensional 
figures. 


~connectED.mcgraw-hill.com BAQa tie Eun 


4 ZI) 


Personal Virtual Graphing ’ Self-Check 
Tutor Manipulatives Calculator Audio Foldables Practice Worksheets 


Animation Vocabulary  eGlossary 
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Get Ready for the Chapter 


Diagnose Readiness | You have two options for checking prerequisite skills. 


| 1 Textbook Option Take the Quick Check below. Refer to the Quick Review for help. 


Identify the type of congruence transformation shown as a Example 1 
reflection, translation, or rotation. 


Identify the type of y 
1. AtoB congruence transformation 

shown as a reflection, 
2. DioA translation, or rotation. 
3. AtoC 


Each vertex and its image are the same distance from the y-axis. 
This is a reflection. 


Find the sum of each pair of vectors. 


4. (13, —4) + (-11, 9) 5. (6, —31) + (—22, 3) Write the component form of ZB for A(—1, 1) and B(4, —3). 


6. BAND During part of a song, the drummer in a marching band AB a= hei Pon er eele 
moves from (1, 4) to (5, 1). Write the component form of the = (4— (—1), -3 — 1) Substitute. 


vector that describes his movement. 5 <4) Simplify. 


Determine whether the dilation from A to Bis an enlargement 
or a reduction. Then find the scale factor of the dilation. 


7. Determine whether the dilation from 
Ato Bis an enlargement or a 
reduction. Then find the scale 
factor of the dilation. 


8. PLAYS Bob is making a model of an ant for a play. Find the 
scale factor of the model if the ant is 3 inch long and the 
model is 1 foot long. 


Bis larger than A, so it is an enlargement. 


The distance between the vertices of A is 2 and the 
corresponding distance for Bis 6. 


The scale factor is - or 3. 


—, 
2 Online Option Take an online self-check Chapter Readiness Quiz at connectED.mcgraw-hill.com. vw 
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Get Started on the Chapter 


You will learn several new concepts, skills, and vocabulary terms as you study 
Chapter 9. To get ready, identify important terms and organize your resources. 
You may refer to Chapter 0 to review prerequisite skills. 


NewVocabulary 


[ZED StudyOrganizer 


Transformations and Symmetry Make this Foldable to help English Espanol 
you organize your Chapter 9 notes about transformations and 
symmetry. Begin with three sheets of notebook paper. 


line of reflection p.623 linea de reflexion 
center of rotation p.640 centro de rotacion 
angle of rotation p.640  angulo de rotacion 


1 Fold each sheet of paper 
in half. 


composition of p.651 composicién de 
transformations transformaciones 


symmetry p.663 — simetria 
line symmetry p.663 — simetria lineal 


line of symmetry p.663  eje de simetria 


2 Open the folded papers and 
fold each paper lengthwise 
two inches, to form a pocket. 


ReviewVocabulary 


reflection reflexidn a transformation representing 
a flip of the figure over a point, line or plane 


rotation rotacién a transformation that turns every point 
of a preimage through a specified angle and direction 
about a fixed point 


3 Glue the sheets side-by-side 
to create a booklet. 


ay to 


translation traslacion a transformation that moves 
all points of a figure the same distance in the same direction 


The transformation 
from Ato Bisa 


4 Label each of the pockets i rotation. 
as shown. 
The transformation AC 
from Ato Cis a 
reflection. The transformation 


from Ato Disa 
translation. 
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--Now 


@ You identified 
reflections and 
verified them as 
congruence 
transformations. 


(gd NewVocabulary 
= line of reflection 


€cSS) Common Core 
y y) State Standards 

Content Standards 
G.C0.4 Develop definitions 
of rotations, reflections, and 
translations in terms of 
angles, circles, perpendicular 
lines, parallel lines, and line 
segments. 
G.CO0.5 Given a geometric 
figure and a rotation, 
reflection, or translation, 
draw the transformed figure 
using, €.g., graph paper, 
tracing paper, or geometry 
software. Specify a sequence 
of transformations that will 
carry a given figure onto 
another. 


Mathematical Practices 

5 Use appropriate tools 
strategically. 

7 Look for and make use of 
structure. 


age fotostock/SuperStock 


@ 1 Draw reflections. 


Draw reflections in 
the coordinate plane. 


Reflections 


Why? 


@ Notice in this water reflection 
that the distance a point lies 
above the water line appears 
the same as the distance its 

image lies below the water. 


Draw Reflections In Lesson 4-7, you learned that a reflection or flip is a 
transformation in a line called the line of reflection. Each point of the preimage 
and its corresponding point on the image are the same distance from this line. 


kK kK 
ae 
A 


Ais not on line k. 


KeyConcept Reflection in a Line 


A reflection in a line is a function that maps a point to its 
image such that 


e if the point is on the line, then the image and preimage 
are the same point, or 

e if the point is not on the line, the line is the perpendicular 
bisector of the segment joining the two points. 


Ais on line k. 


A’, A”, A’, and so on, name corresponding points for one or more transformations. 


To reflect a polygon in a line, reflect each of the polygon’s vertices. Then connect these 
vertices to form the reflected image. 


Example 1 


Copy the figure and the given line of reflection. Then B 

draw the reflected image in this line using a ruler. ij : 

| Step 1 | Draw a line through each vertex A C 
that is perpendicular to line K, 

| Step 2 | Measure the distance from point A 


to line k, Then locate A’ the same N Bo 
distance from line K on the opposite side \ \ 


A \ 
| Step 3 | Repeat Step 2 to locate points B’ and i ‘ 7 kK 
C’. Then connect vertices A’, B’, and j Wou 
C’ to form the reflected image. \ a f\ 
a\ \ 
\ \ 
\ B’ \ 
GuidedPractice \ y Y 


1A. F ee 1B. P 1¢. : 4 
OY A 
L 
J m R 
H Ss 


Recall that a reflection is a congruence transformation or isometry. In the figure in 
Example 1, AABC = AA’B'C’. 


Real-World Example 2 


SHOPPING Suppose you are going to buy 
clothes in Store B, return to your car, and 
then buy shoes at Store G. Where along 
line s of parking spaces should you park 
to minimize the distance you will walk? 


Understand You are asked to locate a point P 
on line s such that BP + PG has 
the least possible value. 


The total distance from B to P and 
then from P to G is least when these 
three points are collinear. Use the 
reflection of point B in line s to find 
the location for point P. 


Plan 


Real-WorldCareer 


Photographer Photographers 
take photos for a variety of 
reasons such as journalism, 
art, to record an event, or for 
scientific purposes. In some 


¥ 
i 
| 


photography fields such as Solve Draw B’G. Locate P at the 
photojournalism and scientific intersection of line s and B’G. 
photography, a bachelor’s 
degree is required. For others, Check Compare the sum BP + PG for each 
such as portrait photography, case to verify that the location found 
technical proficiency is the for P minimizes this sum. 
only requirement. 
GuidedPractice —;! 
2. TICKET SALES Joy wants to select a good location 
to sell tickets for a dance. Locate point P such that S 
the distance someone would have to walk from - 
Hallway A, to point P on the wall, and then to Be 
their next class in Hallway B is minimized. — I 


Draw Reflections in the Coordinate Plane Reflections can also be performed in 
the coordinate plane by using the techniques presented in Example 3. 


y 
StudyTip 
Characteristics of a 
Reflection Reflections, like 
all isometries, preserve 
distance, angle measure, 
betweenness of points, and 
collinearity. The orientation 
of a preimage and its image, 
however, are reversed. 


Example 3 


Triangle JKL has vertices J(0, 3), K(—2, —1), and L(—6, 1). Graph AJKL and its 
image in the given line. 


ax=—4 b y=2 
Find a corresponding point for each 
vertex so that a vertex and its image 


are equidistant from the line y = 2. 


Find a corresponding point for each 
vertex so that a vertex and its image 
are equidistant from the line x = —4. 


x “ete* 


\ Va 
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9||La}se || 


ReadingMath 


Coordinate Function Notation 
The expression Pla, b) > 
Pa, —b) can be read as 
point P with coordinates 

a and b is mapped to new 
location P prime with 
coordinates a and negative b. 


StudyTip 


Invariant Points In Example 
4a, point Bis called an 
invariant point because it 
maps onto itself. Only points 
that lie on the line of 
reflection are invariant 
under a reflection. 


GuidedPractice 


trapezoid RSTV and its image in the given line. 


3A. y=-3 


3B. x =2 


Trapezoid RSTV has vertices R(—1, 1), S(4, 1), T(4, —1), and V(—1, —3). Graph 


When the line of reflection is the x- or y-axis, you can use the following rule. 


KeyConcept Reflection in the x- or y-axis 
Reflection in the x-axis Reflection in the y-axis 
To reflect a point in the x-axis, To reflect a point in the y-axis, 
mons multiply its y-coordinate by —1. moms multiply its x-coordinate by —1. 
Symbols — (x, y) — (x, —y) Symbols (x, y) — (-x%, y) 
Example Example 
\ 


Example 4 


Multiply the y-coordinate of each vertex by —1. 


(x, y) — (x,-y) 
A(-5,3) = AX%=5,=3) 
B(2, 0) =» B,0) 
C(1, 2) =. (0, —2) 


S(—4, —3) in the y-axis 
Multiply the x-coordinate of each vertex by —1. 


(x, y) — (-x,y) 
P(-4,1) — P%4,1) 
Q(2, 3) => Q(-2,3) 
RO.=1) — Ri =1) 
S(—4,=3) — §4,-3) 
GuidedPractice 


Graph each figure and its image under the given reflection. 


a. AABC with vertices A(—5, 3), B(2, 0), and C(1, 2) in the x-axis 


A 


b. parallelogram PQRS with vertices P(—4, 1), Q(2, 3), R(2, —1), and 


4A. rectangle with vertices E(—4, —1), F(2, 2), GG, 0), and H(—3, —3) in the x-axis 
4B. AJKL with vertices J(3, 2), K(2, —2), and L(4, —5) in the y-axis 
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You can also reflect an image in the line y = x. 


e 
ee ua The slope of y = x is 1. In the graph shown, CC’ is 
a nti rte “ perpendicular to y = x, so its slope is —1. From C(—3, 2), 
perpendicular if and only if move right 2.5 units and down 2.5 units to reach y=x. 
the product of their slopes From this point on y = x, move right 2.5 units and down 
is —1. 2.5 units to locate C’(2, —3). Using a similar method, the 
q image of D(—3, —1) is found to be D’(—1, —3). 


Comparing the coordinates of these and other examples 
leads to the following rule for reflections in the line y = x. 


KeyConcept Reflection in Line y = x 


Words To reflect a point in the line y= x, | Example 
interchange the x- and 
y-coordinates. 


Symbols = (X, Y) = (YX) 


Example 5 


; Quadrilateral JKLM has vertices J(2, 2), K(4, 1), L(3, —3), and M(0, —4). 
StudyTip Graph JKLM and its image J’K’L’M’ in the line y = x. 


Preimage and Image 


: Interchange the x- and y-coordinates of each vertex. 
In this book, the preimage 
will always be blue and the (x, y) — (y,x) 
image will always be green. ; 
J(2, 2) > J(2,2) 
K(4, 1) — K“1,4) 
LG,-3) — L-3,3) 
M(0,-—4) — M%-4,0) 
GuidedPractice 


5. ABCD has vertices B(—3, 3), C(1, 4), and D(—2, —4). Graph ABCD and its 
image in the line y = x. 


ConceptSummary Reflection in the Coordinate Plane 


Reflection in the x-axis Reflection in the y-axis Reflection in the line y= x 


(x, W) = (-X, W) 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Copy the figure and the given line of reflection. Then draw the reflected image in 
this line using a ruler. 


i. 2 2. k 3. x 
\ > F A a >y 
a 
2 “<< 7 a 
¥ 


Example 2 4. SPORTING EVENTS Toru is waiting at a 
café for a friend to bring him a ticket to a 
sold-out sporting event. At what point P 
along the street should the friend try to 
stop his car to minimize the distance Toru 
will have to walk from the café, to the car, 
and then to the arena entrance? 
Draw a diagram. 


Example 3 Graph AABC and its image in the given line. 
5. y= —2 6.x =3 


Examples 4-5 Graph each figure and its image under the given 
reflection. 


7. AXYZ with vertices X(0, 4), Y(—3, 4), and Z(—4, —1) 
in the y-axis 

8. CIQRST with vertices Q(—1, 4), R(4, 4), S(3, 1), 
and T(—2, 1) in the x-axis 


9. quadrilateral JKLM with vertices ](—3, 1), 
K(-1, 3), L(1, 3), and M(—3, —1) in the line y = x 


Practice and Problem Solving Extra Practice is on page R9. 


i> 
Example 1 CESS TOOLS Copy the figure and the given line of reflection. Then draw the reflected 
image in this line using a ruler. 


10. k 11. K 12. c 
xX 


Ss 


15. 
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Example 2 SPORTS When a ball is rolled or struck without spin O O 
against a wall, it bounces off the wall and travels in 
a ray that is the reflected image of the path of the ball 
if it had gone straight through the wall. Use this Wall wr 
information in Exercises 16 and 17. ‘aS 


16. BILLIARDS Tadeo is playing billiards. 
He wants to strike the eight ball with 
the cue ball so that the eight ball bounces 
off the rail and rolls into the indicated 
pocket. If the eight ball moves with no 
spin, draw a diagram showing the exact 
point P along the right rail where the 
eight ball should hit after being struck by 
the cue ball. 


17. INDOOR SOCCER Abby is playing indoor soccer, and she wants to hit the 
ball to point C, but must avoid an opposing player at point B. She decides to 
hit the ball at point A so that it bounces off the side wall. Draw a diagram 
that shows the exact point along the top wall for which Abby should aim. 


Example 3 Graph each figure and its image in the given line. 


A y 
B 

SERRE RRR a 

18. AABC; y =3 20. JKLM; x = 1 22. WXYZ; y = —4 

19. AABC; x = -1 21. JKLM; y = 4 23. WXYZ; x = —2 


_= 
Examples 4-5 CCSS STRUCTURE Graph each figure and its image under the given reflection. 
24. rectangle ABCD with vertices A(—5, 2), B(1, 2), C(1, —1), and D(—5, —1) in the line y = —2 


(25) square JKLM with vertices J(—4, 6), K(0, 6), L(0, 2), and M(—4, 2) in the y-axis 

26. AFGH with vertices F(—3, 2), G(—4, —1), and H(—6,—1) in the line y = x 

27. CIWXYZ with vertices W(2, 3), X(7, 3), Y(6, —1), and Z(1, —1) in the x-axis 

28. trapezoid PORS with vertices P(—1, 4), Q(2, 4), R(1, —1), and S(—1, —1) in the y-axis 


29. ASTU with vertices S(—3, —2), T(—2, 3), and U(2, 2) in the line y = x 
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Masterfile 


Each figure shows a preimage and its reflected image in some line. Copy each figure 
and draw the line of reflection. 


CI OV 


CONSTRUCTION To construct the reflection of a figure 
in a line using only a compass and a straightedge, ae 
you can use: p " 
e the construction of a line perpendicular to a given a 
Line of 


line through a point not on the line (p. 55), and 

* the construction of a segment congruent to a given Reflection 
segment (p. 17). 

la~ 

CESS TOOLS Copy each figure and the given line of reflection. Then construct the 


reflected image. 


33. 34. 


@) PHOTOGRAPHY Refer to the photo at the right. 


a. What object separates the zebras and 
their reflections? 


b. What geometric term can be used to 
describe this object? 


ALGEBRA Graph the line y = 2x — 3 and its reflected image in the given line. What is 
the equation of the reflected image? 


36. x-axis 37. y-axis 38. y =x 
39. Reflect ACDE shown below in 40. Relocate vertex C so that ABCDE 
the line y = 3x. is convex, and all sides remain 
the same length. 
B 
A 
E D 


LS 
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ALGEBRA Graph the reflection of each function in the given line. Then write the 
equation of the reflected image. 


(41) x-axis 42. y-axis 43. x-axis 


44, 


of? MULTIPLE REPRESENTATIONS In this problem, you will investigate a reflection 

in the origin. 

a. Geometric Draw AABC in the coordinate plane so that each vertex is a 
whole-number ordered pair. 


b. Graphical Locate each reflected point A’, B’, and C’ so that the reflected point, 
the original point, and the origin are collinear, and both the original point and 
the reflected point are equidistant from the origin. 


c. Tabular Copy and complete the table below. 
| AA'B'C’ 


A A’ 
Coordinates B B 
C C 


d. Verbal Make a conjecture about the relationship between corresponding 
vertices of a figure reflected in the origin. 


H.0.T. Problems Use Higher-Order Thinking Skills 


45. 


48. 


49. 


50. 


51. 
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ERROR ANALYSIS Jamil and Ashley are finding the coordinates of the image of 
(2, 3) after a reflection in the x-axis. Is either of them correct? Explain. 


CE23) 


. WRITING IN MATH Describe how to reflect a figure not on the coordinate plane across a line. 
47. 


CHALLENGE A point in the second quadrant with coordinates (—a, b) is reflected in the 
x-axis. If the reflected point is then reflected in the line y = —x, what are the final 
coordinates of the image? 


OPEN ENDED Draw a polygon on the coordinate plane that when reflected in the 
x-axis looks exactly like the original figure. 


CHALLENGE When A(4, 3) is reflected in a line, its image is A’(—1, 0). Find the equation 
of the line of reflection. Explain your reasoning. 


a> 
cess PRECISION The image of a point reflected in a line is always, sometimes, or never 
located on the other side of the line of reflection. 


WRITING IN MATH Suppose points P, Q, and R are collinear, with point Q between points 
P and R. Describe a plan for a proof that the reflection of points P, Q, and R ina line 
preserves collinearity and betweenness of points. 


| Reflections 


Standardized Test Practice 


52. SHORT RESPONSE If quadrilateral WXYZ 54. In ADEF, mZE = 108, mZF = 26, and f = 20. 
is reflected across the y-axis to become Find d to the nearest whole number. 
quadrilateral W’X’Y’Z’, what are the 
coordinates of X’? E 

f 
y d 
xX 
D 5 F 
Y 
- F 26 G 33 H 60 J 65 
WwW Zz 
55. SAT/ACT In a coordinate plane, points A and B 
have coordinates (—2, 4) and (3, 3), respectively. 
i ? 

53. ALGEBRA If the arithmetic mean of 6x, 3x, mee hea peay 
and 27 is 18, then what is the value of x? A vV50 D (1, -1) 

A2 C5 B (1,7) E V26 
B 3 D6 C (5, -1) 


Spiral Review 


Write the component form of each vector. (Lesson 8-7) 


56. 57. 


58. 


59. REAL ESTATE A house is built on a triangular plot of land. Two sides of the plot 
are 160 feet long, and they meet at an angle of 85°. If a fence is to be placed along 
the perimeter of the property, how much fencing material is needed? (Lesson 8-6) 


60. COORDINATE GEOMETRY In ALMN, PR divides NL and MN proportionally. If the 


vertices are N(8, 20), P(11, 16), and R(3, 8) and LP _ 2 find the coordinates of L 
PN 1 
and M. (Lesson 7-4) 


Use the figure at the right to write an inequality relating 
the given pair of angle or segment measures. (Lesson 5-6) 


61. AB, FD 
62. mZBDC, mZFDB 
63. mZFBA, mZDBF 


Skills Review 


Find the magnitude and direction of each vector. 


64. RS: R(—3, 3) and S(—9, 9) 65. JK: (8, 1) and K(2, 5) 
66. FG: F(—4, 0) and G(—6, —4) 67. AB: A(—1, 10) and B(1, —12) 


@ You found the 
magnitude and 
direction of vectors. 


>a NewVocabulary 


— translation vector 


€css)) Common Core 
CSS) state Standards 
Content Standards 
G.CO.4 Develop definitions 
of rotations, reflections, and 
translations in terms of 
angles, circles, perpendicular 
lines, parallel lines, and line 
segments. 


G.C0.5 Given a geometric 
figure and a rotation, 
reflection, or translation, 
draw the transformed figure 
using, €.g., graph paper, 
tracing paper, or geometry 
software. Specify a sequence 
of transformations that will 
carry a given figure onto 
another. 


Mathematical Practices 

5 Use appropriate tools 
strategically. 

4 Model with mathematics. 


®) 632 | Lesson 9-2 


° 1 Draw translations. 


Translations 


Why? 


@ Stop-motion animation is a 
technique in which an object is 
moved by very small amounts 
between individually photographed 
frames. When the series of frames 
is played as a continuous 
sequence, the result is the 

illusion of movement. 


Draw translations in 
the coordinate plane. 


Draw Translations In Lesson 4-7, you learned that a translation or slide is a 

transformation that moves all points of a figure the same distance in the same 
direction. Since vectors can be used to describe both distance and direction, vectors 
can be used to define translations. 


KeyConcept Translation 


A translation is a function that maps each point A’ = 
to its image along a vector, called the translation ” K 
Vector, such that a 
e each segment joining a point and its image A 2 

has the same length as the vector, and oe 


e this segment is also parallel to the vector. Point 4’ is a translation of point A along 


translation vector k. 


Example 1 


Copy the figure and the given translation vector. Then draw 
the translation of the figure along the translation vector. 


ERE Draw a line through each vertex parallel to 
vector @ 

| Step 2 | Measure the length of vector w. Locate point X’ 
by marking off this distance along the line 
through vertex X, starting at X and in the 
same direction as the vector. 

| Step 3 | Repeat Step 2 to locate points Y’ and Z’. Then 
connect vertices X’, Y’, and Z’ to form the 
translated image. 


GuidedPractice 


sabew| Aegjuewuleyajuy sebew) M989/wWIy Pi 


Draw Translations in the Coordinate Plane Recall that y 

a vector in the coordinate plane can be written as (a, b), 
where a represents the horizontal change and b is the vertical 
change from the vector’s tip to its tail. CD is represented by 
the ordered pair (2, —4). 


Written in this form, called the component form, a vector can 
be used to translate a figure in the coordinate plane. 


g 
ReadingMath 
Horizontal and Vertical e eer : 
Translations When the ‘a’ KeyConcept Translation in the Coordinate Plane 
Sa eet Words To translate a point along vector (a, b), i; 
is horizontal only. When the add ato the x-coordinate and to the P(-2 Pe 3 + 4) or (5, 7) 
translation vector is of the y-coordinate. 
form (0, b), the translation 
is vertical only. symbols (6H + ayt B 
\ Example — The image of P(—2, 3) translated along 
vector (7, 4) is P’(5, 7). 
X A 


A translation is another type of congruence transformation or isometry. 


Example 2 
Graph each figure and its image along the given vector. 


a. AEFG with vertices E(—7, —1), F(—4, —4), and G(—3, —1); (2, 5) 


The vector indicates a translation 
2 units right and 5 units up. 


(x, y) — («+2,y+4+5) 
E-7,=1) = £54) 
Pla -4). 3 P21) 
65.41) = 1,4) 


The vector indicates a translation 
3 units left and 4 units down. 


wy) — &+(—3), 4+ (—4) 


= J(3,4) — J’(0,0) 
- K(5,2) — K’(2,—2) 
Math HistoryLink L(7,4) — L'(4,0) 


Felix Klein (1849-1925) 
Klein’s definition of geometry 
as the study of the properties 
of a space that remain 
invariant under a group of 
transformations allowed for 
the inclusion of both 
Euclidean and non-Euclidean 
geometry. 


M(5,6) — M’(2,2) 


GuidedPractice 
2A. AABC with vertices A(2, 6), B(1, 1), and C(7, 5); (—4, —1) 
2B. quadrilateral QRST with vertices Q(—8, —2), R(—9, —5), S(—4, —7), 


and T(—4, —2); (7, 1) 


SSPL/Getty Images 


Real-World Example 3 


MARCHING BAND In one part of a marching band’s performance, a line of trumpet 
players starts at position 1, marches to position 2, and then to position 3. Each unit 
on the graph represents one step. 


Audience 
Position 1 
forward 
—16 16 left right 

Real-WorldLink 

: backward 
Marching bands often make 
use of a series of formations 
that can include geometric 
shapes. Usually, each band 30 40 50 40 30 
member has an assigned 
position in each formation. 
Floating is the movement of a. Describe the translation of the trumpet line from position 1 to position 2 in 
a group of members together function notation and in words. 
without changing the shape F Biccd 5 age F wed ; ; 
areie Glah . apa oe One point on the line in position 1 is (14, 8). In position 2, this point moves to 

(2, 8). Use the translations function (x, y) > (x + a, y + b) to write and solve 


equations to find a and b. 
(14+ a,8+ 6) or (2,8) 
14+ 4a=2 8+b=8 
a=-—12 b=0 
function notation: (x, y) > (x + (—12), y + 0) 


So, the trumpet line is translated 12 steps /eft but no steps forward or backward 
from position 1 to position 2. 


b. Describe the translation of the line from position 1 to position 3 using a 
translation vector. 


(14+ 4,8+ b) or (2, —1) 
14+a=2 8+b=-1 
a=-—12 b=-9 


translation vector: (—12, —9) 


GuidedPractice 


3. ANIMATION A coin is filmed using stop-motion y 


animation so that it appears to move. 


A. Describe the translation from A to B in 
function notation and in words. 


B. Describe the translation from A to C using 
a translation vector. 


—= 
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Check Your Understanding 


Example 1 Copy the figure and the given translation vector. Then draw the translation of the figure 
along the translation vector. 


Example 2 Graph each figure and its image along the given vector. 
4. trapezoid JKLM with vertices J(2, 4), K(1, 1), L(5, 1) and M(4, 4); (7, 1) 
5. ADFG with vertices D(—8, 8), F(—10, 4), and G(—7, 6); (5, —2) 


6. parallelogram WXYZ with vertices W(—6, —5), X(—2, —5), Y(—1, —8), 
and Z(—5, —8); (—1, 4) 


Example 3 7. VIDEO GAMES The object of the video game shown is to 
manipulate the colored tiles left or right as they fall from 
the top of the screen to completely fill each row without 
leaving empty spaces. If the starting position of the tile 
piece at the top of the screen is (x, y), use function 
notation to describe the translation that will fill the 
indicated row. 


Practice and Problem Solving Extra Practice is on page R9. 


la~ 
Example 1 CESS) TOOLS Copy the figure and the given translation vector. Then draw the translation 
of the figure along the translation vector. 


8. K L 9. = 10. S 
_ a ae TT | 
J M 
B -\Q f 


it: y 12. —— ae Be y 
xX 
Ni Fe 
W 
ee ee a 
x Zz D H z 


Example 2 Graph each figure and its image along the given vector. 
14. AABC with vertices A(1, 6), B(3, 2), and C(4, 7); (4, —1) 
(15) AMNP with vertices M(4, —5), N(5, —8), and P(8, —6); (—2, 5) 
16. rectangle QRST with vertices Q(—8, 4), R(—8, 2), S(—3, 2), and T(—3, 4); (2, 3) 


17. quadrilateral FGH] with vertices F(—4, —2), G(—1, —1), H(0, —4), and J(—3, —6); 
(=), =2) 


18. CWXYZ with vertices W(—3, —1), X(1, -1), Y(2, —4), and Z(—2, —4); (-3, 4) 
19. trapezoid JKLM with vertices J(—4, —2), K(—1, —2), L(0, —5), and M(—5, —5); (6, 5) 


Example 3 20. cess MODELING Brittany’s neighborhood is shown on the grid at 


the right. 


a. If she leaves home and travels 4 blocks north and 


3 blocks east, what is her new location? 


b. Use words to describe two possible translations that will 


take Brittany home from school. 


Left Hash Right Hash 


FOOTBALL A wide receiver starts from his 15-yard line 

on the right hash mark and runs a route that takes him 
12 yards to the left and down field for a gain of 17 yards. 
Write a translation vector to describe the receiver's route. 


<0 
tit 
mm 

5] 


<016 
my 

tit 
«210 |< 


22. CHESS Each chess piece has a path that it can follow to 
move. The rook, which begins in square a8, can only 
move vertically or horizontally. The knight, which 
begins in square b8, can move two squares horizontally 
and then one square vertically, or two squares vertically 
and one square horizontally. The bishop, which begins 
in square f8, can only move diagonally. 


+N wo Hh OD N © 


a. The knight moves 2 squares vertically and 1 square 
horizontally on its first move, then two squares 
horizontally and 1 square vertically on its second 
move. What are the possible locations for the knight 
after two moves? 


b. After two moves, the rook is in square d3. Describe a possible translation to 
describe the two moves. 


c. Describe a translation that can take the bishop to square a1. What is the minimum 
number of moves that can be used to accomplish this translation? 


Write each translation vector. 
23. y 24. 


25. CONCERTS Dexter’s family buys tickets every year for a concert. Last year they were in 
seats C3, C4, C5, and C6. This year, they will be in seats D16, D17, D18, and D19. Write 
a translation in words and using vector notation that can be used to describe the 
change in their seating. 


DBBReOLoU002a 1415 1617-18 19 20 21 22 23 24 25 26 fp) 
c@ROQROROOeNeE 3 GooRLDOaeeaaR- 
BRBROeOGOO0020 14 15 1617-18-19 20 21 22 23 24 25 26 [53 
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—~ 
CESS SENSE-MAKING Graph the translation of each function along the given vector. Then 
write the equation of the translated image. 

@7) {=2,0) iy 


26. (4,1) y 


a 
| 
co 


28. ROLLER COASTERS The length of the roller coaster track from the top of a hill to the 
bottom of the hill is 125 feet at a 53° angle with the vertical. If the position at the top 
of the hill is (x, y), use function notation to describe the translation to the bottom of 
the hill. Round to the nearest foot. 


29, 6§8 MULTIPLE REPRESENTATIONS In this problem, you will investigate reflections over a 
pair of parallel lines. 


a. Geometric On patty paper, draw AABC and a pair r 
of vertical lines @ and m. Reflect AABC in line @ by £ m 
folding the patty paper. Then reflect AA’B’C’, in 
line m. Label the final image AA”B”C”. Cc 


b. Geometric Repeat the process in part a for ADEF B 
reflected in vertical lines 1 and p and AJKL reflected 
in vertical lines q and r. 


c. Tabular Copy and complete the table below. 


Distance Between Distance Between 
Corresponding Points (cm) Vertical Lines (cm) 


A and A”, B and B”, Cand C” 


Dand D”, E and £”, F and F” 
Jand J”, K and K”, L and L” 


d. Verbal Describe the result of two reflections in two vertical lines using one 
transformation. 


H.0.T. Problems — Use Higher-Order Thinking Skills 


30. REASONING Determine a rule to find the final image of a point that is translated along 
(x + a,y + b) and then (x + c,y +d). 


31. CHALLENGE A line y = mx + bis translated using the vector (a, b). Write the equation of 
the translated line. What is the value of the y-intercept? 


32. OPEN ENDED Draw a figure on the coordinate plane so that the figure has the same 
orientation after it is reflected in the line y = 1. Explain what must be true in order 
for this to occur. 


33. WRITING IN MATH Compare and contrast function notation and vector notation for 
translations. 


34. WRITING IN MATH Recall from Lesson 9-1 that an invariant point maps onto itself. Can 
invariant points occur with translations? Explain why or why not. 


Standardized Test Practice 


35. Identify the location of point P under translation 37. ALGEBRA Over the next four days, Amanda 

(x +3,y +1). plans to drive 160 miles, 235 miles, 185 miles, 
and 220 miles. If her car gets an average of 
32 miles per gallon of gas, how many gallons 
of gas should she expect to use in all? 


F 25 G 30 H 35 J 40 


38. SAT/ACT A bag contains 5 red marbles, 2 blue 
marbles, 4 white marbles, and 1 yellow marble. 
If two marbles are chosen in a row, without 

A (0,6) C (2, —4) replacement, what is the probability of getting 

2 white marbles? 


B (0,3) D (2,4) 
AL cA E 4 
36. SHORT RESPONSE Which vector best describes the . - 5 
translation of A(3, —5) to A(—2, —8)? B i D 33 


Spiral Review 


Graph each figure and its image under the given reflection. (Lesson 9-1) 

39. DJ with endpoints D(4, 4), J(—3, 2) in the y-axis 

40. AXYZ with vertices X(0, 0), Y(3, 0), and Z(0, 3) in the x-axis 

41. AABC with vertices A(—3, —1), B(0, 2), and C(3, —2), in the line y = x 

42. quadrilateral JKLM with vertices J(—2, 2), K(3, 1), L(4, —1), and M(—2, —2) in the origin 


Copy the vectors to find each sum or difference. (Lesson 8-7) 


43. 74+ 44. +3 45.7 —p 
—— as ae cs 
a /% : ~~ 
" \ 
46. NAVIGATION An airplane is three miles above sea level when it 
begins to climb at a 3.5° angle. If this angle is constant, how far = iS en ce er neeene 
above sea level is the airplane after flying 50 miles? (Lesson 8-4) racket i Fipunedaeaceesdeaeeasee 


Use CJJKLM to find each measure. (Lesson 6-2) 


47. mZMJK 48. mZJML Psa | 
49. mZJKL 50. mZKJL = — al 


Skills Review 


Copy the diagram shown, and extend each ray. Classify each angle as right, acute, 
or obtuse. Then use a protractor to measure the angle to the nearest degree. 


51. ZAMC 52. ZFMD 
53. ZBMD 54. ZCMB 


®) 638 | Lesson 9-2 | Translations 


Ed-Imaging 


Geometry Lab 
Rotations 


ar ) Common Core State Standards 
In Chapter 4, you learned that a rotation is a type of ~~ Content Standards 
transformation that moves a figure about a fixed point, G.C0.2 Represent transformations in the plane using, e.g., transparencies and geometry software; 

: re F describe transformations as functions that take points in the plane as inputs and give other points as 
or center of rotation, through a specific angle and Ina outputs. Compare transformations that preserve distance and angle to those that do not (e.9., 
specific direction. In this activity you will use tracing paper translation versus horizontal stretch). 
to explore the properties of rotations. G.CO.5 Given a geometric figure and a rotation, reflection, or translation, draw the transformed figure 
using, €.g., graph paper, tracing paper, or geometry software. Specify a sequence of transformations 
that will carry a given figure onto another. 


Mathematical Practices 5 


Explore Rotations by Using Patty Paper 


Activity 


Bel Ona piece of tracing paper, draw quadrilateral 
ABCD and a point P. 


7 On another piece of tracing paper, trace 
quadrilateral ABCD and point P. Label the new 
quadrilateral A’B’C’D’ and the new point P. 


ESE Position the tracing paper so that both points P 
coincide. Rotate the paper so that ABCD and Step 1 
A'B'C’D’ do not overlap. Tape the two pieces of 
tracing paper together. 


| Step 4 | Measure the distance between A, B, C, and D to 
point P. Repeat for quadrilateral A’B’C’D’. Then 
copy and complete the table below. 


Quadrilateral | Length 


BP | CP 
ABCD 


a7 
A'B'C'D’ onan BB Steps 2 and 3 


1. Graph AJKL with vertices J(1, 3), K(2, 1), and L(@, 4) ona 
coordinate plane, and then trace on tracing paper. 


a. Use a protractor to rotate each vertex 90° clockwise about 
the origin as shown in the figure at the right. What are 
the vertices of the rotated image? 

b. Rotate AJKL 180° about the origin. What are the 
vertices of the rotated image? 


c. Use the Distance Formula to find the distance 
from points J, K, and L to the origin. Repeat 
for J’K'L’ and J"K”L”. 
2. WRITING IN MATH If you rotate point (4, 2) 90° and 180° about the origin, how do the x- and 
y-coordinates change? 
. MAKE A PREDICTION What are the new coordinates of a point (x, y) that is rotated 270°? 


. MAKE A CONJECTURE Make a conjecture about the distances from the center of rotation 
P to each corresponding vertex of ABCD and A’B’C'D’. 


> w 


NE TR 639 


Rotations 


Why? 


@ You identified @ Modern windmill technology may 
rotations and verified be an important alternative to fossil 
them as congruence weer fuels. Windmills convert the wind’s 

: Draw rotations in the : 1c 
transformations. energy into electricity through 


eeaee Tea ENE the rotation of turbine blades. 


@ 1 Draw rotations. 


Draw Rotations In Lesson 4-7, you learned that a rotation or turn moves every 
point of a preimage through a specified angle and direction about a fixed point. 


g>q NewVocabulary 
— center of rotation 
angle of rotation 


| KeyConcept Rotation | 
~ A rotation about a fixed point, called the center of rotation, through an 
ccss) Son (Bales angle of x° isa caeiiat maps a point to its image such ‘i “ a aa 
State Standards ok *% 
4 cit Saat : : ; 

Contant Standards : e point is - center of rotation, then the image and preimage are \ x 49° 
G.C0.4 Develop definitions HIE Sale POM, Ch ; ; os, eer 
of rotations, reflections, and e if the point is not the center of rotation, then the image and preimage a ~~ center of 
translations in terms of are the same distance from the center of rotation and the measure of rotation 
angles, circles, perpendicular the angle of rotation formed by the preimage, center of rotation, and ig the image of A after a 120° 
lines, parallel lines, and line image points is x. rotation about point C. 
segments. 
G.C0.5 Given a geometric y 
figure and a rotation, 
reflection, or translation, The direction of a rotation can be either clockwise & fr 
draw the transformed figure or counterclockwise. Assume that all rotations are . . 
using, €.g., graph paper, 


tracing paper, or geometry 
software. Specify a sequence 
of transformations that will 


counterclockwise unless stated otherwise. clockwise counterclockwise 


carry a given figure onto Example 1 
another. . 
; ; Copy AABC and point K. Then use a A 
Mathematical Practices protractor and ruler to draw a 140° : 
ereeson abe eaniysand rotation of AABC about point K. kK © 
quantitatively. 
5 Use appropriate tools B 
strategically. 
| Step 1 | Draw a segment from A to K. | Step 2 | Draw a 140° angle using KA. 
A 
OP A 
x ¢ 7 
B 
B 
| Step 3 | Use a ruler to draw A’ such | Step 4 | Repeat Steps 1-3 for vertices B 
that KA’ = KA. and C and draw AA'B'C’. 


/ 
/ 
Xen 
oo 
\ 
\ 
\ 
4 : \ 
\ 
\ 
J 
/ 
ps 
/Q 
1 A 
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\ 
4 1 
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Z 2) \ 
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\ 
b 
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StudyTip 


Clockwise Rotation 
Clockwise rotation can be 
designated by a negative 
angle measure. For example 
a rotation of —90° about 
the origin is a rotation 90° 
clockwise about the origin. 


StudyTip 


360° Rotation A rotation of 
360° about a point returns a 
figure to its original position. 
That is, the image under a 
360° rotation is equal to 

the preimage. 


GuidedPractice 


Copy each figure and point K. Then use a protractor and ruler to draw a 
rotation of the figure the given number of degrees about K. 


1A. 65° T 1B. 170° M 


Draw Rotations in the Coordinate Plane When a point is rotated 90°, 180°, or 
270° counterclockwise about the origin, you can use the following rules. 


KeyConcept Rotations in the Coordinate Plane 


90° Rotation Example 


To rotate a point 90° counterclockwise about the 
origin, multiply the y-coordinate by —1 and then 
interchange the x- and y-coordinates. 


Symbols (x, y) — (—Y, X) 


180° Rotation Example 


To rotate a point 180° counterclockwise about the 
origin, multiply the x- and y-coordinates by —1. 


Symbols (x, y) — (—x, —Yy) 


270° Rotation Example 
To rotate a point 270° counterclockwise about the 
origin, multiply the x-coordinate by —1 and then 
interchange the x- and y-coordinates. 


Symbols (x, y) = (y, —X) 


Example 2 


Triangle PQR has vertices P(1, 1), Q(4, 5), and R(5, 1). Graph APQR and 
its image after a rotation 90° about the origin. 


Multiply the y-coordinate of each vertex 
by —1 and interchange. 


(x,y) — (-y,x) 

Pd,1) = P(=1,1) 

Q(4,5) + Q%-5,4) 

R(6,1) > R-1,5) 

Graph APQR and its image AP’Q’R’. 


GuidedPractice 


2. Parallelogram FGHJ has vertices F(2, 1), G(7, 1), H(6, —3), and J(1, —3). 
Graph FGH)J and its image after a rotation 180° about the origin. 


Aemeckdnevernionl) 641 ®) 


StudyTip 


270° Rotation You can 
complete a 270° rotation by 
performing a 90° rotation and 
a 180° rotation in sequence. 


r 
Test-TakingTip 

—_ 

CESS) Sense-Making 

Instead of checking all four 

vertices of parallelogram 

WXYZ in each graph, check 


just one vertex, such as X. 
Ne d 


Ag) 
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Standardized Test Example 3 


Triangle JKL is shown at the right. What is the image 


of point J after a rotation 270° counterclockwise 
about the origin? 


A-{-3, 7) 


B73) 


€ (7.5) 


D (7, -3) 


Read the Test Item 


You are given that AJKL has coordinates J(3, —7), K(1, —1), and L(5, —3) and 
are then asked to identify the coordinates of the image of point J after a 270° 
counterclockwise rotation about the origin. 


Solve the Test Item 


To find the coordinates of point J after a 270° counterclockwise rotation about 
the origin, multiply the x-coordinate by —1 and then interchange the x- and 
y-coordinates. 


The answer is choice C. 


GuidedPractice 


3. Parallelogram WXYZ is rotated 180° iy 
counterclockwise about the origin. 
Which of these graphs represents the 

resulting image? 


(I)JBRIAN ELLIOTT/Alamy, (c)Jupiterimages/Thinkstock/Alamy, (r)Pick and Mix Images/Alamy 


Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 


Example 2 


Example 3 


Copy each polygon and point K. Then use a protractor and ruler to draw the 
specified rotation of each figure about point K. 


1. 45° 2. 120° 


R 


S 


Triangle DFG has vertices D(—2, 6), F(2, 8), and G(2, 3). Graph ADFG and 
its image after a rotation 180° about the origin. 


4, MULTIPLE CHOICE For the transformation 
shown, what is the measure of the angle of 
rotation of ABCD about the origin? 


A 90° 
B 180° 
C 270° 
D 360° 


Practice and Problem Solving Extra Practice is on page R9. 


Example 1 


—_~ 
CESS TOOLS Copy each polygon and point K. Then use a protractor and ruler to draw the 
specified rotation of each figure about point K. 


5. 90° 6. 15° 7. 145° 
Z K bs 
Cc 
Y 
A J M 
x °K B 
P 
8. 30° 9. 260° 10. 50° 
G K Ss 
H 
D Q 
F 8 K 


PINWHEELS Find the angle of rotation to the nearest tenth of a degree that 


V 
T 
W 
maps P onto P’. Explain your reasoning. 
13. 

e 

Pp’ 

e 


11. 


Examples 2-3 Graph each figure and its image after the specified rotation about the origin. 


14. 
15. 
16. 
17. 
18. 
19. 


20. 


21. 


AJKL has vertices J(2, 6), K(5, 2), and L(7, 5); 90° 
rhombus WXYZ has vertices W(—3, 4), X(0, 7), Y(3, 4), and Z(0, 1); 90° 

AFGH has vertices F(2, 4), G(5, 6), and H(7, 2); 180° 

trapezoid ABCD has vertices A(—7, —2), B(—6, —6), C(—1, —1), and D(—5, 0); 180° 
ARST has vertices R(—6, —1), S(—4, —5), and T(—2, —1); 270° 

parallelogram MPQY has vertices M(—6, 3), P(—2, 3), Q(—3, —2), and V(—7, —2); 270° 
WEATHER A weathervane is used to indicate the 


direction of the wind. If the vane is pointing northeast 
and rotates 270°, what is the new wind direction? 


Css MODELING The photograph of the Grande Roue, or 
Big Wheel, at the right appears blurred because of the 
camera’s shutter speed—the length of time the camera’s 
shutter was open. The diameter of the wheel is 60 meters. 


a. Estimate the angle of rotation in the photo. 
(Hint: Use points A and A’.) 


b. If the Ferris wheel makes one revolution per minute, 
use your estimate from part a to estimate the camera’s 
shutter speed. 


Each figure shows a preimage and its image after a rotation about point P. 
Copy each figure, locate point P, and find the angle of rotation. 


22. 


ALGEBRA Give the equation of the line y = —x — 2 y 
after a rotation about the origin through the given 
angle. Then describe the relationship between the 
equations of the image and preimage. 


24. 
26. 


23. 


YY 


90° 25. 180° x 
270° 27. 360° 


ALGEBRA Rotate the line the specified number of degrees about the x- and y-intercepts 
and find the equation of the resulting image. 


28. 


y=x—5;90° 29. y = 2x + 4; 180° 30. y = 3x — 2; 270° 


RIDES An amusement park ride consists of 
four circular cars. The ride rotates at a rate of 
0.25 revolution per second. In addition, each 
car rotates 0.5 revolution per second. If Jane is 
positioned at point P when the ride begins, 
what coordinates describe her position after 
31 seconds? 
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32. 


BICYCLE RACING Brandon and Nestor are 
participating in a bicycle race on a circular track 
with a radius of 200 feet. 


a. If the race starts at (200, 0) and both complete 
one rotation in 30 seconds, what are their 
coordinates after 5 seconds? 


b. Suppose the length of race is 50 laps and Brandon 
continues the race at the same rate. If Nestor 
finishes in 26.2 minutes, who is the winner? 


of? MULTIPLE REPRESENTATIONS In this problem, you will investigate 
reflections over a pair of intersecting lines. 


a. Geometric On a coordinate 7 y B’ 

F : B Cc” lj~ a 

plane, draw a triangle and a pair eae 
of intersecting lines. Label the Ci Ps 2 
triangle ABC and the lines ¢ and A” aA 
m. Reflect AABC in the line &. 
Then reflect AA’B’C’ in the line fe) Cx 
m. Label the final image A”B”C”. 


b. Geometric Repeat the process in part a two more times in two different quadrants. 
Label the second triangle DEF and reflect it in intersecting lines 1 and p. Label the 
third triangle MNP and reflect it in intersecting lines q and r. 


c. Tabular Measure the angle of rotation of each triangle about the point 
of intersection of the two lines. Copy and complete the table below. 


Angle of Rotation Angle Between 
Between Figures Intersecting Lines 


AABC and AA’B"C" 


ADEF and AD"E’P’ 
AMNP and AM'N’P” 


d. Verbal Make a conjecture about the angle of rotation of a figure about 
the intersection of two lines after the figure is reflected in both lines. 


H.0.T. Problems Use Higher-Order Thinking Skills 


34. 


35. 


36. 


37. 


38. 


WRITING IN MATH Are collinearity and betweenness of points maintained 
under rotation? Explain. 


CHALLENGE Point C has coordinates C(5, 5). The image of this point after a 
rotation of 100° about a certain point is C’(—5, 7.5). Use construction to 
estimate the coordinates of the center of this rotation. Explain. 

OPEN ENDED Draw a figure on the coordinate plane. Describe a nonzero 
rotation that maps the image onto the preimage with no change in 


orientation. 


—_~ 
cess ARGUMENTS Is the reflection of a figure in the x-axis equivalent to the 
rotation of that same figure 180° about the origin? Explain. 


WRITING IN MATH Do invariant points sometimes, always, or never occur ina 


rotation? Explain your reasoning. 
a) 
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Standardized Test Practice 


39. What rotation of trapezoid QRST creates an 41. ALGEBRA The population of the United 
image with point R’ at (4, 3)? States in July of 2007 was estimated to have 
surpassed 301,000,000. At the same time the 


| world population was estimated to be over 
R = 6,602,000,000. What percent of the world 
Q T population, to the nearest tenth, lived in the 
United States at this time? 
Oo 
* F 3.1% H 4.2% 
G 3.5% J 4.6% 
A 270° counterclockwise about point T 
B 185° counterclockwise about point T 42. SAT/ACT An 18-foot ladder is placed against 
C 180° clockwise about the origin the side of a house. The base of the ladder is 


positioned 8 feet from the house. How high 
up on the side of the house, to the nearest 
tenth of a foot, does the ladder reach? 


D 90° clockwise about the origin 


40. SHORT RESPONSE AX YZ has vertices X(1, 7), 
Y(0, 2), and Z(—5, —2). What are the coordinates A 10.0 ft D 22.5 ft 
of X’ after a rotation 270° counterclockwise B 16.1 ft E 26.0 ft 
about the origin? C 19.7 ft 


Spiral Review 


43. VOLCANOES A cloud of dense gas and dust from a volcano 
blows 40 miles west and then 30 miles north. Make a sketch 
to show the translation of the dust particles. Then find the 
distance of the shortest path that would take the particles to 
the same position. (Lesson 9-2) 


Copy the figure and the given line of reflection. Then draw the 
reflected image in this line using a ruler. (Lesson 9-1) 


res 


Skills Review 


Identify the type of congruence transformation shown as a reflection, translation, 
or rotation. 


47. y 48. 


49. 
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Geometry Lab 
Solids of Revolution 


ECSS Common Core State Standards 
A solid of revolution is a three-dimensional figure obtained =" Content Standards 
by rotating a plane figure or curve about a line. 


G.GMD.4 Identify the shapes of two-dimensional cross-sections of 
three-dimensional objects, and identify three-dimensional objects generated by 
rotations of two-dimensional objects. 
Mathematical Practices 5 


Identify and sketch the solid formed by rotating the right triangle shown about line @. 


| Step 1 | Copy the triangle onto card stock or heavy construction paper and cut it out. 
| Step 2 | Use tape to attach the triangle to a dowel rod or straw. 


| Step 3 | Rotate the end of the straw quickly between your hands and observe the result. 


£ £ * £ he ‘ied 
¢ 
y y v 


The blurred image you observe is that of a cone. 


Model and Analyze 


Identify and sketch the solid formed by rotating the two-dimensional shape about line @. 


4. Sketch and identify the solid formed by rotating the rectangle shown 


A 
about the line containing 
a. side AB. 

D 


b. side AD. 
c. the midpoints of sides AB and AD. 


£ 
B 
Cc 
5. DESIGN Draw a two-dimensional figure that could be rotated to form the 


vase shown, including the line in which it should be rotated. 


6. REASONING True or false: All solids can be formed by rotating a two-dimensional 
figure. Explain your reasoning. 
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Geometry Lab 


Solids of Revolution continued 


In calculus, you will be asked to find the volumes of solids generated by revolving a region on the 
coordinate plane about the x- or y-axis. An important first step in solving these problems is 
visualizing the solids formed. 


Sketch the solid that results when the region enclosed by y = x, x = 4, and y = 0 is revolved 
about the y-axis. 


| Step 1 | Graph each equation to | Step 2 | Reflect the region about | Step 3 | Connect the vertices of 


find the region to be the y-axis. the right triangles using 
rotated. curved lines. 
y y 
yeu 
fe) x fe) x 
x=4 
y=x 


The solid is a cylinder with a cone cut out of its center. 


Model and Analyze 


Sketch the solid that results when the region enclosed by the given equations is 
revolved about the y-axis. 


7 y=—x+4 8 y=x % y=x 
x=0 y=4 y = 2x 
aw 


Sketch the solid that results when the region enclosed by the given equations is 
revolved about the x-axis. 


10. y=-x+4 11. y=x* 12. 7=2 
x=0 y=0 y = 2x 
y=0 x=2 


13. OPEN ENDED Graph a region in the first quadrant of the coordinate plane. 
a. Sketch the graph of the region when revolved about the y-axis. 
b. Sketch the graph of the region when revolved about the x-axis. 


14. CHALLENGE Find equations that enclose a region such that when rotated about the 
x-axis, a solid is produced with a volume of 187 cubic units. 
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Mid-Chapter Quiz 


Lessons 9-1 through 9-3 


Copy the figure and the given line of reflection. Then draw the 
reflected image in this line using a ruler. (Lesson 9-1) 


1. Y 2. G 


Graph each figure and its image after the specified reflection. 
(Lesson 9-1) 
3. AFGH has vertices F(—4, 3), G(—2, 0), and H(—1, 4); in 
the y-axis 


4. rhombus QRST has vertices Q(2, 1), A(4, 3), S(6, 1), and 
7(4, —1); in the x-axis 


5. CLUBS The drama club is selling candy during the 
intermission of a school play. Locate point P along the wall to 
represent the candy table so that people coming from either 
door A or door B would walk the same distance to the table. 
(Lesson 9-1) 


Se ee 
i 
A B 


Graph each figure and its image after the specified translation. 
(Lesson 9-2) 


6. AABC with vertices A(0, 0), B(2, 1), C(1, —3); (3, —1) 


7. rectangle JKLM has vertices U—4, 2), K(—4, —2), L(—1, —2), 
and M(—1, 2); (5, —3) 


Copy the figure and the given translation vector. Then draw the 
translation of the figure along the translation vector. (Lesson 9-2) 


8 9, B 
iJ y 


10. COMICS Alex is making a comic. He uses graph paper to 
make sure the dimensions of his drawings are accurate. If he 
draws a coordinate plane with two flies as shown below, what 
vector represents the movement from fly 1 to fly 2? 

(Lesson 9-2) 


—- NW FSU DN 


0 12345 67x 


Copy each polygon and point A. Then use a protractor and ruler 
to draw the specified rotation of each figure about point FR. 
(Lesson 9-3) 


11. 45° 12. 60° 
Q R C é 
{| 
T Ss BP 


13. MULTIPLE CHOICE What is the image of point / after a 
rotation of 90° about the origin? (Lesson 9-3) 


Graph each figure and its image after the specified rotation. 
(Lesson 9-3) 


14. ARSThas vertices A(—3, 0), S(—1, —4), and 7(0, —1); 90° 
15. square JKLM has vertices U—1, 2), K(—1, —2), L(3, —2), and 
M(3, 2); 180° 
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Geometry Software Lab 


Compositions of 
Transformations 


; ; ccss Common Core State Standards 
In this lab, you will use Geometer’s Sketchpad “= Content Standards 
to explore the effects of performing multiple G.C0.2 Represent transformations in the plane using, e.g., transparencies and geometry software; describe 
transformations on a fiqure transformations as functions that take points in the plane as inputs and give other points as outputs. Compare 

gure. transformations that preserve distance and angle to those that do not (e.g., translation versus horizontal stretch). 

G.C0.5 Given a geometric figure and a rotation, reflection, or translation, draw the transformed figure using, 
€.g., graph paper, tracing paper, or geometry software. Specify a sequence of transformations that will carry a 
given figure onto another. 
Mathematical Practices 5 


Activity 
Reflect a figure in two vertical lines. 


| Step 1 | Use the line segment tool to construct a triangle 
with one vertex pointing to the left so that you 
can easily see changes as you perform 
transformations. Label the triangle ABC. 


| Step 2 | Insert and label a line m to the right of AABC. 
Insert a point so that the distance from the 
point to line m is greater than the width of 
AABC. Draw the line parallel to line m 
through the point and label the new line r. 


| Step 3 | Select line m and choose Mark Mirror from the 
Transform menu. Select all sides and vertices 
of AABC and choose Reflect from the 
Transform menu. 


| Step 4 | Repeat the process you used in Step 3 to 
reflect the new image in line r. 


Analyze the Results 
1. How are the original figure and the final figure related? 
2. What single transformation could be used to produce the final figure? 
3. If you move line m, what happens? if you move line r? 


4, MAKE A CONJECTURE If you reflected the figure in a third line, what single transformation 
do you think could be used to produce the final figure? Explain your reasoning. 


5. Repeat the activity for a pair of perpendicular lines. What single transformation 
could be used to produce the same final figure? 


6. MAKE A CONJECTURE If you reflected the figure from Exercise 5 in a third line 
perpendicular to the second line, what single transformation do you think could be 
used to produce the final figure? Explain your reasoning. 
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Compositions of Transformations 


Why? 


@ You drew reflections, @ Draw glide reflections @ The pattern of footprints left in the 


translations, and and other compositions sand after a person walks along 
rotations. of isometries in the the edge of a beach illustrates 
coordinate plane. the composition of two different 


transformations—translations 


Draw compositions of : 
P and reflections. 


reflections in parallel 
and intersecting lines. 


(ed NewVocabulary 


= composition of 
transformations 
glide reflection 


Glide Reflections When a transformation is applied to a figure and then another 
transformation is applied to its image, the result is called a composition of 
transformations. A glide reflection is one type of composition of transformations. 


| KeyConcept Glide Reflection | 


A glide reflection is the composition of a translation followed 
by a reflection in a line parallel to the translation vector. 


: 


ce) Common Core 
State Standards 


| 
4 


Content Standards Example 

G.CO.2 Represent The glide reflection shown is the composition of a af \; Cw 
transformations in the plane translation along @ followed by a reflection in line 2. - 7 ™ 

using, é.g., transparencies —____ >» 

and geometry software; \ 4 


describe transformations as 
functions that take points in 
the plane as inputs and give 
other points as outputs. 
Compare transformations 
that preserve distance and 
angle to those that do not 
(e.g., translation versus 


Example 1 


Triangle JKL has vertices J(6, —1), K(10, —2), and L(5, —3). Graph AJKL and its 
image after a translation along (0, 4) and a reflection in the y-axis. 


horizontal stretch). EH translation along (0, 4) EW reflection in the y-axis 
G.C0.5 Given a geometric (x, y) — (x, y+ 4) (x, y) — (-x, y) 
figure and a rotation, , , ” 

reflection, or translation, (6-1) = J,3) J(6,3) > J'-6,3) 
draw the transformed figure K(10,-2) — K’(10, 2) K‘(10,2) — K’(-10, 2) 
using, €.g., graph paper, L(5, —3) = L'(5, 1) L'5, 1) =r L=5, 1) 


tracing paper, or geometry 
software. Specify a sequence 
of transformations that will 
carry a given figure onto 
another. 


| Step 3 | Graph AJKL and its image AJ’K”L”. 


Mathematical Practices 

1 Make sense of problems 
and persevere in solving 
them. 

4 Model with mathematics. 


GuidedPractice 


Triangle PQR has vertices P(1, 1), Q(2, 5), and R(4, 2). Graph APQR and its image 
after the indicated glide reflection. 


1A. Translation: along (—2, 0) 1B. Translation: along (—3, —3) 
Reflection: in x-axis Reflection: in y = x 


age fotostock/SuperStock 


In Example 1, AJKL = AJ'K'L’ and AJ'K'L’ = AJ"K"L". By the Transitive Property of 
Congruence, AJKL = AJ’K"L”. This suggests the following theorem. 


Theorem 9.1 Composition of lsometries 


The composition of two (or more) isometries is an isometry. 


You will prove one case of Theorem 9.1 in Exercise 30. 
StudyTip 
Rigid Motions Glide 
reflections, reflections, 
translations, and rotations are 
the only four rigid motions or 


So, the composition of two or more isometries—reflections, translations, or rotations— 
results in an image that is congruent to its preimage. 


isometries in a plane. Example 2 
\ —— —— 
The endpoints of CD are C(—7, 1) and D(—3, 2). Graph CD and its image after a 
reflection in the x-axis and a rotation 90° about the origin. 
FSQEHE reflection in the x-axis 
(x, y) — (x,-y) 
C(-7, 1) — C(-7,-1) 
D(-3, 2) — D"-3, -2) 
| Step 2 | rotation 90° about origin 
ReadingMath (x, y) => 479) 


Double Primes Double 
primes are used to indicate 
that a vertex is the image 
of a second transformation. 


C71. = OL 
D(=3,=2) = Br", 3) 


| Step 3 | Graph CD and its image C”D”. 


GuidedPractice 


Triangle ABC has vertices A(—6, —2), B(—5, —5), and C(—2, —1). Graph AABC 
and its image after the composition of transformations in the order listed. 


2A. Translation: along (3, —1) 2B. Rotation: 180° about origin 
Reflection: in y-axis Translation: along (—2, 4) 


Compositions of Two Reflections The composition of two reflections in parallel 
lines is the same as a translation. 


Theorem 9.2 Reflections in Parallel Lines 


The composition of two reflections in parallel lines can <— d—>| 
be described by a translation vector that is kK e 
e perpendicular to the two lines, and 

e twice the distance between the two lines. 


You will prove Theorem 9.2 in Exercise 36. 
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The composition of two reflections in intersecting lines is the same as a rotation. 


[ Theorem 9.3 Reflections in Intersecting Lines 


The composition of two reflections in intersecting lines can 
be described by a rotation 


e about the point where the lines intersect and 


e through an angle that is twice the measure of the acute 
or right angle formed by the lines. 


You will prove Theorem 9.3 in Exercise 37. 


Example 3 


Copy and reflect figure A in line m and then line p. Then describe a single 
transformation that maps A onto A”. 


a. Mm P b. 


P 
A 1.75 cm Ps 


| Step 1 | Reflect A in line m. | Step 1 | 


WatchOut! 


Order of Composition 

Be sure to compose two 
transformations according 
to the order in which they 
are given. 


oil LE: 


| Step 2 | Reflect A’ in line p. | Step 2 | A” 


Va 
m P ; 
A A’ A” L m 
oe A 
By Theorem 9.2, the composition of By Theorem 9.3, the composition of 
two reflections in parallel vertical two reflections in intersecting lines m 
lines m and p is equivalent to a and p is equivalent to a 2 + 60° or 120° 
horizontal translation right 2 * 1.75 counterclockwise rotation about the 
or 3.5 centimeters. point where lines m and p intersect. 


GuidedPractice 


Copy and reflect figure B in line 7 and then line 7. Then describe a single 
transformation that maps B onto B”. 


3B. 
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Many patterns in the real world are created using compositions of transformations. 


Real-World Example 4 


STATIONERY BORDERS Describe the transformations that are combined to create each 
stationery border shown. 


The pattern is created by successive translations of the first four potted plants. So 
this pattern can be created by combining two reflections in lines m and p as shown. 
Notice that line m goes through the center of the preimage. 


Real-WorldLink 


In carpets, border patterns 
result when any of several 
basic transformations are 
repeated in one direction. 
There are seven possible 
combinations: translations, 
horizontal reflections, vertical 
reflections, vertical followed 
by horizontal reflections, glide b. 
reflections, rotations, and 
reflections followed by glide 
reflections. 


Source: The Textile Museum 


A The pattern is created by glide reflection. So this pattern can be created by 
combining a translation along translation vector 7 followed by a reflection over 
horizontal line 7 as shown. 


A : eS * 


GuidedPractice 


4. CARPET PATTERNS Describe the transformations that are combined to create each 
carpet pattern shown. 


@ we 


ConceptSummary Compositions of Translations 


Glide Reflection Translation Rotation 
the composition of a reflection the composition of two the composition of two 
and a translation reflections in parallel lines reflections in intersecting lines 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 


Example 2 


Example 3 


Example 4 


Practice and Problem Solving 


Example 1 


Example 2 


Triangle CDE has vertices C(—5, —1), D(—2, —5), and E(—1, —1). Graph ACDE 
and its image after the indicated glide reflection. 


1. Translation: along (4, 0) 2. Translation: along (0, 6) 
Reflection: in x-axis Reflection: in y-axis 


3. The endpoints of JK are J(2, 5) and K(6, 5). Graph JK and its image after a 
reflection in the x-axis and a rotation 90° about the origin. 
Copy and reflect figure S in line m and then line p. Then describe a single 


transformation that maps S onto S”. 


4. m P 5. m 


Ss 
1.5 in. " | P 
S 50° 


6. TILE PATTERNS Viviana is creating a pattern for the 
top of a table with tiles in the shape of isosceles 
triangles. Describe the transformation combination 
that was used to transform the white triangle to the 
blue triangle. 


Graph each figure with the given vertices and its image after the indicated glide 
reflection. 


ARST: R(1, —4), S(6, —4), TS, —1) 8. AJKL: J(1, 3), K(5, 0), L(7, 4) 
Translation: along (2, 0) Translation: along (—3, 0) 
Reflection: in x-axis Reflection: in x-axis 
9. AXYZ: X(—7, 2), Y(—5, 6), Z(—2, 4) 10. AABC: A(2, 3), B(4, 7), C(7, 2) 

Translation: along (0, —1) Translation: along (0, 4) 
Reflection: in y-axis Reflection: in y-axis 

11. ADFG: D(2, 8), F(1, 2), G(4, 6) 12. AMPQ: M(—4, 3), P(—5, 8), Q(-1, 6) 
Translation: along (3, 3) Translation: along (—4, —4) 
Reflection: in y = x Reflection: in y = x 


= 
CCS SENSE-MAKING Graph each figure with the given vertices and its image after the 
indicated composition of transformations. 


13. WX: W(—4, 6) and X(—4, 1) 14, AB: A(—3, 2) and B(3, 8) 
Reflection: in x-axis Rotation: 90° about origin 
Rotation: 90° about origin Translation: along (4, 4) 

15. FG: F(1, 1) and G(6, 7) 16. RS: R(2, —1) and S(6, —5) 
Reflection: in x-axis Translation: along (—2, —2) 
Rotation: 180° about origin Reflection: in y-axis 


Extra Practice is on page R9. 


Example 3 Copy and reflect figure D in line m and then line p. Then describe a single 
transformation that maps D onto D”. 


17. m P 18. D 
D 2cm | mM 
1.2 in. 
P 
19. \> m 


20. p iit 
D 
35° 
P 105° 
D 


Va 
Example 4 cess MODELING Describe the transformations combined to create the outlined kimono 
fabric pattern. 


21. 


24, SKATEBOARDS Elizabeth has airbrushed the pattern shown onto her skateboard. 
What combination of transformations did she use to create the pattern? 


ALGEBRA Graph each figure and its image after the indicated transformations. 


(25) Rotation: 90° about the origin 26. Reflection: in x-axis 
Reflection: in x-axis Reflection: in y-axis 
8 y 


Al fly =3x+1 


-8 |-4 O| 4 8x 


—8 


27. Find the coordinates of AA”B”C” after a reflection in the x-axis and a rotation of 180° 
about the origin if AABC has vertices A(—3, 1), B(—2, 3), and C(—1, 0). 
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28. FIGURE SKATING Kayla is practicing @ DANCING Describe Q 
oe 


her figure skating routine. What the transformations 0 
combination of transformations is combined to go from s 
needed for Kayla to start at A, skate Step 1 to Step 3. Y 
to A’, and end up at A”? wow 
/ v 

~ y 
<=> ~. 

Ae a< < 1A” Ld 

30. PROOF Write a paragraph proof for one case y’ 
of the Composition of Isometries Theorem. : z 
Given: A translation along (a, b) 
maps X to X’and Y to Y”. x 


A reflection inZ maps X’ to 
x’ and Y' to ¥". xo 


Prove: XY = X’Y” 


cESs MODELING The length of an animal’s stride is the distance between two consecutive 
tracks. The average stride length of a turkey is about 11 inches, and the average stride 
length of a duck is about 5 inches. Write a glide reflection that can be used to predict the 
location of the next track for each set of animal tracks. 


31. turkey 
€€<€e€e Eee 
| stride | 

32. duck 


PPPPAAA/ 


| 


stride 


33. KNITTING Tonisha is knitting a scarf using 
the tumbling blocks pattern shown at 
the right. Describe the transformations 
combined to transform the red figure 
to the blue figure. 


Describe the transformations that combined to map each figure. 


34. 35. 


oe 657 ®) 


36. PROOF Write a two-column proof of Theorem 9.2. 


Given: A reflection in line p maps BC to BC. 
A reflection in line q maps B’C’ to B’C”. 


Pilg AD=x 
Prove: a. BB” | p, BB" 1 q 
b. BB” = 2x 
37. PROOF Write a paragraph proof of Theorem 9.3. A’ 
Given: Lines ¢ and m intersect at point P. AY a 
A is any point not on £ or m. - 
Prove: a. If you reflect point A in m, and P , 


then reflect its image A’in £, A” 
is the image of A after a rotation 
about point P. 


b. mZAPA” = 2(mZSPR) 


H.0.T. Problems Use Higher-Order Thinking Skills 


38. ERROR ANALYSIS Daniel and Lolita are translating 
AXYZ along (2, 2) and reflecting it in the line y = 2. 
Daniel says that the transformation is a glide reflection. 
Lolita disagrees and says that the transformation is a 
composition of transformations. Is either of them correct? 
Explain your reasoning. 


39. WRITING IN MATH Do any points remain invariant 
under glide reflections? under compositions of 
transformations? Explain. 


40. CHALLENGE If PQRS is translated along (3, —2), 
reflected in y = —1, and rotated 90° about the origin, 
what are the coordinates of P”Q’"R'"S””? 


Va 

41. cess ARGUMENTS If an image is to be reflected in the line 
y = x and the x-axis, does the order of the reflections 
affect the final image? Explain. 


42. OPEN ENDED Write a glide reflection or composition 
of transformations that can be used to transform 
AABC to ADEF. 


REASONING When two rotations are performed on a 
single image, does the order of the rotations sometimes, 
always, or never affect the location of the final image? 
Explain. 


44, WRITING IN MATH Compare and contrast glide 
reflections and compositions of transformations. 
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Standardized Test Practice 


45. AABC is translated along the vector (—2, 3) and 46. SHORT RESPONSE What are the coordinates 
then reflected in the x-axis. What are the of D” if CD with vertices C(2, 4) and D(8, 7) is 
coordinates of A’ after the transformation? translated along (—6, 2) and then reflected 

over the y-axis? 
y 
2 
B 47. ALGEBRA Write —!8* —? — in simplest terms. 
A 3x2 — 5x —2 
9 18 2(3x — 1) 
o 7 res er) 
2(3x +1) 
A (1, —4) 48. SAT/ACT If f(x) = x° — x? — x, what is the value 
B (1,4) of f(—3)? 
C (-1,4) A -39 D =15 
DGlL=4% B —33 E -12 
C —21 


Spiral Review 


Copy each polygon and point X. Then use a protractor and ruler to draw the specified 
rotation of each figure about point X. (Lesson 9-3) 


49, 60° T 50. 120° C 51. 180° yw zZ 
Xx 
i a B D 
R x Y 
E 


Graph each figure and its image along the given vector. (Lesson 9-2) 

52. AFGH with vertices F(1, —4), G(3, —1), and H(7, —1); (2, 6) 

53. quadrilateral ABCD with vertices A(—2, 7), B(—1, 4), C(2, 3), and D(2, 7); (—3, —5) 

54. AVIATION A jet is flying northwest, and its velocity is represented by (—450, 450) miles 


per hour. The wind is from the west, and its velocity is represented by (100, 0) miles 
per hour. (Lesson 8-7) 


a. Find the resultant vector for the jet in component form. 
b. Find the magnitude of the resultant. 


c. Find the direction of the resultant. 


Skills Review 


Each figure shows a preimage and its reflected image in some line. Copy each figure 
and draw the line of reflection. 


OS Wh 
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Geometry Lab 


Tessellations 


A tessellation is a pattern of one or more figures that covers a plane so 
that there are no overlapping or empty spaces. The sum of the angles 
around the vertex of a tessellation is 360°. 


A regular tessellation is formed by only one type of regular polygon. A 
regular polygon will tessellate if it has an interior angle measure that is a 


factor of 360. A semi-regular tessellation is formed by two or more 


regular polygons. 


Activity 1 Regular Tessellation 
Determine whether each regular polygon will tessellate in the plane. Explain. 
a. hexagon 


Let x represent the measure of an interior angle of a regular hexagon. 


180(n — 2 
x= ae Interior Angle Formula 
1 = 
es 
6 
= 120 Simplify. 


Since 120 is a factor of 360, a regular hexagon will tessellate in the plane. 


b. decagon 


Let x represent the measure of an interior angle of a regular decagon. 


180(n — 2 
x= a Interior Angle Formula 
_ 180(10 — 2) 7 
4g wae 
= 144 Simplify. 


Since 144 is not a factor of 360, a regular decagon will not tessellate in the plane. 


A tessellation is uniform if it contains the same arrangement of shapes and angles at 
each vertex. 


Uniform Not Uniform 


There are four angles 
at this vertex. 


There are four angles at each 
vertex. The angle measures 
are the same at each. 


There are two angles 
at this vertex. 
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Activity 2 Classify Tessellations 


Determine whether each pattern is a tessellation. If so, describe it as regular, 

semi-regular, or neither and uniform or not uniform. 

a. There is no unfilled space, and none of the figures overlap, so the pattern is 
ee a tessellation. 

c. 


The tessellation consists of regular hexagons, squares and equilateral 
triangles, so it is semi-regular. 


There are four angles around some of the vertices and five around others, 
so it is not uniform. 


There is unfilled space, so the pattern is a not a tessellation. 


There is no unfilled space, and none of the figures overlap, so the pattern is 
a tessellation. 


The tessellation consists of trapezoids, which are not regular polygons, so it 
is neither regular nor semi-regular. 


There are four angles around each of the vertices and the angle measures 
are the same at each vertex, so it is uniform. 


You can use the properties of tessellations to design and create tessellations. 


Activity 3 Draw a Tessellation 
Draw a triangle and use it to create a tessellation. 


| Step 1 | Draw a triangle and find the midpoint of | Step 2 | Rotate the triangle 180° about the point. 


one side. ee 


[> 


| Step 3 | Translate the pair of triangles to make | Step 4 | Translate the row to make a tessellation. 
a row. 
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Geometry Lab 
Tessellations continued 


Activity 4 Tessellations using Technology 
Use Geometer’s Sketchpad to create a tessellation. 


| Step 1 | Insert three points and construct a line through two 
of the points. Then construct the line parallel to the 
first line through the third point using the Parallel 
Line option from the Construct menu. Complete the 
parallelogram and label the points A, B, C, and D. 
Hide the lines. 


| Step 2 | Insert another point E on the exterior of the 
parallelogram. Draw the segments between A 
and B, B and E, E and C, and C and D. 


| Step 3 | Highlight B and then A. From the Transform menu, 
choose Mark Vector. Select the BE, EC, and point E. 
From the Transform menu, choose Translate. 


| Step 4 | Starting with A, select all of the vertices around the 
perimeter of the polygon. Choose Hexagon Interior 
from the Construct menu. 


| Step 5 | Choose point A and then point B and mark the 
vector as you did in Step 3. Select the interior of the 
polygon and choose Translate from the Transform 
menu. Continue the tessellation by marking vectors 
and translating the polygon. You can choose Color 
from the Display menu to create a color pattern. 


Determine whether each regular polygon will tessellate in the plane. Write yes or no. 
Explain. 


1. triangle 2. pentagon 3. 16-gon 


Determine whether each pattern is a tessellation. Write yes or no. If so, describe it as 
regular, semi-regular, or neither and uniform or not uniform. 


Draw a tessellation using the following shape(s). 


7. octagon and square 8. hexagon and triangle 
9. right triangle 10. trapezoid and a parallelogram 


11. WRITING IN MATH Find examples of the use of tessellations in architecture, mosaics, 
and artwork. For each example, explain how tessellations were used. 


12. MAKE A CONJECTURE Describe a figure that you think will tessellate in three- 
dimensional space. Explain your reasoning. 
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Symmetry 


Why? 


@ You drew reflections @ Identify line and @ Inthe animal kingdom, the 
and rotations of rotational symmetries symmetry of an animal’s body 
figures. in two-dimensional is often an indication of the 

figures. animal’s complexity. Animals 
displaying line symmetry, 
such as insects, are usually 


Identify plane and 
axis symmetries in 


8 f : more complex life forms than 
= three-dimensional i fi : 
Ee Faitae those displaying rotational 
2 oie symmetry, like a jellyfish. 
ia) 
3 
= 
NewVocabulary Symmetry in Two-Dimensional Figures A figure has Symimietty if there exists 
~~ symmetry a rigid motion—reflection, translation, rotation, or glide reflection—that maps 
& line symmetry the figure onto itself. One type of symmetry is line symmetry. 
Ss line of symmetry 
2 rotational symmetry - 
S center of symmetry KeyConcept Line Symmetry 
B order of symmetry : ; : ; 
= magnitude of symmetry A figure in the plane has line symmetry (or reflection symmetry) if 
a plane symmetry the figure can be mapped onto itself by a reflection in a line, called 
S axis symmetry a line of symmetry (or axis of symmetry). 
2 
= 
S / 


‘.ce\) Common Core 
State Standards 


Content Standards 
G.C0.3 Given a rectangle, 
parallelogram, trapezoid, or 
regular polygon, describe the 
rotations and reflections that 
carry it onto itself. 


@y 


Real-World Example 1 


BEACHES State whether the object appears to have line symmetry. Write yes or no. 
If so, copy the figure, draw all lines of symmetry, and state their number. 


a. A b. 


Mathematical Practices 
4 Model with mathematics. 
8 Look for and express 


regularity in repeated I 


reasoning. Vv 
Yes; the crab has one Yes; the starfish has No; there is no line in 
line of symmetry. five lines of symmetry. which the oyster shell 
can be reflected so that 
it maps onto itself. 
GuidedPractice 


State whether the figure has line symmetry. Write yes or no. If so, copy the figure, 
draw all lines of symmetry, and state their number. 


ce (J 


(tl)Brian Hagiwara/Brand X Pictures/Getty Images, (tr)Jochen Tack/Alamy, (bl)Stockbyte/age footsto¢ 


StudyTip 


Point Symmetry A figure 
has point symmetry if the 
figure can be mapped onto 
itself by a rotation of 180°. 
A playing card exhibits point 
symmetry. It looks the same 


point of 
symmetry 


right-side up as upside down. 


Another type of symmetry is rotational symmetry. 


KeyConcept Rotational Symmetry 


A figure in the plane has rotational symmetry (or radial symmetry) if the figure can be mapped onto 
itself by a rotation between 0° and 360° about the center of the figure, called the center of symmetry 
(or point of symmetry). 


Examples The figure below has rotational symmetry because a rotation of 90°, 180°, or 270° maps 


the figure onto itself. 
V/ I 
270° 


45° 
The number of times a figure maps onto itself as it rotates from 0° to 360° is called the 


19° 
: a 
a 
S 
. The magnitude of symmetry (or angle of rotation) is the smallest 


angle through which a figure can be rotated so that it maps onto itself. The order and 
magnitude of a rotation are related by the following equation. 


magnitude = 360° + order 


The figure above has rotational symmetry of order 4 and magnitude 90°. 


Example 2 


State whether the figure has rotational symmetry. Write yes or no. If so, copy the 
figure, locate the center of symmetry, and state the order and magnitude of symmetry. 


ys 


Yes; the regular No; no rotation Yes; the figure has 
hexagon has order 6 between 0° and 360° order 2 rotational 
rotational symmetry maps the right symmetry and 
and magnitude triangle onto itself. magnitude 
360° + 6 or 60°. 360° + 2 or 180°. 
The center is the The center is the 
intersection of the intersection of the 
diagonals. diagonals. 
ARS 
GuidedPractice 


FLOWERS State whether the flower appears to have rotational symmetry. Write yes 
or no. If so, copy the flower, locate the center of symmetry, and state the order and 


magnitude of symmetry. 
2c. ad 


2A. 2B. 


= 
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Symmetry in Three-Dimensional Figures Three-dimensional figures can also 
have symmetry. 


| KeyConcept Three-Dimensional Symmetries | 


Plane Symmetry 


A three-dimensional figure has plane symmetry if the figure 
can be mapped onto itself by a reflection in a plane. 


Axis Symmetry 


A three-dimensional figure has axis symmetry if the figure 
can be mapped onto itself by a rotation between 0° and 360° 


in a line. 
\ yy 
(pT) 
Example 3 
ReviewVocabulary State whether the figure has plane symmetry, axis symmetry, both, or neither. 
prism a polyhedron with a. L-shaped b. regular 
two parallel congruent bases ey entscanal 
connected by parallelogram P ry ‘ 8 
faces ae 
plane symmetry both plane symmetry and 


axis symmetry 


b)Radlund & Associates/Getty Images 


GuidedPractice 


SPORTS State whether each piece of sports equipment appears to have plane 
symmetry, axis symmetry, both, or neither (ignoring the equipment’s stitching 
or markings). 


Sal 


‘ » 3A. ~] 3B. 3C. 
| Real-WorldLink 
Aerodynamically designed 
to spin after it is thrown, a %y 
football’s shape is that of a 


prolate spheroid. This means 
that one axis of symmetry is 
longer than its other axes. 3D. 


Source: Complete Idiot’s Guide to ————————————————— 
Football 


tl)age fotostock/SuperStock, (tcl) 


Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 State whether the figure appears to have line symmetry. Write yes or no. If so, copy the 
figure, draw all lines of symmetry, and state their number. 


*> << LA 
Example 2 State whether the figure has rotational symmetry. Write yes or no. If so, copy the figure, 
locate the center of symmetry, and state the order and magnitude of symmetry. 


4, ( ) 5. | | 6. 3 | 
Examples 2-3 (7) U.S. CAPITOL Completed in 1863, the dome is one of the 
most recent additions to the United States Capitol. It is 


supported by 36 iron ribs and has 108 windows, divided 
equally among three levels. 


a. Excluding the spire of the dome, how many horizontal 
and vertical planes of symmetry does the dome appear | rrr 
Pee eet a 

to have? | en 

b. Does the dome have axis symmetry? If so, state ee 
the order and magnitude of symmetry. 


Example 3 8. State whether the figure has plane 
symmetry, axis symmetry, both, or 
neither. 


Practice and Problem Solving Extra Practice is on page R9. 


= 
Example 1 CESS) REGULARITY State whether the figure appears to have line symmetry. Write yes or 
no. If so, copy the figure, draw all lines of symmetry, and state their number. 


FLAGS State whether each flag design appears to have line symmetry. Write yes or no. 
If so, copy the flag, draw all lines of symmetry, and state their number. 


15. 16. 17. 
=~ | 
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(tl)Car Culture/Collection Mix: Subjects/Getty Images, (tc)Mike Rinnan/Alamy, (tr)Radius Images/Photolibrary, (b)CHICUREL Arnaud/hemis/age footstock 


Example 2 


Example 2 


Example 3 


State whether the figure has rotational symmetry. Write yes or no. If so, copy the figure, 
locate the center of symmetry, and state the order and magnitude of symmetry. 


@t) CO 22. t} 23. C) 
WHEELS State whether each wheel cover appears to have rotational symmetry. Write yes 
or no. If so, state the order and magnitude of symmetry. 


25. — 26. 


State whether the figure has plane symmetry, axis symmetry, both, or neither. 


27. 28. 


29. 30. 


CONTAINERS Determine the number of horizontal and vertical planes of symmetry for 
each container shown below. 


31. 32. : 3. = 


la 

34, CSS) MODELING Symmetry is an important 
component of photography. Photographers 
often use reflection in water to create symmetry 
in photos. The photo at the right is a long 
exposure shot of the Eiffel tower reflected in 
a pool. 


a. Describe the two-dimensional symmetry 
created by the photo. 


b. Is three-dimensional symmetry applicable? 
Explain your reasoning. 


| eee RT LA) 
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COORDINATE GEOMETRY Determine whether the figure with the given vertices has line 
symmetry and/or rotational symmetry. 


@ A(-4, 0), B00, 4), C(4, 0), DO, -4) 

36. R(-3, 3), S(-3, —3), T(, 3) 

37. F(0, —4), G(—3, —2), H(—3, 2), J(0, 4), K@, 2), L, —2) 

38. W(-2, 3), X(—3, —3), Y(3, —3), Z(2, 3) 

ALGEBRA Graph the function and determine whether the graph has line and/or 


rotational symmetry. If so, state the order and magnitude of symmetry, and write the 
equations of any lines of symmetry. 


39. y=x 40. y=x*+1 MA. y= —x? 
CRYSTALLOGRAPHY Determine whether the crystals below have plane symmetry and/or 
axis symmetry. If so, state the magnitude of symmetry. 


42. 43. 44, 


45, 6G? MULTIPLE REPRESENTATIONS In this problem, you will use dynamic geometric 
software to investigate line and rotational symmetry in regular polygons. 


a. Geometric Use The Geometer’s Sketchpad to draw an equilateral triangle. Use the 
reflection tool under the transformation menu to investigate and determine all 
possible lines of symmetry. Then record their number. 


b. Geometric Use the rotation tool under the transformation menu to investigate the 
rotational symmetry of the figure in part a. Then record its order of symmetry. 


c. Tabular Repeat the process in parts a and b for a square, regular pentagon, and 
regular hexagon. Record the number of lines of symmetry and the order of 
symmetry for each polygon. 


d. Verbal Make a conjecture about the number of lines of symmetry and the order of 
symmetry for a regular polygon with n sides. 


H.0.T. Problems — Use Higher-Order Thinking Skills 


la 

46. CESS CRITIQUE Jaime says that Figure A has only line symmetry, 
and Jewel says that Figure A has only rotational symmetry. Is 
either of them correct? Explain your reasoning. 


47. CHALLENGE A quadrilateral in the coordinate plane has exactly Figure A 
two lines of symmetry, y = x — 1 and y = —x + 2. Find possible 
vertices for the figure. Graph the figure and the lines of symmetry. 


48. REASONING A regular polyhedron has axis symmetry of order 3, but does not have 
plane symmetry. What is the figure? Explain. 


49. OPEN ENDED Draw a figure with line symmetry but not rotational symmetry. Explain. 


50. EA) WRITING IN MATH How are line symmetry and rotational symmetry related? 
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Standardized Test Practice 


51. How many lines of symmetry can be drawn on 
the picture of the Canadian flag below? 


A 0 C2 


Bl D4 


52. GRIDDED RESPONSE What is the order of 
symmetry for the figure below? 


Spiral Review 


53. ALGEBRA A computer company ships computers 
in wooden crates that each weigh 45 pounds 
when empty. If each computer weighs no more 
than 13 pounds, which inequality best describes 
the total weight in pounds w of a crate of 
computers that contains c computers? 


F c< 134 45w 
Gc>134+ 45w 


H w<13c4+ 45 
Jw2138c+45 


54. SAT/ACT What is the slope of the line determined 
by the linear equation 5x — 2y = 10? 


D 


E 


N]or of 


Triangle JKL has vertices J(1, 5), K(3, 1), and L(5, 7). Graph AJKL and its image after 


the indicated transformation. (lesson 9-4) 


55. Translation: along (—7, —1) 
Reflection: in x-axis 


57. Quadrilateral QRST is shown at the right. What is the image of point R 
after a rotation 180° counterclockwise about the origin? (Lesson 9-3) 


58. AMUSEMENT PARKS From the top of a roller coaster, 60 yards above the 
ground, a rider looks down and sees the merry-go-round and the Ferris 
wheel. If the angles of depression are 11° and 8° respectively, how far apart 
are the merry-go-round and the Ferris wheel? (Lesson 8-5) 


Skills Review 


56. Translation: along (1, 2) 


Reflection: in y-axis 


Determine whether the dilation from Figure A to Figure B is an enlargement ora 


reduction. Then find the scale factor of the dilation. 


59. y 60. 


61. 
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"="Geometry Lab 
Exploring Constructions 
; iwith a Reflective Device 


A reflective device is a tool made of semitransparent plastic that reflects (ess Common Core State Standards 


. . ‘ ina i Aj “=~ Content Standards 
objects. It works best if you lay it on a flat service in a well-lit room. G.CO.12 Make formal geometric constructions with a variety of tools 


You can use a reflective device to transform geometric objects. and methods (compass and straightedge, string, reflective devices, 
paper folding, dynamic geometric software, etc.). 
Mathematical Practices 5 


Activity 1 Reflect a Triangle 


Use a reflective device to reflect A ABC in w. Label the reflection AA’B’C’. 


| Step 1 | Draw AABC and the line of reflection w. | Step 2 | With the reflective device on line w, draw 
points for the vertices of the reflection. 


| Step 3 | Use a straightedge to connect the points to 
form AA‘B’C’. 


We have used a compass, straightedge, string, and paper folding to make geometric constructions. 
You can also use a reflective device for constructions. 


Activity 2 Construct Lines of Symmetry 


Use a reflective device to construct the lines of symmetry for a regular hexagon. 


Bee Draw a regular hexagon. Place the reflective | Step 2. Repeat Step 1 until you have found all the 
device on the shape and move it until one half lines of symmetry. 

of the shape matches the reflection of the 
other half. Draw the line of symmetry. 
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The McGraw-Hill Companies 


Activity 3 Construct a Parallel line 


Use a reflective device to reflect line 2 to line m that is parallel and passes 
through point P. 


= 


Draw line @ and point P. Place a short side of the Place the reflective device so that the perpendicular 
reflective device on line @ and the long side on point P. _ line coincides with itself and the reflection of line @ 
Draw a line. This line is perpendicular to @ through P. passes through point P. Use a straightedge to draw the 
parallel line m through P. 


In Explore Lesson 5-1, we constructed perpendicular bisectors with paper folding. You can also use 
a reflective device to construct perpendicular bisectors of a triangle. 


Activity 4 Construct Perpendicular Bisectors 


Use a reflective device to find the circumcenter of AABC. 


Kee Draw AABC. Place the reflective device between A and 
B and adjust it until A and B coincide. Draw the line 
of symmetry. 


| Step 2 | Repeat Step 1 for sides AC and BC. Then place a point 
at the intersection of the three perpendicular bisectors. 
This is the circumcenter of the triangle. 


Model and Analyze 


1. How do you know that the steps in Activity 4 give the actual X 
perpendicular bisector and the circumcenter of AABC? y 


2. Construct the angle bisectors and find the incenter of AXYZ. Describe 


how you used the reflective device for the construction. Zz 
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Graphing Technology Lab 
Dilations 


; ; ccss Common Core State Standards 
You can use Tl-Nspire Technology to explore properties “= content Standards 
of dilations. G.SRT.1 Understand similarity in terms of similarity transformations. Verify experimentally the 
properties of dilations given by a center and a scale factor: 
a. A dilation takes a line not passing through the center of the dilation to a parallel line, and leaves 
a line passing through the center unchanged. 
b. The dilation of a line segment is longer or shorter in the ratio given by the scale fa 


Mathematical Practices 5 


Activity 1 Dilation of a Triangle 


Dilate a triangle by a scale factor of 1.5. 


| Step 1 | Add anew Geometry page. Then, from the Points & Lines 
menu, use the Point tool to add a point and label it X. 


BE From the Shapes menu, select Triangle and specify three 
points. Label the points A, B, and C. 


SQEI From the Actions menu, use the Text tool to separately add 
the text Scale Factor and 1.5 to the page. 


KI From the Transformation menu, select Dilation. Then select 
point X, AABC, and the text 1.5. 


| Step 5 | Label the points on the image A’, B’, and C’. 


Analyze the Results 
1. Using the Slope tool on the Measurement menu, describe the effect of the dilation on 


AB. That is, how are the lines through AB and A’B’ related? 
2. What is the effect of the dilation on the line passing through side CA? 
3. What is the effect of the dilation on the line passing through side CB? 


Activity 2 Dilation of a Polygon 


Dilate a polygon by a scale factor of —0.5. 


Bee Add anew Geometry page and draw polygon ABCDX as 
shown. Add the text Scale Factor and —0.5 to the page. 


7 From the Transformation menu, select Dilation. Then select 


point X, polygon ABCDX, and the text —0.5. 
| Step 3 | Label the points on the image A’, B’, C’, and D’. 


Model and Analyze 
4. Analyze the effect of the dilation in Activity 2 on sides that contain 
the center of the dilation. A 


5. Analyze the effect of a dilation of trapezoid ABCD shown with a 
scale factor of 0.75 and the center of the dilation at A. D 


6. MAKE A CONJECTURE Describe the effect of a dilation on segments that 
pass through the center of a dilation and segments that do not pass 
through the center of a dilation. 
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Activity 3 Dilation of a Segment 


Dilate a segment AB by the indicated scale factor. 


a. scale factor: 0.75 


BH On a new Geometry page, draw a line segment using the 
Points & Lines menu. Label the endpoints A and B. Then 
add and label a point X. 


| Step 2 | Add the text Scale Factor and 0.75 to the page. 


| Step 3 | From the Transformation menu, select Dilation. Then select 
point X, AB, and the text 0.75. 


| Step 4 | Label the dilated segment A’B’. 


b. scale factor: 1.25 
| Step 1 | Add the text 1.25 to the page. 


7 From the Transformation menu, select Dilation. Then select 
point X, AB, and the text 1.25. 


| Step 3 | Label the dilated segment A”B”. 


Model and Analyze 


7. Using the Length tool on the Measurement menu, find the measures of AB, A’B’, 
and A”B”. 


8. What is the ratio of A’B’ to AB? What is the ratio of A”B” to AB? 


9. What is the effect of the dilation with scale factor 0.75 on segment 
AB? What is the effect of the dilation with scale factor 1.25 on 
segment AB? 


10. Dilate segment AB in Activity 3 by scale factors of —0.75 and —1.25. 
Describe the effect on the length of each dilated segment. 


11. MAKE A CONJECTURE Describe the effect of a dilation on the length of 
a line segment. 


12. Describe the dilation from AB to A’B’ and A’B’ to A”B” in the 
triangles shown. 
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@ You identified 
dilations and verified 
them as similarity 
transformations. 


Ess) Common Core 
) State Standards 
Content Standards 
G.CO.2 Represent 
transformations in the plane 
using, €.g., transparencies 
and geometry software; 
describe transformations as 
functions that take points in 
the plane as inputs and give 
other points as outputs. 
Compare transformations 
that preserve distance and 
angle to those that do not 
(e.g., translation versus 
horizontal stretch). 


G.SRT.1 Understand similarity 
in terms of similarity 
transformations. Verify 
experimentally the properties 
of dilations given by a center 
and a scale factor: 

a. A dilation takes a line not 
passing through the 
center of the dilation to a 
parallel line, and leaves a 
line passing through the 
center unchanged. 


b. The dilation of a line 
segment is longer or 
shorter in the ratio given 
by the scale factor. 


Mathematical Practices 

1 Make sense of problems 
and persevere in solving 
them. 

5 Use appropriate tools 
strategically. 
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 ) 1 Draw dilations. 


traditional cameras a 
produce negatives 
negatives, photograp! 
create scaled reprod 


Draw dilations in the 
coordinate plane. 


Draw Dilations A dilation or scaling is a similarity transformation that enlarges or 
reduces a figure proportionally with respect to a center point and a scale factor. 


KeyConcept Dilation 


A dilation with center C and positive scale factor 
k, k# 1, is a function that maps a point Pina 
figure to its image such that 
e if point Pand C coincide, then the image and 
preimage are the same point, or 
e if point P is not the center of dilation, then 
P lies on CP and CP’ = K(CP). 


4-2.50r10 


AL’M'P’is the image of ALP under a dilation with 
center Cand scale factor 2.5. 


Example 1 


Copy AABC and point D. Then use a ruler B 
to draw the image of AABC under a dilation with °D 
center D and scale factor : | 
| Step 1 | Draw rays from D though A 
each vertex. B 
ein eee 
A’ oe aaer D 
U aig y al a ° 
| Step 2 | Locate A’ on DA such that DA’ = 5DA. <4 = C 
ee 
K&B Locate B’ on DB and C’ on DC in ep fi ee Pn 
the same way. Then draw AA’B’C’. ZA as ==" D 
= = ae a C 
. . “—_— a 
GuidedPractice ee 


Copy the figure and point J. Then use a ruler to draw the image of the 
figure under a dilation with center J and the scale factor k indicated. J 


1A. k=3 
Je 


1B. k = 0.75 


safew| Aya9/au0js/pun] uyor 


In Lesson 7-6, you also learned that if k > 1, then the dilation is an enlargement. 


If 0 < k < 1, then the dilation is a reduction. Since 3 is between 0 and 1, the dilation in 
Example 1 is a reduction. 


A dilation with a scale factor of 1 is called an isometry dilation. It produces an image that 
coincides with the preimage. The two figures are congruent. 


Real-World Example 2 


PHOTOGRAPHY To create different-sized prints, 
you can adjust the distance between a film 
negative and the enlarged print by using a 
photographic enlarger. Suppose the distance 
between the light source C and the negative is 
45 millimeters (CP). To what distance PP’ 
should you adjust the enlarger to create a 
22.75-centimeter wide print (X’Y’) from a 
35-millimeter wide negative (XY)? 


Understand This problem involves a dilation. 
The center of dilation is C, 
XY = 35 mm, X’Y’ = 22.75 cm or 
227.5 mm, and CP = 45 mm. You are 


Problem-SolvingTip 


asked to find PP’. 
(ess Perseverance 


Plan Find the scale factor of the dilation from the preimage XY to the image 


To prevent careless errors in X’Y’. Use the scale factor to find CP’ and then use CP and CP’ to find PP”. 


your Calculations, estimate 


the answer to a problem Solve The scale factor k of the enlargement is the ratio of a length on the image 
before solving. In Example 2, to a corresponding length on the preimage. 
you can estimate the scale 
ilati image length 
factor oes dilation to be Soe Scale factor of image 
about win 6. Then CP’ preimage length 
would be about 6 - 50 or 300 xy’ : ‘3 : 
and PP’ about 300 — 50 or = “xy i ae 
250 millimeters, which is 
25 centimeters. A measure = ae or 6.5 Divide. 


of 24.75 centimeters is close 
to this estimate, so the 


answer is reasonable. Use this scale factor of 6.5 to find CP’. 


_ CP’ = k(CP) Definition of dilation 
= 6.5(45) k= 6.5 and CP= 45 
= 292.5 Multiply. 
Use CP’ and CP to find PP". 
CP + PP’ = CP’ Segment Addition 
45 + PP’ = 292.5 CP = 45 and CP’ = 292.5 
PP’ = 247.5 Subtract 45 from each side. 


So the enlarger should be adjusted so that the distance from 
the negative to the enlarged print (PP’) is 247.5 millimeters or 
24.75 centimeters. 


Check Since the dilation is an enlargement, the scale factor should be greater 
than 1. Since 6.5 > 1, the scale factor found is reasonable. Y 
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StudyTip 


Negative Scale Factors 
Dilations can also have 
negative scale factors. You 
will investigate this type of 
dilation in Exercise 36. 


GuidedPractice 


2. Determine whether the dilation from Figure Q to Q’ 
is an enlargement or a reduction. Then find the scale 
factor of the dilation and x. 


Dilations in the Coordinate Plane You can use the following rules to find 
the image of a figure after a dilation centered at the origin. 


| KeyConcept Dilations in the Coordinate Plane 


Words To find the coordinates of an image Example 
after a dilation centered at the origin, 
multiply the x- and y-coordinates of 
each point on the preimage by the 
scale factor of the dilation, k. 


Symbols (x, Y) — (kx, ky) 


Example 3 


Quadrilateral JKLM has vertices J(—2, 4), K(—2, —2), L(—4, —2), and M(—4, 2). Graph 
the image of JKLM after a dilation centered at the origin with a scale factor of 2.5. 


Multiply the x- and y-coordinates of each 
vertex by the scale factor, 2.5. 


(x, y) + (2.5x, 2.5y) 
J(—2, 4) = P(=5,10) 
K(=2; =2) = -KX=5,=5) 


f(-4,—2) = B10, =5) 


M(-4,2) — M*—10,5) 


Graph JKLM and its image J’K’L'’M’. 


GuidedPractice 


Find the image of each polygon with the given vertices after a dilation centered at 
the origin with the given scale factor. 


3A. Q(0, 6), R(—6, —3), $(6, —3); k = ; 3B. A(2, 1), B(0, 3), C(—1, 2), D(O, 1);k = 2 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Copy the figure and point M. Then use a ruler to draw the image of the figure under a 
dilation with center M and the scale factor k indicated. 


k=4 re ee 


AS iN 


Example 2 (3) Determine whether the dilation from Figure B to B’ 
is an enlargement or a reduction. Then find the scale 
factor of the dilation and x. 


4, BIOLOGY Under a microscope, a single-celled 
organism 200 microns in length appears to be 
50 millimeters long. If 1 millimeter = 1000 microns, 
what magnification setting (scale factor) was used? 
Explain your reasoning. 


Example 3 Graph the image of each polygon with the given vertices after a dilation centered at 
the origin with the given scale factor. 


5. W(0, 0), X(6, 6), Y(6, 0); k = 1.5 

6. Q(—4, 4), R(—4, -4), S(4, -4), T4, A) k= 5 
7. A(-1, 4), B(2, 4), C(3, 2), D(-2, 2); k =2 

8. J(-2, 0), K(2, 4), L(8, 0), M2, -4); k= 3 


Practice and Problem Solving Extra Practice is on page R9. 


=> 
Example 1 cess TOOLS Copy the figure and point S. Then use a ruler to draw the image of the figure 
under a dilation with center S and the scale factor k indicated. 


9.k=2 10. k=3 11. k=0.8 

s e 

3° Ss 
= = _7 
12.k=5 13. k =2.25 14, k=2 


S NY LB 


[AS 
yy LE 677 Q) 


AZ 


Example 2 


Example 3 


Determine whether the dilation from figure W to W’ is an enlargement or a reduction. 
Then find the scale factor of the dilation and x. 


15. 16. A 


W 


x 7 
Peay F 
/ 


INSECTS When viewed under a microscope, each insect has the measurement given on 
the picture. Given the actual measure of each insect, what magnification was used? 
Explain your reasoning. 


19. 20. 


Cat Flea 
Actual Length: 2.5 mm 


Spider Mite 
Actual Length: 0.5 mm 


VA~Y 
CESS SENSE-MAKING Find the image of each polygon with the given vertices after a 
dilation centered at the origin with the given scale factor. 


(21) J(—8, 0), K(—4, 4), L(—2, 0); k = 0.5 

22. S(0, 0), T(—4, 0), V(—8, —8); k = 1.25 

23. A(9, 9), B(3, 3), C(6, 0); k = + 

24. D(4, 4), E(0, 0), G(8, 0); k = 0.75 

25. M(—2, 0), P(0, 2), Q(2, 0), R(O, —2); k = 2.5 
26. W(2, 2), X(2, 0), Y(O, 1), Z(1, 2);k =3 


27. COORDINATE GEOMETRY Refer to the graph of FGHjJ. 


a. Dilate FGH] by a scale factor of 5 centered at the origin, 


and then reflect the dilated image in the y-axis. 


b. Complete the composition of transformations in part a 


in reverse order. 


c. Does the order of the transformations affect the final image? 


d. Will the order of a composition of a dilation and a reflection 
always, sometimes, or never affect the dilated image? Explain 
your reasoning. 
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28. 


29. 


32. 


PHOTOGRAPHY AND ART To make a scale drawing of a photograph, students overlay 

a +-inch grid ona 5-inch by 7-inch high contrast photo, overlay a 4-inch grid ona 
10-inch by 14-inch piece of drawing paper, and then sketch the image in each square 
of the photo to the corresponding square on the drawing paper. 


a. What is the scale factor of the dilation? 


b. To create an image that is 10 times as large as the original, what size grids are 
needed? 


c. What would be the area of a grid drawing of a 5-inch by 7-inch photo that used 
2-inch grids? 


MEASUREMENT Determine 30. COORDINATE GEOMETRY WXYZ has 
whether the image shown is a vertices W(6, 2), X(3, 7), Y(—1, 4), and 
dilation of ABCD. Explain your Z(4, —2). 


MeaEonN a a. Graph WXYZ and find the 
perimeter of the figure. Round to 
the nearest tenth. 


b. Graph the image of WXYZ after a 


dilation of ; centered at the origin. 


C c. Find the perimeter of the dilated 
image. Round to the nearest tenth. 
How is the perimeter of the dilated 
image related to the perimeter of 

B WXYZ? 


A 


CHANGING DIMENSIONS A three-dimensional 
figure can also undergo a dilation. Consider the 


rectangular prism shown. 4cm 


a. Find the surface area and volume of the prism. 


b. Find the surface area and volume of the prism 6cm 
after a dilation with a scale factor of 2. 


c. Find the surface area and volume of the prism after a dilation with a scale 
factor of >. 


d. How many times as great is the surface area and volume of the image as the 
preimage after each dilation? 


e. Make a conjecture as to the effect a dilation with a positive scale factor r would 
have on the surface area and volume of a prism. 


ya~ 
CCSS PERSEVERANCE Refer to the graph of ADEF. 


a. Graph the dilation of ADEF centered at point D 
with a scale factor of 3. 


b. Describe the dilation as a composition of 
transformations including a dilation with a scale 
factor of 3 centered at the origin. 


c. If a figure is dilated by a scale factor of 3 with a 
center of dilation (x, y), what composition of 
transformations, including a dilation with a scale 
factor of 3 centered at the origin, will produce the 
same final image? 


——— 


(33) HEALTH A coronary artery may be dilated with a balloon catheter 
as shown. The cross section of the middle of the balloon is a circle. 


Deflated 
balloon in 
artery 


a. A surgeon inflates a balloon catheter in a patient's coronary 
artery, dilating the balloon from a diameter of 1.5 millimeters 
to 2 millimeters. Find the scale factor of this dilation. 


b. Find the cross-sectional area of the balloon before and 
after the dilation. 


Each figure shows a preimage and its image after a dilation 


Inflated 
centered at point P. Copy each figure, locate point P, and balloon in 
estimate the scale factor. artery 
34, 35. 


36. 9G? MULTIPLE REPRESENTATIONS In this problem, you will investigate dilations centered 
at the origin with negative scale factors. 


a. Geometric Draw AABC with points A(—2, 0), B(2, —4), and C(4, 2). Then draw 
the image of AABC after a dilation centered at the origin with a scale factor of —2. 


Repeat the dilation with scale factors of -5 and —3. Record the coordinates for 
each dilation. 


b. Verbal Make a conjecture about the function relationship for a dilation centered at 
the origin with a negative scale factor. 


c. Analytical Write the function rule for a dilation centered at the origin with a scale 
factor of —k. 


d. Verbal Describe a dilation centered at the origin with a negative scale factor as a 
composition of transformations. 


H.0.T. Problems use Higher-Order Thinking Skills 


37. CHALLENGE Find the equation for the dilated image of the line y = 4x — 2 if the dilation 
is centered at the origin with a scale factor of 1.5. 


38. WRITING IN MATH Are parallel lines (parallelism) and collinear points (collinearity) 
preserved under all transformations? Explain. 


—_= 

39, cess ARGUMENTS Determine whether invariant points are sometimes, always, or never 
maintained for the transformations described below. If so, describe the invariant 
point(s). If not, explain why invariant points are not possible. 


a. dilation of ABCD with scale factor 1 b. rotation of AB 74° about B 
c. reflection of AMNP in the x-axis d. translation of PORS along (7, 3) 
e. dilation of AXYZ centered at the 


origin with scale factor 2 


40. OPEN ENDED Graph a triangle. Dilate the triangle so that its area is four times the area 
of the original triangle. State the scale factor and center of your dilation. 


41. EA) WRITING IN MATH Can you use transformations to create congruent figures, similar 
figures, and equal figures? Explain. 
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Standardized Test Practice 


42. EXTENDED RESPONSE Quadrilateral PQRS was 43. ALGEBRA How many ounces of pure water must 
dilated to form quadrilateral WXYZ. a pharmacist add to 50 ounces of a 15% saline 
solution to make a solution that is 10% saline? 
A 25 C15 
B 20 D5 


44, Tionna wants to replicate a painting in an art 
museum. The painting is 3 feet wide and 6 feet 
long. She decides on a dilation reduction factor 
of 0.25. What size paper should she use? 


F 4in. x 8 in. H 8in. x 16 in. 
a. Is the dilation from PQRS to WXYZ an G 6in. x 12 in. J 10in. x 20in. 
enlargement or reduction? 
Pe 
b. Which number best represents the scale factor 45. SAT/AGT For all x, (@¢— 7)" =? 
for this dilation? A x? — 49 D x? — 14x + 49 
B x? +449 E x* + 14x — 49 
C x? — 14x — 49 


Spiral Review 


State whether the figure appears to have line symmetry. Write yes or no. If so, copy 
the figure, draw all lines of symmetry, and state their number. (Lesson 9-5) 


46. 47. 48. 


Describe the transformations that combined to map each figure. (Lesson 9-4) 


49. 50. 


Let Ty TT 


51. PAINTING A painter sets a ladder up to reach the bottom of a second-story window 
16 feet above the ground. The base of the ladder is 12 feet from the house. While the 
painter mixes the paint, a neighbor’s dog bumps the ladder, which moves the base 
2 feet farther away from the house. How far up the side of the house does the 
ladder reach? (Lesson 8-2) 


Skills Review 


Find the value of x to the nearest tenth. 


PVGeometry Lab 


Establishing Triangle 
Congruence and Similarity , 


In Chapter 4, two triangles were defined to be congruent if all of their corresponding ESS Common Core State Standards 


parts were congruent and the criteria for proving triangle congruence (SAS, SSS, and erie zetia siete aread signee an 
ASA) were presented as postulates. Triangle congruence can also be defined in terms SAS, and 359) follow from the soe eae in 


of rigid motions (reflections, translations, rotations). terms of rigid motions. 
G.SRT.3 Use the properties of similarity transformations to 
; ; , tablish the AA criterion for two triangles to be similar. 
The principle of superposition states that two figures are congruent if and only if eee eli al al 


: cee : : oe : . Mathematical Practices 5 
there is a rigid motion or a series of rigid motions that maps one figure exactly onto 


the other. We can use the following assumed properties of rigid motions to establish A 
the SAS, SSS, and ASA criteria for triangle congruence. rotation 
B 
e The distance between points is preserved. Sides are mapped to sides of the C = 
same length. y Ene ee 
Xx 
e Angle measures are preserved. Angles are mapped to angles of the same measure. S/ 
translation 
Z 


Activity 1 Establish Congruence 


Use a rigid motion to map side AB of AABC onto side XY of AXYZ, 
ZA onto ZX, and side AC onto side XZ. 


Eee Copy the triangles below onto a sheet of Eee] Copy AABC onto a sheet of tracing paper 
PSPer and label. Translate the paper until AB, 
ZA, and AC lie exactly on top of XY, ZX, 


and XZ. 


> 
A A Xx 


Analyze the Results 


1. Use this activity to explain how the SAS criterion for triangle congruence follows 
from the definition of congruence in terms of rigid motions. (Hint: Extend lines 
on the tracing paper.) 


2. Use the principle of superposition to explain why two triangles are congruent if and 
only if corresponding pairs of sides and corresponding pairs of angles are congruent. 


Using the same triangles shown above, describe the steps in an activity to illustrate the 
indicated criterion for triangle congruence. Then explain how this criterion follows 
from the principle of superposition. 


3. SSS 4. ASA 
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Two figures are similar if there is a rigid motion, or a series of rigid motions, A 
followed by a dilation, or vice versa, that map one figure exactly onto the other. reflection f* AABC ~ AXYZ 
We can use the following assumed properties of dilations to establish the AA B C 


criteria for triangle similarity. VW X 
e Angle measures are preserved. Angles are mapped to angles of the same measure. aN 7 “ae 


translation X 


Z 


e Lines are mapped to parallel lines and sides are mapped to parallel sides that are longer 
or shorter in the ratio given by the scale factor. 


Activity 2 Establish Similarity 


Use a rigid motion followed by a dilation to map ZB onto ZY and ZA onto 2X. 
EERE Copy the trianglesbelow [Qt Copy AABC onto tracing [RELY On another sheet of tracing 


onto a sheet of paper. paper and label. paper, copy and label ZA. 
ESE] Translate the paper until Xe Translate this second sheet 
ZB lies exactly on top of of tracing paper along the 
ZY. Tape this paper down line from A to Y on the first 


sheet, until this second ZA 
lies exactly on top of ZX. 


so that it will not move. 


A 
B Cc 
A 
nox 
B 
y Ve 5S 


Analyze the Results 


5. Use this activity to explain how the AA criterion for triangle similarity follows from the 
definition of similarity in terms of dilations. (Hint: Use parallel lines.) 


6. Use the definition of similarity in terms of transformations to explain why two triangles 
are similar if all corresponding pairs of angles are congruent and all corresponding pairs 
of sides are proportional. 


Use a series of rigid motions and/or dilations to determine whether AABC and AXYZ 
are congruent, similar, or neither. 


7 8. 
Zz A 
Cc r aa Z 
A C 
e * 
\ bE L\ 
y 
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Study Guide 


KeyConcepts 


KeyVocabulary 


Reflections (Lesson 9-1) 


e Areflection is a transformation representing a flip of a figure 
over a point, line, or plane. 


Translations ((esson 9-2) 


e Atranslation is a transformation that moves all points of a 
figure the same distance in the same direction. 


e Atranslation maps each point to its image along a 
translation vector. 


Rotations (Lesson 9-3) 


e Arotation turns each point in a figure through the same angle 
about a fixed point. 


Compositions of Transformations (esson 9-4) 


e A translation can be represented as a composition of reflections 
in parallel lines and a rotation can be represented as a 
composition of reflections in intersecting lines. 


Symmetry (Lesson 9-5) 


e The line of symmetry in a figure is a line where the figure could 
be folded in half so that the two halves match exactly. 


The number of times a figure maps onto itself as it rotates from 
0° to 360° is called the order of symmetry. 


The magnitude of symmetry is the smallest angle through which 
a figure can be rotated so that it maps onto itself. 


Dilations (Lesson 9-6) 
e Dilations enlarge or reduce figures proportionally. 


[P| StudyOrganizer 


Be sure the Key Concepts 
are noted in your Foldable. 


RN 
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angle of rotation (p. 640) magnitude of 


axis symmetry (p. 665) SyMIMETy eGR) 


center of rotation (p. 640) order of symmetry (p. 664) 


composition of plane symmetry (p. 665) 


transformations (p. 651) rotational symmetry (p. 664) 


glide reflection (p. 651) symmetry (p. 663) 
line of reflection (p. 623) translation vector (9. 632) 
line of symmetry (p. 663) 


line symmetry (p. 663) 


VocabularyCheck 


Choose the term that best completes each sentence. 


1. When a transformation is applied to a figure, and then another 
transformation is applied to its image, this is a(n) (composition 
of transformations, order of symmetries). 


2. Ifa figure is folded across a straight line and the halves match 
exactly, the fold line is called the (line of reflection, line of 
symmetry). 


3. A (dilation, glide reflection) enlarges or reduces a figure 
proportionally. 


4. The number of times a figure maps onto itself as it rotates 
from 0° to 360° is called the (magnitude of symmetry, order 
of symmetry). 


5. A (line of reflection, translation vector) is the same distance 
from each point of a figure and its image. 


6. A figure has (a center of rotation, symmetry) if it can be 
mapped onto itself by a rigid motion. 


7. A glide reflection includes both a reflection and a (rotation, 
translation). 


8. To rotate a point (90°, 180°) counterclockwise about the 
origin, multiply the y-coordinate by —1 and then interchange 
the x- and y-coordinates. 


9. A (vector, reflection) is a congruence transformation. 


10. A figure has (plane symmetry, rotational symmetry) if the 
figure can be mapped onto itself by a rotation between 0° and 
360° about the center of the figure. 


Lesson-by-Lesson Review 


Reflections 


Graph each figure and its image under the given reflection. 


11. rectangle ABCD with A(2, —4), B(4, —6), C(7, —3), and 
D(5, —1) in the x-axis 


12. triangle XYZ with X(—1, 1), Y(—1, —2), and Z(8, —3) in the 
y-axis 

13. quadrilateral QRST with Q(—4, —1), R(—1, 2), S(2, 2), and 
T(0, —4) in the line y= x 


14. ART Anita is making the two-piece sculpture shown for a 
memorial garden. In her design, one piece of the sculpture 
is a reflection of the other, to be placed beside a sidewalk 
that would be located along the line of reflection. Copy the 
figures and draw the line of reflection. 


Translations 


. Graph AABC with vertices A(0, —1), B(2, 0), C(3, —3) and 


its image along (—5, 4). 


. Copy the figure and the Q T 
given translation vector. z 
Then draw the translation 
of the figure along the 
translation vector. RSs 

. DANCE Five dancers are positioned onstage as shown. 
Dancers B, F, and C move along (0, —2), while dancer A 
moves along (5, —1). Draw the dancers’ final positions. 


Example 1 


Graph AJKL with vertices J(1, 4), K(2, 1), and L(6, 2) and 
its reflected image in the x-axis. 


Multiply the y-coordinate of each vertex by —1. 
(sy) — (%-Y) 

J1,4)  —- J(1,-4) 

K(2,1) — K(2,-1) 

L(6,2) —- L‘6,—2) 


Graph AJKL and its 
image AJ’K’'L’. 


Example 2 


Graph A. XYZ with vertices X(2, 2), Y(5, 5), Z(5, 3) and its 
image along (—3, —5). 


The vector indicates a translation 3 units left and 5 units down. 
(sy) — (x-3,y—5) 

X(2,2) —- X(-1,-3) 

y(,5) —- Y%2,0) 

Z(5,3) —- Z2,-2) 


Graph AXYZ and 
its image AX’Y’2’. 
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Rotations 


18. Copy trapezoid CDEF and point P. Then use a protractor and 
ruler to draw a 50° rotation of CDEF about point P. 


D E 


P 


Graph each figure and its image after the specified rotation 
about the origin. 


19. AMNOwith vertices M(—2, 2), N(0, —2), O(1, 0); 180° 
20. ADGFwith vertices D(1, 2), G(2, 3), F(1, 3); 90° 


Each figure shows a preimage and its image after a rotation 
about a point P. Copy each figure, locate point P, and find the 
angle of rotation. 


21. 22. 


' Compositions of Transformations 


Graph each figure with the given vertices and its image after 
the indicated transformation. 
23. CD: C(3, 2) and D(1, 4) 
Reflection: in y= x 
Rotation: 270° about the origin. 
24. GH: G(—2, —3) and H(1, 1) 
Translation: along (4, 2) 
Reflection: in the x-axis 
25. PATTERNS Jeremy is creating a pattern for the border 


of a poster using a stencil. Describe the transformation 
combination that he used to create the pattern below. 
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Example 3 


Triangle ABC has vertices A(—4, 0), B(—3, 4), and C(—1, 1). 
Graph AABC and its image after a rotation 270° about the 
origin. 

One method to solve this is to combine a 180° rotation with a 


90° rotation. Multiply the x- and y-coordinates of each vertex 
by —1. 


(x, y) (—x, =) 


A(-4,0) — A%4,0) 


B(—3, 4) B(3, —4) 
c(i-1,1) — ¢(1,-1) 
Multiply the y-coordinate of each vertex by —1 and 
interchange. 

(-x%,-y) — (%-x) 
A’(4, 0) — A’”(0, 4) 
B(3,—4) — BY", 3) 
c(1, —1) = e(1, 1) 


Graph AABC and 
its image AA”B"C”. 


Example 4 


The endpoints of RS are A(4, 3) and S(1, 1). Graph RS and its 
image after a translation along (—5, —1) and a rotation 
180° about the origin. 


ESET translation along (—5, —1) 
(x, y) => (x-5,y—1) 
R(4, 3) — R(-1,2) 

S(1,1) — S(-4,0) 


FXG] rotation 180° about origin 


(x, y) — (-%,-y) 
R(-1,2) — R’(1,—2) 
S(-4,0) — 9§%(4,0) 


26. Copy and reflect figure Tin line @ and then line m. Then ESGnE Graph RS and its image R’S”. 
describe a single transformation that maps 7 onto 7”. 


m L 


oy 


Symmetry 


State whether each figure appears to have line symmetry. Example 5 


Write yes or no. If so, copy the figure, draw all lines of State whether each figure has plane symmetry, axis 
symmetry, and state their number. symmetry, both, or neither. 


S  <\ { 


State whether each figure has rotational symmetry. Write yes The light bulb has both plane and axis symmetry. 
or no. If so, copy the figure, locate the center of symmetry, and 
state the order and magnitude of symmetry. \ 


29. ( 30. 


<= (©) = 


31. KNITTING Amy is creating a pattern for a scarf she is 
knitting for her friend. How many lines of symmetry are 
there in the pattern? 


SY 4 The prism has plane symmetry. 


Eb 
y 


LIN 
A 


Ye 687 


Study Guide and Review continued 


Dilations 


32. Copy the figure and point S. Then 
use a ruler to draw the image of 
the figure under a dilation with 


center S and scale factor r= 1.25. 
S 


. Determine whether the dilation from figure Wto W’ is an 
enlargement or a reduction. Then find the scale factor of the 
dilation and x. 


. CLUBS The members of the Math Club use an overhead 
projector to make a poster. If the original image was 
6 inches wide, and the image on the poster is 4 feet wide, 
what is the scale factor of the enlargement? 
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Example 6 


Square ABCD has vertices A(0, 0), B(0, 8), C(8, 8), and D(8, 0). 
Find the image of ABCD after a dilation centered at the origin 
with a scale factor of 0.5. 


Multiply the x- and y-coordinates of each vertex by the scale 
factor, 0.5. 


(0.5x, 0.5y) 
A’(0, 0) 
B‘(0, 4) 
c(4, 4) 
— D‘(4,0) 
Graph ABCD and its image A’B’C’D’. 


Practice Test 


Copy the figure and the given line of reflection. Then 
draw the reflected image in this line using a ruler. 


1. m 2. 
A 


3. PROJECTS Eduardo wants to enlarge the picture 
below to 4 inches by 6 inches for a school project. If 
his school’s copy machine can only enlarge up to 
150% by whole number percents, find two whole 
number percents by which he can enlarge the piece 
and get as close to 4 inches by 6 inches or less. 


Copy the figure and point M. Then use a ruler to draw 
the image of the figure under a dilation with center M 
and the scale factor r indicated. 


= Rik: 
4.r=15 5 r=3 


6. PARKS Isabel is on a ride at an amusement park that 
slides the rider to the right, and then rotates 
counterclockwise about its own center 60° every 
2 seconds. How many seconds pass before Isabel 
completes one full rotation? 


State whether each figure has plane symmetry, axis 
symmetry, both, or neither. 


7. 8. 


Graph each figure and its image under the given 
transformation. 


9. CIFGH]J with vertices F(—1, —1), G(—2, —4), 
H(1, —4), and J(2, —1) in the x-axis 
10. AABC with vertices A(0, —1), B(2, 0), C(3, —3); 
(=5, 4) 
11. quadrilateral WXYZ with vertices W(2, 3), X(1, 1), 
Y(3, 0), Z(5, 2); 180° about the origin 


Copy the figure and the given translation vector. 
Then draw the translation of the figure along the 
translation vector. 


12. 13. w Zz 


sorb 


14. ART An artist’s rendition of what Stonehenge, a 
famous archeological site in England, would have 
looked like before the stones fell or were removed, 
is shown below. What is the order and magnitude 
of symmetry for the outer ring? 


15. MULTPLE CHOICE What transformation or 
combination of transformations does the figure 
below represent? 


» » » 
yY 7 


B glide reflection 
C rotation 
D translation 


———— =z (2 
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Preparing for Standardized Tests 


Work Backward 


In most problems, a set of conditions or facts is given and you must find 
the end result. However, some problems give you the end result and ask 
you to find something that happened earlier in the process. To solve 
problems like this, you must work backward. 


Strategies for Working Backward 


Look for keywords that indicate you will need to work backward to 
solve the problem. 


Sample Keywords: 
e What was the original...? 
e What was the value before...? 


e Where was the starting or beginning. ..? 


Undo the steps given in the problem statement to solve. 
e List the sequence of steps from the beginning to the end result. 
e Begin with the end result. Retrace the steps in reverse order. 


e “Undo” each step using inverses to get back to the original value. 


Check your solution if time permits. 


e Make sure your answer makes sense. 


e Begin with your answer and follow the steps in the problem statement forward to 


see if you get the same end result. 


Standardized Test Example 


Solve the problem below. Responses will be graded using 
the short-response scoring rubric shown. 


Kelly is using a geometry software program to experiment 
with transformations on the coordinate grid. She began with 
a point and translated it 4 units up and 8 units left. Then she 
reflected the image in the x-axis. Finally, she dilated this new 
image by a scale factor of 0.5 with respect to the origin to 
arrive at (—1, —4). What were the original coordinates of 

the point? 
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Scoring Rubric 
Criteria 


Full Credit: The answer is correct and a full 
explanation is provided that shows each step. 


Partial Credit: 


e The answer is correct, but the explanation 
is incomplete. 

e The answer is incorrect, but the explanation 
is correct. 


No Credit: Either an answer is not provided 
or the answer does not make sense. 


SIg409/eoun0s abeuw| 


Read the problem statement carefully. You are given a sequence of transformations 
of a point on a coordinate grid. You know the coordinates of the final image and are 
asked to find the original coordinates. Undo each transformation in reverse order to 
work backward and solve the problem. 


Example of a 2-point response: 


original point — translation — reflection — dilation — end result 
Begin with the coordinates of the end result and work backward. 
Dilate by 2 to undo the dilation by 0.5: 

(—1, —4) — (-1 x 2, —4 x 2) = (—2, -8) 

Reflect back across the x-axis to undo the reflection: 

(—2, —8) — (—2, 8) 

Translate 4 units down and 8 units right to undo the translation: 
(—2, 8) — (—2 + 8, 8 — 4) = (6, 4) 


The original coordinates of the point were (6, 4). 


The steps, calculations, and reasoning are clearly stated. The student also 
arrives at the correct answer. So, this response is worth the full 2 points. 


Solve each problem. Show your work. Responses will 3. Figure ABCD is an isosceles trapezoid. 
be graded using the short-response scoring rubric 
given at the beginning of the lesson. 


1. A flea landed on a coordinate grid. The flea hopped 
across the x-axis and then across the y-axis in the 
form of two consecutive reflections. Then it walked 
9 units to the right and 4 units down. If the flea’s 
final position was at (4, —1), what point did it 
originally land on? 


2. The coordinate grid below shows the final image 


when a point was rotated 90° clockwise about the Which of the following are the coordinates of an 
origin, dilated by a scale factor of 2, and shifted endpoint of the median of ABCD? 
7 units right. What were the original coordinates? a+b a+b é 

A (4-4 C (5,0) 


B (53) D (5,4) 


4. If the measure of an interior angle of a regular 
polygon is 108, what type of polygon is it? 


F octagon H pentagon 


G hexagon J triangle 
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Cumulative, Chapters 1 through 9 


Multiple Choice 


Read each question. Then fill in the correct answer on 
the answer document provided by your teacher or on 
a sheet of paper. 


1. Point N has coordinates (4, —3). What will the 
coordinates of its image be after a reflection across 
the y-axis? 


A N(-3,4) 
B N(-4,3) 
C N(4,3) 

D N(-4, -3) 


2. Which pair of figures shows a reflection across the 
line followed by a translation up? 


3. What is the angle of clockwise rotation that maps 
point T onto T” in the figure below? 


T 


T’ 


A 90° © 135° 
B 120° D 145° 
Test-TakingTip 


Question 3 How many points are there on the star? Divide 360° by 
this number to find the angle of rotation from one point to the next. 
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VWStandardized Test Practice 


4. Given: a || b 


Which statement below justifies the conclusion 
that 21 = 22? 


F Ifa|| b and are cut by transversal t, then 
alternate exterior angles are congruent. 


G Ifa || b and are cut by transversal t, then 
alternate interior angles are congruent. 


H Ifa || b and are cut by transversal t, then 
corresponding angles are congruent. 


J Ifa || b and are cut by transversal t, then vertical 
angles are congruent. 


5. What is the geometric mean of 8 and 18? 
A 9 cul 
B 10 D 12 


6. Which of the following is a side length in isosceles 
triangle DEF? 


D 


10x cm (8.5x + 3) cm 


E (3.5x+4)em  F 


F 2cm 
G 8cm 


H 9cm 
J icm 


7. Which of the following has exactly two pairs of 
consecutive congruent sides? 


A kite 
B parallelogram 
C rhombus 


D trapezoid 


Short Response/Gridded Response 


Record your answers on the answer sheet provided 
by your teacher or on a sheet of paper. 


8. State whether the figure has rotational symmetry. If 
so, copy the figure, locate the center, and state the 
order and magnitude of symmetry. 


9. Dilate the figure shown on the coordinate grid by a 
scale factor of 1.5 centered at the origin. 


10. Complete the following statement. 


According to the Angle Bisector Theorem, 
if a point is on the bisector of an angle, 
then it is 


11. Regina left her office downtown and traveled 
3 blocks west and 5 blocks north. Write a translation 
vector to describe her route. 


12. What is the interior angle measure 
of the regular pentagon? 


13. GRIDDED RESPONSE A group of 75 students were 
asked what types of movies they like to watch. 
The results are shown in the Venn diagram. 


How many students said that they like to watch 
action and drama movies, but not comedy? 


Extended Response 


Record your answers on a sheet of paper. Show 
your work. 


14, Rodrigo is making a scale model. 


a. The actual length of the Golden Gate Bridge is 
about 9000 feet. If Rodrigo’s model is 45 inches, 
what is the scale of his model? 


b. How wide will Rodrigo’s model of the bridge be 
if the actual width is 90 feet? 


c. In Rodrigo’s model, the tower will be 2.5 inches 
above the roadway. How high above the 
roadway is the actual tower? 


va a 
Need ExtraHelp? 
If you missed Question... 1 D 3 4 5 6 7 8 9 10 all 12 13 14 
& to Lesson... 9-1 9-4 | 9-3 | 3-2 | 8-1 4-6 | 6-6 | 9-5 | 9-6 | 5-1 9-2 | 6-1 2-2 v7 ) 


Mfcomected megraw-nitcon]) 693 


© You learned about O In this chapter, you will: © © SCIENCE The actual shape of a rainbow is a complete circle. The portion | 


special segments | of the circle that can be seen above the horizon is a special segment of 


and angle i aa es a circle called an arc. 
: tons relationships 

Pecuolebea between central 

triangles. 


angles, arcs, and 
inscribed angles in 
a circle. 


Define and use 
secants and 
tangents. 


Use an equation to 
identify or describe 
a circle. 


1H0}0yd/Aeppuey sewer 
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Get Ready for the Chapter 


Diagnose Readiness | You have two options for checking prerequisite skills. 


| 1 Textbook Option Take the Quick Check below. Refer to the Quick Review for help. 


Find the percent of the given number. 
1. 26% of 500 2. 79% of 623 
3. 19% of 82 4. 10% of 180 
5. 92% of 90 6. 65% of 360 
7 


. TIPPING A couple ate dinner at an Italian restaurant where 
their bill was $32.50. If they want to leave an 18% tip, how 
much tip money should they leave? 


Example 1 

Find the percent of the given number. 

15% of 35 = (0.15)(35) 
= 5.25 

SO, 15% of 35 is 5.25. 


Change the percent to a decimal. 


Multiply. 


8. Find x. Round to the nearest tenth. 
20 


9. CONSTRUCTION Jennifer is putting 
a brace in a board, as shown at the 
right. Find the length of the board 
used for a brace. 


Solve each equation by using the Quadratic Formula. Round to 
the nearest tenth if necessary. 


10. 5x2 + 4x- 20=0 W. x%=x4+12 


12. FIREWORKS The Patriot Squad, a professional fireworks 
company, performed a show during a July 4th celebration. 
One of the rockets in the show followed the path modeled 
by d = 80t— 16f? where fis the time in seconds, but it 
failed to explode. 


Find x. Round to the nearest tenth. 


15 
8 
x 
a+b=C Pythagorean Theorem 
x°+87=157 — Substitution 
x*+64= 225 Simplify. 
x = 161 Subtract. 


X = V 161 or about 12.7 


Solve x* + 3x — 40 = 0 by using the Quadratic Formula. 
Round to the nearest tenth. 


x= psi aa yor = da Quadratic Formula 
= Stee es (a a) Substitution 
2(1) 
— ~3+Vv169 =e Simplify. 
= 5or-—8 Simplify. 


7 
2 Online Option Take an online self-check Chapter Readiness Quiz at connectED.mcgraw-hill.com. v/ 
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Get Started on the Chapter 


You will learn several new concepts, skills, and vocabulary terms as you study 
Chapter 10. To get ready, identify important terms and organize your resources. 


You may wish to refer to Chapter 0 to review prerequisite skills. 


[ZED StudyOrganizer 


NewVocabulary 


Circles Make this Foldable to help you organize your Chapter 10 
notes on circles. Begin with nine sheets of paper. 


1 Trace an 8-inch circle on 
each paper using a compass. 


2 Cut out each of the circles. 


3 Staple an inch from the 
left side of the papers. 


4 Label as shown. 


(} OL 
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English 
circle 

center 

radius 

chord 
diameter 
circumference 
pi (*) 
inscribed 
circumscribed 
central angle 
arc 

tangent 


secant 


chord segment 


ReviewVocabulary 


Espafol 
circulo 

centro 

radio 

cuerda 
diametro 
circunferencia 
pi (7) 

inscrito 
circunscrito 
angulo central 
arco 

tangente 
secante 


segmento de cuerda 


coplanar coplanar points that lie in the same plane 


degree grado — of the circular rotation about a point 


360 


One degree = —— 
of a turn 
around a circle. 


7 
360 


Circles and Circumference 


:- Then :-‘Now :- Why? 


@ You identified and @ Identify and use parts @ The maxAir ride shown speeds back and 
used parts of of circles. forth and rotates counterclockwise. At 
parallelograms. times, the riders are upside down 

140 feet above the ground 


Solve problems 


involving the pene iran Ri ; 
i experiencing “airtime’—a feeling _ 
circumference of ; “ty 
Aciele of weightlessness. The ride’s 
: width, or diameter, is 44 feet. 
You can find the distance that 
a rider travels in one rotation 
by using this measure. 
Gi NewVocabulary Segments in Circles A Gifélé is the locus or set of 
~ circle all points in a plane equidistant from a given point 
center called the center of the circle. 
radius h leh 1 
chord Segments that intersect a circle have special names. Circle C or QC 
diameter 
concentric circles : . : 
pret ieesatien KeyConcept Special Segments in a Circle 
ae F A radius (plural radii) is a segment with endpoints at the center and on the circle. 
circumscribed Examples CD, CE, and CFare radii of OC. 
A chord is a segment with endpoints on the circle. B 
—————————— Examples ABand DEare chords of @C. A 
es) Common Core A diameter of a circle is a chord that passes through the D E 
y) State Standards center and is made up of collinear radii. 
Content Standards Example DE is a diameter of ©C. Diameter DE is made F 
PSU) soles up of collinear radii CD and CE. 
definitions of angle, circle, \ 


perpendicular line, parallel 
line, and line segment, based 
on the undefined notions of 
point, line, distance along a 


Example 1 


line, and distance around a a. Name the circle and identify b. Identify a chord and a diameter of 
circular arc. a radius. the circle. 
G.C.1 Prove that all circles H 
are similar. F 
L Ce J 
Mathematical Practices 
4 Model with mathematics. ap, N Ny 
1 Make sense of problems G 
and persevere in solving M 
them. The circle has a center at P, so it is Two chords are a JK and HG. 
named circle P, or ©P. Three radii HG goes through the center, so HG is 
are shown: PL, PN, and PM. a diameter. 


Ss 
GuidedPractice V 
1. Name the circle, a radius, a chord, Z T 
and a diameter of the circle. R 
U 


Ilene MacDonald/Alamy 


ReadingMath By definition, the distance from the center of a circle to any point on the circle is always 
the same. Therefore, all radii r of a circle are congruent. Since a diameter d is composed of 


<—_ 
CSS Precision The wor .. ; : 
Che recon Theavords two radii, all diameters of a circle are also congruent. 


radius and diameter are used 
to describe lengths as well as 


segments. Since a circle has KeyConcept Radius and Diameter Relationships 

many different radii and 

diameters, the phrases the If a circle has radius rand diameter d, the following relationships are true. 

radius and the diameter refer : : 

to lengths rather than Radius Formula r= é orr= id Diameter Formula d= 2r 
segments. 


Example 2 


If QV = 8 inches, what is the diameter of ©Q? T 
d=2r Diameter Formula 
= 2(8) or 16 Substitute and simplify. V 


The diameter of ©Q is 16 inches. 


GuidedPractice 
2A. If TU = 14 feet, what is the radius of ©Q? 
2B. If QT = 11 meters, what is QU? 


As with other figures, pairs of circles can be congruent, similar, or share other special 


relationships. 
_KeyConcept Circle Pairs | 
ReviewVocabulary Two circles are congruent if and All circles are similar. Concentric circles are coplanar 
coplanar points that lie in only if they have congruent radii. circles that have the same center. 
the same plane 
K e | 
(-) Cc 
H 
Example GH=JK.so©G=@©vJ. Example ©X~@Y Example @Awith radius AB 
and @A with radius 
AC are concentric. 
\ 4 


You will prove that all circles are similar in Exercise 52. 


Two circles can intersect in two different ways. 


2 Points of Intersection 1 Point of Intersection No Points of Intersection 


SO Xo 
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The segment connecting the centers of the two intersecting circles contains the radii of the 
two circles. 


Example 3 


The diameter of ©S is 30 units, the diameter 
of ©R is 20 units, and DS = 9 units. Find CD. 


Since the diameter of ©S is 30, CS = 15. 
CD is part of radius CS. 


CD + DS = CS Segment Addition Postulate 


ae, 


CD+9=15 Substitution 
CD=6 Subtract 9 from each side. 


GuidedPractice 
3. Use the diagram above to find RC. 


Circumference The Giremference of a circle is the distance around the circle. 
By definition, the ratio S is an irrational number called pi (@). Two formulas for 
circumference can be derived by using this definition. 


© =T7 Definition of pi 
C=td Multiply each side by 


C = 7(2r) d=2r 
C= 25r Simplify. 


oS KeyConcept Circumference 


Words If a circle has diameter d or radius r, the circumference C equals the diameter times 
pi or twice the radius times pi. 
Symbols C= ndor C= 2nr 
1 
PT) 
Real-World Example 4 


TENNIS Find the circumference of the helipad described at the left. 


C=Td Circumference formula 


= 71(79) Substitution 


= Real-WorldLink = 79K Simplify. 

= In 2005, Roger Federer and =~ 248.19 Use a calculator. 

& Andre Agassi played tennis ; . 

on the helipad of the Burj Al The circumference of the helipad is 797 feet or about 248.19 feet. 

= Arab hotel in the United Arab 

= Emirates. The helipad has a . : 

S diameter of 79 feet and is GuidedPractice 

2 nearly 700 feet high. Find the circumference of each circle described. Round to the nearest hundredth. 
oO 7 x ‘ 

= Bulldigs al AA. radius = 2.5 centimeters 4B. diameter = 16 feet 
oO 

oO 
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These circumference formulas can also be used to determine the diameter and radius of a 
circle when the circumference is given. 


Example 5 


Find the diameter and radius of a circle to the nearest hundredth if the 


( StudyTip circumference of the circle is 106.4 millimeters. 
Levels of Accuracy Since C=7d Circumference Formula r=td Radius Formula 
is irrational, its value cannot 2 
be given as a terminating ao Boi 
decimal. Using a value of 3 106.4 = nd —_ Substitution ST d = 33.87 
eee ae ue =d Divide each side by 7. = 16.94 mm Use a calculator. 
i i ulations. 
Using a value of 3.14 or 22 33.87 mm =~ d Use a calculator. 
provides a closer 
approximation. For the most : : 
a GuidedPractice 


accurate approximation, use 
the 7 key on a calculator. 
Unless stated otherwise, 
assume that in this text, a 
calculator with a 7 key was 
used to generate answers. 


5. Find the diameter and radius of a circle to the nearest hundredth if the 
circumference of the circle is 77.8 centimeters. 


S y, 
A polygon is inscribed in a circle if all of its vertices lie on 
the circle. A circle is circumscribed about a polygon if it E a 
contains all the vertices of the polygon. 
¢ Quadrilateral LMNP is inscribed in OK. N 


¢ Circle K is circumscribed about quadrilateral LMNP. 


Standardized Test Example 6 


SHORT RESPONSE A square with side length of 9 inches is inscribed in ©J. 
Find the exact circumference of ©). 


Read the Test Item 
You need to find the diameter of the circle and use it to calculate the circumference. 


StudyTip 


Circumcircle A circumcircle 
is a circle that passes through 
all of the vertices of a 
polygon. 


Solve the Test Item 
First, draw a diagram. The diagonal of the square 
is the diameter of the circle and the hypotenuse 
of a right triangle. 

a? + b* = c? Pythagorean Theorem 

97 +9? = c? Substitution 

162 = c? _ Simplify. 
9/2 =e Take the positive square root of each side. 

The diameter of the circle is 9V2 inches. 


Find the circumference in terms of 7 by substituting 9V2 for din C = td. 
The exact circumference is 9nV2 inches. 


GuidedPractice 
Find the exact circumference of each circle by using the given polygon. 
6A. inscribed right triangle with legs 7 meters and 3 meters long 


6B. circumscribed square with side 10 feet long 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Examples 1-2 For Exercises 1-4, refer to ON. 
1. Name the circle. 


2. Identify each. 
a. a chord b. a diameter c. aradius 


3. If CN = 8 centimeters, find DN. 
4. If EN = 13 feet, what is the diameter of the circle? 


Example 3 The diameters of ©A, ©B, and ©C are 8 inches, 
18 inches, and 11 inches, respectively. Find each 


E 


D 
04) 
F 


measure. 
5. FG - 
6. FB G 

Example 4 7. RIDES The circular ride described at the beginning of the lesson has a diameter of 


44 feet. What are the radius and circumference of the ride? Round to the nearest 


hundredth, if necessary. 


Example 5 8. CSS MODELING The circumference of the circular 
swimming pool shown is about 56.5 feet. 
What are the diameter and radius of the pool? 
Round to the nearest hundredth. 


Example 6 9. SHORT RESPONSE The right triangle shown is inscribed in ©D. 
Find the exact circumference of ©D. 


cE 


Practice and Problem Solving 


Examples 1-2 For Exercises 10-13, refer to OR. 
10. Name the center of the circle. 
11. Identify a chord that is also a diameter. 
12. Is VU a radius? Explain. 
13. If SU = 16.2 centimeters, what is RT? 


For Exercises 14-17, refer to ©F. 

14. Identify a chord that is not a diameter. 

(15) If CF = 14 inches, what is the diameter of the circle? 
16. Is AF = EF? Explain. 

17. If DA = 7.4 centimeters, what is EF? 


Extra Practice is on page R10. 


I 


4 


Cc 


Example 3 


Example 4 


Example 5 


Example 6 


Circle J has a radius of 10 units, ©K has a radius 
of 8 units, and BC = 5.4 units. Find each measure. 


18. CK 19. AB 
20. JK 21. AD 


22. PIZZA Find the radius and circumference of the pizza 
shown. Round to the nearest hundredth, if necessary. 


23. BICYCLES A bicycle has tires with a diameter 
of 26 inches. Find the radius and circumference 
of a tire. Round to the nearest hundredth, if necessary. 


Find the diameter and radius of a circle with the given circumference. Round to the 
nearest hundredth. 


24. C = 18 in. 25. C = 124 ft 26. C = 375.3 cm 27. C = 2608.25 m 


i> 
(CSS SENSE-MAKING Find the exact circumference of each circle by using the given 
inscribed or circumscribed polygon. 


28. (29) 6v2 tt 


15cm 


8cm 


31. 8in. 


34. DISC GOLF Disc golf is similar to regular golf, except that a flying disc is used instead of 
a ball and clubs. For professional competitions, the maximum weight of a disc in 
grams is 8.3 times the diameter in centimeters. What is the maximum allowable weight 
for a disc with circumference 66.92 centimeters? Round to the nearest tenth. 


35. PATIOS Mr. Martinez is going to build the patio shown. 


a. What is the patio’s approximate circumference? 


b. If Mr. Martinez changes the plans so that the inner circle 
has a circumference of approximately 25 feet, what 
should the radius of the circle be to the nearest foot? 


The radius, diameter, or circumference of a circle is given. Find each missing measure to 
the nearest hundredth. 


36. d= 85 in. r= ? C= 37. r= 112 ft,d = i C=. 8 


38. C=35xcm,d= 2? ,r=_? 39. r= 2 d= 1S 2 
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Determine whether the circles in the figures below appear to be congruent, concentric, 
or neither. 


40. 


44, 


45. 


46. 


42. 


HISTORY The Indian Shell Ring on Hilton Head 
Island approximates a circle. If each unit on the il 
coordinate grid represents 25 feet, how far would i 
someone have to walk to go completely around the 
ring? Round to the nearest tenth. 


(CSS MODELING A brick path is being installed \ Bs 


around a circular pond. The pond has a bs 

circumference of 68 feet. The outer edge of the a ee 

path is going to be 4 feet from the pond all the way he anes, 
around. What is the approximate circumference of ' 


the path? Round to the nearest hundredth. 


of? MULTIPLE REPRESENTATIONS In this problem, you will explore changing dimensions 
in circles. 


a. Geometric Use a compass to draw three circles in which the scale factor from each 
circle to the next larger circle is 1:2. 


b. Tabular Calculate the radius (to the nearest tenth) and circumference (to the nearest 
hundredth) of each circle. Record your results in a table. 


c. Verbal Explain why these three circles are geometrically similar. 


d. Verbal Make a conjecture about the ratio between the circumferences of two circles 
when the ratio between their radii is 2. 


e. Analytical The scale factor from ©A to ©B is e Write an equation relating the 
circumference (C4) of ©A to the circumference (Cz) of ©B. 


= 


. Numerical If the scale factor from ©A to ©B is 41 and the circumference of ©A is 12 
inches, what is the circumference of ©B? 


BUFFON’S NEEDLE Measure the length @ of a needle 


(or toothpick) in centimeters. Next, draw a set of ia 
horizontal lines that are £ centimeters apart on a sheet 
of plain white paper. 7 


a. Drop the needle onto the paper. When the needle 
lands, record whether it touches one of the lines as 
a hit. Record the number of hits after 25, 50, and 
100 drops. 


b. Calculate the ratio of two times the total number of drops to the number of hits 
after 25, 50, and 100 drops. 


c. How are the values you found in part b related to 7? 


fe 703 |C») 


(a7) MAPS The concentric circles on the map below show the areas that are 5, 10, 15, 20, 25, 


and 30 miles from downtown Phoenix. 


a. How much greater is the circumference of the outermost circle than the 
circumference of the center circle? 

b. As the radii of the circles increase by 5 miles, by how much does the circumference 
increase? 


H.0.T. Problems Use Higher-Order Thinking Skills 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


EA) WRITING IN MATH How can we describe the relationships that exist between 
circles and lines? 


REASONING In the figure, a circle with radius r is inscribed in a = 
regular polygon and circumscribed about another. Va \ 
a. What are the perimeters of the circumscribed and inscribed 

polygons in terms of r? Explain. Nea, 


b. Is the circumference C of the circle greater or less than the perimeter of the 
circumscribed polygon? the inscribed polygon? Write a compound inequality 
comparing C to these perimeters. 

c. Rewrite the inequality from part b in terms of the diameter d of the circle and 
interpret its meaning. 

d. As the number of sides of both the circumscribed and inscribed polygons increase, 
what will happen to the upper and lower limits of the inequality from part c, and 
what does this imply? 


CHALLENGE The sum of the circumferences of circles 
H, J, and K shown at the right is 567 units. Find Ky. 


REASONING Is the distance from the center of a circle < 
L NG 


to a point in the interior of a circle sometimes, always, 
or never less than the radius of the circle? Explain. 


=~ 
CCSS ARGUMENTS Use the locus definition of a circle and 
dilations to prove that all circles are similar. 


CHALLENGE In the figure, ©P is inscribed in equilateral pax 
triangle LMN. What is the circumference of ©P? 


n. 
WRITING IN MATH Research and write about the history of aa 
N 


pi and its importance to the study of geometry. M 
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Standardized Test Practice 


55. GRIDDED RESPONSE What is the circumference 57. ALGEBRA Bill is planning a circular vegetable 

of ©T? Round to the nearest tenth. garden with a fence around the border. If he can 
use up to 50 feet of fence, what radius can he use 
for the garden? 


F 10 G9 H 8 J 7 


58. SAT/ACT What is the radius of a circle with an 
area of t square units? 
56. What is the radius of a table with a 


circumference of 10 feet? A 0.4 units D 4 units 
B 0.5 units E 16 units 
A 1.6 ft C 3.2 ft . 
C 2 units 


B 2.5 ft D 5ft 


Spiral Review 
Copy each figure and point B. Then use a ruler to draw the image of the figure under a 
dilation with center B and the scale factor r indicated. (Lesson 9-6) 


59. r= 4 60. r= 61, 7=2 62. r=3 


State whether each figure has rotational symmetry. If so, copy the figure, locate the 
center of symmetry, and state the order and magnitude of symmetry. (Lesson 9-5) 


63. 64. 


Determine the truth value of the following statement for each set of conditions. 
Explain your reasoning. (Lesson 2-2) 


If you are over 18 years old, then you vote in all elections. 


67. You are 19 years old and you vote. 68. You are 21 years old and do not vote. 


Skills Review 


Find x. 


69. 70. 71. 


ene (TL -hill.com 705 ®) 


Why? 


@ The thirteen stars of the Betsy Ross flag 


@ You measured angles @ Identify central 


and identified angles, major arcs, are arranged equidistant from each other 
congruent angles. minor arcs, and and from a fixed point. The distance 
semicircles, and find between consecutive stars varies 
their measures. depending on the size of the flag, but the 


measure of the central angle formed by 
the center of the circle and any two 
consecutive stars is always the same. 


Angles and Ares A central/angle of a circle is an angle with a A 
vertex in the center of the circle. Its sides contain two radii of 

the circle. ZABC is a central angle of ©B. 

Recall from Lesson 1-4 that a degree is 5 of the circular 

rotation about a point. This leads to the following relationship. 2 


KeyConcept Sum of Central Angles 


Words The sum of the measures of the central angles of a circle 
with no interior points in common is 360. 
Example mZ1 + mZ2 + mZ3 = 360 


Example 1 


2 Find arc lengths. 


gy) NewVocabulary 


= central angle 
arc 
minor arc 
major arc 
semicircle 
congruent arcs 
adjacent arcs 
arc length 


€cS9) Common Core 
State Standards 
Content Standards 
G.C.2 Identify and describe 
relationships among 
inscribed angles, radii, and 
chords. 
G.C.5 Derive using similarity 
the fact that the length of the 
arc intercepted by an angle 
is proportional to the radius, 
and define the radian 
measure of the angle as the 
constant of proportionality; 
derive the formula for the 
area of a sector. 


Find the value of x. 


mZGFH + mZHF] + mZGFJ = 360 Sum of Central Angles 
130 + 90 + mZGFJ = 360 _—_ Substitution ¢ Co» H 
220 + mZGE] = 360 _ Simplify. : 
mZGF] = 140 Subtract 220 from each side. 
J 


GuidedPractice 


R 
An &af¢ is a portion of a circle defined by two endpoints. we. 
A central angle separates the circle into two arcs with 
measures related to the measure of the central angle. 
Pp ~ alc 


Mathematical Practices 
6 Attend to precision. 
4 Model with mathematics. 


safew| Ay99/9s1po}0Ud 
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StudyTip 


Naming Arcs Minor arcs are 
named by their endpoints. 
Major arcs and semicircles 
are named by their endpoints 
and another point on the arc 
that lies between these 
endpoints. 


KeyConcept Arcs and Arc Measure 


Arc 


Measure 


A minor arc is the shortest arc 


connecting two endpoints on a 
circle. 


The measure of a minor arc is less 
than 180 and equal to the measure 
of its related central angle. 


mAB = mMZACB = x 


Real-WorldCareer 


Historical Researcher 
Research in museums 
includes authentication, 
verification, and description 
of artifacts. Employment as a 
historical researcher requires 
a minimum of a bachelor’s 
degree in history. Refer to 
Exercises 42-43. 


A major arc is the longest arc 


connecting two endpoints on a 
circle. 


greater than 180, and equal to 360 
minus the measure of the minor 
arc with the same endpoints. 


B 
A —. 
The measure of a major arc is r 
D 


mADB = 360 — mAB = 360 — x 


imagebroker/Alamy 


A semicircle is an arc with The measure of a semicircle is 180. P D 
endpoints that lie on a mADB = 180 
diameter. 
B 
L J 
Example 2 
GJ is a diameter of ©K. Identify each arc as a major arc, H 
minor arc, or semicircle. Then find its measure. Fat 
a. mGH G J 
GH is a minor arc, so mGH = mZGKH or 122. . 2 
b. mGLH c. mGL} . 
GLH isa major arc that shares the GL] is a semicircle, 
same endpoints as minor arc GH. so mGL] = 180. 
mGHL = 360 — mGH 
= 360 — 122 or 238 r 
GuidedPractice N {| 
PM is a diameter of ©R. Identify each arc as a major arc, 
minor arc, or semicircle. Then find its measure. 0 
2A. MO 2B. MNP 20. MNO M 
Congruent arcs are arcs in the same or congruent circles that have the same measure. 
Theorem 10.1 
Words In the same circle or in congruent circles, two minor arcs are G 
congruent if and only if their central angles are congruent. F 
Example lf Z1 = Z2, then FG = Hd. H 
If FG = HJ, then 271 = 22. 
J 
L y, 


You will prove Theorem 10.1 in Exercise 52. 
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Real-World Example 3 


each measure. A 


a. mCD 
CD is a minor arc. mCD = mZCSD 


ZCSD represents 18% of the whole, 
or 18% of the circle. 


mZCSD = 0.18(360) Find 18% of 360. 
= 64.8 Simplify. 


b. mBC 


The percents for volleyball and track and field 
are equal, so the central angles are congruent 
and the corresponding arcs are congruent. 


mBC = mCD = 64.8 


GuidedPractice 
3A. mEF 3B. mEA 


Adjacent ares are arcs in a circle that have exactly one point in 
common. In ©M, HJ and JK are adjacent arcs. As with adjacent J 
angles, you can add the measures of adjacent arcs. 


K 
| Postulate 10.1 Arc Addition Postulate | 
Words The measure of an arc formed by two adjacent Z 
arcs is the sum of the measures of the two arcs. Y 
Example mXYZ= mXY + mYZ x 
\ y 


Example 4 


Find each measure in ©F. 


er , 
a. mAED 
mAED = mAE + mED Arc Addition Postulate 
=mZAFE+mZEFD — mAE = mZAFE, mED = mZEFD 
Math HistoryLink = 63 + 90 or 153 Substitution 
Euclid (c. 325-265 s.c.) The b. mADB 
fe LObss a EB Ils Soticie mADB = mAE + mEDB Arc Addition Postulate 
are influential works of 
science. In them, geometry = 63 + 180 or 243 EDB is a semicircle, so mEDB = 180. 
and other branches of 
mathematics are logically 
developed. Book 3 of GuidedPractice 


Elements is devoted to 
circles, arcs, and angles. 


4B. mABD 


4A. mCE 
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WatchOut! 


Arc Length The length of 

an arc is given in linear units, 
such as centimeters. The 
measure of an arc is given 

in degrees. 


StudyTip 
Alternate Method The arc 
lengths in Examples 5a, 5b, 
and 5c could also have been 
calculated using the arc 
length proportion a 


Arc Length Aréléngth is the distance between the endpoints along an arc measured 
in linear units. Since an arc is a portion of a circle, its length is a fraction of the 
circumference. 


KeyConcept Arc Length 
Words The ratio of the length of an arc @ to the circumference of the circle is equal to 
the ratio of the degree measure of the arc to 360. 
eo £ 
Proportion Our = 360 or C > 
. = ? 
Equation €= 360 2ur 
‘. d 


Example 5 


Find the length of ZY. Round to the nearest hundredth. 


a2 eee F ee j 
L 360 2ur Arc Length Equation L 360 2ur Arc Length Equation 

_ 2 one _ 130, oo 

= Fa 27 (4) Substitution = 360 27 (5) Substitution 

x 5.24 in Use a calculator. x 11.34 cm Use a calculator. 
eg 

Cc. y = 360 2ur Arc Length Equation 
_ 75 — 
(a = 360 27 (6) Substitution 
Z 

~ 7.85 in. Use a calculator. 


Notice that ZY has the same measure, 75, in both Examples 5a and 5c. The arc lengths, 
however, are different. This is because they are in circles that have different radii. 


GuidedPractice 
Find the length of AB. Round to the nearest hundredth. 


A 
5A. 5B. A 5C. 
"se A 
80° 
a 
B 


aE \ 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Find the value of x. 


Va~ — — 
Example 2 CESS PRECISION HK and IG are diameters of ©L. Identify each arc as a 
major arc, minor arc, or semicircle. Then find its measure. 


3. miH] 4. mH 5. mHGK 
Example 3 6. RESTAURANTS The graph shows the results What Diners Want 
of a survey taken by diners relating what Quick Service C 
is most important about the restaurants 8% 
where they eat. 
ae Reasonable 
a. Find mAB. 
b. Find mBC. 
c. Describe the type of arc that the 
category Great Food represents. Don't aad EE 
‘° 
Atmosphere 


11% D 


Example 4 QS is a diameter of ©V. Find each measure. 
2 nSTP ae 
=— Q S 
8. mORT a8. 
9. mPQR - 


Example 5 Find the length of JK. Round to the nearest hundredth. 


EY 


K 
Practice and Problem Solving Extra Practice is on page R10. 


Source: USA TODAY 


GES 


Example 1 Find the value of x. 


12, @® KS 14 my, 16 
[> Ay XGA 
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Example 2 


Example 3 


Examples 2, 4 ENTERTAINMENT Use the Ferris wheel shown to 


AD and CG are diameters of ©B. Identify each arc as a 
major arc, minor arc, or semicircle. Then find its measure. 


16. mCD 17. mAC 
19. mCGD 20. mGCF 
22. mAG 23. mACE 


24, SHOPPING The graph shows the results 
of a survey in which teens were asked 


where the best place was to shop for 9% 
clothes. 

Online 
a. What would be the arc measures 9% 


associated with the mall and vintage 
stores categories? 


b. Describe the kinds of arcs associated 
with the category “Mall” and the 
category “None of these.” 


c. Are there any congruent arcs in this graph? 
Explain. 


la 

25. cess MODELING The table shows the results of a survey 
in which Americans were asked how long food 
could be on the floor and still be safe to eat. 


a. If you were to construct a circle graph of this 
information, what would be the arc measures 
associated with the first two categories? 


b. Describe the kind of arcs associated with the 
first category and the last category. 


c. Are there any congruent arcs in this graph? 
Explain. 


find each measure. 


26. mEG 27. mjH 

28. mjKF 29. mjFH 
30. mGHF 31. mGHK 
32. mHRK 33. mjKG 
34. mKFH 35. mLGE 


Use ©P to find the length of each arc. 
Round to the nearest hundredth. 


36. RS, if the radius is 2 inches 
(7) OT , if the diameter is 9 centimeters 
38. OR, if PS = 4 millimeters 
39. RS, if RT = 15 inches 
40. ORS, if RT = 11 feet 
41. RTS, if PQ = 3 meters 


None of these 


Vintage stores 
4% 


Flea markets 
2% 


C 
D 
18. mCFG 
21. mACD a 
A 
F 


G 


Best Places to Clothes Shop 


Dropped Food 


Do you eat food dropped 
on the floor? 


Not safe to eat 


Three-second rule* 


Five-second rule* 


Ten-second rule* 


Source: American Diabetic Association 
*The length of time the food is on the floor. 


{Mfcoroerted nograw-nicon] 711 


HISTORY The figure shows the stars in the Betsy Ross 
flag referenced at the beginning of the lesson. 


42. What is the measure of central angle A? Explain 
how you determined your answer. 


43. If the diameter of the circle were doubled, what 
would be the effect on the arc length from the 
center of one star B to the next star C? 


44, FARMS The Pizza Farm in Madera, California, 
is a circle divided into eight equal slices, as 
shown at the right. Each “slice” is used for 
growing or grazing pizza ingredients. 


a. What is the total arc measure of the slices 
containing olives, tomatoes, and peppers? 


b. The circle is 125 feet in diameter. What is the Peppers 
arc length of one slice? Round to the nearest Wher 
hundredth. 


V~ 

CESS REASONING Find each measure. Round each linear 
measure to the nearest hundredth and each arc measure 
to the nearest degree. 


45. circumference of ©S 46. mCD 47. radius of OK 
Cc JL 
T 1.31m | 
R 56.37 ft 
ALGEBRA In ©C, mZHCG = 2x and mZHCD = 6x + 28. 
Find each measure. H 
48. mEF 49. miD 50. mLIGF . 
F 


(1) RIDES A pirate ship ride follows a semicircular path, as shown in the diagram. 
= . oR 


a. What is mAB? 
b. If CD = 62 feet, what is the length of AB? Round to the nearest hundredth. 


52. PROOF Write a two-column proof of Theorem 10.1. Cc 


Given: ZBAC = ZDAE (\ > D 
Prove: BC = DE B OS 
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(3) COORDINATE GEOMETRY In the graph, point M is located 
at the origin. Find each measure in OM. Round each 
linear measure to the nearest hundredth and each arc 
measure to the nearest tenth degree. 


a. mjL b. mKL C. mK 
d. length of jL e. length of JK 


will use concentric circles to show that the length of the 
arc intercepted by a central angle of a circle is dependent 


on the circle’s radius. es 
a. Compare the measures of arc @; and arc £3. Then 


compare the lengths of arc €; and arc £5. What do 
these two comparisons suggest? 


54. ARC LENGTH AND RADIAN MEASURE In this problem, you ie 
i 


b. Use similarity transformations (dilations) to explain why the length of an arc £ 
intercepted by a central angle of a circle is proportional to the circle’s radius r. That 


fi 


is, explain why we can say that for this diagram, ;- = >>. 


c. Write expressions for the lengths of arcs ¢; and £9. Use these expressions to identify 
the constant of proportionality k in @ = kr. 


d. The expression that you wrote for k in part c gives the radian measure of an angle. 
Use it to find the radian measure of an angle measuring 90°. 


H.0.T. Problems Use Higher-Order Thinking Skills 


55. ERROR ANALYSIS Brody says that WX and YZ are congruent 
since their central angles have the same measure. Selena says 
they are not congruent. Is either of them correct? Explain 
your reasoning. 


~< 


a 2 


ya 
CESS ARGUMENTS Determine whether each statement is sometimes, always, or never true. 
Explain your reasoning. 


56. The measure of a minor arc is less than 180. 


57. If a central angle is obtuse, its corresponding arc is a major arc. 


58. The sum of the measures of adjacent arcs of a circle depends on the measure 
of the radius. 


59. CHALLENGE The measures of LM, MN, and NL are in the ratio 
5:3:4. Find the measure of each arc. L M 
N 


60. OPEN ENDED Draw a circle and locate three points on the circle. Estimate the measures 
of the three nonoverlapping arcs that are formed. Then use a protractor to find the 
measure of each arc. Label your circle with the arc measures. 


61. CHALLENGE The time shown on an analog clock is 8:10. What is the measure of 
the angle formed by the hands of the clock? 


62. WRITING IN MATH Describe the three different types of arcs in a circle and the method 
for finding the measure of each one. 
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Standardized Test Practice 
63. What is the value of x? 65. ALGEBRA A rectangle’s width is represented 


A 120 by x and its length by y. Which expression best 
represents the area of the rectangle if the length 


B 135 and width are tripled? 
C 145 
a. F 3xy H 9xy 


D 160 
G 3(xy)? J (xy)? 


64. GRIDDED RESPONSE In ©B, mZLBM = 3x and 66. SAT/ACT What is the area of the shaded region 
mZLBQ = 4x + 61. What is the measure ify = 4? 


of ZPBQ? 
A 64-167 
QS 
C 16—8r <> 
me oo 
E 64x — 16 


Spiral Review 


Refer to ©J. (Lesson 10-1) 


K 
67. Name the center of the circle. L d 
68. Identify a chord that is also a diameter. N 
69. If LN = 12.4, what is JM? M 


Graph the image of each polygon with the given vertices after a dilation centered at the origin with the 
given scale factor. (Lesson 9-6) 


70. X(—1, 2), Y(2, 1), Z(—1, -2);r =3 71. A(—4, 4), B(4, 4), C(4, —4), D(—4, —4); r = 0.25 


72. BASEBALL The diagram shows some dimensions of Comiskey Park in 
Chicago, Illinois. BD is a segment from home plate to dead center field, 


and AE is a segment from the left field foul pole to the right field foul pole. 
If the center fielder is standing at C, how far is he from home plate? (Lesson 8-3) 


Find x, y, and z. (Lesson 8-1) 
73. 


Skills Review 


Find x. 
75. 242 + x? = 262 76. x7 +5? = 132 77. 307 + 352 = x” 


[De 
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:- Then 


You used the C 
relationships 

between arcs and 
angles to find 


measures. 


Common Core 


State Standards 


Content Standards 
G.C.2 Identify and describe 
relationships among 
inscribed angles, radii, and 
chords. 

G.MG.3 Apply geometric 
methods to solve problems 
(e.g., designing an object or 
structure to satisfy physical 


constraints or minimize cost; 


working with typographic 
grid systems based on 
ratios). 


Mathematical Practices 

4 Model with mathematics. 

3 Construct viable 
arguments and critique 
the reasoning of others. 


--Now 


Arcs and Chords 


Why? 


@ Embroidery hoops are used 
in sewing, quilting, and cross- 
stitching, as well as for 
embroidering. The endpoints of the 
snowflake shown are both the 
endpoints of a chord and the 
endpoints of an arc. 


Recognize and use 
relationships between 
arcs and chords. 


Recognize and use 
relationships between 
arcs, chords, and 
diameters. 


Ares and Chords A chord is a segment with endpoints on a circle. If a chord is not a 
diameter, then its endpoints divide the circle into a major and a minor arc. 


Theorem 10.2 
Words In the same circle or in congruent circles, two minor G 
arcs are congruent if and only if their corresponding F 
chords are congruent. . 
Example FG = HJif and only if Fa = A. 
J 
Proof Theorem 10.2 (part 1) 
Given: ©P, QR = ST R 
— — (a 
Prove: QR= ST 
Proof: O 
S — 
Statements Reasons 
1. ©P, OR = ST 1. Given 
2. ZQPR= ZSPT 2. lf arcs are =, their corresponding central 4 are =. 
3. QP= PR= SP= PT 3. All radii of a circle are =. 
4. APQR= APST 4. SAS 
5. OR= ST 5. CPCTC 
we df 


You will prove part 2 of Theorem 10.2 in Exercise 25. 


Real-World Example 1 


CRAFTS In the embroidery hoop, AB = CD and mAB = 60. 
Find mCD. 


AB and CD are congruent chords, so the corresponding arcs 
AB and CD are congruent. mAB = mCD = 60 


GuidedPractice 
1. If mAB = 78 in the embroidery hoop, find mCD. 


Example 2 


ALGEBRA In the figures, ©] = ©K and 


N 
MN = PQ. Find PQ. 
MN and PQ are congruent arcs in P . 
congruent circles, so the corresponding Q 
chords MN and PQ are congruent. M 
Ss 


MN = PQ Definition of congruent segments 
2x+1=3x—7 — Substitution 
8=x Simplify. 
So, PQ = 3(8) — 7 or 17. 


GuidedPractice 


2. In OW, RS = TV. Find RS. 
R 


Sn 


7 
StudyTip 
eee ce ee Tate Bisecting Arcs and Chords If a line, segment, or ray divides an arc into 
below, FH is an arc bisector we go 
of JG. two congruent arcs, then it bisects the arc. 
J 
Theorems 
H 10.3 If a diameter (or radius) of a circle is perpendicular to 
a chord, then it bisects the chord and its arc. 
G Example If diameter AB is perpendicular to chord XY, then 
q XZ = ZVand XB = BY. 


(or radius) of the circle. 


Example If ABis a perpendicular bisector of chord XY, then 
ABis a diameter of ©C. 


Xx 
: =, 
Y 
10.4 The perpendicular bisector of a chord is a diameter x 
: =, 
Y 
JS 


You will prove Theorems 10.3 and 10.4 in Exercises 26 and 28, respectively. 


Example 3 


In ©S, mPQR = 98. Find mPQ. Q 
Radius SQ is perpendicular to chord PR. So by P a R 


Theorem 10.3, SQ bisects POR. Therefore, mPQ — mOR. 
By substitution, mPO = or 49. 


GuidedPractice 
3. In OS, find PR. 
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Real-World Example 4 


STAINED GLASS In the stained glass window, 
diameter GH is 30 inches long and chord KM 
is 22 inches long. Find JL. 


Eee Draw radius JK. 


G 
_—— KH M 
Real-WorldLink ae 
To make stained glass 2 
windows, glass is heated to a This forms right AJKL. 
temperature of 2000 degrees, 
until it is the consistency of Find IK and KL 
taffy. The colors are caused EH Find / : 
by the addition of metallic Since GH = 30 inches, JH = 15 inches. All radii of a circle are congruent, 
oxides. so JK = 15 inches. 
aia biicaicaascaaccd J Since diameter GH is perpendicular to KM, GH bisects chord KM by 
Theorem 10.3. So, KL = $(22) or 11 inches. 
| Step 3 | Use the Pythagorean Theorem to find JL. 
KL? + JL? = JK? Pythagorean Theorem 
11? + JL? = 152 KL = 11 and JK = 15 
121 + JL? = 225 Simplify. 
JL? = 104 Subtract 121 from each side. 
JL =v 104 Take the positive square root of each side. 
So, JL is ¥ 104 or about 10.20 inches long. 
P 
StudyTip GuidedPractice T 
any Segments You Gali 4. In OR, find TV. Round to the nearest hundredth. 
add any known information y 
to a figure to help you solve LU 
the problem. In Example 4, 
radius JK was drawn. V 
In addition to Theorem 10.2, you can use the following theorem to determine whether 
two chords in a circle are congruent. 
Theorem 10.5 
Words In the same circle or in congruent circles, two chords G 
are congruent if and only if they are equidistant from F 
the center. H 
= Example FG = JHif and only if LX = LY. 
E J 
= 
=I . 
a You will prove Theorem 10.5 in Exercises 29 and 30. 
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Example 5 
ALGEBRA In @©A, WX = XY = 22. Find AB. 


Since chords WX and XY are congruent, they 
are equidistant from A. So, AB = AC. 


AB=AC 


x=2 


5x =3x+4 Substitution 


Simplify. 


So, AB = 5(2) or 10. 


GuidedPractice 
5. In OH, PQ = 3x — 4and RS = 14. Find x. 


You can use Theorem 10.5 to find the point equidistant from three noncollinear points. 


Draw three noncollinear points A, B, and C. 
Then draw segments AB and BC. 


A Construction Circle Through Three Noncollinear Points 


Construct the perpendicular bisectors ¢ 
and m of AB and BC. Label the point of 
intersection D. 


By Theorem 10.4, lines @ and m contain 
diameters of ©D. With the compass at 
point D, draw a circle through points 

A, B, and C. 


Check Your Understanding 


Examples 1-2 ALGEBRA Find the value of x. 


@, 


F 
220° G 


Examples 3-4 In @P, JK = 10 and mjLK = 134. Find each measure. 
Round to the nearest hundredth. 


4. mjL 
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5. PQ 


Example 5 6. In OJ, GH = 9, KL = 4x + 1. Find x. 


Practice and Problem Solving Extra Practice is on page R10. 


Examples 1-2 ALGEBRA Find the value of x. 


7. 105° 8. H 
A P F SS F 
w( 
E D G 
5x° 
10. Y 11. 
143° M fe, N 
(2x—1)° , 
wW << 
Z 
@ oc=op 14. OP = OQ 


15. CSS) MODELING Angie is in a jewelry making class at 
her local arts center. She wants to make a pair 
of triangular earrings from a metal circle. She 
knows that AC is 115°. If she wants to cut two 
equal parts off so that AB = BC, what is x? 


Examples 3-4 In @A, the radius is 14 and CD = 22. 


Find each measure. Round to the 
nearest hundredth, if necessary. 


16. CE 
17. EB 


In @H, the diameter is 18, LM = 12, and 
mLM = 84. Find each measure. Round 
to the nearest hundredth, if necessary. 


18. mLK 
19. HP 
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20. SNOWBOARDING The snowboarding 
rail shown is an arc of a circle in which 
BD is part of the diameter. If ABC is 
about 32% of a complete circle, 
what is mAB? 


ROADS The curved road at the right 
is part of OC, which has a radius of 
88 feet. What is AB? Round to the 
nearest tenth. 


Example 5 22. ALGEBRA In ©F, AB = BC, 23. ALGEBRA In @S, LM = 16 and 
DF =3x —7,and FE=x+49. PN = 4x. What is x? 
What is x? 
M 


PROOF Write a two-column proof. 
24. Given: ©P, KM 1 JP 
Prove: JP bisects KM and KM. J 


PROOF Write the specified type of proof. 


25. paragraph proof of 26. two-column proof of 
Theorem 10.2, part 2 Theorem 10.3 
Given: ©P, OR = ST Given: ©C, AB _L XY 
Prove: OR = $7 Prove: XZ = YZ, XB = YB 
R xX 
KT (_é 
AX , LEY) 


27. DESIGN Roberto is designing a logo for a 
friend’s coffee shop according to the design 
at the right, where each chord is equal in 
length. What is the measure of each arc 
and the length of each chord? 


©: 


28. cess ARGUMENTS Write a two-column proof of Theorem 10.4. 
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la~ 
CESS ARGUMENTS Write a two-column proof of the indicated part of Theorem 10.5. 
29. In a circle, if two chords are equidistant from the center, then they are congruent. 


30. In a circle, if two chords are congruent, then they are equidistant from the center. 


ALGEBRA Find the value of x. 
@ 48 = DF 32. GH= Ky 33. WIY = TWY 


D oy 444 - KA 
cy - 
eT G (2x — 27) ox +10 
° H 
F 2 J 


34, ADVERTISING A bookstore clerk wants 
to set up a display of new books. If there are 
three entrances into the store as shown in the 
figure at the right, where should the display 
be to get maximum exposure? 


H.0.T. Problems Use Higher-Order Thinking Skills 


35. CHALLENGE The common chord AB between A 
©P and ©Q is perpendicular to the segment HAN 
connecting the centers of the circles. If AB = 10, 
what is the length of PQ? Explain your reasoning. NY 


36. REASONING In a circle, AB is a diameter and HG is a chord that intersects 
AB at point X. Is it sometimes, always, or never true that HX = GX? Explain. 


37. CHALLENGE Use a compass to draw a circle with chord AB. Refer to this 
construction for the following problem. 


| Step 1 | Construct CD, the _ | Step 2 | Construct FG, the _ 
perpendicular bisector of AB. perpendicular bisector of CD. 
Label the point of intersection O. 


C 


1D 
ec 


a. Use an indirect proof to show that CD passes through the center_ 
of the circle by assuming that the center of the circle is not on CD. 


b. Prove that O is the center of the circle. 


38. OPEN ENDED Construct a circle and draw a chord. Measure the chord and the 
distance that the chord is from the center. Find the length of the radius. 


39. WRITING IN MATH If the measure of an arc in a circle is tripled, will the chord of 
the new arc be three times as long as the chord of the original arc? Explain your 


reasoning. 
Tal 
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Standardized Test Practice 


40. If CW = WF and ED = 30, 42. SHORT RESPONSE The pipe shown is divided into 
what is DF? five equal sections. How long is the pipe in feet 
. mee 
A 60 (ft) and inches (in.)? 
B 45 
Cc 30 
D 15 
41. ALGEBRA Write the ratio of the area of the circle 43. SAT/ACT Point B is the center of a circle, tangent 
to the area of the square in simplest form. to the y-axis, and the coordinates of Point B are 
4 Xq (3, 1). What is the area of the circle? 
wT 3T 
ri Be 
emus T 
2 J A Tunits? D 6m units” 
B 37 units” E 97 units” 
C 4r units” 


Spiral Review 


Find x. (Lesson 10-2) 


47. CRAFTS Ruby created a pattern to sew flowers onto a quilt by first drawing a regular 
pentagon that was 3.5 inches long on each side. Then she added a semicircle onto 
each side of the pentagon to create the appearance of five petals. How many inches of 
gold trim does she need to edge 10 flowers? Round to the nearest inch. (Lesson 10-1) 


Determine whether each set of numbers can be the measures of the sides of a triangle. 
If so, classify the triangle as acute, obtuse, or right. Justify your answer. (Lesson 8-2) 


48. 8,15, 17 49. 20, 21,31 50. 10, 16, 18 


Skills Review 


ALGEBRA Quadrilateral WXZY is a rhombus. W. x 


Find each value or measure. eg 
51. If mZ3 = y? — 31, find y. a 


52. If mZXZY = 56, find mZYWZ. Y Z 


rien 
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Inscribed Angles 


.- Then :-Now :-Why? 


@ You found measures @ Find measures of 


@ The entrance to a school prom has a 


of interior angles inscribed angles. semicircular arch. Streamers are \ am | . 
of polygons. : attached with one end at point A and — a + 
Bnd Hare Met the other end at point B. The middle of i y 5 4 
angles of inscribed yj 


each streamer can then be attached to 


pOEEIIE: a different point P along the arch. j . \ | 
OP NewVocabulary Inscribed Angles Notice that the angle formed by each 
' inscribed angle streamer appears to be congruent, no matter where R Q 
intercepted arc point P is placed along the arch. An inscribed angle 


has a vertex on a circle and sides that contain chords 
of the circle. In OC, ZQRS is an inscribed angle. 


S 
CSS) suey a An intercepted are has endpoints on the sides of an inscribed angle and lies in the 
it one eiee interior of the inscribed angle. In ©C, minor arc QS is intercepted by ZQRS. 
Content Standards 
G.C.2 Identify and describe There are three ways that an angle can be inscribed in a circle. 


relationships among 
inscribed angles, radii, and 
chords. 


G.C.3 Construct the 


inscribed and circumscribed 
circles of a triangle, and 
prove properties of angles 
for a quadrilateral inscribed 


in a circle. 


Mathematical Practices 


7 Look for and make use of Center Pis on a side of the Center Pis inside the inscribed The center Pis in the exterior 
structure. inscribed angle. angle. of the inscribed angle. 
3 Construct viable 


arguments and critique In Case 1, the side of the angle is a diameter of the circle. 
the reasoning of others. 


For each of these cases, the following theorem holds true. 


Theorem 10.6 Inscribed Angle Theorem 


Words If an angle is inscribed in a circle, then the measure 
of the angle equals one half the measure of its 
intercepted arc. 


Example mZ1= 5mAB and mAB =2mZ1 


b 


moodboard/Alamy 


You will prove Cases 2 and 3 of the Inscribed Angle Theorem in Exercises 37 and 38. 
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VocabularyLink 
Inscribed 


Everyday Use: written on 

or in a surface, such as 
inscribing the inside of a 
ring with an inscription 
Math Use: touching only the 
sides (or interior) of another 
figure 


| Proof Inscribed Angle Theorem (Case 1) 
Given: ZB is inscribed in OP. = 
Prove: mZB = smAC \ 
Cc 
Proof: A 
Statements Reasons 
1. Draw an auxiliary radius PC. 1. Two points determine a line. 
2. PB= PC 2. All radii of a circle are =. 
3. A\PBC is isosceles. 3. Definition of isosceles triangle 
4. mZB= mZC 4. \sosceles Triangle Theorem 
5. MZAPC = mZB+ mZC 5. Exterior Angle Theorem 
6. mZAPC = 2mZB 6. Substitution (Steps 4, 5) 
7. mAC = mZAPC 7. Definition of arc measure 
8. mAC = 2mZB 8. Substitution (Steps 6, 7) 
9. 2mZB= mAC 9. Symmetric Property of Equality 
10. mZB= smAC 10. Division Property of Equality 
\ _/ 


Example 1 


Find each measure. P 
a. mZP b. mPO ed 
mZP = >mMN mPO = 2mZN 1 
° O 
1 70 
= 3(70) or 35 = 2(56) or 112 LES 
D 
GuidedPractice (7) 
™ ST’ 
F 
Two inscribed angles that intercept the same arc of a circle are related. 
Theorem 10.7 
Words If two inscribed angles of a circle intercept C 
the same arc or congruent arcs, then the . 


angles are congruent. 


Example ZBand ZC both intercept AD. So, ZB= ZC. 


You will prove Theorem 10.7 in Exercise 39. 
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StudyTip 


Inscribed Polygons 
Remember that for a polygon 
to be an inscribed polygon, 
all of its vertices must lie on 
the circle. 


Example 2 
ALGEBRA Find mZT. ox + 15)° 


ZT = ZU ZTand ZU both intercept SV. feo OS 
mZT =mZU Definition of congruent angles 
3x —5=2x+15 Substitution 
x = 20 Simplify. 


So, mZT = 3(20) — 5 or 55. 


GuidedPractice 
2. If mZS = 3x and mZV = (x + 16), find mZS. 


Example 3 


Write a two-column proof. 


K 
Given: jM = KE 
Prove: AJMN = AKLN J 

L 
Proof: M 


Statements Reasons 
1. IM= KL 1. Given 
2. JM= KL 2. If minor arcs are =, their corresponding 


chords are =. 
3. ZMintercepts IK ZL intercepts IK 

4. ZM= ZL 

5. ZJNM = ZKNL . Vertical 4 are = 
6 


. AJMN = AKLN : 
GuidedPractice 
3. Given: OR = ST, PO = PT 


Prove: APQR = APTS 


. Definition of intercepted arc 


. Inscribed & of same arc are =. 


a oa >» w 


Angles of Inscribed Polygons Triangles and quadrilaterals that are inscribed 
in circles have special properties. 


Theorem 10.8 
Words An inscribed angle of a triangle intercepts G 

a diameter or semicircle if and only if the 

angle is a right angle. 

— H 

Example If FJHis a semicircle, then mZG = 90. lf mZG = 90, F 

then FJHis a semicircle and FHis a diameter. 

J 
\_ S 


You will prove Theorem 10.8 in Exercise 40. 
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StudyTip 
css Arguments Theorem 


10.9 can be verified by 
considering that the arcs 
intercepted by opposite 
angles of an inscribed 
quadrilateral form a circle. 


Real-WorldLink 


Charms for jewelry first 
became popular during the 


age of the Egyptian Pharaohs. 


They were repopularized by 
Queen Victoria in the early 
20th century and by Louis 
Vuitton in 2001. 


Source: My Mother's Charms 


Example 4 


ALGEBRA Find mZF. 


(4x + 2)° 
AFGH is a right triangle because ZG inscribes a semicircle. F 
mZF +mZG+mZH = 180 Angle Sum Theorem G 
(4x + 2) + 90 + (9x — 3) = 180 Substitution (9x — 3)° 
13x + 89 = 180 Simplify. H 
13x = 91 Subtract 89 from each side. 
x=7 Divide each side by 13. 


So, mZF = 4(7) + 2 or 30. 


GuidedPractice 
4. If mZF = 7x + 2 and mZH = 17x — 8, find x. 


While many different types of triangles, including right triangles, can be inscribed in a 
circle, only certain quadrilaterals can be inscribed in a circle. 


| Theorem 10.9 


Words If a quadrilateral is inscribed in a circle, then its 


opposite angles are supplementary. 


Example If quadrilateral KLIN is inscribed in ©A, then ZL and ZN 
are supplementary and 7K and 7M are supplementary. 
K 3 N 
._ / 
You will prove Theorem 10.9 in Exercise 31. 
Real-World Example 5 


JEWELRY The necklace charm shown uses a 
quadrilateral inscribed in a circle. Find 
mZA and mZB. 


Since ABCD is inscribed in a circle, opposite 
angles are supplementary. 


mZA +mZC = 180 mZB + mZD = 180 


mZA + 90 = 180 (2x — 30) + x = 180 
mZA = 90 3x — 30 = 180 
3x = 210 

x= 70 


So, mZA = 90 and mZB = 2(70) — 30 or 110. 


GuidedPractice 


5. Quadrilateral WXYZ is inscribed 
in OV. Find mZX and mZY. 
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Check Your Understanding 


Example 1 Find each measure. 


1. mZB 2. mRT 3. mwX % 
A R 
60° TF wh 
B 
: J) 
S Y 


4. SCIENCE The diagram shows how light bends 
in a raindrop to make the colors of the rainbow. 
If mST = 144, what is mZR? 


Example 2 ALGEBRA Find each measure. 
5. mZH 6. mZB 


(x + 24)° 
Fe ee 
3x° 
G Zs 
LK 7 
(2x — 54)° D 
Example 3 7. PROOF Write a two-column proof. 


Given: RT bisects SU. 
Prove: ARVS = AUVT 


la~ 
Examples 4-5 GCSS/STRUCTURE Find each value. 


8. mZR 9. x 10. mZC and mZD 
(3x + 1)° L B 
P : Ce ay +4)" 
(7x—1)° ee r ) C 
(2y + 16)° 
R (2x—5)° Na, 
N D 
Practice and Problem Solving Extra Practice is on page R10. 


Example 1 Find each measure. 
11. mDH 12, mZK ® nzp 


H K 
P 
N 
100° 
E L 
D a J é 
92° 


yy RL 727 cy) 


14. mAC 15. mGH 16. mZS 


R 
a. H 
‘ ae 
G J 
B —_ <a 
s 4 
Example 2 ALGEBRA Find each measure. 
17. mZR (5x + 4)° 19. mZA B (7y—8) 
18. mZS R —> s 20. mZC 
- <) A (5y—3)° 
ay+7y 
Example 3 PROOF Write the specified type of proof. 
21. paragraph proof 22. two-column proof 
Given: mZT = sms Given: ©C 
Prove: mTUR = 2mURS Prove: AKML ~ AJMH 
R Ss H 
U 
K 
T L 


Example 4 ALGEBRA Find each value. 


S 
23. X 25. x 
aS E 
24. mZT 26. mZC 
R T 
\ Cc 


ia 

Example 5 (CSS. STRUCTURE Find each measure. 
27. mZT R 29. mZH 
28. mZZ oN T 30. mZG 


31. PROOF Write a paragraph proof for Theorem 10.9. 


SIGNS A stop sign in the shape of a regular octagon 
is inscribed in a circle. Find each measure. 


32. mNOQ (33) mZRLQ 
34. mZLRQ 35. mZLSR 


(Ao) 
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36. ART Four different string art star patterns are shown. If all of the inscribed angles of 
each star shown are congruent, find the measure of each inscribed angle. 


| gS | aD | Gx 
PROOF Write a two-column proof for each case of Theorem 10.6. 


c1am Case 2| 38. TEESE] 


Given: P lies inside ZABC. Given: P lies outside ZABC. 
BD is a diameter. BD is a diameter. 
Prove: mZABC = amAC Prove: mZABC = 5mAC 


B B 
AG ING 

A A 
D D 


PROOF Write the specified proof for each theorem. 
(39) Theorem 10.7, two-column proof 40. Theorem 10.8, paragraph proof 


41, 6? MULTIPLE REPRESENTATIONS In this problem, you will investigate the relationship 
between the arcs of a circle that are cut by two parallel chords. 


a. Geometric Use a compass to draw a circle with parallel chords AB and CD. Connect 
points A and D by drawing segment AD. 


b. Numerical Use a protractor to find mZA and mZD. Then determine mAC 
and mBD. What is true about these arcs? Explain. 


c. Verbal Draw another circle and repeat parts a and b. Make a conjecture about arcs 
of a circle that are cut by two parallel chords. 


d. Analytical Use your conjecture to find 


mPR and mQS in the figure at the right. Verify F Q 

by using inscribed angles to find the measures (6x — 26)° : 

of the arcs. (4x + 6) 
a Ss 


H.0.T. Problems Use Higher-Order Thinking Skills 


Va~ 
cess ARGUMENTS Determine whether the quadrilateral can always, sometimes, or never 
be inscribed in a circle. Explain your reasoning. 


42. square 43. rectangle 44, parallelogram 45. rhombus 46. kite 


47. CHALLENGE A square is inscribed in a circle. What is the ratio of the area of the circle to 
the area of the square? 


48. WRITING IN MATH A 45°-45°-90° right triangle is inscribed in a circle. If the radius of the 
circle is given, explain how to find the lengths of the right triangle’s legs. 


49. OPEN ENDED Find and sketch a real-world logo with an inscribed polygon. 


50. WRITING INMATH Compare and contrast inscribed angles and central angles of a circle. 
If they intercept the same arc, how are they related? 
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Standardized Test Practice 


51. In the circle below, mAC = 160 and 
mZBEC = 38. What is mZAEB? 


A 
E B 
C 
A 42 C 80 
B 61 D 84 


53. SHORT RESPONSE In the circle below, AB is a 


diameter, AC = 8 inches, and BC = 15 inches. 
Find the diameter, the radius, and the 
circumference of the circle. 


52, ALGEBRA simpy peel earner iesirne ae as 
A(3x — 2)(2x + 4) + 3x2 + 5x — 6. ann 
F 9x? + 3x — 14 H 27x? + 37x — 38 : : e 
G 9x? + 13x — 14 ] 272" 4-274 = 26 ~ 7 
Cc -17 
Spiral Review 
In ©M, FL = 24, HJ = 48, and mfIP = 65. Find each measure. (Lesson 10-3) K 
55. FG 56. mP] P G 
57. NJ 58. mH H 
J 
Find x. (Lesson 10-2) 4 
59. 61. \/ 
\e 
[") i 


62. PHOTOGRAPHY In one of the first cameras invented, light 


entered an opening in the front. An image was reflected in 


the back of the camera, upside down, forming similar triangles. 
Suppose the image of the person on the back of the camera is 
12 inches, the distance from the opening to the person is 7 feet, 
and the camera itself is 15 inches long. How tall is the person 


being photographed? (Lesson 7-3) 


Skills Review 


Camera 


ALGEBRA Suppose B is the midpoint of AC. Use the given information to find the 


missing measure. 
63. AB = 4x —5,BC=11+ 2x,AC=? 
65. BC =6—4m,AC=8,m=? 


[Ye 
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64. AB = 6y — 14, BC = 10 — 2y, AC =? 
66. AB = 10s + 2, AC = 40,s =? 


Mid-Chapter Quiz 


Lessons 10-1 through 10-4 


For Exercises 1-3, refer to ©@A. (Lesson 10-1) 10. In ©B, CE = 13.5. Find BD. Round to the nearest hundredth. 
(Lesson 10-3) 


1. Name the circle. B Cc A 
2. Name a diameter. © 
3. Name a chord that is not D : 
a diameter. B 
Cc 
: Cc NK P77 E 
4. BICYCLES A bicycle has tires that are 24 inches in 


diameter. (Lesson 10-1) 11. The two circles shown are congruent. Find x and the length of 


the chord. (L 10-3 
a. Find the circumference of one tire. (Lesson 10-3) 


. 284° 
b. How many inches does the tire travel after 100 76 


rotations? |e 


Find the diameter and radius of a circle with the given 
circumference. Round to the nearest hundredth. (Lesson 10-1) 


5. C= 23cm 6. C=78tt es 


7. MULTIPLE CHOICE Find the length of BC. (Lesson 10-2) 


B Find each measure. (Lesson 10-4) 
/» 12. m7U 13, mZA 
Cc 

168° v A c 
A 1 8° C 1 68° 1 70° 
B 2.20 cm D 30.79 cm 

; 
8. MOVIES The movie reel shown below has a diameter of U B 


14.5 inches. (Lesson 10-2) 


14. MULTIPLE CHOICE Find x. (Lesson 10-4) 


E F 
10x-—4 
8x+6 
Fee H 
a. Find mADC. G 
b. Find the length of ADC. F 18 
9. Find the value of x. 110° 7 G5 
(Lesson 10-3) 4 H 46 
J 90 
eC 15. Ifa square with sides of 14 inches is inscribed in a circle, 
110° what is the diameter of the circle? (Lesson 10-4) 
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Tangents 


:* Why? 


@ You used the © Use properties @ The first bicycles were moved by B, 
Pythagorean of tangents. pushing your feet on the ground. a f 
Theorem to find Modern bicycles use pedals, a chain, Pe | Fi. 

: Solve problems : * 
side lengths of sheet and gears. The chain loops around i 7 
‘ : involving ; : i =. 
right triangles. ; : circular gears. The length of the chain . F), 
circumscribed . F 


between these gears is measured 


percents: from the points of tangency. 


Grd NewVocabulary Tangents A tangent is a line in the same plane as a sulatil 


A 


= tangent circle that intersects the circle in exactly one point, ~~ tangency 
point of tangency called the point of tangency. AB is tangent to OC at 
common tangent point A. AB and AB are also called tangents. 


A common tangent is a line, ray, or segment that is tangent 
to two circles in the same plane. In each figure below, line £ 


is acommon tangent of circles F and G. 


Example 1 


Common Core 

| @erne State Standards 
Content Standards 
G.C0.12 Make formal 
geometric constructions 
with a variety of tools and 
methods (compass and 
straightedge, string, 
reflective devices, paper 
folding, dynamic geometric 
software, etc.). 
G.C.4 Construct a tangent 
line from a point outside a 
given circle to the circle. 


Copy each figure and draw the common tangents. If no common tangent exists, 
state no common tangent. 

: ; a. b. 
Mathematical Practices Cd & 


1 Make sense of problems 
and persevere in solving 


them. 
2 Reason abstractly and 
quantitatively. These circles have two common These circles have 4 common 
tangents. tangents. 
GuidedPractice 


oy) 


490}$}00} a6e/eaue7 Jalaer 
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Problem-SolvingTip 
—_— 

(CSS Sense-Making You 
can use the solve a simpler 
problem strategy by 
sketching and labeling the 
right triangles without the 
circles. A drawing of the 
triangle in Example 3 is 


shown below. 
G 
x+8 
x 
J 12 H 


The shortest distance from a tangent to the center of a circle is the radius drawn 


to the point of tangency. 
T £ 
_/ 


You will prove both parts of Theorem 10.10 in Exercises 32 and 33. 


Theorem 10.10 


Words 


In a plane, a line is tangent to a circle if and only if 
it is perpendicular to a radius drawn to the point 
of tangency. 


Example Line 2 is tangent to ©S if and only if 2 1 ST. 


Example 2 


JL is a radius of ©J. Determine whether KL is tangent 
to ©J. Justify your answer. 


Test to see if AJKL is a right triangle. 9 
82 + 1524 (8 +9)? Pythagorean Theorem K 
289 = 289 V Simplify. L 


AJKL is a right triangle with right angle JLK. 
So KL is perpendicular to radius JL at point L. 


Therefore, by Theorem 10.10, KL is tangent to ©]. fs és 
: » 
GuidedPractice (\ 
G 


2. Determine whether GH is tangent to OF. 
Justify your answer. 


You can also use Theorem 10.10 to identify missing values. 


Example 3 


JH is tangent to OG at J. Find the value of x. 
By Theorem 10.10, JH L GJ. So, AGH] is a right triangle. 


G)? + JH? = GH? K , 
GJ= x, JH=12,and GH= x+ 8 H 


Pythagorean Theorem 
x? + 122 = (x + 8)? 


12 
x? 4+ 144 = x2 + 16x + 64 Multiply. 4 
80 = 16x Simplify. 
5=x Divide each side by 16. 
GuidedPractice 


Find the value of x. Assume that segments that appear to be tangent are tangent. 


3A. 3B. 


33 


You can use Theorems 10.8 and 10.10 to construct a line tangent to a circle. 


A Construction Line Tangent to a Circle Through an External Point 


Et Use a compass to ere Construct line 2, EGE Construct circle X Em) Draw AD’ and DC. 


draw circle Cand a the perpendicular with radius XC. Label AADC is inscribed 
point A outside of bisector of CA. the points of in a semicircle. So, 
circle C. Then draw Label the point of intersection of the ZADC is aright angle 
CA. intersection X. two circles D and E. and AD is tangent 
to OC. 
D 
E 
£ £ 
S dA 
You will justify this construction in Exercise 36 and construct a line 
tangent to a circle through a point on the circle in Exercise 34. 
More than one line can be tangent to the same circle. 
Theorem 10.11 
Words If two segments from the same exterior A 
point are tangent to a circle, then they 
are congruent. B 
Example lf AB and CB are tangent to ©D, then AB = CB. 
Cc 
\. dA 


You will prove Theorem 10.11 in Exercise 28. 


Example 4 
ALGEBRA AB and CB are tangent to ©D. 


A 
Find the value of x. xX+15 
AB = CB Tangents from the same exterior B 
point are congruent. 
x+15=2x—5 Substitution 2 a 


15=x-5 Subtract x from each side. 
20=x Add 5 to each side. 
GuidedPractice 


ALGEBRA Find the value of x. Assume that segments that appear to be tangent 
are tangent. 


4A. Q 4B. W 2x+9 


Xx 
3x-+ 80m o7 
38x+6 
R 26cm SS Y 
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Circumscribed Polygons A polygon is circumscribed about a circle if every side of 
the polygon is tangent to the circle. 


WatchOut! 


Circumscribed Polygons Polygons Not Circumscribed 
Identifying Circumscribed 
Polygons Just because the 


more of the sides of a polygon 
does not mean that the 
polygon is circumscribed about 


the circle, as shown in the 
second set of figures. 


Real-World Example 5 


GRAPHIC DESIGN A graphic designer is giving 
directions to create a larger version of the 
triangular logo shown. If AABC is circumscribed 
about ©G, find the perimeter of AABC. 


| Step 1 | Find the missing measures. 


Since AABC is circumscribed about ©G, 
AE and AD are tangent to @G, as are BE, BF, 
CF, and CD. Therefore, AE = AD, BF = BE, 
and CF = CD. 


So, AE = AD = 8 feet, BF = BE = 7 feet. 


By Segment Addition, CF + FB = CB, so CF = 
CB — FB = 10 — 7 or 3 feet. So, CD = CF = 3 feet. 


| Step 2 | Find the perimeter of AABC. 


perimeter = AE+ FB + BC+ CD+DA 
=8+7+10+3+8or 36 


So, the perimeter of AABC is 36 feet. 


GuidedPractice B 
T U 
5. Quadrilateral RSTU is circumscribed about ©J. x x 
If the perimeter is 18 units, find x. A C 
3 
Ss D 3 R 


Check Your Understanding 


Example 1 1. Copy the figure shown, and draw the common 
tangents. If no common tangent exists, state 
no common tangent. 
Example 2 Determine whether FG is tangent to ©E. Justify your answer. 
2 ® 


12 
a : 24 
2 10 
G 


Examples 3-4 Find x. Assume that segments that appear to be tangent are tangent. 


4. N 5. B 6. 
16 ‘ * 30 
5x — 8 
7. LANDSCAPE ARCHITECT A landscape architect is paving the two walking paths 


that are tangent to two approximately circular ponds as shown. The lengths 
given are in feet. Find the values of x and y. 


Example 5 8. CSS SENSE-MAKING Triangle JKL is circumscribed about OR. K 
a. Find x. 
b. Find the perimeter of AJKL. 


Practice and Problem Solving Extra Practice is on page R10. 


Example 1 Copy each figure and draw the common tangents. If no common tangent exists, state 
no common tangent. 


9. 10. O) 11. & 12. 


Example 2 Determine whether each XY is tangent to the given circle. Justify your answer. 


13. y 14. x 
24 4 
¥ 
(15) - 16. 
8 aos 
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Examples 3-4 Find x. Assume that segments that appear to be tangent are tangent. 
Round to the nearest tenth if necessary. 


(7) K\ 18. / 19. ne 
wily NS 
U 
A 
s 


21. 5x-9 _G 22. F 
F 


T H D 6x—4 


23. ARBORS In the arbor shown, AC and BC are 
tangents to ©D. The radius of the circle is 
26 inches and EC = 20 inches. Find each 
measure to the nearest hundredth. 


a. AC b. BC 


+i 


Example 5 Css SENSE-MAKING Find the value of x. Then find the —- TTT vl 
BE \ A 


ae 


5.om|\/ 
sen of 


Find x to the nearest hundredth. Assume that segments that appear to be tangent 
are tangent. 


26. 27. 


Qu exin. T  I7in. Ss 


T 
x+10 S 


Write the specified type of proof. 


28. two-column proof of Theorem 10.11 29. two-column proof 
Given: AC is tangent to ©H at C. Given: Quadrilateral ABCD is 
AB is tangent to ©H at B. circumscribed about ©P. 
Prove: AC = AB Prove: AB + CD = AD + BC 
C 


NA 
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30. SATELLITES A satellite is 720 kilometers above 
Earth, which has a radius of 6360 kilometers. 
The region of Earth that is visible from the 
satellite is between the tangent lines BA and BC. 
What is BA? Round to the nearest hundredth. 


(31) SPACE TRASH Orbital debris refers to materials from space missions that still orbit 
Earth. In 2007, a 1400-pound ammonia tank was discarded from a space mission. 
Suppose the tank has an altitude of 435 miles. What is the distance from the tank to the 
farthest point on Earth’s surface from which the tank is visible? Assume that the radius 
of Earth is 4000 miles. Round to the nearest mile, and include a diagram of this 
situation with your answer. 


32. PROOF Write an indirect proof to show that if a 
line is tangent to a circle, then it is perpendicular 
to a radius of the circle. (Part 1 of Theorem 10.10) 


Given: £ is tangent to ©S at T; ST is a radius of OS. 
Prove: £1 ST 
(Hint: Assume £ is not to ST.) 


T £ 
33. PROOF Write an indirect proof to show that if a 
line is perpendicular to the radius of a circle 

at its endpoint, then the line is a tangent of 

the circle. (Part 2 of Theorem 10.10) 

Given: @ | ST; ST is a radius of @S. T el 


Prove: £ is tangent to ©S. 


(Hint: Assume € is not tangent to ©S.) 


o> 
34. C€S$ TOOLS Construct a line tangent to a circle through a point on the circle. 


Use a compass to draw @A. Choose a point P on the circle and draw AP. Then 
construct a segment through point P perpendicular to AP. Label the tangent line t. 
Explain and justify each step. 


H.0.T. Problems Use Higher-Order Thinking Skills 


35. CHALLENGE PQ is tangent to circles R and S. 


P 

Find PQ. Explain your reasoning. ‘a? 

36. WRITING IN MATH Explain and justify each step <= 
in the construction on page 734. 


37. OPEN ENDED Draw a circumscribed triangle and 
an inscribed triangle. 


38. REASONING In the figure, XY and XZ are tangent p 
to @A. XZ and XW are tangent to ©B. Explain 
how segments XY, XZ, and XW can all be x 
congruent if the circles have different radii. ~~ 
39. EA) WRITING IN MATH Is it possible to draw a tangent (2) 
from a point that is located anywhere outside, on, WwW 
or inside a circle? Explain. 
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Standardized Test Practice 


40. ©P has a radius of 10 centimeters, and ED 42, ALGEBRA Which of the following shows 

is tangent to the circle at point D. F lies both on 25x? — 5x factored completely? 

©P and on segment EP. If ED = 24 centimeters, 

what is the length of EF? Ba Pe 2) 
G 5x(5x — 1) J x(5x — 1) 

A 10cm C 21.8cm 

B 16cm D 26cm 43. SAT/ACT What is the perimeter of the triangle 
shown below? 


41. SHORT RESPONSE A square is inscribed in 
a circle having a radius of 6 inches. Find 
the length of each side of the square. 12 12 


lis ~ A 12 units D 36 units 
NY WH, B 24 units E 104 units 


C 34.4 units 


Spiral Review 


Find each measure. (lesson 10-4) 


so . 2 gm V 
44, mfK aa 45. mZB ff} 46. mvx W, 
J B x 
In ©F, GK = 14 and mGHK = 142. Find each measure. G H 
Round to the nearest hundredth. (Lesson 10-3) SN 
47. mGH 48. JK 49. mKM K 


50. METEOROLOGY The altitude of the base of a cloud formation is called the ceiling. To 
find the ceiling one night, a meteorologist directed a spotlight vertically at the clouds. 
Using a theodolite, an optical instrument with a rotatable telescope, placed 83 meters 
from the spotlight and 1.5 meters above the ground, he found the angle of elevation 
to be 62.7°. How high was the ceiling? (Lesson 8-5) 


Determine whether the triangles are similar. If so, write a similarity statement. 
Explain your reasoning. (Lesson 7-3) 


51. E 52. 25 E 
D D 
: a C 
AB Cc e 8/7 
A3B 


Skills Review 


Solve each equation. 


53. 15 = 31(360 — x) — 2x] 54.x+12= 31(180 — 120)] 55. x= 31(180 — 64)] 
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(Geometry Lab 


Inscribed and 


Circumscribed Circles 


In this lab, you will perform constructions that involve inscribing 


or circumscribing a circle. 


Draw a triangle XYZ and construct 
two angle bisectors of the triangle 
to locate the incenter W. 


Construct a circle and draw a point. 
Use the same compass setting you 
used to construct the circle to 
construct an arc on the circle from 
the point. Continue as shown. 


Model 


1. Draw a right triangle and inscribe a circle in it. 


Activity 1 Construct a Circle Inscribed in a Triangle 


Activity 2 Construct a Triangle Circumscribed About a Circle 


ECSS Common Core State Standards 
“= Content Standards 


G.C0.13 Construct an equilateral triangle, a square, and a regular 
hexagon inscribed in a circle. 

G.C.3 Construct the inscribed and circumscribed circles of a triangle, 
and prove properties of angles for a quadrilateral inscribed in a circle. 


Mathematical Practices 5 


Construct a segment perpendicular 
to a side through the incenter. Label 
the intersection R. 


Draw rays from the center through 
every other arc. 


Set a compass of the length of WR. 
Put the point of the compass on W 
and draw a circle with that radius. 


Construct a line perpendicular to 
each of the rays. 


2. Inscribe a regular hexagon in a circle. Then inscribe an equilateral triangle in a circle. 


(Hint: The first step of each construction is identical to Step 1 in Activity 2.) 


3. Inscribe a square in a circle. Then circumscribe a square about a circle. 


4, CHALLENGE Circumscribe a regular hexagon about a circle. 
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ER 


*Secants, Tangents, 


and Angle Measures 


:- Then :-‘Now :- Why? 


@ An average person’s field of vision 


@ You found measures @ Find measures of 


of segments formed angles formed by is about 180°. Most cameras have 
by tangents to a lines intersecting on a much narrower viewing angle of 
circle. or inside a circle. between 20° and 50°. This viewing 


angle determines how much of a 
curved object a camera can 
capture on film. 


Find measures of 
angles formed by 
lines intersecting 
outside the circle. 


» 


@>| NewVocabulary Intersections On or Inside a Circle A séeafit is a line that 
~ secant intersects a circle in exactly two points. Lines j and K are 
secants of OC. 


When two secants intersect inside a circle, the angles formed 


<e¢q)) Common Core are related to the arcs they intercept j 
State Standards “ E K 
Content Standards 
Reinforcement of G.C.4 Theorem 10.12 
Construct a tangent line from L J 
4) point Outside’ a'given’eirele Words __ If two secants or chords intersect in the 
to the circle. ; : : 
interior of a circle, then the measure of an 
Mathematical Practices angle formed is one half the sum of the 
3 Construct viable measure of the arcs intercepted by the angle 


arguments and critique 
the reasoning of others. 
Make sense of problems 


eat iniselving Example mZ1 = H(mAB + mCD) and mZ2 = 3(mDA + mBC) 


and its vertical angle. 


_h 


L Proof 


— —_ 
Given: HK and JL intersect at M. 


Prove: mZ1 = 3(mdJH + mLK ) 


Proof: 
Statements Reasons 
—_ — . 

1. HK and JL intersect at M. 1. Given 
es 2. mZ1 = MZMJK + mZMkKJ 2. Exterior Angle Theorem 
2 3. mZMJK= amZlK, mZMKJ = mZJH 3. The measure of an inscribed Z equals half 
= the measure of the intercepted arc. 
8 4. mZ1= amZ LK + 4mZJH 4. Substitution 
® 5. mZ1= (mJ + miki) 5. Distributive Property 
= N J 


ya } 
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StudyTip 
Alternative Method 
In Example 1b, mZDEB can 
also be found by first finding 
the sum of ‘the measures 
of AC and BD. 
mAC + mBD 
= 360 — (mAC + mCD) 
= 360 — (143 + 75) 
= 142 
mZDEB 
= HmAc + mBD) 


= 3(142) or 71 
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Example 1 


mZTVU = F(mRS + mTU) Theorem 10.12 


x= F(84 + 130) Substitution 
= (214) or 107 Simplify. 
EER Find mZAEB. 
mZAEB = S(mAB + mCD) Theorem 10.12 
2 $(143 +75) Substitution 
ee $(218) or 109 Simplify. 


| Step 2 | Find x, the measure of ZDEB. 
ZAEB and ZDEB are supplementary angles. 
So, x = 180 — 109 or 71. 


mZGLH = $(mGH + mKJ) Theorem 10.12 
110 = F(x +97) Substitution 


220 = (x + 97) Multiply each side by 2. 


123 =x Subtract 97 from each side. 


Recall that Theorem 10.6 states that the measure of an inscribed angle is half the 
measure of its intercepted arc. If one of the sides of this angle is tangent to the circle, 
this relationship still holds true. 


Theorem 10.13 
Words If a secant and a tangent intersect at the 
point of tangency, then the measure of each B 


angle formed is one half the measure of 
its intercepted arc. 


Example mZ1 = 5mAB and mZ2 = mACB 


You will prove Theorem 10.13 in Exercise 33. 


StudyTip 


Absolute Value The measure 
of each ZA can also be 
expressed as half the 
absolute value of the 
difference of the arc 
measure. In this way, the 
order of the arc measures 
does not affect the outcome 
of the calculation. 


Example 2 


Find each measure. 


148° 

a. mZQPR Q R 

mZQPR = smPR Theorem 10.13 

P S 
= $(148) or 74 Substitute and simplify. 

b. mDEF 

mZCDF = SmED Theorem 10.13 < 

64 = yn ED Substitution E C 
128 = mED Multiply each side by 2. a 


mDEF = 360 — mED = 360 — 128 or 232 


GuidedPractice 


2A. Find mjLK. 2B. Find mZRQS if mOTS = 238. 


R 


Intersections Outside a Circle Secants and tangents can also meet outside a 
circle. The measure of the angle formed also involves half of the measures of the 
arcs they intercept. 


Theorem 10.14 


Words If two secants, a secant and a tangent, or two tangents intersect in the exterior of a circle, 
then the measure of the angle formed is one half the difference of the measures of the 
intercepted arcs. 


Examples 


D B 
) D 
B 
A A 
B 
Cc A D 
E ° C 


Two Secants Secant-Tangent Two Tangents 
mZA= 3(mDE - mBC) mZA = s(mb¢ - mBC) mZA= 3(mBDC - mBC) 
a df 


You will prove Theorem 10.14 in Exercises 30-32. 


ASE \ 
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Real-WorldLink 


There is a difference in the 
index of refraction between 
the two mediums such as 
air and glass. The index of 
refraction Nis given by the 
equation N = 7 where cis 
the speed of light and Vis 
the velocity of light in that 
material. 


Source: Microscopy Resource Center 


Example 3 


Find each measure. 


a. mZL 
mZL = S(mER - mHK) 
= $(360 — 102) — 102 
= F(258 — 102) or 78 
b. mCD 
mZA = $(mCD — mBC) 


56 = 4mCD — 95) 


112 = mCD — 95 
207 =mCD 
GuidedPractice 


3A. mZS 


Real-World Example 4 


light ray enters 


light ray exits 


mZD = S(mAC - mXBY) 


ee = 
= 5(128 — 84) 


= $(44) or 22 
GuidedPractice 


4. Find the value of x. 


mn 
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drop of water 


J 
Theorem 10.14 
Substitution 
<7 * 
Simplify. H fi 
A B 


Theorem 10.14 
Substitution 


Multiply each side by 2. 
Add 95 to each side. 


SCIENCE The diagram shows the path of a light ray as it hits a drop of water. The ray is 
bent, or refracted, at points A, B, and C. If mAC = 128 and mXBY = 84, what is mZD? 


Theorem 10.14 


Substitution 


Simplify. 


400}S0}0} a6e/pjoy Appny 


KeyConcept Circle and Angle Relationships 


Vertex of Angle Model(s) Angle Measure 


on the circle one half the measure of the 


intercepted arc 


eile 
mZ1 =a" 


inside the circle one half the measure of the sum 


of the intercepted arc 


mZ1= Hx +V 
outside the circle one half the measure of the 
AS 5 a difference of the intercepted arcs 
1 
x° Falls xe 
\ yi, 


Check Your Understanding 


Examples 1-2 Find each measure. Assume that segments that appear to be tangent are tangent. 


1. mZ1 2. mTS 3. mZ2 
C 
146° 
A 
B 
Examples 3-4 4, mZH 5. mOTS 6. mLP 
N 
Ss 
Q—> eA . 
R 


(7) STUNTS A ramp is attached to the first of 
several barrels that have been strapped 
together for a circus motorcycle stunt as 
shown. What is the measure of the angle 
the ramp makes with the ground? 


Aemectdneuernicom) 745 (pb) 


Practice and Problem Solving Extra Practice is on page R10. 


Examples 1-2 Find each measure. Assume that segments that appear to be tangent are tangent. 


8. mZ3 9. mZ4 10. mZJMK 
90° F H__ 79° 
E 7 
i 
G oO 
Der 1 K 
@ nko 13. mPM 
was 194° P 


> 
14. mZABD 15. mZDAB 16. mGJF 
D 
Cc 
154° 
A B 


17. SPORTS The multi-sport field shown includes 
a softball field and a soccer field. If mABC = 200, 
find each measure. 


a. mZACE 
b. mZADC 


_= 
Examples 3-4 CESS STRUCTURE Find each measure. 
18. mZA 19. mZW 


D 


aN 
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24. JEWELRY In the circular necklace shown, A and 
B are tangent points. If x = 260, what is y? 


25. SPACE A satellite orbits above Earth’s equator. 
Find x, the measure of the planet’s arc, that is 
visible to the satellite. 


ALGEBRA Find the value of x. 7 
(6x — 6) 


26. @7) 28. (9x—1)° 
eae : Va 
2 Va 


29. PHOTOGRAPHY A photographer frames a carousel in 
his camera shot as shown so that the lines of sight form 
tangents to the carousel. 


a. If the camera’s viewing angle is 35°, what is the arc 
measure of the carousel that appears in the shot? 


b. If you want to capture an arc measure of 150° in the \ 


a 7 
photograph, what viewing angle should be used? a onde 


Css ARGUMENTS For each case of Theorem 10.14, write a two-column proof. 


30. EEE 31. GE 


— — ed —> 
Given: secants AD and AE Given: tangent FM and secant FL 
Prove: mZA = S(mDE - mBC) Prove: mZF = F(mLH - mGH) 

D 
Be eae L 
A=] 
; * eI, 
G 
ie ae 
H M 
32. EE 
: ae ay S 
Given: tangents RS and RV Ww 
Prove: mZR = F(mSWT — mST ) i 
a Tv 


33. PROOF Write a paragraph proof of Theorem 10.13. 


F 
— D 
a. Given: AB is a tangent of OO. C 
AC isa secant of ©O. 
ZCAE is acute. 
E A B 


Prove: mZCAE = amCA 
b. Prove that if ZCAB is obtuse, mZCAB = SmCDA. 
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34. WALLPAPER In the wallpaper design shown, 
BC is a diameter of OQ. IfmZA = 26 
and mCE = 67, what is mDE? 


of? MULTIPLE REPRESENTATIONS In this 
problem, you will explore the relationship 
between Theorems 10.12 and 10.6. 


a. Geometric Copy the figure shown. 
Then draw three successive figures in 
which the position of point D moves 
closer to point C, but points A, B, and 
C remain fixed. 


b. Tabular Estimate the measure of CD 
for each successive circle, recording the 
measures of AB and CD ina table. Then 
calculate and record the value of x for 
each circle. 


c. Verbal Describe the relationship between mAB and the value of x as mCD 
approaches zero. What type of angle does ZAEB become when mCD = 0? 


d. Analytical Write an algebraic proof to show the relationship between 
Theorems 10.12 and 10.6 described in part c. 


H.0.T. Problems Use Higher-Order Thinking Skills 


36. WRITING IN MATH Explain how to find the measure of an angle formed by a secant and a 
tangent that intersect outside a circle. 


37. CHALLENGE The circles below are 38. REASONING Isosceles AABC is inscribed 
concentric. What is x? in ©D. What can you conclude about 
mAB and mBC? Explain. 


B 


39. CESS ARGUMENTS In the figure, JK is a diameter 
and GH isa tangent. 


a. Describe the range of possible values 
for mZG. Explain. 


i?) 


b. If mZG = 34, find the measures of minor H 
arcs HJ and KH. Explain. 


40. OPEN ENDED Draw a circle and two tangents that intersect outside the circle. Use a 
protractor to measure the angle that is formed. Find the measures of the minor and 
major arcs formed. Explain your reasoning. 


41. WRITING IN MATH A circle is inscribed within APQR. If mZP = 50 and mZQ = 60, 


describe how to find the measures of the three minor arcs formed by the points 
of tangency. 
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Standardized Test Practice 


42. What is the value of x if mNR = 62 and 44. GRIDDED RESPONSE If 1ZAED = 95 and 
mNP = 108? mAD = 120, what is mZBAC? 
108° 
Z C 
P 
i SO 
— Ce 
R A 
420° 
A 23° C 64° 
B 31° D 128° 45. SAT/ACT If the circumference of the circle below 
is 167 units, what is the total area of the shaded 
F regions? 
43. ALGEBRA Points A(—4, 8) and B(6, 2) are both 
on circle C, and AB is a diameter. What are the A 64n units? D 8m units” 
coordinates of C? B 32m units? E 27 units? 
F (2,10) H (5, —3) C 127 units? 
G (10, —6) J (1,5) 


Spiral Review 


Find x. Assume that segments that appear to be tangent are tangent. (Lesson 10-5) 
A_(2x+1)" op 


K 

46. a ; 47. 48. 15 

J aah (3x — 7)° 

= x——| 
C 

49. PROOF Write a two-column proof. (Lesson 10-4) 

Given: MHT is a semicircle; RH | TM. 5 T 

gl Te. M 
Prove: RH = HM WW 


50. REMODELING The diagram at the right shows the floor plan of Trent’s 
kitchen. Each square on the diagram represents a 3-foot by 3-foot area. 
While remodeling his kitchen, Trent moved his refrigerator from 
square A to square B. Describe one possible combination of transformations 
that could be used to make this move. (Lesson 9-4) 


COORDINATE GEOMETRY Find the measure of each angle to the nearest tenth of a 
degree by using the Distance Formula and an inverse trigonometric ratio. (Lesson 8-4) 


51. ZC in triangle BCD with vertices B(—1, —5), C(—6, —5), and D(-—1, 2) 
52. ZX in right triangle XYZ with vertices X(2, 2), Y(2, —2), and Z(7, —2) 


Skills Review 


Solve each equation. 
53. x2 + 13x = —36 54, x7 — 6x = —9 55. 3x7 + 15x =0 


56. 28 — x2 + 3x 57. x2 + 12x + 36 =0 58. x74 5x=- 2 
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Special Segments in a Circle 


:- Then :-‘Now :-Why? 


@ Alarge circular cake is cut 


@ You found measures @ Find measures 


of diagonals that of segments that lengthwise instead of into wedges 
intersect in the intersect in the to serve more people for a party. 
interior of a interior of a circle. Only a small portion of the original 


cake remains. Using the geometry 
of circles, you can determine the 
diameter of the original cake. 


arallelogram. : 
9 Find measures of 


segments that 
intersect in the 


exterior of a circle. 
Ope | NewVocabulary Segments Intersecting Inside a Circle When two chords intersect inside 
= chord segment a circle, each chord is divided into two segments, called chord segments. 
secant segment 
external secant segment 
tangent segment Theorem 10.15 Segments of Chords Theorem 
Words If two chords intersect in a circle, then the products 
of the lengths of the chord segments are equal. 
€cs3)) Common Core Example AB+ BC = DB BE 
(CSS) state Standards 
Content Standards 
Reinforcement of G.C.4 \ J 
Construct a tangent line from You will prove Theorem 10.15 in Exercise 23. 
a point outside a given circle 
to the circle. 


Example 1 


Mathematical Practices 
1 Make sense of problems 


and persevere in solving Find x 

them. a. D AB-BC=EB-+BD Theorem 10.15 
7 Look for and make use of Seal 

structure. A 5-12=x-10 Substitution 


Ae. 60 = 10x Multiply. 
C 6=x Divide each side by 10. 
P 


b. JK+-KL= PK+-KM Theorem 10.15 
» i (x + 10) + x= (x + 1)(x + 8) Substitution 
x? + 10x= x7 + 9x +8 Multiply. 
J 10x= 9x + 8 Subtract x* from each side. 
x= 8 Subtract 9x from each side. 
M 
GuidedPractice 


Wy 
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a) 


Real-World Example 2 


SCIENCE The true shape of a rainbow is a complete circle. However, we see only the 
arc of the circle that appears above Earth’s horizon. What is the radius of the circle 
containing the arc of the rainbow shown? 


Real-WorldLink 


The lower the Sun is to 
the horizon, the more of 
a rainbow you can see. 
At sunset, you could see a 
full semicircle of a rainbow 


Understand You know that the rainbow’s arc is part of a whole circle. AC is a chord of 


with the top of the arch this circle, and DB is a perpendicular bisector of AC. 
42 degrees above the horizon. 
Source: The National Center for Plan Draw a model. Since it bisects chord D 
ener AC, DE is a diameter of the circle. Use the products, ~~ BJ07\¢ 
of the lengths of the intersecting H 
chords to find the length of the diameter. 
Solve AB-BC=DB- BE Theorem 10.15 
2.5+2.5=0.7+ BE Substitution E 
6.25 = 0.7BE Multiply. 
8.9 = BE Divide each side by 0.7. 
DE=DB+ BE Segment Addition Postulate 
= 0.7 + 8.9 Substitution 
= 9.6 Add. 
Since the diameter of the circle is about 9.6 miles, 
the radius is about 9.6 + 2 or 4.8 miles. 
E Check Use the Pythagorean Theorem to check the D 
£ triangle in the circle formed by the radius, AZ BTN Cc 
5 Hi | 
= the chord, and part of the diameter. vA 
S 
2 DB + BF = DF Segment Addition Postulate 
E 0.7 + BF=4.8 Substitution 
f=) 
S BF=4.1 Subtract 0.7 from each side. 3 
= 
S BF? + BC? = CF* Pythagorean Theorem 
Es 4.1? + 2.57 2 4.8? Substitution 
= 
= 23.06 = 23.04 ¥ Simplify. 
S| Problem-SolvingTip 
8 Make a Drawing When ; 
&| solving word problems GuidedPractice 
‘S| involving circles, it is helpful : : 
2) to make a drawing and label 2. ASTRODOME The highest point, or apex, of the 
5) all parts of the circle that are Astrodome is 208 feet high, and the diameter of 
S| known. Use a variable to the circle containing the arc is 710 feet. How long 
2) label the unknown measure. is the stadium from one side to the other? 
= 
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Segments Intersecting Outside a Circle A secant) C 
ic : A B 
segment is a segment of a secant line that has exactly 
one endpoint on the circle. In the figure, AC, AB, AE D 
and AD are secant segments. 
E 


A secant segment that lies in the exterior of the circle 


is called an external secant Segment. In the figure, AB 


and AD are external secant segments. 


A special relationship exists among secants and external 


( ; secant segments. 
StudyTip 
Simplify the Theorem 
agi sidetol (neleauctOnan Theorem 10.16 Secant Segments Theorem 
Theorem 10.16 is the product Words If two secants intersect in the exterior of a circle, then 
of the lengths of the exterior th duct of th f B C 
part and the whole segment e product of the measures of one secant segment A 
and its external secant segment is equal to the D 
product of the measures of the other secant and its - 
external secant segment. 
Example AC + AB = AE AD 
S wy, 


You will prove Theorem 10.16 in Exercise 24. 


WatchOut! =e 
Use the Correct Equation 

Be sure to multiply the length 
of the secant segment by the 
length of the external secant 
segment. Do not multiply the 
length of the internal secant 
segment, or chord, by the 
length of the external secant 
segment. 


Find x. G 


JG-JH=JL-JK Theorem 10.16 \H 

(x + 8)8 = (10 + 6)6 Substitution IN 

8x + 64 = 96 Multiply. E ee 6 Ju 
8x = 32 


Subtract 64 from each side. 


x 
3B. 
Ww 
Z 7 
Ye oT 


An equation similar to the one in Theorem 10.16 can be used when a secant and a tangent 
intersect outside a circle. In this case, the tangent segment, or segment of a tangent with 
one endpoint on the circle, is both the exterior and whole segment. 


x=4 Divide each side by 8. 


GuidedPractice 


Theorem 10.17 


Words If a tangent and a secant intersect in the exterior of a K 
circle, then the square of the measure of the tangent 
is equal to the product of the measures of the secant 
and its external secant segment. 


Example JK? = JL+ JM 


a 
a 
= 


\ 


You will prove Theorem 10.17 in Exercise 25. 
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Example 4 


PQ is tangent to the circle. Find x. Round to the 
nearest tenth. 


PQ? = QR-QS Theorem 10.17 
8? = x(x + 7) Substitution 
64 = x2 + 7x Multiply. 
0=x7+ 7x — 64 Subtract 64 from each side. 


Since the expression is not factorable, use the Quadratic Formula. 


x= a Quadratic Formula 
-7 + 7? = 4(1)(—64) 
aa | aa a=1,b=7,and c= —64 
- etENos Simplify. 
= 5.2 or —12.2 Use a calculator. 


Since lengths cannot be negative, the value of x is about 5.2. 


GuidedPractice 
4. AB is tangent to the circle. Find x. 
Round to the nearest tenth. x C 


Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Examples 1, Find x. Assume that segments that appear to be tangent are tangent. 
3 and 4 Z 
1. hao 2. w 
7" 
Y 
U xX 
G 
3. 4. 
H 
_ 5 
F A yo AS 


D 
15°C E 
Q 6 cm 


Example 2 () SCIENCE A piece of broken pottery found at an 
archaeological site is shown. QS lies on a diameter 
of the circle. What was the circumference of the 
original pottery? Round to the nearest hundredth. 
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Practice and Problem Solving Extra Practice is on page R10. 


Examples 1, Find x to the nearest tenth. Assume that segments that appear to be tangent are tangent. 
3 and 4 G N 


H 
Q 


Example 2 14. BRIDGES What is the diameter of the 15. CAKES Sierra is serving cake at a party. 


circle containing the arc of the Sydney If the dimensions of the remaining cake 
Harbour Bridge shown? Round to the are shown below, what was the original 
nearest tenth. diameter of the cake? 


Vo 
CESS STRUCTURE Find each variable to the nearest tenth. Assume that segments that 
appear to be tangent are tangent. 


“SQ "Qs 


19. an 20. J 21. 7 


[Ae 
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Awely/ue9 eA 


22. INDIRECT MEASUREMENT Gwendolyn is standing 
16 feet from a giant sequoia tree and Chet is 
standing next to the tree, as shown. The distance 
between Gwendolyn and Chet is 27 feet. Draw a 
diagram of this situation, and then find the 
diameter of the tree. 


PROOF Prove each theorem. 


(23) two-column proof of Theorem 10.15 24. paragraph proof of Theorem 10.16 
Given: AC and DE intersect at B. Given: Secants AC and AE 
Prove: AB-BC=EB-+ BD Prove: AB»-AC=AD- AE 


25. two-column proof of Theorem 10.17 
Given: tangent JK, 
secant JM 
Prove: JK* =JL+-JM 


H.0.T. Problems Use Higher-Order Thinking Skills 


26. CSS CRITIQUE Tiffany and Jun are finding the value 
of x in the figure at the right. Tiffany wrote 3(5) = 2x, 
and Jun wrote 3(8) = 2(2 + x). Is either of them correct? 
Explain your reasoning. 


27. WRITING IN MATH Compare and contrast the methods for 
finding measures of segments when two secants intersect 
in the exterior of a circle and when a secant and a tangent 
intersect in the exterior of a circle. 


3 
2 
28. CHALLENGE In the figure, a line tangent to circle M and 
a secant line intersect at R. Find a. Show the steps that 
you used. 4 
Rb 


29. REASONING When two chords intersect at the center of a circle, are the measures of the 
intercepting arcs sometimes, always, or never equal to each other? 


30. OPEN ENDED Investigate Theorem 10.17 by drawing and labeling a circle that has a 
secant and a tangent intersecting outside the circle. Measure and label the two parts of 
the secant segment to the nearest tenth of a centimeter. Use an equation to find the 
measure of the tangent segment. Verify your answer by measuring the segment. 


31. WRITING IN MATH Describe the relationship among segments in a circle when two 
secants intersect inside a circle. 
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Standardized Test Practice 


32. TV is tangent to the circle, and R and S are 34, EXTENDED RESPONSE The degree measures of 
points on the circle. What is the value of x to the minor arc AC and major arc ADC are x and y, 
nearest tenth? respectively. 

A 7.6 C57 a. If mZABC = 70°, write two equations relating 
B 64 D 48 x and y. 
b. Find x and y. 
A D 
B y 
C 

33. ALGEBRA A department store has all of its 
jewelry discounted 40%. It is having a sale that 35. SAT/ACT During the first two weeks of summer 
says you receive an additional 20% off the vacation, Antonia earned $100 per week. During 
already discounted price. How much will you the next six weeks, she earned $150 per week. 
pay for a ring with an original price of $200? What was her average weekly pay? 

F $80 H $120 A $50 D $135 
G $96 J $140 B $112.50 E $137.50 
C $125 


Spiral Review 


36. WEAVING Once yarn is woven from wool fibers, it is often dyed 
and then threaded along a path of pulleys to dry. One set of 
pulleys is shown. Note that the yarn appears to intersect itself 
at C, but in reality it does not. Use the information from the 
diagram to find mBH. (Lesson 10-6) 


Copy the figure shown and draw the common tangents. If no 
common tangent exists, state no common tangent. (Lesson 10-5) 


COORDINATE GEOMETRY Graph each figure and its image along the given vector. (Lesson 9-2) 
41. AKLM with vertices K(5, —2), L(—3, —1), and M(0, 5); (—3, —4) 

42. quadrilateral PQRS with vertices P(1, 4), Q(—1, 4), R(—2, —4), and S(2, —4); (—5, 3) 

43. AEFG with vertices E(0, —4), F(—4, —4), and G(0, 2); (2, —1) 


Skills Review 


Write an equation in slope-intercept form of the line having the given slope and 
y-intercept. 


44, m: 3, y-intercept: —4 45. m: 2, (0, 8) 46. m: 2, (0, —6) 
ae eck ee ee Sat pe 
47. m: gV intercept: 3 48. m: —1, b: —3 49. m: 97 b:1 


— 
®) 756 | Lesson 10-7 | Special Segments in a Circle 


Equations of Circles 


Why? 


@ You wrote equations @ Write the equation @ Telecommunications towers emit 
of lines using of a circle. radio signals that are used to 
information about ; transmit cellular calls. Each tower 

: Graph a circle on the : 
their graphs. ; covers a circular area, and towers 
coordinate plane. ; K 
are arranged so that a signal is 
available at any location in the 
coverage area. 


Equation of a Circle Since all points on a circle are equidistant from the center, 
you can find an equation of a circle by using the Distance Formula. 


ed NewVocabulary 


~~ Compound locus 


Let (x, y) represent a point on a circle centered at the 
- , ane vere 
origin. Using the Pythagorean Theorem, x* + y* = r°. 


Now suppose that the center is not at the origin, but at 
the point (i, k). You can use the Distance Formula to 
develop an equation for the circle. 


€cS9) Common Core 

y) State Standards 
Content Standards 
G.GPE.1 Derive the equation 
of a circle of given center 
and radius using the 
Pythagorean Theorem; 
complete the square to find 
the center and radius of a 
circle given by an equation. 
G.GPE.6 Find the point on a 
directed line segment 
between two given points 
that partitions the segment 
in a given ratio. 


d =\f (xX. - cg + (Yo - Way" Distance Formula 


r=\(x—h)* + (y—k)? d= F(X, 4) = (4, W), (Xs Yo) = (% Y) 


r? = (x —h)*? + (y—k)? Square each side. 


KeyConcept Equation of a Circle in Standard Form 


The standard form of the equation of a circle with center at 
(h, k) and radius ris (x — A)? + (y— kK? = 7°. 


The standard form of the equation of a circle is also called 


Mathematical Practices the center-radius form. 


2 Reason abstractly and 
quantitatively. 

7 Look for and make use of 
structure. 


Example 1 


Write the equation of each circle. 
a. center at (1, —8), radius 7 


(e—h’+y—kh? =r Equation of a circle y 

2 (-1P% +y-C@P=7 — (,W=(1,-8),r=7 wa 

ad (x —1)* + (y+8)?=49 — Simplify. 

S b. the circle graphed at the right 0.4) 

8 The center is at (0, 4) and the radius is 3. 

2 (e—hY+y—khe =r Equation of a circle 

2 (x — 0)? + (y — 4)? = 3? (4, Kh = (0,4), r=3 

5 x24 (y— 4)? =9 Simplify. ) x 
. GuidedPractice 

a 1A. center at origin, radius V 10 1B. center at (4, —1), diameter 8 


SE } 
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Example 2 


Write the equation of the circle with center at (—2, 4), that passes through (—6, 7). 
EM Find the distance between the points to determine the radius. 


r= (x%.— x1) + Yo -y,)” Distance Formula 
= yI[-6 — (-2)? + 7-4)? (x4, Y1) = (—2, 4) and (x9, Yo) = (—6, 7) 
=vV25or5 Simplify. 
Step 2| Write the equation using h = —2,k = 4,andr=5. 
(x —h)? + (y—k*=r" Equation of a circle 
[x — (—2)]? + y — 4)7 = 57 h=—2,k=4,andr=5 
(x +2)? + (y— 4)? = 25 Simplify. 
GuidedPractice 


2. Write the equation of the circle with center at (—3, —5) that passes through (0, 0). 


Graph Circles You can use the equation of a circle to graph it on a coordinate plane. 
To do so, you may need to write the equation in standard form first. 
Example 3 


The equation of a circle is x” + y” — 8x + 2y = —8. State the coordinates of the center 
and the measure of the radius. Then graph the equation. 


Write the equation in standard form by completing the square. 


ye 
StudyTip x? + y* — 8x + 2y = —8 Original equation 
Completing the Square P 
To mealies the aie far x? — 8x + yy" +2y=—-8 Isolate and group like terms. 


any quadratic expression of 

the form x2 + bx, follow 

these steps. 

Step 1 Find one half of b. 

Step 2 Square the result in 
Step 1. 

Step 3 Add the result of 
Step 2 to x2 + bx. 


x* — 8x +16 +y*+2y+1=-8+16+1 Complete the squares. 
(x— 4)? + (41)? =9 Factor and simplify. 
(x — 4)? + [y — (-D]* = 37 Write +1 as — (—1) and 9 as 3”. 


With the equation now in standard form, you can identify h, k, and r. 


(x — 4)? + [y — (-DP* = 3? 
tT T 1 
(e-hY+y- kb? =r 


So, h = 4,k = —1, and r = 3. The center is at 
(4, —1), and the radius is 3. Plot the center and 
four points that are 3 units from this point. 
Sketch the circle through these four points. 


GuidedPractice 


For each circle with the given equation, state the coordinates of the center and the 
measure of the radius. Then graph the equation. 


BA. x7 +y?—4=0 3B. x7 + y? + 8x — 14y + 40 =0 
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Real-World Example 4 


TORNADOES Three tornado sirens are placed strategically on a circle around a town 
so they can be heard by all. Write the equation of the circle on which they are placed 
if the coordinates of the sirens are A(—8, 3), B(—4, 7), and C(—4, —1). 


Understand You are given three points that lie on a circle. 


Plan Graph AABC. Construct the perpendicular bisectors of two sides to locate 
the center of the circle. Then find the radius. 


Use the center and radius to write an equation. B Y| 
a 
Solve The center appears to be at (—4, 3). ‘x | 
The radius is 4. Write an equation. e | 
N 
Ss 
(eh + y—-kP=r i ; 
_ (—ay2 _ a\2 _ 42 Be | 
[x — (—4)]° + Y—3)°=4 Wao 
(x + 4)* + (y — 3)? = 16 SJ 
: L | | | [Cc || 
Real-WorldLink Check Verify the center by finding the equations of 
About 1000 tornadoes are the two bisectors and solving the system of equations. Verify the radius by 
reported across the United finding the distance between the center and another point on the circle. ¥ 
States each year. The most 
violent tornadoes have wind GuidedPractice 
speeds of 250 mph or more. 
Damage paths can be a mile 4. Write an equation of a circle that contains R(1, 2), S(—3, 4), and T(—5, 0). 
wide and 50 miles long. 
Source: National Oceanic & 
Sennen err nae A line can intersect a circle in at most two points. You can find the point(s) of intersection 
P 


between a circle and a line by applying techniques used to find the intersection between 
two lines and techniques used to solve quadratic equations. 


Example 5 


Find the point(s) of intersection between x” + y? = 4 and y =x. 


Graph these equations on the same coordinate plane. y 
The points of intersection are solutions of both 

equations. You can estimate these points on the graph 
to be at about (—1.4, —1.4) and (1.4, 1.4). Use substitution (1.4, 1.4) 
to find the coordinates of these points algebraically. re) 


[e+y=4 


= 


Equation of circle 


4x7 =4 Since y = x, substitute x for y. y 


Il 
x 


Simplify. 


StudyTip 


Quadratic Techniques In 

addition to taking square roots, 
other quadratic techniques that 
you may need to apply in order 


4 
nS 2 Divide each side by 2. 
+V2 Take the square root of each side. 


So x = V2 or x = —V2. Use the equation y = x to find the corresponding y-values. 


to solve equations of the form y=x Equation of line y=x 
ax? + bx + c= 0 include = V2 x=V2orx=—V2 ae 
completing the square, factoring, Y y 
_,| and the patel Formula, The points of intersection are located at (V2, V2) and (—V2, —V2) or at about 
2] x= abt Vir — 4ac ee (—1.4, —1.4) and (1.4, 1.4). Check these solutions in both of the original equations. 
S a 
BY y i . 
3 GuidedPractice 
s 5. Find the point(s) of intersection between x? + y* = 8 and y = —x. 
= 


Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Examples 1-2 Write the equation of each circle. 
1. center at (9, 0), radius 5 2. center at (3, 1), diameter 14 
(3) center at origin, passes through (2, 2) 4. center at (—5, 3), passes through (1, —4) 


6. 


5. 


Example 3 For each circle with the given equation, state the coordinates of the center and the 
measure of the radius. Then graph the equation. 
7. x? 6x +y? + 4y =3 8x7 + (yt+1)?=4 
Example 4 9. RADIOS Three radio towers are modeled by the points R(4, 5), S(8, 1), and T(—4, 1). 


Determine the location of another tower equidistant from all three towers, and write 
an equation for the circle. 


10. COMMUNICATION Three cell phone towers can be modeled by the points X(6, 0), Y(8, 4), 
and Z(3, 9). Determine the location of another cell phone tower equidistant from the 
other three, and write an equation for the circle. 


Example 5 Find the point(s) of intersection, if any, between each circle and line with the equations given. 


11. (x—-17% +y? =4 12. (x — 2)? + (y+ 3)? = 18 
y=xtl y=—2x—-—2 
Practice and Problem Solving Extra Practice is on page R10. 


Examples 1-2 Css STRUCTURE Write the equation of each circle. 


13. center at origin, radius 4 14. center at (6, 1), radius 7 
15. center at (—2, 0), diameter 16 16. center at (8, —9), radius V11 
17. center at (—3, 6), passes through (0, 6) 18. center at (1, —2), passes through (3, —4) 
19. 20. y 
(6, 6) 
°3, 3) 
(e} x 
Ltt] Tre 


WEATHER A Doppler radar screen shows concentric rings around a storm. If the center 
of the radar screen is the origin and each ring is 15 miles farther from the center, what 
is the equation of the third ring? 


22. GARDENING A sprinkler waters a circular area that has a diameter of 10 feet. The 
sprinkler is located 20 feet north of the house. If the house is located at the origin, 
what is the equation for the circle of area that is watered? 
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Example 3 For each circle with the given equation, state the coordinates of the center and the 
measure of the radius. Then graph the equation. 


23, x7 + y? = 36 24. x? + y? — 4x — 2y=-1 
@ ++ 8x-4y=-4 26. x2 + y? — 16x =0 
Example 4 Write an equation of a circle that contains each set of points. Then graph the circle. 


27. A(1, 6), B(5, 6), C(5, 0) 28. F(3, —3), G(3, 1), H(7, 1) 


Example 5 Find the point(s) of intersection, if any, between each circle and line with the equations given. 


29.7 +y?=5 30. x7 + y7=2 31. x7 + (y+ 2)? =8 
y=ox y=—x+2 y=x-2 

32. (x +3)? +y2 = 25 33. x2 + y2=5 34. (x -—1)? + (y—-3)? =4 
y= —3x y = 3x y=-x 


Write the equation of each circle. 
35. a circle with a diameter having endpoints at (0, 4) and (6, —4) 
36. a circle with d = 22 and a center translated 13 units left and 6 units up from the origin 


37. CESS MODELING Different-sized engines will launch model rockets to different altitudes. 
The higher a rocket goes, the larger the circle of possible landing sites becomes. Under 
normal wind conditions, the landing radius is three times the 
altitude of the rocket. 


a. Write the equation of the landing circle for a rocket that travels 300 feet in the air. 


b. What would be the radius of the landing circle for a rocket that travels 1000 feet in 
the air? Assume the center of the circle is at the origin. 


38. SKYDIVING Three of the skydivers in the circular 
formation shown have approximate coordinates of 
G3, =2), H(=1,=2), and J(6, =9). 


a. What are the approximate coordinates of the 
center skydiver? 


b. If each unit represents 1 foot, what is the diameter 
of the skydiving formation? 


39. DELIVERY Pizza and Subs offers free delivery within 6 miles of the restaurant. The 
restaurant is located 4 miles west and 5 miles north of Consuela’s house. 


a. Write and graph an equation to represent this situation if Consuela’s house is at the 
origin of the coordinate system. 


b. Can Consuela get free delivery if she orders pizza from Pizza and Subs? Explain. 
40. INTERSECTIONS OF CIRCLES Graph x? + y? = 4 and (x — 2)? + y* =4 on the same 

coordinate plane. 

a. Estimate the point(s) of intersection between the two circles. 

b. Solve x? + y? =4 for y. 

c. Substitute the value you found in part b into (x — 2)? + y? = 4 and solve for x. 

d. Substitute the value you found in part c into x* + y* = 4 and solve for y. 


e. Use your answers to parts c and d to write the coordinates of the points of 
intersection. Compare these coordinates to your estimate from part a. 


= 


. Verify that the point(s) you found in part d lie on both circles. 
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Prove or disprove that the point (1, 2V2) lies on a circle centered at the origin 
and containing the point (0, —3). 


42, 6§8 MULTIPLE REPRESENTATIONS In this problem, you will investigate a compound locus 
for a pair of points. A compound locus satisfies more than one distinct set of conditions. 


a. Tabular Choose two points A and B in the 
coordinate plane. Locate 5 coordinates from 
the locus of points equidistant from A and B. 


b. Graphical Represent this same locus of 
points by using a graph. 


c. Verbal Describe the locus of all points 
equidistant from a pair of points. 


d. Graphical Using your graph from part b, 
determine and graph the locus of all points 
in a plane that are a distance of AB from B. 


e. Verbal Describe the locus of all points in a plane equidistant from a single point. 
Then describe the locus of all points that are both equidistant from A and B and 
are a distance of AB from B. Describe the graph of the compound locus. 


43. A circle with a diameter of 12 has its center in the second quadrant. The lines y = —4 
and x = 1 are tangent to the circle. Write an equation of the circle. 


H.0.T. Problems — Use Higher-Order Thinking Skills 


44, CHALLENGE Write a coordinate proof to show that 
if an inscribed angle intercepts the diameter of a 
circle, as shown, the angle is a right angle. 


45. (css REASONING A circle has the equation (x — 5)? + 
(y + 7)? = 16. If the center of the circle is shifted 3 units 
right and 9 units up, what would be the equation of the 
new circle? Explain your reasoning. 


46. OPEN ENDED Graph three noncollinear points and connect them to form a triangle. 
Then construct the circle that circumscribes it. 


47. WRITING IN MATH Seven new radio stations must be assigned broadcast frequencies. 
The stations are located at A(Q9, 2), B(8, 4), C(8, 1), D(6, 3), E(4, 0), F(3, 6), and G(4, 5), 
where 1 unit = 50 miles. 


a. If stations that are more than 200 miles apart can share the same frequency, what is 
the least number of frequencies that can be assigned to these stations? 


b. Describe two different beginning approaches to solving this problem. 


c. Choose an approach, solve the problem, and explain your reasoning. 


CHALLENGE Find the coordinates of point P on AB that partitions the segment into the 
given ratio AP to PB. 


48. A(0, 0), B(3, 4), 2 to3 49. A(0, 0), B(—8, 6), 4 to1 


50. WRITING IN MATH Describe how the equation for a circle changes if the circle is 
translated a units to the right and b units down. 
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Standardized Test Practice 


51. Which of the following is the equation of a circle 53. SHORT RESPONSE Solve: 5(x — 4) = 16. 
i ? 
with center (6, 5) that passes through (2, 8)? Step 1: 5x —4 = 16 


A (x — 6)? + (y—5)? = 5? Step2: 5x =20 
B (x —5)* + (y—6)? =77 Step 3: x=4 
C (x + 6)7 + (y¥ +5)? =5 


D (x—2)2 + (y—-8)2 =72 Which is the first incorrect step in the solution 


shown above? 


52. ALGEBRA What are the solutions of 54. SAT/ACT The center of ©F is at (—4, 0) and has 
n2 — 4n = 21? a radius of 4. Which point lies on ©F? 
F 3,7 H -3,7 A (4,0) D (-4,4) 
G 3,-7 J -3,-7 B (0,4) E (0,8) 


C (4,3) 


Spiral Review 


Find x. (Lesson 10-7) 


ae a 56. 57. 
’y NY 


Find each measure. (lesson 10-6) 


58. mZC 59. mZK 60. mYXZ 


K 
L 
B a < 
( M % J 
e 164° 
61. STREETS The neighborhood where Vincent lives has round- 
abouts where certain streets meet. If Vincent rides his bike once 
around the very edge of the grassy circle, how many feet will 
he have ridden? (Lesson 10-1) 


Skills Review 


Find the perimeter and area of each figure. 


62. 63. 64. 
Qin. Keni 10 ft 
12 ft 


16 in. Rani 
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Geometry Lab 
Parabolas 


A circle is one type of cross-section of a right circular cess Common Core State Standards 

cone. Such cross-sections aré called (iia sa ae phe ti cee fate aii of a parabola given a 
. f . cross-section D . 

or conics. A circular cross-section is formed by the | ae focus and directrix. 

intersection of a cone with a plane that is Mathematical Practices 5 

perpendicular to the axis of the cone. You can find 


other conic sections using concrete models of cones. 


Activity 1 Intersection of Cone and Plane 


Sketch the intersection of a cone and a plane that lies at an angle to the axis of the 
cone but does not pass through its base. 


EE Filla conical paper cup EE Draw dental floss through BSE pull the pieces of the cone 
with modeling compound. the cone model at an angle apart and trace the cross- 

Then peel away the cup. to the axis that does not section onto your paper. 

pass through the base. 


b 


Model and Analyze 
1. The conic section in Activity 1 is called an ellipse. What shape is an ellipse? 
2. Repeat Activity 1, drawing the dental floss through the model at an angle parallel 


to an imaginary line on the side of the cone through the cone’s base. Describe the 
resulting shape. 


The conic section you found in Exercise 2 is called a parabola. In Algebra 1, a parabola was defined as the 
shape of the graph of a quadratic function, such as y = x. Like a circle and all conics, a parabola can 
also be defined as a locus of points. You can explore the loci definition of a parabola using paper folding. 


Activity 2 Shape of Parabola 


Use paper folding to approximate the shape of a parabola. 


EE Mark and label the bottom | BEM roldd up so that it Step 3 | Repeat Step 2 at least 20 
edge of a rectangular piece touches F. Make a sharp times, folding the paper 
of wax paper d. Label a crease. Then open the to a different point on d 


each time. Trace the curve 
formed. 


point F at the center. paper and smooth it flat. 
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Model and Analyze 


3. Label a point P on the parabola and draw PF. Then use a protractor to find a point D on line d 
such that PD 1 d. Describe the relationship between PF and PD. 


Repeat Activity 2, making the indicated change on a new piece of wax paper. Describe 
the effect on the parabola formed. 


4. Place line d along the edge above point F. 5. Place line d along the edge to the right of point F. 
6. Place line d along the edge to left of point F. 7. Place point F closer to line d. 
8. Place point F farther away from line d. 

Geometrically, a parabola is the locus of all points in a plane equidistant from a fixed point, called the 

focus, and a fixed line, called the directrix. Recall that the distance between a fixed point and a line 


is the length of the segment perpendicular to the line through that point. You can find an equation of 
a parabola on the coordinate plane using its locus definition and the Distance Formula. 


directrix 


Activity 3 Equation of Parabola 


Find an equation of the parabola with focus at (0, 1) and directrix y = —1. 
| Step 1 | Graph F(0, 1) and y = —1. Sketch a U-shaped curve for the parabola 
between the point and line as shown. Label a point P(x, y) on the curve. 


| Step 2 | Label a point D on y = —1 such that PDis perpendicular to the line 
y = —1. The coordinates of this point must therefore be D(x, —1). 


| Step 3 | Use the Distance Formula to find PD and PF. 


PD=Ve—x?+ly—(-DP 1), Py), 0,1)» PEF=f@— 0)? + y—1)? 
= y+? simplify =yx?+y-1? 


| Step 4 | Since PD = PF, set these expressions equal to each other. 
Vy +12 =x? + (y-1)? PD = PF 
(y + 1)* =x? + (y—1)? Square each side. 
y2+2y+1=x72+y?—-2y+1 Square each binomial. 


4y = x* or y= $e Subtract y* — 2y + 1 from each side. 


An equation of the parabola with focus at (0, 1) and directrix y = —lis y = a. 


Model and Analyze 
Find an equation of the parabola with the focus and directrix given. 
9. (0,—2),y=2 10. (05)y¥= -! 1. 06e= 1 12. (—3,0),x=3 


A line can intersect a parabola in 0, 1, or 2 points. Find the point(s) of intersection, if 
any, between each parabola and line with the given equations. 


13. y=x7,y=x4+2 14. y= 2x7, y=4x-2 15. y = —3x?, y = 6x 16. y=—(x + 1)2,y=-x 
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Study Guide and Review 


Study Guide 


(ope 
KeyConcepts KeyVocabulary S 


Circles and Circumference (Lesson 10-1) adjacent arcs (p. 708) external secant segment (p. 752) 
e The circumference of a circle is equal to 7d or 271. arc (p. 706) inscribed (p. 700) 
arc length (p. 709) inscribed angle (p. 723) 
Angles, Arcs, Chords, and Inscribed Angles center (p. 697) : 
intercepted arc (p. 723 
(Lessons 10-2 to 10-4) central angle (0. 706) alia 
° The sum of the measures of the central angles of a circle chord (p. 697) major are (0.707) 
is 360°. chord segment (p. 750) minor are (p. 707) 


e The length of an arc is proportional to the length of the 


circumference. circle (p. 697) pi (7) (p. 699) 

° Diameters perpendicular to chords bisect chords and circumference (p. 699) point of tangency (p. 732) 
intercepted arcs. — . circumscribed (p. 700) radius (9.697) 

e The measure of an inscribed angle is half the measure common tangent (p. 732) 
of its intercepted arc. secant (p. 741) 


compound locus (p. 762) 


concentric circles (p. 698) 
Tangents, Secants, and Angle Measures congruent ares (p. 707) semicircle (p. 707) 
(Lessons 10-5 and 10-6) 


e Aline that is tangent to a circle intersects the circle in exactly 
one point and is perpendicular to a radius. 


e Two segments tangent to a circle from the same exterior point VocabularyCheck 


are congruent. 
© The measure of an angle formed by two secant lines is half the State whether each sentence is true or false. If false, replace the 


secant segment (p. 752) 


diameter (p. 697) tangent (p. 732) 


positive difference of its intercepted arcs. underlined word or phrase to make a true sentence. 
e The measure of an angle formed by a secant and tangent line 1. Any segment with both endpoints on the circle is a radius of 
is half its intercepted arc. the circle. 


2. Achord passing through the center of a circle is a diameter. 


Special Segments and Equation of a Circle . 
(Lessons 10-7 and 10-8) 3. A central angle has the center as its vertex and its sides 


: : : contain two radii of the circle. 
e The lengths of intersecting chords in a circle can be found 


by using the products of the measures of the segments. 4. An arc with a measure of less than 180° is a major arc. 
e The equation of a circle with center (A, A) and radius ris ; : . ; 
(x— A? —(y— ky =P. 5. An intercepted arc is an arc that has its endpoints on the 


sides of an inscribed angle and lies in the interior of the 
inscribed angle. 


6. Acommon tangent is the point at which a line in the same 


|FOLDABLES | StudyOrganizer plane as a circle intersects the circle. 
Be sure the Key Concepts 7. Asecant is a line that intersects a circle in exactly one point. 
are noted in your Foldable. 
) 8. A secant segment is a segment of a diameter that has exactly 
one endpoint on the circle. 


9. Two circles are concentric circles if and only if they have 
congruent radii. 


RN 
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Lesson-by-Lesson Review 


Circles and Circumference 
For Exercises 10-12, refer to ©D. 
10. Name the circle. 
11. Name a radius. 


12. Name a chord that 
is not a diameter. 


Find the diameter and radius of a circle with the given 
circumference. Round to the nearest hundredth. 


13. C= 43cm 14. C= 26.7 yd 
15. C= 108.5 ft 16. C= 225.9mm 


Measuring Angles and Arcs 


Find the value of x. 


‘Ga 
EN 


19. MOVIES The pie chart below represents the results of a 
survey taken by Mrs. Jameson regarding her students’ 
favorite types of movies. Find each measure. 


Mrs. Jameson’s Students’ 
Favorite Types of Movies 


b. mBC 


c. Describe the type of arc that the category Adventure 
represents. 


Example 1 
Find the circumference of ©A. 


C=2tr Circumference formula 


= 271(10) Substitution 


= 62.83 Use a calculator. 


The circumference of ©A is about 62.83 inches. 


Example 2 
Find the value of x. 


mZQVR + MZRVS + MZSVT + 
mZTVU + mZUVQ = 360 


167+ x+77+x+ 26 = 360 
270 + 2x = 360 

2x = 90 

x= 45 


Sum of Central Angles 
Substitution 
Simplify. 

Subtract. 

Divide. 


ea 767 


Study Guide and Review continued 


Arcs and Chords 
20. Find the value of x. 


In OK MN = 16 and 
mMN = 98. Find each 
measure. Round to 
the nearest hundredth. 


21. mNJ 22. LN 


23. GARDENING The top of the 
trellis shown is an arc of a 


circle in which CD is part 

of the diameter and CD AB. 

If ACB is about 28% of a complete 
circle, what is mCB? 


Inscribed Angles 


Find each measure. 
24. mZ1 


26. MARKETING In the logo 
at the right, mZ1 = 42. 
Find mZ5. 
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Example 3 
ALGEBRA In ©E, EG= EF. Find AB. 


D 
C 2x+3 

Since chords EG and EF are congruent, they are equidistant 
from E. So, AB = CD. 

AB = CD Theorem 10.5 
3X -—9 = 2x+ 3 Substitution 

3x=2x+12 = Add. 

x=12 Simplify. 


So, AB = 3(12) — 9 or 27. 


Example 4 
Find mZD and mZB. 


Since ABCD is inscribed 
in a Circle, opposite angles 
are supplementary. 


mZD+ mZB = 180 Definition of supplementary 
23x + 12 + 21x — 8 = 180 Substitution 
44x+4= 180 Simplify. 
44x = 176 Subtract. 
x=4 Divide. 


So, MZD = 23(4) + 12 or 104 and mZB = 21(4) — 8 or 76. 


Tangents 


27. SCIENCE FICTION Ina story Todd is writing, instantaneous Example 5 
travel between a two-dimensional planet and its moon is In the figure, KLis tangent 
possible when the time-traveler follows a tangent. Copy the to ©Mat K. Find the 
figures below and draw all possible travel paths. value of x. 


By Theorem 10.9, MK L KL. So, AMKLis a right triangle. 


Ki? + KL? = ML? Pythagorean Theorem 


. Find xand y. Assume that segments that appear to be x 4.17? = (x + 10)? eihemutia 
tangent are tangent. Round to the nearest tenth if 


necessary. x* + 289 = x° + 20x+100 = Multiply. 


289 = 20x + 100 Simplify. 
189 = 20x Subtract. 
9.45 = x Divide. 


Secants, Tangents, and Angle Measures 


Find each measure. Assume that segments that appear to be Example 6 
tangent are tangent. Find the value of x. 


29. mZ1 30. mAC 


° B Cc 
86 D 
82° 
A 
108° 220° CAB is a semicircle because CB is a diameter. 


. PHOTOGRAPHY Ahmed needs to take a close-up shot of So, mCAB = 180. 
an orange for his art class. He frames a shot of an orange —_— z 
as shown below, so that the lines of sight form tangents to mZD = (mCB—mEB) —_Theorem 10.14 


the orange. If the measure of the camera's viewing angle is 1 a 
34°, what is mACB? 45 = ral 80 — 10x) Substitution 


90 = 180 — 10x Multiply. 


—90 = —10x Subtract. 


9=x Divide. 
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Special Segments in a Circle 


Find x. Assume that segments that appear to be tangent 
are tangent. 


32. 33. 


a y 


34. ARCHAEOLOGY While digging a hole to plant a tree, 


Henry found a piece of a broken saucer. What was the 


circumference of the original saucer? Round to the 
nearest hundredth. 


Equations of Circles 


Example 7 


Find the diameter of circle M. 


VW WX = YW WZ 

17-17 = 10.5 + WZ 
289 = 10.5 + WZ 
27.0 = WZ 


YZ= YW+ WZ 
¥YZ= 10.5 + 27.5 
YZ = 38 


Z 

Theorem 10.14 
Substitution 

Simplify. 

Divide each side by 10.5. 


Segment Addition Postulate 
Substitution 


Simplify. 


Write the equation of each circle. 
35. center at (—2, 4), radius 5 
36. center at (1, 2), diameter 14 


37. FIREWOOD In an outdoor 
training course, Kat learns 
a wood-chopping safety 
check that involves making 
a circle with her arm 
extended, to ensure she 
will not hit anything 
overhead as she chops. 

If her reach is 19 inches, 
the hatchet handle is 

15 inches, and her shoulder 
is located at the origin, what 
is the equation of Kat’s 
safety circle? 
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Example 8 
Write the equation of the circle graphed below. 


The center is at (6, 4) and the radius is 5. 
(x— Ah? +(y—k? = P Equation of a circle 
(x—6)?+(y—4)?= 5% (4h=(6,4)andr=5 
(x — 6)? + (y—4)? = 25 Simplify. 


Practice Test 


1. POOLS Amanda’s family has a swimming pool that 
is 4 feet deep in their backyard. If the diameter of 
the pool is 25 feet, what is the circumference of the 
pool to the nearest foot? 


2. Find the exact circumference of the circle below. 


A 15 C 88.5 
B 25 D not enough 
information 


8. Find x if OM = ON. 


(5x — 27)° 
S 


9. MULTIPLE CHOICE How many points are shared by 
concentric circles? 


F 0 H 2 
Gl J infinite points 


10. Determine whether FG is tangent to ©E. Justify 
your answer. 


11. MULTIPLE CHOICE Which of the figures below shows 
a polygon circumscribed about a circle? 


ioke 
Oe 


12. Find the perimeter of 
the triangle at the right. 
Assume that segments that 
appear to be tangent are 


tangent. 


Find each measure. 


13. mZT 14. x 


15. FLOWERS Hannah wants to encircle a tree trunk 
with a flower bed. If the center of the tree trunk 
is the origin and Hannah wants the flower bed to 
extend to 3 feet from the center of the tree, what is 
the equation that would represent the flower bed? 


m Zi 


Properties of Circles 


A circle is a unique shape in which the angles, arcs, and segments intersecting the circle 
have special properties and relationships. You should be able to identify the parts of a 
circle, write the equation of a circle, and solve for arc, angle, and segment measures in 


a circle. 


mZ1+mZ2+mZ3 = 360 


C= 2tror td 


Strategies for Applying the Properties of Circles 


Review the parts of a circle and their relationships. 
e Some key parts include: radius, diameter, arc, chord, tangent, secant 


e Study the key theorems and the properties of circles as well as the relationships 
between the parts of a circle. 


Read the problem statement and study any figure you are given carefully. 
e Determine what you are being asked to find. 
e Fill in any information in the figure that you can. 


e Determine which theorems or properties apply to the problem situation. 


Solve the problem and check your answer. 
e Apply the theorems or properties to solve the problem. 


e Check your answer to be sure it makes sense. 
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Standardized Test Example 


Read the problem. Identify what you need to know. Then use the information in 
the problem to solve. 

Solve for x in the figure. 

A 2 C 4 133° 

B 3 D6 


133° 


Read the problem statement and study the figure carefully. You are given a circle 

with two chords that correspond to congruent minor arcs. One important property 
of circles is that two chords are congruent if and only if their corresponding minor 
arcs are congruent. You can use this property to set up and solve an equation for x. 


4x —2 = 6x — 10 Definition of Congruent Segments 
4x — 6x = -—10+2 Subtract. 


—2x = —8 Simplify. 
=a) Divide each side by —2. 


x=4 Simplify. 


So, the value of x is 4. The answer is C. You can check your answer by substituting 
4 into each expression and making sure both chords have the same length. 


Read each problem. Identify what you need to know. 2. Triangle RST is circumscribed about the circle 
Then use the information in the problem to solve. below. What is the perimeter of the triangle? 
1. Solve for x in the figure below. R 
+1 
(x42) = s| ™ 
F 
(3x + 23)° 3x—2 
x-1 
H 
S x-1 10 i 
G 
A 4 C 6 F 33 units H 37 units 
B 5 D7 G 36 units J 40 units 
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YStandardized Test Practice 


Cumulative, Chapters 1 through 10 


Multiple Choice 


Read each question. Then fill in the correct answer on 
the answer document provided by your teacher or on 
a sheet of paper. 


1. If ABCD is a rhombus, and mZABC = 70°, what 


ismZ1? 
C D 
B A 
A 45° C 70° 
B 55° D 125° 


2. Karen argues that if you live in Greensboro, North 
Carolina, then you live in Guilford County. Which 
assumption would you need to make to form an 
indirect proof of this claim? 


F Suppose someone lives in Guilford County, but 
not in Greensboro. 


G Suppose someone lives in Greensboro, but not in 
Guilford County. 


H Suppose someone lives in Greensboro and in 
Guilford County. 


J Suppose someone lives in Guilford County and 
in Greensboro. 


3. What is the value of x in the figure? 


A 19 C 26 
B 23 D 28 
Test-TakingTip 


Question 3 Use the properties of circles to set up and solve an 
equation to find x. 
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4. Given a || 6, find mZ1. 
a 


133° 


F 47° 
G 54° 
H 79° 
J 101° 


5. Which of the following conditions would not 
guarantee that a quadrilateral is a parallelogram? 


A both pairs of opposite sides congruent 
B_ both pairs of opposite angles congruent 
C diagonals bisect each other 


D one pair of opposite sides parallel 


6. The ratio of the measures of the angles of the 


triangle below is 3:2:1. Which of the following 
is not an angle measure of the triangle? 


F 30° 
G 45° 
H 60° 
J 90° 


Short Response/Gridded Response 


Record your answers on the answer sheet provided 
by your teacher or on a sheet of paper. 


7. Does the figure shown have rotational symmetry? 


8. GRIDDED RESPONSE A square with 5-centimeter 


. GRIDDED RESPONSE What is the perimeter of the 


If so, give the order of symmetry. 


L 


sides is inscribed in a circle. What is the circumference 
of the circle? Round your answer to the nearest 
tenth of a centimeter. 


right triangle below? Round your answer to the 
nearest tenth if necessary. 


14 in. 


ye 


11. GRIDDED RESPONSE State the magnitude of 
rotational symmetry of the figure. Express your 
answer in degrees. 


vay 
eo: 
PFA 
12. What is the length of EF? 


D 


(4x + 11)° 
E 2x-3 F 


Extended Response 


Record your answers on a sheet of paper. 
Show your work. 


13. Use the circle shown to answer each question. 


y 


a. What is the center of the circle? 
b. What is the radius of the circle? 


c. Write an equation for the circle. 


rl \ 
Need ExtraHelp? 
If you missed Question... 1 2 3 4 5 6 7 8 9 10 11 12 13 
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Get Ready for the Chapter 


Diagnose Readiness | You have two options for checking prerequisite skills. 


| 1 Textbook Option Take the Quick Check below. Refer to the Quick Review for help. 


The area and width of a rectangle are given. Find the length of 
the rectangle. 


Example 1 


The area of a rectangle is 64 square units and the width is 


1.A=25,w=5 2. A= 42,w=6 4 units. Find the length. 
3. A= 280, w= 14 4. A= 360, w= 60 A= lw Area of rectangle 
5. GARDENS Molly planted a garden with a length of 72 feet. 64 = &(4) Substitution 
If she bought enough fertilizer to cover 792 square feet, = oa ; 
what width should she make the garden? PWIGE an) eR ER: 


The length is 16 units. 


Evaluate each expression if a= 9, b= 10, c = 12, and d= 13. 


6. salb + ¢) 7. Hab + cd) Evaluate Sx(2x + 3y) for x = 4 and y= 12. 
8. Ha + bd) 9. ted Ly 2x + 3) = Wa)2(4) + 3(12)] Substitution 
10. Lab + 0 11. 4a+ a) =a 20) Multiply 
= 2(44) Add. 
= 88 Multiply. 


Find fin each triangle. | Example3 


12. 13. O Find the value of h. 
h 3cm 
h 
ie h 60 ft 
14, LOOKOUT The lookout on a pirate ship slides down a rope 


from the top of the mast 6 meters above the water. He can see 60 ft 
the land at a 60° angle. How far does he slide? 


Since fis the hypotenuse of the triangle, the triangle can be 


t redrawn as shown. 
6m 


bs In a 45°-45°-90° triangle, the hypotenuse is 2 times the 
length of a leg. 


h= (V2)60 
= 84.85 
So, His approximately 84.85 feet. 


—, 
2 Online Option Take an online self-check Chapter Readiness Quiz at connectED.mcgraw-hill.com. vV/ 
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Get Started on the Chapter 


You will learn several new concepts, skills, and vocabulary terms as you study 
Chapter 11. To get ready, identify important terms and organize your resources. 
You may wish to refer to Chapter 0 to review prerequisite skills. 


[ZED StudyOrganizer 


NewVocabulary 


Areas of Polygons and Circles Make this Foldable to help you 
organize your Chapter 11 notes about areas of polygons and 
circles. Begin with three sheets of notebook paper. 


1 Stack three sheets of paper 
and fold them in half, lengthwise. 


2 Staple the papers together 
one inch from the top fold. 


3 Cut the top sheet two inches 
from the top fold and each 
following sheet one inch longer 
than the previous sheet. 


4 Label as shown. 
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English Espafol 
base of aparallelogram pp. 779 


heightofa_ p.779 
parallelogram 


base de un paralelogramo 


altura de un paralelogramo 


base ofatriangle p.781 base de un triangulo 


height of atriangle p.781 altura de un triangulo 
height of atrapezoid p.789 altura de un trapecio 
sector of acircle p.799 — sector circular 


center of aregular p.807 centro de un poligono 


polygon regular 
radius of aregular p.807 radio de un poligono 
polygon regular 
apothem p.807 apotema 


central angle ofa __p. 807 
regular polygon 


angulo central de un 
poligono regular 


ReviewVocabulary 


arc arco apart ofa circle that is defined by two endpoints 


central angle angulo central an angle that intersects a circle in 
two points and has its vertex at the center of the circle 


central angle 


arc 


diagonal diagonal a segment that connects nonconsecutive 
vertices of a polygon 


on 


Areas of Parallelograms and Triangles 


@ You found areas 
of rectangles 
and squares. 


@>a NewVocabulary 
=~ hase of a parallelogram 


height of a parallelogram 
base of a triangle 
height of a triangle 


, Common Core 
State Standards 


Content Standards 
G.GPE.7 Use coordinates to 
compute perimeters of 
polygons and areas of 
triangles and rectangles, e.g., 
using the distance formula. 


Mathematical Practices 

1 Make sense of problems 
and persevere in solving 
them. 

7 Look for and make use of 
structure. 


@ Find perimeters 


Why? 


@ A tangram is an ancient Chinese puzzle that can be rearranged to 
form different images, such as the animals shown. The area of the 
puzzle, before and after being rearranged, remains the same. It is 
the sum of all the areas of its pieces. 


mite 


and areas of 
parallelograms. 


Find perimeters and 
areas of triangles. 


Areas of Parallelograms In Lesson 6-2, you base 
learned that a parallelogram is a quadrilateral 

with both pairs of opposite sides parallel. Any side 

of a parallelogram can be called the base of a 

parallelogram. The height ofia/parallelogram is the 


perpendicular distance between any two parallel bases. 


base 


You can use the following postulate to develop the 
formula for the area of a parallelogram. 


Postulate 11.1 Area Addition Postulate 


The area of a region is the sum of the areas of its nonoverlapping parts. 


In the figures below, a right triangle is cut off from one side of a parallelogram and 
translated to the other side as shown to form a rectangle with the same base and height. 


Recall from Lesson 1-6 that the area of a rectangle is the product of its base and height. By 
the Area Addition Postulate, a parallelogram with base b and height / has the same area 
as a rectangle with base b and height h. 


oS KeyConcept Area of a Parallelogram 
Words The area A of a parallelogram is the product 
of a base b and its corresponding height h. 
Symbols A= bh 
——_ 
\ y 


Example 1 


Find the perimeter and area of CABCD. 
Perimeter 


Since opposite sides of a parallelogram are 
congruent, AB = DC and BC = AD. So 
AB = 4 inches and BC = 10 inches. 


Perimeter of TABCD = AB + BC + DC + AD 
=4+4+10+4+ 10 or 28 in. 


[ StudyTip Area 
Heights of Figures 

The height of a figure can be 
measured by extending a 
base. In Example 1, the height 
of CJABCD that corresponds 
to base DC can be measured 
by extending DC. 


The height given, DE, is 5 inches. BC is the base, 
which measures 10 inches. 


Az=bh Area of a parallelogram 
= (10)(5) or 50 in? b=10andh=5 


GuidedPractice 


A B 


Find the perimeter and area of each parallelogram. 


1A. 1B. 


21cm 


Example 2 


Find the area of CJEFGH. 


FEEEE Use a 45°-45°-90° triangle to find the 
height h of the parallelogram. 


Recall that if the measure of the leg a 4 G 
opposite the 45° angle is h, then the 
measure of the hypotenuse is hV2. 
WatchoOut! hV2 = 8.5 Substitute 8.5 for the measure of the hypotenuse. 
SS Precisi 8.5 a ; 
cess Precision Remember h= VE or about 6 mm Divide each side by V2. 
that perimeter is measured in : 7 
linear units such as inches EX) Find the area. 
and centimeters. Area is A=bh Area of a parallelogram 


measured in square units 
such as square feet and 
square millimeters. 


= (15)(6) or90mm2 = b= 15 andh~6 


GuidedPractice 
Find the area of each parallelogram. Round to the nearest tenth if necessary. 


2B. 32m 


Th 


17 yd 


RN 
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a segment from a vertex of a is the length of an altitude drawn to a given base. 
triangle to the line containing 
the opposite side and 
perpendicular to the line 
containing that side 


ReviewVocabulary Areas of Triangles Like the base of a parallelogram, the 
altitude of a triangle base of a triangle can be any side. The heightofatriangle ,.., 


You can use the following postulate to develop the formula 
for the area of a triangle. 


Postulate 11.2 Area Congruence Postulate 


If two figures are congruent, then they have the same area. 


In the figures below, a parallelogram is cut in half along a diagonal to form two 
congruent triangles with the same base and height. 


b—_———> 


b 


b 


By the Area Congruence Postulate, the two congruent triangles have the same area. So, 
one triangle with base b and height /1 has half the area of a parallelogram with base b and 


height h. 
_KeyConcept Area of a Triangle | 
Words The area A of a triangle is one half the product 


of a base b and its corresponding height h. 


Symbols A= shh orA= = 


Real-World Example 3 


GARDENING D’Andre needs enough mulch to cover the 
triangular garden shown and enough paving stones to 
border it. If one bag of mulch covers 12 square feet and 
one paving stone provides a 4-inch border, how many 
bags of mulch and how many stones does he need to buy? 
EM Find the perimeter of the garden. 

Perimeter of garden = 23 + 15 + 7 or 45 ft 


EG Find the area of the garden. 
A= sbh Area of a triangle 


Real-WorldLink 


Triangular gardens can serve 
as focal points in landscaping 
or simply result from 
intersecting walkways. 


= 5(7)(9) or31.5f2 b=7andh=9 


| Step 3| Use unit analysis to determine how many of each item are needed. 


Bags of Mulch Paving Stones 
_ lbag _ , 12if. , 1stone _ 
3154-7 nae 2.625 bags 45 ff ie” aa 135 stones 


Round the number of bags up so there is enough mulch. He will need 3 bags of mulch 


and 135 paving stones. 
781 \)) 


Janet Johnson/Gap Photos/age fotostock 
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GuidedPractice 


Find the perimeter and area of each triangle. 


3A. Talay 27 in. | 3B. / 


29cm 


Example 4 


ALGEBRA The height of a triangle is 5 centimeters more than its base. The area of 
the triangle is 52 square centimeters. Find the base and height. 


Step 1 | Write expressions to represent each measure. 


Let b represent the base of the triangle. Then 


the height is b + 5. b+5cm 


Step 2| Use the formula for the area of a triangle to find b. 


= om —x 


A= Soh Area of a triangle 
52 = Sob +5) Replace A with 52 and hwith b +5. 
104 = b(b +5) Multiply each side by 2. 
104 = b2 + 5b Distributive Property 
0=b2+5b— 104 Subtract 104 from each side. 
StudyTip 0 = (b + 13)(b — 8) Factor. 
Zero Product Property = b+13=0 and b—8=0 Zero Product Property 
If the product of two factors is 
0, then at least one of the b= —-13 b=8 Solve for b. 


factors must be 0. 


| Step 3| Use the expressions from Step 1 to find each measure. 


Since a length cannot be negative, the base measures 8 centimeters and the 
height measures 8 + 5 or 13 centimeters. 


GuidedPractice 
ALGEBRA Find x. 
4A. A = 148 m2 4B. A = 357 in? 


xm 


é'. 


|} 34 in. >| 


8m 


4C. ALGEBRA The base of a parallelogram is twice its height. If the area of 
the parallelogram is 72 square feet, find its base and height. 


») 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Examples 1-3 Find the perimeter and area of each parallelogram or triangle. Round to the nearest 


tenth if necessary. 
3. 
20cm 
18 ft 


15 in. 2. 
12cm 


6 ore > 


in mm |<— 30 mm —+| 


15 in. sia | a | 


7. CRAFTS Marquez and Victoria are making pinwheels. Each pinwheel is composed of 
4 triangles with the dimensions shown. Find the perimeter and area of one triangle. 


| 
11 in. 
| 


Example 4 Find x. 
8. A = 153 in? 9. A = 165 cm? 


Practice and Problem Solving Extra Practice is on page R11. 


Examples 1-3 (css STRUCTURE Find the perimeter and area of each parallelogram or triangle. Round to 
ine nearest tenth if necessary. 


10. 8 tt 12. 


26 cm 95 mm 


|<— 22cm >| 


15. 


Fae 40 in. | 


16. TANGRAMS The tangram shown is a 4-inch square. 


a. Find the perimeter and area of the purple triangle. 
Round to the nearest tenth. 


b. Find the perimeter and area of the blue parallelogram. 
Round to the nearest tenth. 


la~ 
Example 2 GOSS STRUCTURE Find the area of each parallelogram. Round to the nearest tenth if necessary. 


17. 18, 141mm 19. 33.5 cm 

30 ft 60° 45° 

; ' |-—| 

30 28 ft — 10.1 cm 

7mm 
20. 45° 21 22. a 
; x 40°-7 
|<—128 in. —>| 190m Sa 
20m Wor 
ge 


(23) WEATHER Tornado watch areas are often 
shown on weather maps using parallelograms. 
What is the area of the region affected by the 
tornado watch shown? Round to the nearest 
square mile. 


Example 4 24. The height of a parallelogram is 4 millimeters more than its base. If the area of the 
parallelogram is 221 square millimeters, find its base and height. 


25. The height of a parallelogram is one fourth of its base. If the area of the parallelogram 
is 36 square centimeters, find its base and height. 


26. The base of a triangle is twice its height. If the area of the triangle is 49 square feet, find 
its base and height. 


27. The height of a triangle is 3 meters less than its base. If the area of the triangle is 
44 square meters, find its base and height. 


28. FLAGS Omar wants to make a replica of 
Guyana’s national flag. 


a. What is the area of the piece of fabric he 
will need for the red region? for the yellow 
region? 


b. If the fabric costs $3.99 per square yard for 
each color and he buys exactly the amount of 
fabric he needs, how much will it cost to make 
the flag? 


29. DRAMA Madison is in charge of the set design 
for her high school’s rendition of Romeo and 
Juliet. One pint of paint covers 80 square feet. 
How many pints will she need of each color if 
the roof and tower each need 3 coats of paint? 


Find the perimeter and area of each figure. Round to the nearest 
hundredth, if necessary. in. 


4 yd 12 yd 


—= 
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COORDINATE GEOMETRY Find the area of each figure. Explain the method that you used. 
(33) CIABCD with A(4, 7), B(2, 1), C(8, 1), and D(10, 7) 
34. ARST with R(—8, —2), S(—2, —2), and T(—3, —7) 


35. HERON’S FORMULA Heron’s Formula relates the lengths of the sides of a triangle 
to the area of the triangle. The formula is A = \/s(s — a)(s — b)(s — c), where s is 


the semiperimeter, or one half the perimeter, of the triangle and a, b, and c are 
the side lengths. 


a. Use Heron’s Formula to find the area of a triangle with side lengths 7, 10, and 4. 
b. Show that the areas found for a 5-12-13 right triangle are the same using Heron’s 
Formula and using the triangle area formula you learned earlier in this lesson. 
36. 9%? MULTIPLE REPRESENTATIONS In this problem, you will investigate the relationship 
between the area and perimeter of a rectangle. 


a. Algebraic A rectangle has a perimeter of 12 units. If the length of the rectangle is 
x and the width of the rectangle is y, write equations for the perimeter and area of 
the rectangle. 


b. Tabular Tabulate all possible whole-number values for the length and width of 
the rectangle, and find the area for each pair. 


c. Graphical Graph the area of the rectangle with respect to its length. 


d. Verbal Describe how the area of the rectangle changes as its length changes. 


e. Analytical For what whole-number values of length and width will the area be 
greatest? least? Explain your reasoning. 


H.0.T. Problems use Higher-Order Thinking Skills 


37. CHALLENGE Find the area of AABC graphed at 
the right. Explain your method. 


aa 

38. CSS ARGUMENTS Will the perimeter of a 
nonrectangular parallelogram always, 
sometimes, or never be greater than the perimeter 
of a rectangle with the same area and the same 
height? Explain. 


39. WRITING IN MATH Points J and L lie on line m. 
Point K lies on line p. If lines m and p are 
parallel, describe how the area of AJKL will 
change as K moves along line p. 


40. OPEN ENDED The area of a polygon is 35 square units. 
The height is 7 units. Draw three different triangles 
and three different parallelograms that meet these 
requirements. Label the base and height on each. 


41. WRITING IN MATH Describe two different ways 
you could use measurement to find the area of 
parallelogram PQRS. 


[ CoE BL) 


Standardized Test Practice 


42. What is the area, in square units, of the 44, A wheelchair ramp is built that is 20 inches high 

parallelogram shown? and has a length of 12 feet as shown. What is the 
measure of the angle x that the ramp makes with 
the ground, to the nearest degree? 


12 ft f 


20 in. 


2 a 


Note: Not drawn to scale. 


F 8 H 37 
G 16 J 53 


45. SAT/ACT The formula for converting a Celsius 
A 12 C 32 temperature to a Fahrenheit temperature is 

B 20 D 40 F= 2 C + 32, where F is the temperature in 
degrees Fahrenheit and C is the temperature 
in degrees Celsius. Which of the following is 
the Celsius equivalent to a temperature of 


43. GRIDDED RESPONSE In parallelogram ABCD, BD 
and AC intersect at E. If AE = 9, BE = 3x — 7, 
and DE = x + 5, find x. 


86° Fahrenheit? 

A B 
A 15.7°C D 122.8°C 
B 30°C E 186.8° C 


C 65.5°C 


Spiral Review 


Write the equation of each circle. (Lesson 10-8) 
46. center at origin, r= 3 47. center at origin, d = 12 
48. center at (—3, —10), d = 24 49. center at (1, —4),r = V17 


Find x to the nearest tenth. Assume that segments that appear to be tangent are tangent. (Lesson 10-7) 


OC 


53. ARCHITECTURE The Louvre Pyramid is the main entrance to the 
Louvre Museum in Paris, France. The structure consists mainly 
of quadrilateral-shaped glass segments, as shown in the photo 
at the right. Describe one method that could be used to prove 
that the shapes of the segments are parallelograms. (Lesson 6-3) 


Skills Review 


Evaluate each expression if a = 2, b = 6, andc = 3. 


1 1 1 1 1 
54. ac 55. xb 56. 5b(2a +) 57. aclb +a) 58. 5a(2c +b) 


—e 
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“Graphing Technology Lab 


Areas of Trapezoids, 
Rhombi, and Kites 


You can use the TI-Nspire Technology to (Css Common Core State Standards 


explore special quadrilaterals. =" Content Standards 
P P q Preparation for G.MG.3 Apply geometric methods to solve problems (e.g., designing an object or structure 


to satisfy physical constraints or minimize cost; working with typographic grid systems based on ratios). ¥* 
Mathematical Practices 5 


Activity 1 


| Step 1 | Open a new Graphs page. Select Show Grid Step 1: 
from the View menu so that points 
can be placed at integer coordinates. 


| Step 2 | Select Line from the Points & Lines menu, 
and draw a horizontal line. 


ESSE] Select Parallel from the Construction menu 
to draw a line parallel to your original line 
through a point with the same x-coordinate 
as a point in Step 2. 


| Step 4 | Place an additional point on the parallel line 
you just constructed using Point on from the 
Points & Lines menu. Label the four points Step 5: 
as shown. 


SG From the Shapes menu, select Polygon, and 
draw a polygon using the four points you 
created. From the Actions menu, select 
Attributes, select the polygon, and increase 
the line thickness of the polygon. 


BEA Display the area of the polygon using Step 6: 
the Area tool from the Measurement 
menu. Move each of the points and 

observe the effect on the area. 


Analyze the Results 
1. What type of quadrilateral is ABCD? Explain your reasoning. 


2. MAKE A CONJECTURE Using the formulas you learned in Lesson 11-1, make a 
conjecture about the formula for the area of this type of quadrilateral if BC is b,, 
AD is b,, and AB is h. Explain. (continued on the next page) 
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Graphing Technology Lab 
Areas of Trapezoids, 
Rhombi, and Kites Continued 


Activity 2 


QE Open a new Graphs page. Select Show Grid 
from the View menu so that points 
can be placed at integer coordinates. 


FXthe Select Line from the Points & Lines menu, 
and draw a line. 


[Sted Place a point above the line by selecting Point 
from the Points & Lines menu. 


ESGRZJ Reflect the point above the line by choosing 
Reflection from the Transformation menu, then 
select the point and then the line. 


(Stal Label the four points as shown. 


(Sti From the Shapes menu, select Polygon, and 
draw a polygon using points W, X, Y, and Z. 


Display the area of the polygon using the 
Area tool from the Measurement menu. 
Move points W, X, and Y, and observe the 
effect on the area. 


Step 6: a 


Step 8 Select Segment from the Points & Lines Step 8: | 
menu to draw the diagonals of WXYZ. 


ME] Display the lengths of the diagonals using the 
Length tool from the Measurement menu, 
and display the angle between the diagonals 
using the Angle tool. Continue to move 
points W, X, and Y, and observe the effect 
on the area and the angle between the 
diagonals. 


Analyze the Results 
3. What type of quadrilateral is WXYZ? Explain your reasoning. 


4. MAKE A CONJECTURE Using the formulas you learned in Lesson 11-1, develop a 
formula for the area of this type of quadrilateral. Let WY be d,, and let XZ be d,,. 
Explain your reasoning. 


5. CHALLENGE Construct a quadrilateral using two perpendicular lines and reflecting a 
point on each as you did in Step 4 of Activity 2. What type of quadrilateral is formed? 
Does the formula for the area you developed in Exercise 4 apply? 
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Areas of Trapezoids, Rhombi, and Kites 


:-‘Now :- Why? 
@ You found areasof ©@ 1 Find areas of @ Brianna has turned her hobby of making 
triangles and trapezoids. designer handbags and totes into a 


parallelograms. small business. Among her designs is a 
trapezoid-shaped handbag. To estimate 
the amount of material needed to 
produce each handbag, she needs 


to calculate the area of a trapezoid. 


Find areas of rhombi 
and kites. 


oh NewVocabulary Areas of Trapezoids In Lesson 6-6, you learned that 
~ height of a trapezoid a trapezoid is a quadrilateral with exactly one pair of ! 
parallel sides. These parallel sides are called bases. The height i height 
of a trapezoid is the perpendicular distance between its bases. Lo 
base 
=~ In the figure below, a glide reflection of the first trapezoid results 
ea Ab in two congruent trapezoids that fit together to form a parallelogram. 
Content Standards + b,->|«——b, —+| The area of the parallelogram is the product of the height h 


and the sum of the two bases, b, and b,. The area of one 
trapezoid is one half the area of the parallelogram. 


G.MG.3 Apply geometric 
methods to solve problems 
(e.g., designing an object or 


structure to satisfy physical — b, —| | b,>| 

constraints or minimize cost; 

working with typographic a . 
grid systems based on © KeyConcept Area of a Trapezoid 
ratios). %* 


Words The area A of a trapezoid is one half the b, 
product of the height 4 and the sum of its 
bases, b, and by. 


Symbols A= 1 h(b, + b,) 


Mathematical Practices 

1 Make sense of problems 
and persevere in solving 
them. 

7 Look for and make use of 
structure. 


Real-World Example 1 


CRAFTS One of Brianna’s trapezoid-shaped totes is shown. 
Find the amount of material used to make the side shown. 


A= Sh(b + bo) Area of a trapezoid 
= $(30)(28 + 58) = 30, b, = 28, b) = 58 
- 58 cm > 
= 1290 Simplify. 
The tote requires 1290 square centimeters. 72 


GuidedPractice 


1. AUTOMOBILES Find the area of glass 
used to make the windshield of a van 
shown at the right. 


Juice Images/age fotostock 


729 (9 


Test-TakingTip 
Separating Figures To solve 
some area problems, you 
need to draw in parallel and/ 
or perpendicular lines to find 
information not provided. 


¥. 


==; 


ay 


' 


Real-WorldCareer 


Craft Artist Craft artists 
create their art by hand to 
sell or exhibit. They work with 
a wide variety of materials 
including textiles, woods, 
metal, and ceramics. 


Most artists receive some 
type of postsecondary 
training, and about 63% 
are self-employed. Craft 
artists make up about 3% 
of all artists. 


S 
ra 


J 


Standardized Test Example 2 
SHORT RESPONSE Emelia designed the pennant 


shown for her team. Find the area of the 
shaded portion of her team’s pennant. 
8.5 in. 
Read the Test Item 10 in 
; ie 
You are given a trapezoid with one base Teaw! 
measuring 10 inches, a height of 4 inches, and Eat 
a third side measuring 8.5 inches. To find the oe 
area of the trapezoid, first find the measure of 
the other base. 4 in. 
The team with the edge! 


Solve the Test Item 


Draw the segment shown to form a right triangle rn 
and a rectangle. The triangle has a hypotenuse of 
8.5 inches and legs of 4 and @ inches. The rectangle 
has a length of 4 inches and a width of x inches. 


Use the Pythagorean Theorem to find £. 10 in. 
a? +b? = c? Pythagorean Theorem 
£2 + 47 = 8.57 a= ,b=4,andc=85 in. 
7416 =72.25 Simplify. ems 
£2 = 56.25 Subtract 16 from each side. 
L=7.5 Take the positive square root of 


each side. 


By Segment Addition, + x = 10. So, 7.5 + x = 10 and x = 2.5. The width of the 
rectangle is also the measure of the second base of the trapezoid. 


A= Sh(b, + by) Area of a trapezoid 
= F(4)(10 + 2.5) 


= 25 


h=4, b, =10, and bp = 2.5 


Simplify. 


So the pennant has an area of 25 square inches. 


CHECK The area of the trapezoid is the sum of the areas of the right triangle and 
rectangle. The area of the triangle is 5(4)(7.5) or 15 square inches. The area 


of the rectangle is (4)(2.5) or 10 square inches. So the area of the trapezoid is 
15 + 10 or 25 square inches. ¥ 


GuidedPractice 


2. SHORT RESPONSE Owen designed the silver earrings 
shown that are shaped like isosceles trapezoids. 
What is the area of each earring? 


4cm 
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Areas of Rhombi and Kites Recall from Lessons 6-5 
and 6-6 that a rhombus is a parallelogram with all four 
sides congruent and a kite is a quadrilateral with exactly 
ReviewVocabulary two pairs of consecutive congruent sides. 


diagonal a segment that 
connects any two 
nonconsecutive vertices 


The areas of rhombi and kites are related to the lengths of rhombus kite 
their diagonals. 


in a polygon 
oS KeyConcept Area of a Rhombus or Kite 
Words The area A of a rhombus or kite is one half the product of the 
lengths of its diagonals, d, and d,. 
Symbols  A=aid, i 
2 d, d, 
2 2 
| +<§ d, —>| |}+——_ d, —>| 
. yy, 


Example 3 


Find the area of each rhombus or kite. 


a. |~—8 m—+| A= Sadly Area of a kite 
| =F(8)(15)d, = Band d, = 15 
15m = 60 m* Simplify. 
b. Step 1| Find the length of each diagonal. 


Since the diagonals of a rhombus bisect each 
other, then lengths of the diagonals are 12 + 12 
or 24 feet and 10 + 10 or 20 feet. 


EX) Find the area of the rhombus. 
A= Said, Area of a rhombus 
=$(24)(20) —d, = 24 and d, = 20 
= 240 ft? Simplify. 


GuidedPractice 
Find the area of each rhombus or kite. 


Math HistoryLink 


Heron of Alexandria 

(c. 10-70 A.D.) Heron a 
was a mathematician and Pin Yin 
engineer in Roman Egypt. 16 in. a 


He developed a formula for 
finding the area of a triangle 
if the lengths of the sides 
are known. 


\Apic/Hulton Archive/Getty Images 


You can use algebra to solve for unknown measures in trapezoids, rhombi, and kites. 


yaaa \s 
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Example 4 


ALGEBRA One diagonal of a rhombus is twice as long as the other diagonal. If 
the area of the rhombus is 169 square millimeters, what are the lengths of the 
diagonals? 


Step 1 | Write an expression to represent each measure. 


Let x represent the length of one diagonal. Then the 
length of the other diagonal is 2x. 


J = 


+ — 2x —+| 
| Step 2| Use the formula for the area of a rhombus to find x. 


A= Fd ,dy Area of a rhombus 
169 =S(x)(2x) A= 169, d, = x, and d, = 2x 
169 = x? Simplify. 
13=x Take the positive square root of each side. 


So the lengths of the diagonals are 13 millimeters and 2(13) or 26 millimeters. 


GuidedPractice 


StudyTip ALGEBRA Find x. 

Kites Recall from Lesson 6-6 ae eee! _ 2 

that the diagonals of kites are ean oem iil Ba 

perpendicular. |«—— 22 in.—+| xn 
xin. 


11cm 


4C. ALGEBRA What is the area of the kite shown? 


ConceptSummary Areas of Polygons 


Parallelogram Triangles Trapezoids Rhombi and Kites 


k#—2,—| 


ee 


-——| 


A=bh A= tbh 


wal 
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(bl)Micro Discovery/CORBIS, (bc)Micro Discovery/CORBIS, (br)Dennis Kunkel Microscopy, Inc./Visuals Unlimited/Corbis 


Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Examples 1-3 Find the area of each trapezoid, rhombus, or kite. 


iF 16 ft 2: 3. i] 


6 ft +17 m—+| 


4, SHORT RESPONSE Suki is doing fashion design at 4-H Club. 
Her first project is to make a simple A-line skirt. How 
much fabric will she need according to the design at 
the right? 


Example 4 ALGEBRA Find x. 


5. A = 78 cm? 6. A = 96 in” 7. A= 104 ft2 
6.4cm 
13cm 
Practice and Problem Solving Extra Practice is on page R11. 


Examples 1-3 cess STRUCTURE Find the area of each trapezoid, rhombus, or kite. 


8. 18mm 9. 22 ft 10. 
24mm 37 ft | 
11. 12. 6cm 13. 
a 
9cm «o 
7cm 


MICROSCOPES Find the area of the identified portion of each magnified image. Assume 
that the identified portion is either a trapezoid, rhombus, or kite. Measures are provided 
in microns. 


14. human skin (15) heartleaf plant 16. eye of a fly 


NAUSEA 


793 |») 


17. JOBS Jimmy works on his neighbors’ 
yards after school to earn extra money 
to buy a car. He is going to plant grass 
seed in Mr. Troyer’s yard. What is the 
area of the yard? 


Example 4 ALGEBRA Find each missing length. 


18. One diagonal of a kite is twice as long as the other diagonal. If the area of the kite is 
240 square inches, what are the lengths of the diagonals? 


(19) The area of a rhombus is 168 square centimeters. If one diagonal is three times as long 
as the other, what are the lengths of the diagonals? 


20. A trapezoid has base lengths of 12 and 14 feet with an area of 322 square feet. What is 
the height of the trapezoid? 


21. A trapezoid has a height of 8 meters, a base length of 12 meters, and an area of 
64 square meters. What is the length of the other base? 


22. HONORS Estella has been asked to join an honor society 1 in. 
at school. Before the first meeting, new members are 
asked to sand and stain the front side of a piece of wood 
in the shape of an isosceles trapezoid. What is the surface 
area that Estella will need to sand and stain? 


For each figure, provide a justification showing that A = Fd,d,. 
23. 24. W. 


J 
=e 


25. CRAFTS Ashanti is in a kite competition. The 
yellow, red, orange, green, and blue pieces of 
her kite design shown are congruent rhombi. 


a. How much fabric of each color does she 
need to buy? 


b. Competition rules require that the total 
area of each kite be no greater than 
200 square inches. Does Ashanti’s kite 
meet this requirement? Explain. 


(ess SENSE-MAKING Find the area of each quadrilateral with the given vertices. 
26. A(—8, 6), B(—5, 8), C(—2, 6), and D(—5, 0) 
27. W(3, 0), X(0, 3), Y(—3, 0), and Z(0, —3) 


28. METALS When magnified in very powerful microscopes, 
some metals are composed of grains that have various 
polygonal shapes. 


a. What is the area of figure 1 if the grain has a 
height of 4 microns and bases with lengths of 
5 and 6 microns? 


b. If figure 2 has perpendicular diagonal lengths of 3.8 microns 
and 4.9 microns, what is the area of the grain? 
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29. PROOF The figure at the right is a trapezoid that consists 
of two congruent right triangles and an isosceles triangle. 
In 1876, James A. Garfield, the 20th president of the 
United States, discovered a proof of the Pythagorean 


Theorem using this diagram. Prove that x* + y* = 2”. ~ ©. L 


DIMENSIONAL ANALYSIS Find the perimeter and area of each figure in feet. Round to the 


nearest tenth, if necessary. 
(1) Gay in. <B 
A 


8 in. 


33. oh MULTIPLE REPRESENTATIONS In this problem, you will investigate perimeters 


of kites. 
a. Geometric Draw a kite like the one xem 

shown if x = 2. 4cem 
b. Geometric Repeat the process in part a -+——12 cm——+| 


for three x-values between 2 and 10 and 
for an x-value of 10. 


c. Tabular Measure and record in a table the perimeter of each 
kite, along with the x-value. 


d. Graphical Graph the perimeter versus the x-value using 
the data from your table. 


e. Analytical Make a conjecture about the value of x that 
will minimize the perimeter of the kite. What is the significance 
of this value? 


H.0.T. Problems use Higher-Order Thinking Skills 


34, CSS CRITIQUE Antonio and Madeline want to draw a trapezoid that has a height of 
4 units and an area of 18 square units. Antonio says that only one trapezoid will meet 
the criteria. Madeline disagrees and thinks that she can draw several different 
trapezoids with a height of 4 units and an area of 18 square units. Is either of them 
correct? Explain your reasoning. 


35. CHALLENGE Find x in parallelogram ABCD. P [15 —"In 
36. OPEN ENDED Draw a kite and a rhombus with 
an area of 6 square inches. Label and justify D C 


your drawings. 


37. REASONING If the areas of two rhombi are equal, are the perimeters sometimes, always, or 
never equal? Explain. 


38. E?) WRITING IN MATH How can you use trigonometry to find the area of a figure? 


(Reoucce. megraw-hill.com 795 |») 


Standardized Test Practice 


39. The lengths of the bases of an isosceles trapezoid 41. ALGEBRA What is the effect on the graph of the 
are shown below. an equation y = ot when the equation is changed 
to y = —2x? 
F The graph is moved 1 unit down. 
G The graph is moved 1 unit up. 
; le _ : H The graph is rotated 45° about the origin. 
If the perimeter is 74 meters, what is its area? J The graph is rotated 90° about the origin. 
A 162 m? C 332.5 m? ro sate aed eats ; 
9 9 . Aregular hexagon is divided into 6 congruen 
Beam Deen triangles. If the perimeter of the hexagon 
40. SHORT RESPONSE One diagonal of a rhombus is So eee 
three times as long as the other diagonal. If the bie 
area of the rhombus is 54 square millimeters, what A 4cm C 6V3 cm E 8V3 cm 
are the lengths of the diagonals? B 4V3 cm D 8cm 


Spiral Review 


COORDINATE GEOMETRY Find the area of each figure. (Lesson 11-1) 

43. AJKL with J(—4, 3), K(—9, —1), and L(—4, —4) 

44. CORSTV with R(—5, 7), S(2, 7), T(0, 2), and V(—7, 2) 

45. WEATHER Meteorologists track severe storms using Doppler radar. A polar grid is 
used to measure distances as the storms progress. If the center of the radar screen is 


the origin and each ring is 10 miles farther from the center, what is the equation of 
the fourth ring? (Lesson 10-8) 


Find x and y. (Lesson 8-3) 


46. y 47. y ~ 
x 
8 _ x 18 


S 


Use the Venn diagram to determine whether each statement is 
always, sometimes, or never true. (Lesson 6-5) 


48. A parallelogram is a square. Kener 
49. A square is a rhombus. 7 ~—N 
50. A rectangle is a parallelogram.  Rhombi {| Rectangles 
51. A rhombus is a rectangle but not a square. 


52. A rhombus is a square. 


Skills Review 


Find the circumference and area of each figure. Round to the nearest tenth. 
53. 


55. 


—— 
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Romstrr Lab 
Population Density 


After data are collected for the U.S. census, the population density is cCss Common Core State Standards 

calculated for states, major cities, and other areas. Population density mom CANN SRA . a 

is th tof lati it of G.MG.2 Apply concepts of density based on area and volume in modeling 
Is Te Measurement oF population per UNIT oF area. situations (@.g., persons per square mile, BTUs per cubic foot). ¥* 


Mathematical Practices 1 


Activity 1 Calculate Population Density 


Bindilie pues ener eee borough of Borough Population | Land Area (mi2) 
Queens using the data in the table. Seki 2 465,326 
Calculate population density with the formula Manhattan 1,537,195 
lation density — PoPuation Queens 2,229,379 
population density = [~~~ 229, 
The population density of Queens would be Staten Island 443,728 
2,229,379 The Bronx 1,332,650 


0024 °F about 20,408 people per square mile. 


Model and Analyze 
1. Find the population densities for Brooklyn, Manhattan, Staten Island and the Bronx. 
Round to the nearest person. Of the five boroughs, which have the highest and the 
lowest population densities? 


Activity 2 Use Population Density 


In a proposal to establish a new rustic campground at Yellowstone National 
Park, there is a concern about the number of wolves in the area. At last report, 
there were 98 wolves in the park. The new campground will be accepted if there 
are fewer than 2 wolves in the campground. Use the data in the table to determine Area of new 
if the new campground can be established. campground 


| Step 1 | Find the density of wolves in the park. 
98 + 3472 = 0.028 wolves per square mile 


Location 
Area of park 3472 mi2 


10 acres 


Bow Find the density of wolves in the proposed campground. First convert the size 
of the campground to square miles. If 1 acre is equivalent to 0.0015625 square 
mile, then 10 acres is 0.015625 square mile. The potential number of wolves in 
the proposed site is 0.015625 - 0.028 or 0.0004375 wolves. 


ESQSEW Since 0.0004375 is fewer than 2, the proposed campground can be accepted. 


2. Find the population density of gaming system owners if there are 436,000 systems in 
the United States and the area of the United States is 3,794,083 square miles. 


3. The population density of the burrowing owl in Cape Coral, Florida, is 8.3 pairs per 
square mile. A new golf club is planned for a 2.4-square-mile site where the owl 
population is estimated to be 17 pairs. Would Lee County approve the proposed club 
if their policy is to decline when the estimated population density of owls is below 
the average density? Explain. 
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Areas of Circles 


and Sectors 
:-Why? 


@ You found the @ To determine whether a medium or large 
circumference of a pizza is a better value, you can compare 
circle. , the cost per square inch. Divide the cost 


Find areas of sectors 5 ; 
5: of each pizza by its area. 
of circles. 


@ 1 Find areas of circles. 


Areas of Circles In Lesson 10-1, you learned that the formula 
for the circumference C of a circle with radius r is given by C = 2mr. 
You can use this formula to develop the formula for the area of a circle. 


@>4d NewVocabulary 
= sector of a circle 
segment of a circle 


Below, a circle with radius r and circumference C has been divided into 
congruent pieces and then rearranged to form a figure that resembles a parallelogram. 


Ess) Common Core C 

Css) State Standards IK tc >| 
Content Standards 
G.C.5 Derive using similarity F 
the fact that the length of the 
arc intercepted by an angle is | 1 C | 
proportional to the radius, and - 2 gi 


define the radian measure of 
the angle as the constant of 
proportionality; derive the 
formula for the area of a sector. 


G.GMD.1 Give an informal 
argument for the formulas 
for the circumference of a 
circle, area of a circle, 
volume of a cylinder, 
pyramid, and cone. 


As the number of congruent pieces increases, the rearranged figure more closely 
approaches a parallelogram. The base of the parallelogram is sc and the height is 1, so its 


area is sc +r. Since C = 271, the area of the parallelogram is also F(2nr)r or Tr". 


| & KeyConcept Area of a Circle 


Words The area A of a circle is equal to 7 times 


Mathematical Practices mie salar ar ieranineh 


1 Make sense of problems 
and persevere in solving 
them. 

6 Attend to precision. 


Symbols A=a7r 


S A 


Real-World Example 1 


SPORTS What is the area of the circular putting 
green shown to the nearest square foot? 


The diameter is 20 feet, so the radius is 10 feet. 


A=? Area of a circle 
= (10)? r=10 
= 314 Use a calculator. 


So, the area is about 314 square feet. 


GuidedPractice 


1. SPORTS An archery target has a radius of 12 inches. What is the area of the target 
to the nearest square inch? 


Awejy/4y wniwag siquo9 
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Example 2 
ALGEBRA Find the radius of a circle with an area of 95 square centimeters. 


2 


A=mTr Area of a circle 


95 = mr A=95 


% =/ Divide each side by =. 
55217 Use a calculator. Take the positive square root of each side. 


The radius of the circle is about 5.5 centimeters. 


GuidedPractice 
2. ALGEBRA The area of a circle is 1967 square yards. Find the diameter. 


ReviewVocabulary 


central angle an angle with 
a vertex in the center of a 
circle and with sides that 
contain two radii of the circle 


arc a portion of a circle 
defined by two endpoints 


Areas of Sectors A slice of a circular pizza is an example of a sector of a circle. A 
sector of a circle is a region of a circle bounded by a central angle and its intercepted 
major or minor arc. The formula for the area of a sector is similar to the formula for 

arc length. 


KeyConcept Area of a Sector 


The ratio of the area A of a sector to the area of the whole circle, xr2, is equal to the ratio of the 
degree measure of the intercepted arc x to 360. 
A 


Proportion: A. =~ 
Tr 


ion: A= —~.- wr? 
Equation: A = 360 Tr 


Real-World Example 3 


PIZZA A circular pizza has a diameter of 12 inches and is cut into 8 congruent slices. 
What is the area of one slice to the nearest hundredth? 


| Step 1| Find the arc measure of a pizza slice. 


Since the pizza is equally divided into 8 slices, each slice will have an arc 
measure of 360 + 8 or 45. 


So, the area of one slice of this pizza is about 14.14 square inches. 


< EGE Find the radius of the pizza. Use this measure to find the area of the sector, 
, Real-WorldLink onehices 
= About 3 billion pizzas are The diameter is 12 inches, so the radius is 6 inches. 
= sold each year in the United 
b . A 
& States. That is equivalent A=—- rr Area of a sector 
to about 46 slices per 360 
= person annually. _ 45 , a(6)2 x= 45 andr=6 
© Source: ThinkQuest Library 360 
co = 14.14 Use a calculator. 
S 
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GuidedPractice 
Find the area of the shaded sector. Round to the nearest tenth. 


3A. 3B. L 3C. J 
148 x L 


L 


3D. CRAFTS The color wheel at the right is a tool that 
artists use to organize color schemes. If the 
diameter of the wheel is 10 inches and each of the 
12 sections is congruent, find the approximate 
area covered by green hues. 


Check Your Understanding 


Example 1 CONSTRUCTION Find the area of each circle. Round to the nearest tenth. 


Example 2 Find the indicated measure. Round to the nearest tenth. 


(3) Find the diameter of a circle with an area of 74 square millimeters. 


4. The area of a circle is 88 square inches. Find the radius. 


Example 3 Find the area of each shaded sector. Round to the nearest tenth. 


ae 


E 


7. BAKING Chelsea is baking pies for a fundraiser at her school. She 
divides each 9-inch pie into 6 equal slices. 


a. What is the area, in square inches, for each slice of pie? 


b. If each slice costs $0.25 to make and she sells 8 pies at $1.25 for 
each slice, how much money will she raise? 
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Practice and Problem Solving 


Example 1 


Example 2 


Example 3 


Extra Practice is on page R11. 


css MODELING Find the area of each circle. Round to the nearest tenth. 
8. 9. 10. | 


11. 12. 


Find the indicated measure. Round to the nearest tenth, if necessary. 
14, The area of a circle is 68 square centimeters. Find the diameter. 

15. Find the diameter of a circle with an area of 94 square millimeters. 
16. The area of a circle is 112 square inches. Find the radius. 


17. Find the radius of a circle with an area of 206 square feet. 


Find the area of each shaded sector. Round to the nearest tenth, if necessary. 


18. A (19) 20. =F 
yi C 
> H 
r 
21. L 22. 7 
) 164° x (3 
J 

24. MUSIC The music preferences of students at Senay Gassiel 

Thomas Jefferson High are shown in the circle Me 2% 

graph. Find the area of each sector and the Alternative 


degree measure of each intercepted arc if the ve 


radius of the circle is 1 unit. 


25. JEWELRY A jeweler makes a pair of earrings by 
cutting two 50° sectors from a silver disk. 


a. Find the area of each sector. 


b. If the weight of the silver disk is 2.3 grams, 
how many milligrams does the silver wedge 
for each earring weigh? 


26. PROM The table shows the results of a Percent 
survey of students to determine their 


An Evening of Stars 
preference for a prom theme. a 


Mardi Gras 
Springtime in Paris 
Night in Times Square 
Undecided 


a. Create a circle graph with a 
diameter of 2 inches to represent 
these data. 


ia 


. Find the area of each theme’s 
sector in your graph. Round to the 
nearest hundredth of an inch. 


Css SENSE-MAKING The area A of each shaded region is given. Find x. 


27. A = 66cm? 28. A = 94 in? 29. A = 128 ft2 
J 


30. CRAFTS Luna is making tablecloths 
with the dimensions shown for a club 
banquet. Find the area of each 
tablecloth in square feet if each one is 
to just reach the floor. 


TREES The age of a living tree can be determined by multiplying the diameter of the 
tree by its growth factor, or rate of growth. 


a. What is the diameter of a tree with a circumference of 2.5 feet? 


b. If the growth factor of the tree is 4.5, what is the age of the tree? 


Find the area of the shaded region. Round to the nearest tenth. 


33. 34. 


5/2m 


<—14 mm—> 


35. e9 -_ 36. Ken 37. KOA 


10cm 


38. COORDINATE GEOMETRY What is the area of sector al! 
ABC shown on the graph? | 
4 
39. ALGEBRA The figure shown below is a sector of a 


circle. If the perimeter of the figure is 22 millimeters, 
find its area in square millimeters. 


6 y 25 iC | 
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Find the area of each shaded region. 


ww 


9cm 


43, 6? MULTIPLE REPRESENTATIONS In this problem, you will investigate segments 


of circles. A segment of a circle is the region bounded by an arc and a chord. 


. Algebraic Write an equation for the area A of a 


segment of a circle with a radius r and a central angle 
of x°. (Hint: Use trigonometry to find the base and 
height of the triangle.) 


. Tabular Calculate and record in a table ten values of A for x-values ranging from 


10 to 90 if r is 12 inches. Round to the nearest tenth. 


. Graphical Graph the data from your table with the x-values on the horizontal 


axis and the A-values on the vertical axis. 


. Analytical Use your graph to predict the value of A when x is 63. Then use the 


formula you generated in part a to calculate the value of A when x is 63. How do 
the values compare? 


H.0.T. Problems Use Higher-Order Thinking Skills 


44, ERROR ANALYSIS Kristen and Chase want to find the 
area of the shaded region in the circle shown. Is either 
of them correct? Explain your reasoning. 


45. 


46. 


47. 


48. 


49. 


CHALLENGE Find the area of the shaded region. Round to 
the nearest tenth. 10.5 cm 


a» 

CESS ARGUMENTS Refer to Exercise 43. Is the area of a sector of 
a circle sometimes, always, or never greater than the area of 

its corresponding segment? 


WRITING IN MATH Describe two methods you could use 
to find the area of the shaded region of the circle. Which 
method do you think is more efficient? Explain your 
reasoning. 


CHALLENGE Derive the formula for the area of a sector of 
a circle using the formula for arc length. 


++—8 in. 


WRITING IN MATH If the radius of a circle doubles, will the measure of a sector of that 
circle double? Will it double if the arc measure of that sector doubles? 


Standardized Test Practice 


50. What is the area of the sector? 52. ALGEBRA Raphael bowled 4 games and had a 
mean score of 130. He then bowled two more 
games with scores of 180 and 230. What was his 
mean score for all 6 games? 


==. 
F 90 H 180 
G 155 J 185 
A a in? Cc t in? 53. SAT/ACT The diagonals of rectangle ABCD each 
ae - have a length of 56 feet. If mZBAC = 42°, what is 
BS in? De in? the length of AB to the nearest tenth of a foot? 
A B 


aed <> Lae | 
51. SHORT RESPONSE MN and PQ intersect at T. Find 


the value of x for which mZMTQ = 2x + 5 and 
mZPTM = x + 7. What are the degree measures A 80.5 D 50.4 
of ZMTQ and ZPTM? 


Spiral Review 


Find each missing length. (Lesson 11-2) 


54, One diagonal of a kite is half as long as the other diagonal. If the area of the kite is 
188 square inches, what are the lengths of the diagonals? 


55. The area of a rhombus is 175 square centimeters. If one diagonal is two times as long as the other, 
what are the lengths of the diagonals? 


Find the area of each parallelogram. Round to the nearest tenth if necessary. (Lesson 11-1) 


56. 57. ott 58. ee 14cm 
> a 26 cm 
15 in. 
Skills Review 
Find each measure. 
59. XT 60. AC 61. JK 


R A J 
\ Qx—5 
x 14 e 5x—6 : 
cS p 6x+7 
r 3x+4 N 
Cc 
K 
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Mid-Chapter Quiz 


Lessons 11-1 through 11-3 


Find the perimeter and area of each parallelogram or triangle. 
Round to the nearest tenth if necessary. (Lesson 11-1) 


1. 2. \ 


5.3 
‘15m 
* 
\ 


ay. 
21 in. |e— 16cm —+| 9cm 


4. 44 ft 
30° 


17m 18m 


19 ft 


5. The height of a triangle is 8 inches more than its base. The 
area of the triangle is 104.5 square inches. Find the base 
and height. (Lesson 11-1) 


6. DESIGN A plaque is made with a rhombus in the middle. 
If the diagonals of the rhombus measure 7 inches and 
9 inches, how much space is available for engraving 
text onto the award? (Lesson 11-2) 


7. MULTIPLE CHOICE The area of a kite is 4 square feet. If the 
tail is to be 3 times longer than the kite’s long diagonal, and 
the short diagonal measures 2 feet, how long should the kite’s 
tail be? (Lesson 11-2) 


A 4 feet 
B 6 feet 


C 7 feet 
D 12 feet 


Find the area of each trapezoid, rhombus, or kite. (Lesson 11-2) 
8. 19 in. 9. Att 


10. 11. 


/+——. 22 mm ——+| 


12. ARCHAEOLOGY The most predominant shape in Incan 
architecture is the trapezoid. The doorway pictured below is 
3 feet wide at the top and 4 feet wide at the bottom. A person 
who is 5 feet 8 inches tall can barely pass through the 
doorway. How much fabric would be necessary to make 
a curtain for the doorway? (Lesson 11-2) 


13. ALGEBRA A sector of a circle has a central angle measure of 
30° and radius r. Write an expression for the perimeter of the 
sector in terms of r. (Lesson 11-3) 


Find the area of each shaded sector. Round to the nearest tenth. 
(Lesson 11-3) 


14, 


Find the indicated measure. Round to the nearest tenth. 
(Lesson 11-3) 


18. The area of a circle is 52 square inches. Find the diameter. 


19. Find the radius of a circle with an area of 104 square meters. 


20. FRUIT The diameter of the 
orange slice shown is 
9 centimeters. If each of 
the orange’s 10 sections 
are congruent, find the 
approximate area covered 
by 8 sections. (Lesson 11-3) 
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"Geometry Lab 


Investigating Areas 
of Regular Polygons 


The point in the interior of a regular polygon that is equidistant from all of the 
vertices is the center of the polygon. A segment from the center that is perpendicular 


to a side of the polygon is an apothem. 


Activity 
Ew Copy regular pentagon ABCDE and its center O. 


| Step 2 | Draw the apothem from O to side AB by 
constructing the perpendicular bisector of AB. 
Label the apothem measure as a. Label the 
measure of AB as s. 


Use a straightedge to draw OA and OB. D 
& g 


EZ What measure in AAOB represents the base of the 
triangle? What measure represents the height? 


E 
| Step 5 | Find the area of AAOB in terms of s and a. 
A $ 
SFI Draw OC, OD, and OF. What is true of the five D 
small triangles formed? 
Gua How do the areas of the five triangles compare? : 


Analyze the Results 


1. The area of a pentagon ABCDE can be found by adding the areas of the given 
triangles that make up the pentagonal region. 


ep te et ee beg al 
A= 75a + 58a + 58a + 58a + 580 
A= 4(sa + sa +sa+ sa + sa) or +(6sa) 
What does 5s represent? 


2. Write a formula for the area of a pentagon in terms of perimeter P. 
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:- Then 


@ You used inscribed 


and circumscribed 
figures and found the 
areas of circles. 


@>) NewVocabulary 


= center of a regular polygon 


radius of a regular polygon 

apothem 

central angle of a regular 
polygon 

composite figure 


‘.ce\\ Common Core 
State Standards 


Lindsey Stock/Alamy 


Content Standards 
G.MG.3 Apply geometric 
methods to solve problems 
(e.g., designing an object or 
structure to satisfy physical 
constraints or minimize cost; 
working with typographic 
grid systems based on 
ratios). + 


Mathematical Practices 

1 Make sense of problems 
and persevere in solving 
them. 

6 Attend to precision. 


--Now 


@ Find areas of regular 


Areas of Regular Polygons and 


Composite Figures 
:-Why? 


@ The top of the table shown is 
a regular hexagon. Notice that 
the top is composed of six 
congruent triangular sections. 
To find the area of the table 
top, you can find the sum of 
the areas of the sections. 


polygons. 


Find areas of 
composite figures. 


Areas of Regular Polygons In the figure, a regular 


pentagon is inscribed in ©P, and ©P is circumscribed PF 
about the pentagon. The center of a regular polygon 3 
and the radius of a regular polygon are also the center A a C 


and the radius of its circumscribed circle. 


apothem B 


radius 
A segment drawn from the center of a regular polygon AP 
perpendicular to a side of the polygon is called 
an apothem. Its length is the height of an isosceles 
triangle that has two radii as legs. 


ES D 


ZAPB is a central angle of 
regular pentagon ABCDE. 


A central angle of a regular polygon has its vertex at the center of the polygon and its 
sides pass through consecutive vertices of the polygon. The measure of each central angle 
of a regular n-gon is oe 


Example 1 


Square FGHJ is inscribed in OK. Identify the center, 
a radius, an apothem, and a central angle of the 
polygon. Then find the measure of a central angle. 


center: point K radius: KG or KH 


apothem: KL central angle: ZGKH 


A square is a regular polygon with 4 sides. Thus, the measure of each central angle 
of square FGH] is a or 90. 
J FOE 


CL 
\ f 


N—~M 


GuidedPractice 


1. In the figure, regular hexagon JKLMNP is inscribed in 
OR. Identify the center, a radius, an apothem, and a 
central angle of the polygon. Then find the measure 
of a central angle. 


You can find the area of any regular n-gon by dividing the polygon into congruent 
isosceles triangles. This strategy is sometimes called decomposing the polygon into triangles. 
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ReadingMath 


Apothem Like the radius of 


a circle, the apothem of 


a polygon refers to the length 


of any apothem of the 
polygon. 


WatchOut! 

Area of Regular Polygon 
this approach can only be 
applied to regular polygons. 


Real-World Example 2 


ART Kang created the stained glass window 
shown. The window is a regular octagon with 
a side length of 15 inches and an apothem 

of 18.1 inches. What is the area covered by 
the window? 


XQ Divide the polygon into congruent 
isosceles triangles. 


Since the polygon has 8 sides, the polygon 
can be divided into 8 congruent isosceles 
triangles, each with a base of 15 inches and 
a height of 18.1 inches. 


XG Find the area of one triangle. 
A= Soh Area of a triangle 
= $(15)(18.1) b= 15 and h= 18.1 
= 135.75 in2 Simplify. 
| Step 3] Multiply the area of one triangle by the total number of triangles. 
Since there are 8 triangles, the area of the stained glass is 135.75 - 8 or 


1086 square inches. 


GuidedPractice 


2. HOT TUBS The cover of the hot tub shown 
is a regular pentagon. If the side length is 
2.5 feet and the apothem is 1.7 feet, find the 

area of the lid to the nearest tenth. 


From Example 2, we can develop a formula for the area 
of a regular n-gon with side length s and apothem a. 


A = area of one triangle - number of triangles 


= + - base + height - number of triangles 


aol sagen Base of triangle is s and height is a. 
2 The number of triangles is n. 
= 7 *ae(n«s) Commutative and Associative Properties 
— ; ea+P The perimeter P of the polygon is ne s. 
| «5: KeyConcept Area of a Regular Polygon 
Words The area A of a regular n-gon with side 
length sis one half the product of the 
apothem a and perimeter P. 
Symbols A= Fans) or A= sah. 
L y, 


aN 
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Example 3 


Find the area of each regular polygon. Round to the nearest tenth. 
a. regular hexagon 

ESQ Find the measure of a central angle. 

A regular hexagon has 6 congruent central angles, 


so mZABC = or 60. 


StudyTip 
cess Precision The altitude 


of an isosceles triangle from 
its vertex to its base is also 
an angle bisector and median 
of the triangle. 


| Step 2| Find the apothem. 


Apothem BD is the height of isosceles AABC. It bisects 
ZABC, so mZDBC = 30. It also bisects AC, so DC = 1.5 meters. 


ABDC is a 30°-60°-90° triangle with a shorter leg that 
measures 1.5 meters, so BD = 1.573 meters. 


| Step 3| Use the apothem and side length to find the area. 
A= saP Area of a regular polygon 


= $(1.5V3)(18) a= 15V3 and P= 6(3) or 18 


~ 23.4 m2 Use a calculator. 


b. regular pentagon 


Step 1 WN regular pentagon has 5 congruent central 


angles, so mZQPR = a or 72. 

| Step 2| Apothem PS is the height of isosceles ARPQ. 

It bisects ZRPQ, so mZRPS = 36. Use trigonometric ratios 
to find the side length and apothem of the polygon. 


. o _ SR 6222, 2S: 
sin 36° = 10 cos 36° = 10 
10 sin 36° = SR 10 cos 36° = PS 


OR = 2SR or 2(10 sin 36°). So the pentagon’s perimeter 
is 5 - 2(10 sin 36°) or 10(10 sin 36°). The length of the 
apothem PS is 10 cos 36°. 


| Step 3] A= saP Area of a regular polygon 
- $(10 cos 36°)[10(10 sin 36°)] a= 10 cos 36°, P= 10(10 sin 36°) 


~ 237.8 in? Use a calculator. 


GuidedPractice 


3A. 3B. 3C. 
4 ft 


Areas of Composite Figures A composite figtire is a figure that can be separated 
into regions that are basic figures, such as triangles, rectangles, trapezoids, and 
circles. To find the area of a composite figure, find the area of each basic figure and then 


use the Area Addition Postulate. 


Real-WorldLink 


The first miniature golf course 
was built in Pinehurst, North 
Carolina, on a private estate 
owned by James Barber. 
There are currently between 
5000 and 7500 miniature golf 
courses in the United States. 


Source: Miniature Golf Association of 
the United States 


Example 4 


MINIATURE GOLF The dimensions of a putting green at a 
miniature golf course are shown. How many square feet 
of carpet are needed to cover this green? 


The area to be carpeted can be separated into a rectangle 5.7 ft rit 
with a length of 4 feet and a width of 7 feet, a right 

triangle with a hypotenuse of 5.7 feet and a leg measuring 
4 feet, and a semicircle with a radius of 4 feet. 4 tt 


Using the Pythagorean Theorem, the other leg of the right 
triangle is V5.7* — 4? or about 4.1 feet. 


Area of green = area of rectangle + area of triangle + area of semicircle. 


_ : Dh OOO eigcght 
= Lew + . beh + sp 
7 : dl w4. 180 sm Ae 
~ 4-7 + 5 4-41 + 360° 7 4 


28 + 8.2 + 8m or about 61.3 ft? 


So, about 62 square feet of carpet is needed. 


v 


GuidedPractice 
Find the area of each figure. Round to the nearest tenth if necessary. 
4A. 


8 in. 4B. 22cm 


31cm 


Example 5 


Find the area of the figure. Round to the nearest tenth N o 
if necessary. 


! 
! 

To find the area of the figure, subtract the area of the triangle | 6m 
! 


from the area of the rectangle. 
Using the Pythagorean Theorem, the height h of the triangle is 


5m 
V 42 — 32 or V7 meters. 


Area of figure = Area of rectangle — Area of triangle 


1 
- beh — Sbh TT 
= S26 — — 5(6)(V7) 6m 
= 30-7.9 or about 22.1 m2 3m 

4m 
GuidedPractice 
5A. sm 2m _5m SB. 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 1. In the figure, square ABDC is inscribed in ©F. Identify the center, 
a radius, an apothem, and a central angle of the polygon. Then 
find the measure of a central angle. 


Examples 2-3 Find the area of each regular polygon. Round to the nearest tenth. 
2. 3. 


4, POOLS Kenton’s job is to cover the community pool 
during fall and winter. Since the pool is in the shape of 
an octagon, he needs to find the area in order to have 
a custom cover made. If the pool has the dimensions 
shown at the right, what is the area of the pool? 


5. 20 ft 6. 


11 ft 


BASKETBALL The basketball court 
in Jeff’s school is painted as shown. 


a. What area of the court is blue? 
Round to the nearest square foot. 


b. What area of the court is red? 
Round to the nearest square foot. 


12 ft 


Note: Art not drawn to scale. 


Practice and Problem Solving Extra Practice is on page R11. 
Example 1 In each figure, a regular polygon is inscribed in a circle. Identify the center, a radius, an 
apothem, and a central angle of each polygon. Then find the measure of a central angle. 
8. R 9. 
S Ww 
T V 


_— 


Ly ee 811 \C) 


Examples 2-3 Find the area of each regular polygon. Round to the nearest tenth. 


10. 12mm 11. : 
12. 13. 
11 in. 


Example 4 14, CARPETING Ignacio’s family is getting new carpet in their 
family room, and they want to determine how much the 
project will cost. 


a. Use the floor plan shown to find the area to be carpeted. 


b. If the carpet costs $4.86 per square yard, how much will 
the project cost? 


lA~ 
Examples 4-5 CESS SENSE-MAKING Find the area of each figure. Round to the nearest tenth if necessary. 


2.5 ft 


12cm 16. 


10cm 


18. 3.5 mm 19. 


21. CRAFTS Latoya’s greeting card company is making envelopes for a card from the 
pattern shown. 


a. Find the perimeter and area of the pattern. Round to the nearest tenth. 


b. If Latoya orders sheets of paper that are 2 feet by 4 feet, how many envelopes can 
she make per sheet? 


xin. 


aN 
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Find the area of each shaded region formed by each circle and regular polygon. Round 


to the nearest tenth. 
22. 23. ase 24. 


25. FLOORING JoAnn wants to lay 12” x 12” tile on her bathroom floor. 


a. Find the area of the bathroom floor in her apartment floor plan. 


b. If the tile comes in boxes of 15 and JoAnn buys no extra tile, how many boxes will 
she need? 


2' 10" 


5 4" 


Find the perimeter and area of each figure. Round to the nearest tenth, 
if necessary. 


26. a regular hexagon with a side length of 12 centimeters 


27. a regular pentagon circumscribed about a circle with a radius of 
8 millimeters 


28. a regular octagon inscribed in a circle with a radius of 5 inches 


CSS PERSEVERANCE Find the area of each shaded region. Round to the nearest tenth. 


(29) 30. | 31. y 


ne 


32. Find the total area of the shaded regions. Round to the 
nearest tenth. 


6 in. 


33. CHANGING DIMENSIONS Calculate the area of an equilateral triangle with a perimeter of 
3 inches. Calculate the areas of a square, a regular pentagon, and a regular hexagon 
with perimeters of 3 inches. How does the area of a regular polygon with a fixed 


perimeter change as the number of sides increases? 
oN 
Ly 813 Cd) 


34, 6? MULTIPLE REPRESENTATIONS In this problem, you will investigate the areas of 
regular polygons inscribed in circles. 


a. Geometric Draw a circle with a radius of 1 unit and inscribe a square. 
Repeat twice, inscribing a regular pentagon and hexagon. 


b. Algebraic Use the inscribed regular polygons from part a to develop a 
formula for the area of an inscribed regular polygon in terms of angle 
measure x and number of sides n. 


c. Tabular Use the formula you developed in part b to complete the table below. Round 
to the nearest hundredth. 


Number of Sides, n 
Interior Angle 
Measure, x 

Area of Inscribed 
Regular Polygon 


d. Verbal Make a conjecture about the area of an inscribed regular polygon with a 
radius of 1 unit as the number of sides increases. 


H.0.T. Problems Use Higher-Order Thinking Skills 


35. ERROR ANALYSIS Chloe and Flavio want to find the area of the hexagon shown. 
Is either of them correct? Explain your reasoning. 


Havto 


A =tPa 


7 
= 5(33)(9.5) 


= 156.8 in? 


ya—~ 
36. cess SENSE-MAKING Using the map of Nevada shown, estimate 
the area of the state. Explain your reasoning. 


37. OPEN ENDED Draw a pair of composite figures that 
have the same area. Make one composite figure 
out of a rectangle and a trapezoid, and make the 
other composite figure out of a triangle and a 


0 140 mi 
rectangle. Show the area of each basic figure. 7 
0.5in: 140 mi 
38. WRITING IN MATH Consider the sequence of area be 
diagrams shown. b 
| 
a. What algebraic theorem do the diagrams a 
prove? Explain your reasoning. | =» ae 
b. Create your own sequence of diagrams to 2 a b 


prove a different algebraic theorem. 


39. EA) WRITING IN MATH How can you find the area of any figure? 


aN 
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Standardized Test Practice 


40. Which polynomial best represents the area of the 42. SHORT RESPONSE Find the area of the shaded 
regular pentagon shown below? figure in square inches. Round to the nearest 

tenth. 

4y—2 


15 in. 


A 10y?—5 C 20y? + 10 
B 10y* + 5y D 20y* — 10y 


43. SAT/ACT If the cos 6 = + what is 


_2 the value of tan 6? 
41. What is 27 3 in radical form? 


13 5 
pi Ww ae 3 
(v27)? (v27) pi ie 
G (v27) J (2798 ° 7 
c 13 
12 


Spiral Review 


Find the indicated measure. Round to the nearest tenth. (Lesson 11-3) 


44, The area of a circle is 95 square feet. Find the radius. 

45. Find the area of a circle whose radius is 9 centimeters. 

46. The area of a circle is 256 square inches. Find the diameter. 
47. Find the area of a circle whose diameter is 25 millimeters. 


Find the area of each trapezoid, rhombus, or kite. (Lesson 11-2) 
48. ° 49. 22 in. 


8 tt 


10 in. 


EC and AB are diameters of ©O. Identify each arc as a major arc, minor arc, 
or semicircle of the circle. Then find its measure. (Lesson 10-2) 


51. mACB 52. mEB 53. mACE 


Skills Review 


Each pair of polygons is similar. Find x. 


54. H | 55. 


M N 
7 DQ 
WK (x — 4)° 60/A 
JoL O 


: 
8 
4 ° 
Le. 
Q S 
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Geometry Lab 


Regular Polygons on the 
Coordinate 


If you know the coordinates of two consecutive vertices of a 
regular polygon, you can use the Distance Formula to find the 
length of each side. For example, in the figure shown, the length 
of ABis \/ (3 — 1)* + (1 — 4)? or V13. Using this measure, you 
can then find the perimeter and area of the figure using the 
techniques presented in Lesson 11-4. 

You can also use the Distance Formula to find the perimeter 
and area of a regular polygon inscribed in a circle given the 
coordinates of the endpoints of a radius. 


Activity 1 


Find the perimeter and area of octagon ABCDEFGH, which is 
inscribed in ©O. Round to the nearest tenth, if necessary. 


Inscribed Polygon 


[til Use the Distance Formula to find a radius of OO. 


OA =y(-3-0)?+(3-0)? — y= -3,x)=0, y= 3,and y, =0 
= V18 or 3V2 Simplify. 


Bw Find the perimeter and area. B 


Because the octagon is inscribed in ©O, OA and OB are both A 

radii of OO. Therefore, OA = OB = 3V2. Let OT be an apothem 3v2 
of the octagon with length a. Then OT is also the height of 3/2 

isosceles AAOB. Since the octagon is regular, mZAOB is 360 + 8 


or 45. Since OT bisects ZAOB and side AB, mZAOT = 45 + 2 
or 22.5, and AB = 2(AT). 


Use trigonometric ratios to find a and AT. 


cos 22.5° = 4 cos 8 = = 


3V2 hyp 
a = 3V2 cos 22.5° Solve for a. 


AT_ sing — 2P8 


wi 
32 hyp 
AT = 3V2 sin 22.5° Solve for AT. 


sin 22.5° = 


AB = 2(AT), so AB = 2(3V2 sin 22.5°) and the perimeter P of the octagon is 
8(2)3V2 sin 22.5° or about 26.0 units. The area of the octagon is saP, which is 
+ 3V2 cos 22.5° + 8(2)3V2 sin 22.5° or about 50.9 units?. 
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You can also use the Distance Formula to find the perimeter and area of a regular polygon 
circumscribed about a circle given the coordinates of the endpoints of a radius. 


Activity 2. Circumscribed Polygon 


Find the perimeter and area of hexagonABCDEF, which is 
circumscribed about ©Q. Round to the nearest tenth, if necessary. 


[tke Use the Distance Formula to find a radius of OQ. 
QX = (7 — 4)2 + (6 —5)* or V10 Xp = 7, X, = 4, Vp = 6, and y, =5 


(Sth Find the perimeter and area of hexagon ABCDEF. 


Because the hexagon is circumscribed about ©Q, AB is 
tangent to the circle. Let the point of tangency be T. Since all B 


radii of a circle are congruent, radius QT also measures V'10. 
QT is an apothem of the hexagon, so a = V'10. 


> —~ 


The apothem is also the height of isosceles AAQB. Since the A 
hexagon is regular, mZAQB is 360 + 6 or 60. Since QT bisects 


ZAQB and side AB mZAQT = 60 + 2 or 30, and AB = 2(AT). 30° "Q 
Use trigonometric ratios to find AT. Then find AB. 


o __AT _— Opp = 
tan 30° = AG tan@= adi AB = 2(AT) 
AT = V 10 tan 30° Solve for AT. = {2} 
AT = V10 (2) or ¥30 tan 30° = 3 = 2V30 


The perimeter P of the hexagon is 6 + a or 4V 30, which is about 21.9 units. The area of 
the hexagon is saP, which is AV 10(4V30) or about 34.6 units”. 


Find the perimeter and area of each regular polygon with the given consecutive 
vertices. Round to the nearest tenth, if necessary. 


1. pentagon ABCDE; A(1, 4), BG, 1) 2. hexagon ABCDEF; A(—4, 2), B(0, 5) 
Find the perimeter and area of each regular polygon inscribed in ©O, centered at the 
origin, and containing the given point. Round to the nearest tenth, if necessary. 
3. pentagon ABCDE; E(—4, —1) 4, hexagon ABCDEF; D(4, —5) 
Find the perimeter and area of each regular polygon circumscribed about ©Q, with the 
given center and point X on the circle. Round to the nearest tenth, if necessary. 


5. pentagon ABCDE; Q(—2, 1); X(—1, 3) 6. octagon ABCDEFGH; Q(3, —1); X(1, —3) 
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Areas of Similar Figures 


:- Then :-‘Now :-Why? 

@ You used scale @ 1 Find areas of similar @ Architecture firms often hire 
factors and figures by using scale model makers to make scale 
proportions to solve factors. models of projects that are used 


problems involving 
the perimeters of 
similar figures. 


to sell their designs. Since the 
base of a model is geometrically 
similar to the base of the actual 
building it represents, their 
areas are related. 


Find scale factors or 
missing measures 
given the areas of 
similar figures. 


CSS) cOmmonizote Areas of Similar Figures In Lesson 7-2, you learned that if two polygons are 
State Standards ras ie: ; 
ae aanent Sania similar, then their perimeters are proportional to the scale factor between them. 
ontent Standards sag : : : 
ea iateeigeomiettc The areas of two similar polygons share a different relationship. 
shapes, their measures, and perimeter of figureB 98 


ork 


their properties to describe 


A perimeter of figure A 28 
objects (e.g., modeling a tree 5 5k 
trunk or a human torso as a area of figure B 4542 


A 2 
cylinder Xe 9 9k areaoffigureA 45 ork 


Mathematical Practices 
Make sense of problems 


=k 


and persevere in solving Theorem 11.1 Areas of Similar Polygons 
them. 
4 Model with mathematics. Words If two polygons are similar, then their F G 


areas are proportional to the square 
of the scale factor between them. 


Example If ABCD ~ FGHVJ, then Fa H 
area of FGHJ _ (=) iN 
area of ABCD AB} © D @; 
\ J 


You will prove Theorem 11.1 for triangles in Exercise 22. 


Example 1 
If AJKL ~ APQR and the area of AJKL is J 
30 square inches, find the area of APQR. 
The scale factor between APQR and AJKL is + or 2, 12 in. 
2 
so the ratio of their areas is (3) : 
area of APQR _ (3) vin F K L = 
musta a rite a proportion. R 3 
area of APQR _ 25 _ 5\2_ 25 2 
30 = ag Area of AJKL = 30 and (2) =a Ef 
_ 2, : 3 
area of APQR = 16 30 Multiply each side by 30. Pp =n OQ S 
area of APOR = 46.875 Simplify. . 
So the area of APQR is about 46.9 square inches. 3 
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WatchOut! 


Writing Ratios When finding 
the ratio of the area of Figure 
Ato the area of Figure B, be 
sure to write your ratio as 
area of figure A 

area of figure B’ 


ReadingMath 


Ratios Ratios can be written 
in different ways. For 
example, x to y, x: y, and ~ 
are all representations of 
the ratio of x and y. 


GuidedPractice 


For each pair of similar figures, find the area of the green figure. 
1A. 1B. 


8 ft 
8cm 6 ft 
5cm 


A = 13.5 ft? 


Scale Factors and Missing Measures in Similar Figures You can use the areas 
of similar figures to find the scale factor between them or a missing measure. 


Example 2 


The area of CJIABCD is 150 square meters. 
The area of LJFGH] is 54 square meters. 

If CAABCD ~ CIFGH], find the scale factor of 
CIFGHJ to CIABCD and the value of x. 


Let k be the scale factor between CIFGHJ and CIABCD. 


areaofCIFGH] _ ,» 
Seautsanep ~ k Theorem 11.1 
4 2 ituti 
ce k Substitution 
ee impli 
35 k Simplify. 
2 =k Take the positive square root of each side. 


So the scale factor of -IFGHJ to FIABCD i iss =. Use this scale factor to find the 
value of x. 


JH. =% The ratio of corresponding lengths of similar polygons 
DC is equal to the scale factor between the polygons. 
Xe .- 3 bee: 
T0 =3 Substitution 
x= 2 -100r6 Multiply each side by 10. 
: JA, 
CHECK Confirm that Deis equal to the scale factor. 
JH _ 6 _3 
DC” 10° 5 " 


GuidedPractice 


For each pair of similar figures, use the given areas to find the scale factor of the 
blue to the green figure. Then find x. 


2A. 6 in. 


AA §._ ¢- 


A =50 in? = 72 in2 A = 400 mm2 = 64 mm2 


219 


Real-WorldLink 


The Pentagon building, 
including its center courtyard, 
occupies approximately 34 
acres or 1,481,000 square 
feet of land. Each outer wall 
of the regular pentagonal 
building is 921 feet in length. 


Source: U.S. Department of Defense 


= 


ReadingMath 


Similar Circles Since all 
circles have the same shape, 
all circles are similar. 
Therefore, the areas of two 
circles are also related by the 
square of the scale factor 
between them. 


| 


y 


In Lesson 7-2, you learned that if all corresponding 
angles are congruent and all corresponding sides are 
proportional, then two polygons are similar. For this 
reason, all regular polygons with the same number 
of sides are similar. 

[pr] 
Real-World Example 3 
CRAFTS Use the information at the left. Orlando and Mia are making a scale model 
of the Pentagon. If the area of the base of their model is approximately 50 square 
inches, about how many times the length of each outer wall of the Pentagon is the 
length of the outer wall of the model? 


Understand All regular pentagons are similar, so the base of the model is similar to the 
base of the Pentagon. You need to find the scale factor from the Pentagon 
to their model. 


Plan The ratio of the areas of the bases of the two figures is equal to the square 
of the scale factor between them. Before comparing the two areas, write 
them so that they have the same units. 


Solve Convert the area of the model’s base to square feet. 


2. 
50 in@- ae 0.3472 ft2 


Next, write an equation using the ratio of the two areas in square feet. 
Let k represent the scale factor between the two bases. 


area of model — 72 
area of Pentagon 


0.3472 ft? ~ 2 
1,481,000 ft? 


2.34 +1077 = k2 Simplify using a calculator. 


Theorem 11.1 


Substitution 


4.84-10-4=k Take the positive square root of each side. 


0.0005 =k Write in standard form. 


1 


5000 ~~ Write as a simplified fraction. 


So the model’s outer walls are about sani the length of each outer wall of 
the Pentagon. 


Check Multiply the area of the Pentagon’s base by the square of this 
scale factor and compare to the given area of the model’s base. 


1,481,000 f° 144 in2 ( 1 

1 Laz ° \2000 
This is close to the given area of 50 square inches, so our scale factor is 
reasonable. Y 


J? = 53 in? 


GuidedPractice 


3. CRAFTS Miyoki is crocheting two circles. The area of the larger circle is to be 
2.5 times the size of the smaller. If the area of the smaller circle is about 50.2 square 
centimeters, what is the diameter of the larger circle? 
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Check Your Understanding 


Example 1 For each pair of similar figures, find the area of the green figure. 
2. wy 
A=40 m2 
= 36 yd? 


Example 2 For each pair of similar figures, use the given areas to find the scale factor from the blue 


to the green figure. Then find x. 


Ak «¢@ 


= 875 cm? = 315 cm? 


A=153in2 A =272 in? 


Example 3 5. MEMORIES Zola has a picture frame that holds 
all of her school pictures. Each small opening 
is similar to the large opening in the center. 

If the center opening has an area of 33 square 
inches, what is the area of each small opening? 


Practice and Problem Solving Extra Practice is on page R11. 


Example 1 For each pair of similar figures, find the area @ the green figure. 
ely "o 
= 25 mm? = 60 tt? 
8. 28 in. 35 om 28 ‘? 
15.4 in. 
A =500 in? = 1050 cm? 


Example 2 (css STRUCTURE For each pair of similar figures, use the given areas to find the scale 
Petter of the blue to the green figure. Then find x. 


10. 
= 96 in? = 150 in? 
= eo ft2 = 147 ft? = 846 cm? = 376 cm2 
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Example 3 14. CRAFTS Marina crafts unique trivets and other kitchenware. 
Each trivet is an equilateral triangle. The perimeter of the 
small trivet is 9 inches, and the perimeter of the large trivet is 
12 inches. If the area of the small trivet is about 3.9 square inches, 
what is the approximate area of the large trivet? 


15. BAKING Kaitlyn wants to use one of two regular hexagonal cake pans for a recipe she is 
making. The side length of the larger pan is 4.5 inches, and the area of the base of the 
smaller pan is 41.6 square inches. 


a. What is the side length of the smaller pan? 


b. The recipe that Kaitlyn is using calls for a circular cake pan with an 8-inch diameter. 
Which pan should she choose? Explain your reasoning. 


16. CHANGING DIMENSIONS A polygon has an area of 144 square meters. 
a. If the area is doubled, how does each side length change? 
b. How does each side length change if the area is tripled? 


c. What is the change in each side length if the area is increased by a factor of x? 


17. CHANGING DIMENSIONS A circle has a radius of 24 inches. 
a. If the area is doubled, how does the radius change? 
b. How does the radius change if the area is tripled? 


c. What is the change in the radius if the area is increased by a factor of x? 


—~ 

18, CSS) MODELING Federico’s 7 
family is putting hardwood floors 
in the two geometrically similar 
rooms shown. If the cost of 
flooring is constant and the 
flooring for the kitchen cost $2000, 40 ft 
what will be the total flooring cost 
for the two rooms? Round to the 
nearest hundred dollars. 


Kitchen 


Living Room 
=e ee 
= 


COORDINATE GEOMETRY Find the area of each figure. Use the segment length given to find 
the area of a similar polygon. 
@ Iv =3 20. W’X’=8 21. BIC’ =5 


y 
oO Z| x 


22. PROOF Write a paragraph proof. 


Given: AABC ~ AXYZ 


area of AABC _ @ 
area of AXYZ x2 


Prove: 
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24. 


STATISTICS The graph shows the increase in high 
school tennis participation from 1995 to 2005. 


a. Explain why the graph is misleading. 


b. How could the graph be changed to more 
accurately represent the growth in high 
school tennis participation? 


of? MULTIPLE REPRESENTATIONS In this problem, you will investigate changing 
dimensions proportionally in three-dimensional figures. 


a. Tabular Copy and complete the table below for each scale factor of a rectangular 
prism that is 2 inches by 3 inches by 5 inches. 


Volume Ratio of Scaled Volume 
(in?) to Initial Volume 


Scale Length 
Factor (in.) 


3 2 5 


| Width (in.) | Height (in.) 


b. Verbal Make a conjecture about the relationship between the scale factor and the 
ratio of the scaled volume to the initial volume. 


c. Graphical Make a scatter plot of the scale factor and the ratio of the scaled volume to 
the initial volume using the STAT PLOT feature on your graphing calculator. Then use 
the STAT CALC feature to approximate the function represented by the graph. 


d. Algebraic Write an algebraic expression for the ratio of the scaled volume to the 
initial volume in terms of scale factor k. 


H.0.T. Problems Use Higher-Order Thinking Skills 


25. 


26. 


27. 


28. 


29. 


—_~ 
cess CRITIQUE Violeta and Gavin are trying to come up with a formula that can be used 
to find the area of a circle with a radius r after it has been enlarged by a scale factor k. Is 
either of them correct? Explain your reasoning. 

Violeta 


A= knv* 


CHALLENGE If you want the area of a polygon to be x% of its original area, by what 
scale factor should you multiply each side length? 


REASONING A regular n-gon is enlarged, and the ratio of the area of the enlarged figure 
to the area of the original figure is R. Write an equation relating the perimeter of the 
enlarged figure to the perimeter of the original figure Q. 


OPEN ENDED Draw a pair of similar figures with areas that have a ratio of 4:1. 
Explain. 


WRITING IN MATH Explain how to find the area of an enlarged polygon if you know the 
area of the original polygon and the scale factor of the enlargement. 


High School Tennis Participation 


Standardized Test Practice 


30. AABC ~ APRT, AC = 15 inches, PT = 6 inches, 32. EXTENDED RESPONSE The measures of two 
and the area of APRT is 24 square inches. Find complementary angles are represented by 
the area of AABC. 2x + Land 5x — 9. 
A 9.6 in? C 66.7 in? a. Write an equation that represents the 
B 60 in2 D 150 in2 relationship between the two angles. 


b. Find the degree measure of each angle. 


31. ALGEBRA Which of the following shows 33. SAT/ACT Which of the following are the values of 
2x? — 18xy — 72y* factored completely? x for which (x + 5)(x — 4) = 10? 
F (2x — 18y)(x+4y) Hi (2x — 9y)(x + 4y) A —5and 4 D 6and —5 
G 2(x — 9y)(x + 4y) J 2(x — 12y)(x + 3y) B 5and6 E —6and5 


C —4and5 


Spiral Review 


34. In the figure, square WXYZ is inscribed in OR. Identify the center, a radius, 
an apothem, and a central angle of the polygon. Then find the measure of 
a central angle. (Lesson 11-4) 


Find the area of the shaded region. Round to the nearest tenth. (Lesson 11-3) 


36. 37. 
6 ft 


Find each measure. (lesson 10-6) 


38. mZ5 39. mZ6 40. mZ7 


w) Bs. 


41. State whether the figure has plane symmetry, axis symmetry, both, or neither. (Lesson 9-5) 


42. YEARBOOKS Tai resized a photograph that was 8 inches by 10 inches so that it would fit 
in a 4-inch by 4-inch area on a yearbook page. (Lesson 7-7) 


a. Find the maximum dimensions of the reduced photograph. 
b. What is the percent of reduction of the length? 


Skills Review 


Refer to the figure at the right to identify each of the following. 
43. Name all segments parallel to AE 


L 
AE. A M 
44. Name all planes intersecting plane BCN. E hi 
45. Name all segements skew to DC. D - 


LAS 
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Study Guide and Review 


Study Guide 


KeyConcepts 


KeyVocabulary 


Areas of Parallelograms and Triangles (Lesson 11-1) 


e The area A of a parallelogram is the product of a base b and its 
corresponding height h. A= bh 


e The area A of a triangle is one half the product of a base b 
and its corresponding height A. A= 4h or A= m 


Areas of Trapezoids, Rhombi, and Kites (Lesson 11-2) 
e The area A of a trapezoid is one half the product of the height 
hand the sum of its bases, b, and bo. 
A=4hb, + by) 
e The area A of a rhombus or kite is one half the product of the 
lengths of its diagonals, d, and d,. 
1 


Areas of Circles and Sectors (Lesson 11-3) 

e The area A of a circle is equal to 7 times the square of the 
radius. = A=ar? 

The ratio of the area A of a sector to the area of the whole 


circle, mr, is equal to the ratio of the degree measure of the 
intercepted arc x to 360. 


ee a anid 
Proportion: 2 = 360 Equation: A = Gi mr 
Areas of Regular Polygons and Composite Figures 
(Lesson 11-4) 


e The area A of a regular n-gon with side length sis one half the 
product of the apothem a and perimeter P. 
21. =i 
A= 5 A\ns) or A= 5 aP 
Areas of Similar Figures (Lesson 11-5) 


e If two polygons are similar, then their areas are proportional to 
the square of the scale factor between them. 


area of FGHJ _ ( FG\? 
If ABCD ~ FGM, then 222 Of FRAY ( %) 
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Be sure the Key Concepts 
are noted in your Foldable. 


apothem (p. 807) composite figure (p. 809) 
base of a parallelogram (p. 779) height of a parallelogram (p. 779) 
base of a triangle (p. 781) height of a trapezoid (p. 789) 


center of a regular 
polygon (p. 807) 


height of a triangle (p. 781) 


radius of a regular 
central angle of a regular polygon (p. 807) 


polygon (p. 807) 
sector of a circle (p. 799) 


VocabularyCheck 


State whether each sentence is true or false. If false, replace the 
underlined term to make a true sentence. 


1. The center of a trapezoid is the perpendicular distance 
between the bases. 


2. Aslice of pizza is a sector of a circle. 


3. The center of a regular polygon is the distance from the 
middle to the circle circumscribed around the polygon. 


4. The segment from the center of a square to the corner can be 
called the radius of the square. 


5. A segment drawn perpendicular to a side of a regular polygon 
is called an apothem of the polygon. 


360 


6. The measure of each radial angle of a regular n-gon is rare 


7. The apothem of a polygon is the perpendicular distance 
between any two parallel bases. 


8. The height of a triangle is the length of an altitude drawn to a 
given base. 


9. Any side of a parallelogram can be called the height of a 
parallelogram. 


10. The center of a regular polygon is also the center of its 
circumscribed circle. 


{ CEE rea) 


Study Guide and Review continued 


Lesson-by-Lesson Review 


Areas of Parallelograms and Triangles 


Find the perimeter and area of each parallelogram or triangle. 
Round to the nearest tenth if necessary. 


15. PAINTING Two of the walls of an attic in an A-frame house 
are triangular, each with a height of 12 feet and a width 
of 22 feet. How much paint is needed to paint one end of 
the attic? 


Areas of Trapezoids, Rhombi, and Kites 


Find the area of each trapezoid, rhombus, or kite. 
16. 4ft 


20. KITES Team Dragon’s kite is 4 feet long and 3 feet across. 
How much fabric does it take to make their kite? 
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Example 1 
Find the perimeter and area of CJJKLM. 


Perimeter 
Perimeter of SJJKLM = JK + KL+ LM+ JM 
=44+7.24+4+4 7.2 or 22.4cm 


Area 
A= bh Area of a parallelogram 


= (4)(6) or 24 cm? b=4andh=6 


Example 2 
Find the area of each rhombus or kite. 


d, =7 and d,=3 


a. ] A= 30, d, Area of a kite 


= 10.5 ft2 Simplify. 


Since the diagonals of a rhombus 
bisect each other, the lengths 

of the diagonals are 6 + 6 or 

12 centimeters and 5 + 5 or 

10 centimeters. 


Area of a rhombus 
d, = 10 and d, = 12 


Simplify. 


Areas of Circles and Sectors 


Find the area of each shaded sector. Round to the Example 3 
nearest tenth. Find the area of the shaded sector. Round to the 
1. F ; nearest tenth. 


23. BICYCLES A bicycle tire decoration covers 4 of the circle 
formed by the tire. If the tire has a diameter of 26 inches, =>. Area of a sector 
what is the area of the decoration? 


24. PIZZA Charlie and Kris ordered a 16-inch pizza and cut me Substitution 


the pizza into 12 slices. 
; : ‘ Simplify. 
a. If Charlie ate 3 pieces, what area of the pizza did 


he eat? 
b. If Kris ate 2 pieces, what area of the pizza did she eat? 


c. What is the area of leftover pizza? 


Areas of Regular Polygons and Composite Figures 


Find the area of each regular polygon or composite figure. Example 4 


ie 
i 


The composite shape is made up of a semicircle and 
a trapezoid. 


lx— 20 cm —>| 


29. SIGNS Find the area of the stop sign below in 
square inches. Area = Area of semicircle + Area of trapezoid 


a ee eee 
=360°7 Pas h+(b, + b,) 


— 180 21524 1.465. 
* aan 15 +5 15 - (30 + 48) 


= 112.57 + 585 or about 938.4 m? 


hI 827 


Study Guide and Review continued 


Areas of Similar Figures 


For each pair of similar figures, use the given areas to find the 
scale factor from the blue to the green figure. Then find x. 


A = 525 cm? A = 1575 cm? 


COORDINATE GEOMETRY Find the area of each figure. Use 
the segment length given to find the area of a similar polygon. 


. LAND OWNERSHIP Joshua’s land is 600 square miles. 
A map of his land is 5 square feet. If one side of the map 
is 1.5 feet, how long is the corresponding side of the land? 
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Example 5 


The area of trapezoid JKLM is 138 square feet. The area of 
trapezoid QRST is 5.52 square feet. If trapezoid JKLM ~ 
trapezoid QRST, find the scale factor from trapezoid JKLM 
to trapezoid QRST and the value of x. 


M 


J 


Let k be the scale factor between trapezoid JKLM and 
trapezoid QRST. 


Area of trapezoid JKLM _ 
Area of trapezoid QRST 


ke Theorem 11.1 


Substitution 


Take the positive square 
root of each side. 


So, the scale factor from trapezoid JKLM to trapezoid QRST 
is 5. Use this scale factor to find the value of x. 


The ratio of corresponding lengths of similar 
polygons is equal to the scale factor between 
the polygons. 


Substitution 


Simplify. 


Practice Test 


Find the area and perimeter of each figure. Round to 
the nearest tenth if necessary. 


1. 15cm 2 
wom 
t 
om 2in 10in 
3 ( : 2amm iva \ = 
Bya 16 yd 


5. ARCHAELOGY The tile pattern shown was used in 
Pompeii for paving. If the diagonals of each 
rhombus are 2 and 3 inches, what area makes up 
each “cube” in the pattern? 


Find the area of each figure. Round to the nearest 
tenth if necessary. 


6. 41 ft 7. 19 ft 
aN 
53 ft 11 ft 
8 7 9. 21m 74m 


10. GEMOLOGY A gem is cut in a kite shape. It is 
6.2 millimeters wide at its widest point and 
5 millimeters long. What is the area? 


11. ALGEBRA The area of a triangle is 16 square units. 
The base of the triangle is x + 4 and the height is x. 
Find x. 


12. ASTRONOMY A large planetarium in the shape of a 
dome is being built. When it is complete, the base of 
the dome will have a circumference of 870 meters. 
How many square meters of land were required for 
this planetarium? 


Find the area of each circle or sector. Round to the 
nearest tenth. 


13. 14. 


15. 16. 


wo 


* fe 


17. MURALS An artisan is creating a circular street 
mural for an art festival. The mural is going to be 
50 feet wide. 


a. Find the area of the mural to the nearest 
square foot. 


b. One sector of the mural spans 38°. What is the 
area of this sector to the nearest square foot? 


Find the perimeter and area of each figure. Round to 
the nearest tenth if necessary. 


18. 19. 5 


ao 


20. BAKING Todd wants to make a cheesecake 
for a birthday party. The recipe calls for a 
9-inch diameter round pan. Todd only has 
square pans. He has an 8-inch square pan, 
a 9-inch square pan, and a 10-inch square 
pan. Which pan comes closest in area to the 
one that the recipe suggests? 


a; 
Na TO 829 A 


Practice Test 


Find the area and perimeter of each figure. Round to 
the nearest tenth if necessary. 


1. 15cm 2 
| 
7om Din 10 in 
3. 4 32 yd 
2amm 9 a! y 
| esl ees 
5 yd 13 yd 


5. ARCHAELOGY The tile pattern shown was used in 
Pompeii for paving. If the diagonals of each 
rhombus are 2 and 3 inches, what area makes up 
each “cube” in the pattern? 


Find the area of each figure. Round to the nearest 
tenth if necessary. 


6. 41 ft 7. 19 ft 
aN 
53 ft 11 ft 
8 7 9. 21m 74m 


10. GEMOLOGY A gem is cut in a kite shape. It is 
6.2 millimeters wide at its widest point and 
5 millimeters long. What is the area? 


11. ALGEBRA The area of a triangle is 16 square units. 
The base of the triangle is x + 4 and the height is x. 
Find x. 


12. ASTRONOMY A large planetarium in the shape of a 
dome is being built. When it is complete, the base of 
the dome will have a circumference of 870 meters. 
How many square meters of land were required for 
this planetarium? 


Find the area of each circle or sector. Round to the 
nearest tenth. 


13. 14. 


15. 16. 


wo 


* fe 


17. MURALS An artisan is creating a circular street 
mural for an art festival. The mural is going to be 
50 feet wide. 


a. Find the area of the mural to the nearest 
square foot. 


b. One sector of the mural spans 38°. What is the 
area of this sector to the nearest square foot? 


Find the perimeter and area of each figure. Round to 
the nearest tenth if necessary. 


18. 19. 5 


ao 


20. BAKING Todd wants to make a cheesecake 
for a birthday party. The recipe calls for a 
9-inch diameter round pan. Todd only has 
square pans. He has an 8-inch square pan, 
a 9-inch square pan, and a 10-inch square 
pan. Which pan comes closest in area to the 
one that the recipe suggests? 


a; 
Na TO 829 A 


Preparing for Standardized Tests 


Solve Multi-Step Problems 


Some problems that you will encounter on standardized tests 
require you to solve multiple parts in order to come up with 
the final solution. Use this lesson to practice these types of 
problems. 


Strategies for Solving Multi-Step Problems 


Read the problem statement carefully. 


Ask yourself: 
e What am | being asked to solve? What information is given? 


e Are there any intermediate steps that need to be completed before 
| can solve the problem? 


Organize your approach. 
e List the steps you will need to complete in order to solve the problem. 


e Remember that there may be more than one possible way to solve the problem. 


Solve and check. 
e Work as efficiently as possible to complete each step and solve. 


e lf time permits, check your answer. 


Standardized Test Example 


Read the problem. Identify what you need to know. Then use the information in 
the problem to solve. 


What is the area of the triangle? 
Round your answer to the nearest 
tenth if necessary. 


A 137.4 m2 C 170.5 m2 
B 161.3 m2 D 186.9 m2 


sabew| Ayey/yo0]saindg 
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Read the problem statement and study the figure carefully. At first glance, the 


to solve the problem. 


| Step 1 | Use the Pythagorean Theorem to find a. 
Bord Use trigonometry to find b. 
| Step 3 | Find the area of the triangle. 


Step1 Find a. Step 2. Find b. 
a2 + 152 = 172 tan 48° = 2 
2_ _ ..'-15 
a? = 289 — 225 b= 
a? = 64 b = 13.506 
a=8 


Step 3 Find the area of the triangle. 


= $(21.506)(15) 
~ 161.3 


The base of the triangle is a + b or about 21.506 meters. 


problem may appear fairly straightforward. Notice, however, that you must first 
find the base of the triangle before you can find its area. Organize an approach 


So, the area of the triangle is about 161.3 square meters. The answer is B. 


Read the problem. Identify what you need to know. 
Then use the information in the problem to solve. 


1. What is the area of the figure? Round to the 
nearest tenth. 


LZ NSN 
Vee ee 
A 346.4 in? 
B 372.1 in? 
C 383.2 in? 
D 564.7 in? 


2. Kaleb is painting just the shaded part of the 
basketball key shown below. How much area 
will he need to cover? Round to the nearest tenth. 


12 ft 


19 ft 


F 114.9 ft2 
G 142.4 ft2 
H 159.9 ft2 
J 171.5 ft2 


a 331 


D | 


Standardized Test Practice 
Cumulative, Chapters 1 through 11 


Multiple Choice 


Read each question. Then fill in the correct answer on 
the answer document provided by your teacher or on 
a sheet of paper. 


1. What is the value of x in the figure below? 


8x—7 
o, 
2x 
71 
A 5 C 8 
B 7 D 10 


2. Which of the following is not a property of 
parallelograms? 


F The opposite angles of a parallelogram are 
congruent. 


G The opposite sides of a parallelogram are 
congruent. 


H The consecutive angles of a parallelogram are 
supplementary. 


J The consecutive angles of a parallelogram are 
complementary. 


3. What is the area of the triangle below? Round your 
answer to the nearest tenth if necessary. 


A 110.5 in? 
B 144.2 in* 
C 164.5 in* 
D 171.9 in? 


Test-TakingTip 
Question 3 Some problems require multiple steps to solve. You can 


use the Pythagorean Theorem and trigonometry to find the base of 
the triangle. 
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4. Given: AC = BD 
AC || BD 
Prove: AABC = ADCB 


A C 
B D 
Statements Reasons 
1. AC= BD 1. Given 
2. AC || BD 2. Given 
3. ZACB = ZDCB 3. ? 
4. BC= CB 4. Reflexive Property 
of Congruence 
5. AABC = ADCB 5. SAS 


What is the missing line needed to complete the 
proof? 


F Same side exterior angles are congruent. 
G Vertical angles are congruent. 


H Corresponding parts of congruent triangles 
are congruent. 


J Alternate interior angles are congruent. 


5. What is the slope of the line? 


y 
Xx 
{e) 
3 2 
A - oF 
2 5 
B -5 Ds 


Short Response/Gridded Response 


Record your answers on the answer sheet provided 
by your teacher or on a sheet of paper. 


6. GRIDDED RESPONSE Suppose two similar rectangles 


have a scale factor of 3:5. The perimeter of the 
smaller rectangle is 21 millimeters. What is the 
perimeter of the larger rectangle? Express your 
answer in millimeters. 


. Copy the circles below on a sheet of paper and 


draw the common tangents, if any exist. 


OO 


. What is the contrapositive of the statement below? 


If a chord contains the center of a 
circle, then the chord is a diameter. 


. Copy the figure and point D. Then use a ruler to 


draw the image of the figure under a dilation with 
center D and a scale factor of 2. 


| 


D 
e 


10. GRIDDED RESPONSE Solve for x in the figure below. 


11. GRIDDED RESPONSE What is the area of the 
parallelogram below? Express your answer in 
square feet. Round to the nearest whole number 
if necessary. 


13 ft 


Extended Response 


Record your answers on a sheet of paper. Show 
your work. 


12. Use the figure below to answer each question. 


a. Find the area of each square and the area of 
the triangle. 


b. What is the total area of the figure? 


c. Explain how the areas of the squares model the 


- oe Pythagorean Theorem. 
— 12x — 26 
eg Y 
Need ExtraHelp? 
If you missed Question... 1 2 3 4 5 6 U 8 9 10 11 12 
as to Lesson... 8-1 6-2 11-1 4-4 3-3 7-2 10-5 2-3 9-6 5-1 11-1 es) 
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Extending Surface Area 
and Volume 


— 


© You identified and © In this chapter, you will: © ARCHITECTURE Architects use different types of 


named three- : solids to create designs that are both interesting and 
« Find lateral areas, 


dimensional figures functional. 
and calculated suleles 2c “Ae 
surface area and Values Of various 
Tai aint solid figures. ee Ss 
common solids. = Investigate —o 
Euclidean and 
spherical 
geometries. 


= Use properties of 
similar solids. 


~connectED.mcgraw-hill.com BAQa thie Funnel 


Personal Virtual Graphing ’ Self-Check 
Tutor Manipulatives Calculator Audio Foldables Practice Worksheets 


Animation Vocabulary  eGlossary 
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Get Ready for the Chapter 


Diagnose Readiness | You have two options for checking prerequisite skills. 


| 1 Textbook Option Take the Quick Check below. Refer to the Quick Review for help. 


Determine whether each statement about the figure in Example 1 Example 1 
is true, false, or cannot be determined. 


. CIABCD lies in plane M. 
. CICDHG lies in plane 
. AB lies in plane 1. 

. HG lies in plane N, 

. AE 1 to plane 11. 

. DC || line 2. 


In the figure, AD 1 and ABCDEFGH is a cube. Determine 
whether plane V/ 1 plane N 


ao oa fF Ww Be = 


Plane M | plane A cannot be determined from the given 
information. 


Find the area of each figure. Round to the nearest tenth if 
necessary. 


Find the area of the figure. 


7. 10 in. Round to the nearest tenth if 
necessary. 
12 in. J 
1icm 
18 in. A= Fb, + Dy) Area of a trapezoid 
9. CRAFTS A seamstress wants to cover a kite frame with = a) 3)(15 + 11) Substitution 
cloth. If the length of one diagonal is 16 inches and the other 2 
diagonal is 22 inches, find the area of the surface of the kite. = i 3)(26) Simplify. 
= 169 Multiply. 
The area of the trapezoid is 169 cm?. 
Find the value of the variable in each equation. 
10. 2 + 40? = 41? Find the value of the variable in 8? + 72 = c?. 
11. 82 + 62 = 177 c? = 824 7? Original equation 
12. 2 +6? = (73)? c? = 644 49 Evaluate the exponents. 
c* = 113 Simplify. 


c= +V113 Take the square root of each side. 


7 
2 Online Option Take an online self-check Chapter Readiness Quiz at connectED.mcgraw-hill.com. v/ 
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Get Started on the Chapter 


You will learn several new concepts, skills, and vocabulary terms as you study 
Chapter 12. To get ready, identify important terms and organize your resources. 
You may refer to Chapter 0 to review prerequisite skills. 


[ZEEE StudyOrganizer NewVocabulary rece 


Surface Area and Volume Make this Foldable to help you English Espafiol 
organize your Chapter 12 notes about surface area and volume. 
Begin with one sheet of notebook paper. 


right solid p.837 — sOlido recto 
oblique solid p.838 — sdlido oblicuo 
isometric view p.839 vista isométrica 
1° Fold the paper in half. cross section p.840 — seccidn transversal 
lateral face p.846 cara lateral 
lateraledge p.846 — arista lateral 
altitude p.846 altura 
lateralarea p.846 area lateral 


2 Fold the paper again, two inches 
from the top. 


axis p.848 eje 


regular pyramid p.854  piramide regular 


slant height p.854 altura oblicua 
rightcone p.856  cono recto 
oblique cone p.856  cono oblicuo 
great circle p.881 — circulo mayor 
3 Unfotd the pase Euclidean geometry p.889 geometria euclidiana 


spherical geometry p.889 geometria esférica 


similar solids p.896 sdlidos semejantes 


congruent solids p.896  sdlidos congruentes 


4 Label as shown. ReviewVocabulary 


regular polyhedron poliedro regular a polyhedron in which all 
of the faces are regular congruent polygons 


4 equilateral 


6 square faces triangular faces 
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Geometry Lab 


Solids Formed by Translation 


We can relate some three-dimensional solids to two-dimensional figures with which we are already 
familiar. Some three-dimensional solids can be formed by translating a two-dimensional figure along 
a vector. 


A right solid has base(s) that are perpendicular to the edges connecting them or connecting the 
base and the vertex of the solid. Some right solids are formed by translating a two-dimensional 
figure along a vector that is perpendicular to the plane in which the figure lies. 


Identify and sketch the solid formed by translating a horizontal rectangle vertically. 


To help visualize the solid formed, let a playing card represent the rectangle, and lay it 
flat on a table so that it is horizontal. To show the translation of the rectangle vertically, 
stack other cards neatly, one by one, on top of the first. 


Notice that the solid formed is a right rectangular prism, which has a rectangular 
base, a translated copy of this base on the opposite side parallel to the base, 

and four congruent edges connecting the two congruent rectangles. These edges 
are parallel to each other but perpendicular to the bases. A sketch of the figure 

is shown. 


Model and Analyze 


1. Use congruent triangular tangram pieces to identify and sketch the solid formed by 
translating a horizontal triangle vertically. 


2. Use the coins from a roll of quarters to identify and sketch the solid formed by 
translating a horizontal circle vertically. 


Identify and sketch the solid formed by translating a vertical two-dimensional 
figure horizontally. 


3. rectangle 4. triangle 5. circle = 


6. REASONING Are the solids formed in Exercises 3, 4, and 5 right solids? Explain your 
reasoning. (continued on the next page) 
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Geometry Lab 


Solids Formed by Translation continued 


An oblique solid has base(s) that are not perpendicular to the edges connecting the 
two bases or vertex. An oblique solid can be formed by translating a two-dimensional 
figure along an oblique vector that is neither parallel nor perpendicular to the plane in 
which the two-dimensional figure lies. 


Identify and sketch the solid formed by translating a horizontal rectangle along an 
oblique vector. 


Let a playing card represent the rectangle. Lay it flat on a table so that it is horizontal. To 
show the translation of the rectangle along an oblique line, stack other cards one by one 
on top of the first so that the cards are shifted from the center of the previous card the 
same amount each time. 


The solid formed is an oblique rectangular prism, which has a 
rectangular base, a translated copy of this base on the opposite side 
parallel to the base, and four congruent edges connecting the two 
congruent rectangles. These edges are parallel to each other but 
oblique to the bases. A sketch of the figure is shown. 


Model and Analyze 


Identify and sketch the solid formed by translating each vertical two-dimensional figure 
along an oblique vector. Use concrete models if needed. 


7. triangle 8. circle 


Identify each solid as right, oblique, or neither. 


12. REASONING Can a pyramid with a square base be formed by translating the base 
vertically? Explain your reasoning. 
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Representations of 


Three-Dimensional Figures 
:- Then :-‘Now :-Why? 


@ You identified parallel @ Draw isometric views @ Video game programmers 


planes and of three-dimensional use technology to make the 
intersecting planes figures. gaming environments appear 
in three-dimensional three-dimensional. As players 


Investigate cross 


figures. sections of hres move in the various video 
: : : game worlds, objects are 
dimensional figures. ne 
realistically shown from 
different perspectives. 
Sing NewVocabulary Draw Isometric Views In video games, 
= isometric view three-dimensional figures are represented 
cross section on a two-dimensional screen. You can use 
isometric dot paper to draw isometric views, 
or corner views, of three-dimensional geometric 
, solids on two-dimensional paper. front iseineieie 
(cs) Common Core cn lew 
, y) State Standards 
Content Standards 


G.GMD.4 Identify the shapes 
of two-dimensional cross- 
sections of three- 
dimensional objects, and 
identify three-dimensional 
objects generated by 
rotations of two- 
dimensional objects. 


Example 1 


Use isometric dot paper to sketch a triangular prism 3 units high with two sides of 
the base that are 2 units long and 4 units long. 


Mark the corner of the solid. Draw 3 units Draw segments 3 units down from each 
down, 2 units to the left, and 4 units to vertex for the vertical edges. Connect the 
the right. Then draw a triangle for the top appropriate vertices using a dashed line 
of the solid. for the hidden edge. 


Mathematical Practices 

5 Use appropriate tools 
strategically. 

1 Make sense of problems 
and persevere in solving 
them. 


GuidedPractice 
1. Use isometric dot paper to sketch a rectangular prism 1 unit high, 5 units long, 
and 4 units wide. 


Recall that an orthographic drawing shows the top, left, front, Qo 
and right views of a solid. You can use an orthographic 
drawing to draw an isometric view of a three-dimensional figure. 


The top, front, and right views of a cube are shown at the right. 


239 ( 


Boutet Jean-Pierre/age fotostock 


Example 2 


Use isometric dot paper and the 
orthographic drawing to sketch a solid. 


top left front 


¢ left view: The figure is 3 units high on view ‘wiawe: “view 


the left. 


e front view: The first column is 3 units high 
and the second column is 1 unit high. 


e right view: The figure is 3 units high on the right. 
The dark segments indicate that there are breaks in 
the surface. 


Connect the dots on the isometric dot paper to represent 
the edges of the solid. Shade the tops of each column. 


GuidedPractice 
top left front right 
view view view view 


Investigate Cross Sections A éfoss'section is the intersection of a solid and a 
plane. The shape of the cross section formed by the intersection of a plane and a 
three-dimensional figure depends on the angle of the plane. 


Real-World Example 3 


PYRAMIDS Scientists are able to use computers to study cross sections of 
ancient artifacts and structures. Determine the shape of each cross section 
of the pyramid below. 


horizontal angled vertical 
cut cut cut 


_ Real-WorldLink 


The largest pyramid ever 
constructed is about 63 miles 
from Mexico City. It is 

177 feet tall and its base 
covers an area of nearly 


45 acres. The horizontal cross section is a square. The angled cross section is a trapezoid. 
Source: Guinness World Records The vertical cross section is a triangle. 
GuidedPractice 


3. CAKES Ramona has a cake pan shaped like half of a 
sphere, as shown at the right. Describe the shape of 
the cross sections of cakes baked in this pan if they are 
cut horizontally and vertically. 
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¢ top view: There are two rows and two 
columns. The dark segments indicate | | 
that there are different heights. 


right 
view 


y90]S0}0} a6e/eiqe] OUoL 


Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Use isometric dot paper to sketch each prism. 


1. triangular prism 2 units high, with two sides of the base that are 5 units long and 
4 units long 


2. rectangular prism 2 units high, 3 units wide, and 5 units long 


Example 2 Use isometric dot paper and each orthographic drawing to sketch a solid. 


eg EB a] Eb EE HE 


top front right 
top left front right view view view view 


view view view view 


Example 3 5. FOOD Describe how the cheese at the right can 
be sliced so that the slices form each shape. 


a. rectangle 


b. triangle 


c. trapezoid 


Describe each cross section. 
6. 


Practice and Problem Solving Extra Practice is on page R12. 


Example 1 Use isometric dot paper to sketch each prism. 
8. cube 3 units on each edge 


(9) triangular prism 4 units high, with two sides of the base that are 1 unit long and 
3 units long 


10. triangular prism 4 units high, with two sides of the base that are 2 units long and 
6 units long 


la~ 
Example 2 CESS TOOLS Use isometric dot paper and each orthographic drawing to sketch a solid. 


“BHAA Hobe ch 


top left front — right top left front right 
view view view view view view view view 
HH . : £ 
top left front right 
view view view view top left front right 


view view view view 


Example 3 ART A piece of clay in the shape of a rectangular 
P a P 8 
prism is cut in half as shown at the right. 


a. Describe the shape of the cross section. 


b. Describe how the clay could be cut to make the cross 
section a triangle. 


Describe each cross section. 


16. 17. alm 18. 


20. ARCHITECTURE Draw a top view, front view, and 
side view of the house at the right. 


COOKIES Describe how to make a cut through a 
roll of cookie dough in the shape of a cylinder to 
make each shape. 


21. circle 22. longest rectangle 


23. oval 24. shorter rectangle 


= 
CESS TOOLS Sketch the cross section from a vertical slice of each figure. 


25. wh 26. L. 27. 


28. EARTH SCIENCE Crystals are solids in which the atoms are arranged in regular 
geometrical patterns. Sketch a cross section from a horizontal slice of each crystal. Then 
describe the rotational symmetry about the vertical axis. 


a. tetragonal b. hexagonal c. monoclinic 


Lf 


29. ART Ina perspective drawing, a vanishing point is 
used to make the two-dimensional drawing appear 
three-dimensional. From one vanishing point, objects 
can be drawn from different points of view, as shown 
at the right. 


a. Draw a horizontal line and a vanishing point on 
the line. Draw a rectangle somewhere above the 
line and use the vanishing point to make a 
perspective drawing. 


b. On the same drawing, draw a rectangle somewhere 
below the line and use the vanishing point to make 
a perspective drawing. 


c. Describe the different views of the two drawings. 
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Draw the top, left, front, and right view of each solid. 


30. 


33. 


34. 


The top, front, and right views of a three- 

dimensional figure are shown at the right. FZ 

a. Make a sketch of the solid. (cee ea 

b. Describe two different ways that a top front right 
rectangular cross section can be made. ao ee view 


c. Make a connection between the front and right views of the solid and cross sections 
of the solid. 


af? MULTIPLE REPRESENTATIONS In this problem, you will investigate 
isometric drawings. 
a. Geometric Create isometric drawings of 

three different solids. 


b. Tabular Create a table that includes the 
number of cubes needed to construct the solid 
and the number of squares visible in the 
isometric drawing. 


c. Verbal Is there a correlation between the 
number of cubes needed to construct a solid 
and the number of squares visible in the 
isometric drawing? Explain. 


H.0.T. Problems Use Higher-Order Thinking Skills 


35. 


36. 


37. 


38. 


39. 


CHALLENGE The figure at the right is a cross section of a 

geometric solid. Describe a solid and how the cross 

section was made. 

—_~ 

cess ARGUMENTS Determine whether the following statement is true 


or false. Explain your reasoning. 


If the left, right, front, and back orthographic views of two objects 
are the same, then the objects are the same figure. 


OPEN ENDED Use isometric dot paper to draw a solid consisting of 12 cubic 


units. Then sketch the orthographic drawing for your solid. 


CHALLENGE Draw the top view, front view, and left view 
of the solid figure at the right. 


WRITING IN MATH A hexagonal pyramid is sliced through the 
vertex and the base so that the prism is separated into two 
congruent parts. Describe the cross section. Is there more 
than one way to separate the figure into two congruent parts? 
Will the shape of the cross section change? Explain. 


Meomecttdmcoewcnitcon]) 843 i) 


Standardized Test Practice 


40. Which polyhedron is represented by the net 42. ALGEBRA Which inequality best describes the 
shown below? graph shown below? 


A cube C triangular prism 


B octahedron D triangular pyramid 


41. EXTENDED RESPONSE A homeowner wants to 
build a 3-foot-wide deck around his circular 
pool as shown below. 


2 2 
Fy<3r-1 Hy>3x-1 


2 2 
Gyszr-1 Jy23x-1 


43. SAT/ACT Expand (4V/5)”. 


a. Find the outer perimeter of the deck to the A 20 D 40 
nearest foot, if the circumference of the pool is 
about 81.64 feet. B 8V5 E 80 


b. What is the area of the top of the deck? C 16/5 


Spiral Review 


For each pair of similar figures, use the given areas to find the scale factor from the blue 
to the green figure. Then find x. (Lesson 11-5) 


GaGa ah OG 


2 — 2 = 48 rN = 108 in2 
A= 36cm = 25cm A = 242 m 


47. FURNITURE DESIGN Jenna wants to cover the cushions of her papasan chair with 
new fabric. There are seven congruent circular cushions with a diameter of 
12 inches around a center cushion with a diameter of 20 inches. Find the area 
of fabric in square yards that she will need to cover both sides of the cushions. 
Allow an extra 3 inches of fabric around each cushion. (Lesson 11-4) 


Skills Review 


Find the perimeter or circumference and area of each figure. Round to the nearest tenth. 


48. 49. 50. 


11cm 


8cm 
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rr 


Geometry Lab 


Topographic Maps 


2200 ft 
1800 ft 


Maps are representations of Earth or some part of Earth. Topographic maps are 
representations of the three-dimensional surface of Earth on a two-dimensional 


I 
piece of paper. In a topographic map, the topography, or shape of Earth’s surface, a i 
is illustrated through the use of contours, which are imaginary lines that join A = 600 ft 
locations with the same elevation. 1 | B 
| 
a 
= 


Some topographic maps show more than contours. These maps may include symbols 
that represent vegetation, rivers, and other landforms, as well as streets and buildings. 


Follow these steps to read a topographic map. 


e Thin lines represent contours. Since each contour is a line of equal elevation, they 
never cross. The closer together the contour lines, the steeper the slope. 


e Contour lines form V shapes in valleys or riverbeds. The Vs point uphill. 


e Most often, closed loops indicate that the surface slopes uphill on the inside and 
downhill on the outside. The innermost loop is the highest area. 


e Pay attention to the colors. Blue represents water; green represents vegetation; red 
represents urban areas; black represents roads, trails, and railroads. 


e The scale on a 1:24,000 map indicates that 1 inch equals 2000 feet. 


Explore the Model 


Use the topographic map above to answer these questions. 


1. According to the scale, what is the vertical distance between each contour line? 
2. What is the difference in height between the lowest and highest points? 
3. What do you notice about the contour lines for the peaks of the hills? 
4. Describe a steep slope on the topographic map. How do you know it is steep? 
5. Explain how you would draw a topographic map given a side view of some hills. 
Model and Analyze 
6. Draw a topographic map 7. Draw a possible side view similar to 
similar to the map below the map below from points A to B of 
for the side view of the hills the hills from the topographic map. 
from points A to B. Measures are given in feet. 
1700 ft 
1600 ft 
1500 ft 
1400 ft 
1300 ft 
1200 ft 
B 1100 ft 
A 1000 ft 
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@ You found areas 
of polygons. 


@>d NewVocabulary 
~ lateral face 
lateral edge 
base edge 
altitude 
height 
lateral area 
axis 
composite solid 


Ess) Common Core 

eS) State Standards 
Content Standards 
G.MG.3 Apply geometric 
methods to solve problems 
(e.g., designing an object or 
structure to satisfy physical 
constraints or minimize cost; 
working with typographic 
grid systems based on 
ratios). * 


Mathematical Practices 

1 Make sense of problems 
and persevere in solving 
them. 

6 Attend to precision. 
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e Find lateral areas 


TR. 


Surface Areas of Prisms 


and Cylinders 
:-Why? 


@ Atlanta’s Georgia Aquarium is the 
and surface areas largest aquarium in the world, with 
of prisms. more than 8 million gallons of water 
and more than 500 species from 
around the world. The aquarium 

has an underwater tunnel that is 
100 feet long with 4574 square 
feet of viewing windows. 


Find lateral areas and 
surface areas of 
cylinders. 


Lateral Areas and Surface Areas of Prisms In a solid figure, faces that are not 

bases are called lateral faces. Lateral faces intersect each other at the lateral edges, 
which are all parallel and congruent. The lateral faces intersect the base at the base edges. 
The altitude is a perpendicular segment that joins the planes of the bases. The height is 
the length of the altitude. 


Recall that a prism is a polyhedron with two parallel congruent bases. In a right prism, 
the lateral edges are altitudes and the lateral faces are rectangles. In an oblique prism, the 
lateral edges are not perpendicular to the bases. At least one lateral face is not a rectangle. 


base base 
Sis edge edge 
lateral edge, 
altitude Ri By bases lateral edge 7 


Right 
Prism 


lateral altitude 
face Sy 


% ral 
face 


Oblique 
Prism 


&) a 
a 
a Nb 6 


The lateral area L of a prism is the sum of 
the areas of the lateral faces. The net at the 


right shows how to find the lateral area of 
a prism. 


L =a(h) + b(h) + c(h) Sum of areas of lateral faces 
=(a+b+c)h Distributive Property 
= Ph P=a+b+c 


oS KeyConcept Lateral Area of a Prism 


Words The lateral area L of a right prism is L = Ph, Model 
where /is the height of the prism and 
Pis the perimeter of a base. 


Symbols L=Ph 


\ df 


From this point on, you can assume that solids in the text are right solids. If a solid is 
oblique, it will be clearly stated. 


sabew| Aye5/sman sabew Ay99/e4997 191981S 


WatchOut! 


Right Prisms The bases of a 
right prism are congruent, 
but the faces are not always 
congruent. 


StudyTip 
cess Perseverance In 


Example 2, you can also use 
a 6-foot by 4-foot rectangle 
as the base. The height would 
be 9 feet. While choosing a 
different base does not affect 
the surface area, it will 
change the lateral area. 


Example 1 


Find the lateral area of the prism. Round to the 
nearest tenth. 


EX Find the missing side length of the base. 


5cm 


c? = 62 + 52 Pythagorean Theorem 
c2=61 Simplify. 
cz78 Take the positive square root of each side. 


EG Find the lateral area. 


L =Ph Lateral area of a prism 
=(5+6+4+7.8)7 Substitution 
= 131.6 Simplify. 


The lateral area is about 131.6 square centimeters. 
GuidedPractice 


1. The length of each side of the base of a regular octagonal prism is 6 inches, and the 
height is 11 inches. Find the lateral area. 


The surface area of a prism is the sum of the lateral area and the areas of the bases. 


| § KeyConcept Surface Area of a Prism 


Words The surface area S of a right Model 
prism is S = L + 2B, where 
Lis its lateral area and Bis h 
the area of a base. B 
P 
dé 


Symbols S=L+2BorS=Ph+ 2B 


\ 


Example 2 


Find the surface area of the rectangular prism. 


Use the 9-foot by 4-foot rectangle as the base. 


S=Ph+2B Surface area of a prism 
= (2-9+42-4)(6) + 29-4) Substitution 
= 228 Simplify. 


The surface area of the prism is 228 square feet. 


GuidedPractice 


2. Find the surface area of the triangular prism. 
Round to the nearest tenth. 


12mm 


Lateral Areas and Surface Areas of Cylinders The axi8 of a cylinder is the 

segment with endpoints that are centers of the circular bases. If the axis is also an 
altitude, then the cylinder is a right cylinder. If the axis is not an altitude, then the 
cylinder is an oblique cylinder. 


axis, axis 


altitude 
| 


altitude el 


ae, 


Right Oblique 
Cylinder Cylinder 


The lateral area of a right cylinder is 
the area of the curved surface. Like a 
right prism, the lateral area L equals 


Ph. Since the base is a circle, the ti aa 

r perimeter is the circumference of h h 

StudyTip the circle C. So, the lateral area is + 4 
Formulas An alternate Ch or 2nrh. C =2nr 


formula for the lateral area of 
a cylinder is L = wdh, with 
ad as the circumference of 
a Circle. 


The surface area of a cylinder is the lateral area plus the areas of the bases. 


5 KeyConcept Surface Area of a Cylinder 


Words The lateral area L of a right cylinder is L = 27rh, Model 
where ris the radius of a base and / is the height. 


The surface area S of a right cylinder is 
S = 2nrh + 2717, where ris the radius of a base 
and his the height. 


Symbols L=2trh 
S=L+2Bor 
2nrh + 2nr? 


Example 3 


Find the lateral area and the surface area of the 
cylinder. Round to the nearest tenth. 15mm 


L=2trh Lateral area of a cylinder 
= 27(7.5)(18) Replace rwith 7.5 and h with 18. 18mm 


= 848.2 Use a calculator. 


S = 2mrh + 2nr? Surface area of a cylinder 
= 848.2 + 2n(7.5)* Replace 27rh with 848.2 and r with 7.5. 
= 1201.6 Use a calculator. 


The lateral area is about 848.2 square millimeters, and the surface area is about 
1201.6 square millimeters. 


StudyTip 


Estimation Before finding the 
lateral area of a cylinder, use 
mental math to estimate. To 
estimate, multiply the 
diameter by 3 (to approximate 
tt) and then by the height of GuidedPractice 
the cylinder. 


3A. r= 5in., h = 9 in. 


3B. d=6cm,h =4.8 cm 
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Real-World Example 4 


CRAFTS Sheree used the rectangular piece of felt 12.6 in. 

shown at the right to cover the curved surface of her 

cylindrical pencil holder. What is the radius of the 5 in. 
pencil holder? 


L=2trh Lateral area of a cylinder 
63 = 277(5) Replace L with 12.6 « 5 or 63 and A with 5. 
63 = 107r Simplify. 
2.0 = 17 Divide each side by 107. 


The radius of the pencil holder is about 2 inches. 


GuidedPractice 


4. Find the diameter of a base of a cylinder if the surface area is 
4647 square centimeters and the height is 21 centimeters. 


Check Your Understanding 


Example 1 1. Find the lateral area of 
the prism. 


4.5 in. 


Examples 1-2 Find the lateral area and surface area of each prism. 


2. 3. 
15m 
11m 
10m base 
Example 3 4. CARS Evan is buying new tire rims that are 14 inches in diameter and 6 inches wide. 


Determine the lateral area of each rim. Round to the nearest tenth. 
Find the lateral area and surface area of each cylinder. Round to the nearest tenth. 
5. 6. 
we 20.4 cm 


8 yd 


22cm 


Example 4 (7) FOOD The can of soup at the right has a surface area of 
286.3 square centimeters. What is the height of the can? 
Round to the nearest tenth. 


8. The surface area of a cube is 294 square inches. Find the 
length of a lateral edge. 


249 (9 


Practice and Problem Solving Extra Practice is on page R12. 


Examples 1-2 Find the lateral area and surface area of each prism. Round to the nearest tenth 
if necessary. 


12. 


9cm 


12cm 
15. rectangular prism: € = 25 centimeters, w = 18 centimeters, = 12 centimeters 


16. triangular prism: / = 6 inches, right triangle base with legs 9 inches and 12 inches 


Examples 1-3 CEREAL Find the lateral area and the surface area of each cereal container. Round to the 
nearest tenth if necessary. 


18. —— ae cm 


24.5 cm 


k 
q °W cHoLesTERO” 


ya~ 
Example 3 cess SENSE-MAKING Find the lateral area and surface area of each cylinder. Round to the 
nearest tenth. 


19. 3mm 15mm 20. 7tt 


21. 8 in. 22. 


6.2 in. 


23. WORLD RECORDS The largest beverage can was a cylinder with height 4.67 meters and 
diameter 2.32 meters. What was the surface area of the can to the nearest tenth? 
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Cheryl Hatch/AP Images 


Example 4 


Use the given lateral area and the diagram to find the missing measure of each solid. 
Round to the nearest tenth if necessary. 


24. L = 48 in? 25. L = 635.9 cm? 


1 


11cm 


26. A right rectangular prism has a surface area of 1020 square inches, a length of 
6 inches, and a width of 9 inches. Find the height. 


A cylinder has a surface area of 2567 square millimeters and a height of 
8 millimeters. Find the diameter. 


28. MONUMENTS A monolith mysteriously appeared overnight at Seattle, Washington’s 
Manguson Park. A hollow rectangular prism, the monolith was 9 feet tall, 4 feet wide, 
and 1 foot deep. 


a. Find the area in square feet of the structure’s surfaces that lie above the ground. 


b. Use dimensional analysis to find the area in square yards. 


29. ENTERTAINMENT The graphic shows the Preferred Places to 
results of a survey in which people were Watch Movies 
asked where they like to watch movies. Other, 5% 

a. Suppose the film can is a cylinder Theater, 


12 inches in diameter. Explain how 22% 
to find the surface area of the 

portion that represents people who 

prefer to watch movies at home. 


b. If the film can is 3 inches tall, find the 
surface area of the portion in part a. 


la~ 
CeSS SENSE-MAKING Find the lateral area and surface area of each oblique solid. Round 
to the nearest tenth. 


30. 31. 


13m 
32. LAMPS The lamp shade is a cylinder of height 18 inches with 


a diameter of 63 inches. 


a. What is the lateral area of the shade to the nearest tenth? 


b. How does the lateral area change if the height is divided 
by 2? 


33. Find the approximate surface area of a right hexagonal 
prism if the height is 9 centimeters and each base edge is 
4 centimeters. (Hint: First, find the length of the apothem 
of the base.) 


251 |.) 


34. DESIGN A mailer needs to hold a poster that is almost 38 inches long and 
has a maximum rolled diameter of 6 inches. 


a. Design a mailer that is a triangular prism. Sketch the mailer and its net. 


b. Suppose you want to minimize the surface area of the mailer. What would 
be the dimensions of the mailer and its surface area? 


A composite solid is a three-dimensional figure that is composed of simpler figures. 
Find the surface area of each composite solid. Round to the nearest tenth if necessary. 


(35) 13cm 36. 37. 12 0 


| 
28cm 


12cm 


Bi 15 in. 
20cm 6 in. 12cm 


38. 9? MULTIPLE REPRESENTATIONS In this problem, you will 
investigate the lateral area and surface area of a cylinder. 


a. Geometric Sketch cylinder A with a radius of 3 centimeters and a 
height of 5 centimeters, cylinder B with a radius of 6 centimeters 
and a height of 5 centimeters, and cylinder C with a radius of 3 
centimeters and a height of 10 centimeters. 


b. Tabular Create a table of the radius, height, lateral area, and surface 
area of cylinders A, B, and C. Write the areas in terms of 7. 


c. Verbal If the radius is doubled, what effect does it have on the lateral area and the 
surface area of a cylinder? If the height is doubled, what effect does it have on the 
lateral area and the surface area of a cylinder? 


H.0.T. Problems Use Higher-Order Thinking Skills 


39. ERROR ANALYSIS Montell and Derek are finding the surface area of a cylinder with 
height 5 centimeters and radius 6 centimeters. Is either of them correct? Explain. 


Montell Derek 
S= (6)? + r(S\S) S$ = 2n(6)° + 2n(6)(5) 
= Ser + 30% = 727 + 600 


= 669 cme = 13270 cm” 


40. WRITING IN MATH Sketch an oblique rectangular prism, and describe the shapes that 
would be included in a net for the prism. Explain how the net is different from that of a 
right rectangular prism. 


lay 
41. CCSS/ PRECISION Compare and contrast finding the surface area of a prism and finding 
the surface area of a cylinder. 


42. OPEN ENDED Give an example of two cylinders that have the same lateral area and 
different surface areas. Describe the lateral area and surface areas of each. 


43. CHALLENGE A right prism has a height of h units and a base that is an equilateral 
triangle of side @ units. Find the general formula for the total surface area of the prism. 
Explain your reasoning. 


44, WRITING IN MATH A square based prism and a triangular prism are the same height. 
The base of the triangular prism is an equilateral triangle, with an altitude equal in 
length to the side of the square. Compare the lateral areas of the prisms. 
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Standardized Test Practice 


45. If the surface area of the right rectangular prism 47. Parker Flooring charges the following to install 
is 310 square centimeters, what is the measure of a hardwood floor in a new home. 


the height h of the prism? Subflooring: $2.25 per square foot 
a. Wood flooring : $4.59 per square foot 
Baseboards: $1.95 per linear foot around room 
Nail & other materials: $25.95 per job 
Labor: $99 plus $0.99 square foot 
What is the cost to install hardwood flooring in 


an a room that is 18 by 15 feet? 
A 5cm C 10 F $2169.75 H $2367.75 
B Be cm D 133 cm G $2268.75 J $2765.55 


48. SAT/ACT What is the value of f(—2) if 


46. SHORT RESPONSE A cylinder has a circumference fx) = x3 + 4x2 — 2x — 3? 


of 167 inches and a height of 20 inches. What is 
the surface area of the cylinder in terms of 7? A =31 D 25 
E 28 


Spiral Review 


Use isometric dot paper to sketch each prism. (Lesson 12-1) 
49. rectangular prism 2 units high, 3 units long, and 2 units wide 


50. triangular prism 2 units high with bases that are right triangles with legs 3 units and 
4 units long 


51. BAKING A bakery sells single-layer mini-cakes that are 3 inches in diameter for 
$4 each. They also have a cake with the same thickness and a 9-inch diameter for $15. 
Compare the areas of the cake tops to determine, which option is a better buy, nine 
mini-cakes or one 9-inch cake. Explain. (Lesson 11-5) 


The diameters of ©R, ©S, and ©T are 10 inches, 14 inches, and 
9 inches, respectively. Find each measure. (Lesson 10-1) 

52. YX 

53. SY 


Skills Review 


Find x. Round to the nearest tenth. 


54. R 55. K 56. A 
8 
44 > B 
19 i : 
x 
Oo 
T x § C 
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-- Then 


@ Youfound areasof © 


regular polygons. 


(ged NewVocabulary 


= regular pyramid 


slant height 
right cone 
oblique cone 


Common Core 
| @aree State Standards 


Content Standards 
G.MG.1 Use geometric 
shapes, their measures, and 
their properties to describe 
objects (e.g., modeling a tree 
trunk or a human torso as a 
cylinder). * 


Mathematical Practices 

1 Make sense of problems 
and persevere in solving 
them. 

6 Attend to precision. 
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--Now 


Surface Areas of Pyramids 


and Cones 
:-Why? 


Find lateral areas and @ The Transamerica Pyramid in San Francisco, 
surface areas of California, covers nearly one city block. Its 
pyramids. unconventional design allows light and air 
to filter down to the streets around the 
building, unlike the more traditional 
rectangular prism skyscrapers. 


Find lateral areas and 
surface areas of 
cones. 


Lateral Area and Surface Area of Pyramids The Jateral faces of a pyramid 

intersect at a common point called the vertex. Two lateral faces intersect at a lateral 
edge. A lateral face and the base intersect at a base edge. The altitude is the segment from 
the vertex perpendicular to the base. 


A regular pyramid has a base that is a regular polygon and the altitude has an endpoint 
at the center of the base. All the lateral edges are congruent and all the lateral faces are 
congruent isosceles triangles. The height of each lateral face is called the slant height ¢ of 
the pyramid. 


vertex vertex 
lateral edge . 
altitude 
aia altitude lateral face lateral edge 
height 
base nendge base base edge 
Regular Nonregular 
Pyramid Pyramid 


The lateral area L of a regular pentagonal 
pyramid is the sum of the areas of all its 
congruent triangular faces as shown in the 
net at the right. 


ds soe 


Sum of the areas of the lateral faces 


A 1 1 1 1 
= ase + xe + ae + ae + ae 


= Fels +s+s+s+58) Distributive Property 


= Pe P=S+s+S+5+5 
oS KeyConcept Lateral Area of a Regular Pyramid 
Words The lateral area L of a regular Model 
pyramid is L = 5Pt, where £ 
is the slant height and Pis 
the perimeter of the base. P 
Symbols L= 4 Pe 
\ + 


yoo}Siadns/y90}s0}0) a6e 


Example 1 


P 
StudyTip Find the lateral area of the square pyramid. 
Alternative Method You can 1 ; 
alaa'tind tha lateral area ofa = Pe Lateral area of a regular pyramid oa 
pyramid by adding the areas mel _ _ 
of the congruent lateral faces. ~ 7 (16)(6) Caen ee 
area of one face: The lateral area is 48 square inches. 4in. 


| _ : 
3(4)(6) = 12 in? 


lateral area: GuidedPractice 
4.12 = 48 in? 


a y 


1. Find the lateral area of a regular hexagonal pyramid with a base edge of 
9 centimeters and a lateral height of 7 centimeters. 


The surface area of a pyramid is the sum of the lateral area and the area of the base. 


 KeyConcept Surface Area of aRegular Pyramid = 


Words The surface area S of a regular Model 
pyramid is $ = sPe + B, where 


Pis the perimeter of the base, @ 
is the slant height, and Bis the 
area of the base. 


Symbols a 5Pe +B 


. / 


Example 2 


Find the surface area of the square pyramid to the nearest tenth. 
Step 1 | Find the slant height. 
c2 =a? +b? Pythagorean Theorem 
22 = 162 + 62 a= 16,b=6,andc=2 
é= V292 Simplify. 
Ey] Find the perimeter and area of the base. 
P=4-12o0r48cm A = 12? or 144 cm? 
ERGRE] Find the surface area of the pyramid. 


StudyTip 


Making Connections The 
surface area of a pyramid 
equals L + B, not L + 2B, 
because a pyramid has only 
one base. 


S= sPe +B Surface area of a regular pyramid 
= $(48)V 2924+144 P=48,@= 292, and B= 144 


~ 554.1 Use a calculator. 


The surface area of the pyramid is about 554.1 square centimeters. 


GuidedPractice 
2A. 


7 
ReviewVocabulary 
Trigonometric Ratios 
sin A = PP 

hyp 
cos A= aul 
hyp 
fan A= 2 
adj 
L 


Example 3 


Find the surface area of the regular pyramid. Round 
to the nearest tenth. 


EM Find the perimeter of the base. 
P=6-5o0r30cm 


Ey] Find the length of the apothem and the area of 


the base. 
A central angle of the hexagon is a. or 60°, 
so the angle formed in the triangle at the right 
is 30°. 
iain * : oa i aetna ratio to 
tan 30° 
= 43 Use a calculator. 

A= +Pa Area of a regular polygon 

x $(30)(4.3) Replace P with 30 and a with 4.3. 

= 64.5 Multiply. 


So, the area of the base B is approximately 64.5 square centimeters. 
EGR] Find the surface area of the pyramid. 
s= sPe +1 Surface area of a regular pyramid 
= 5(30)(8) +645 P= 30, = 8, and B~ 64.5 
= 184.5 Simplify. 


The surface area of the pyramid is about 184.5 square centimeters. 


GuidedPractice 
3A. 


8 ft 


Lateral Area and Surface Area of Cones Recall that a cone has a circular base 
and a vertex. The axis of a cone is the segment with endpoints at the vertex and the 
center of the base. If the axis is also the altitude, then the cone is a right cone. If the axis is 


not the altitude, then the cone is an oblique cone. 


vertex vertex 


£ slant 


height altitude 


base 


Right Cone Oblique Cone 
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StudyTip 

—_ 

CESS Sense-Making Like a 
pyramid, the lateral area of a 
right circular cone L equals 
3Pt. Since the base is 


a circle, the perimeter is the 
circumference of the base C. 
So, the lateral area is 4CE. 


= 
L=>Ce 


li 
= Tenn 
= Tre 


StudyTip 


Draw a Diagram When 
solving word problems 
involving solids, it is helpful 
to draw a figure and label the 
known parts. Use a variable 
to label the measure or 
measures that you need 

to find. 


The net for a cone is shown at the right. 

The circle with radius r is the base of the 
cone. It has a circumference of 27 and an 
area of 72. The sector with radius & is the 
lateral surface of the cone. Its arc measure is 
2mr. You can use a proportion to find its area. 


area of sector _ measure of arc 
area of circle circumference of circle 


ne 


area of sector _ 2ur 
12 2Te 


— ap2, 20 
area of sector = ne 2me Ore sector circle that contains 


the sector 


Words The lateral area L of a right circular cone is Model 
L = trré, where ris the radius of the base 
and £ is the slant height. 


The surface area S of a right circular cone is 
S= mr + Tr, where ris the radius of the 
base and £ is the slant height. 


Symbols L=nre S=nre+nr? 
NX _ 


Real-World Example 4 


ARCHITECTURE The conical slate roof at 
the right has a height of 16 feet and a 
radius of 12 feet. Find the lateral area. 


£ —> itt L 
12 ft 
12 ft 


Step 1| Find the slant height 2. | Step 2| Find the lateral area L. 

e? = 167 + 122 Pythagorean Theorem Estimate L =~ 3° 12 20 or 720 ft? 

é? = 400 Simplify. L=nre Lateral area of a cone 
£=20 Take the positive square = 71(12)(20) r=12and £= 20 


root of each side. ~ 754 Use a calculator. 


The lateral area of the conical roof is about 754 square feet. The answer is reasonable 


compared to the estimate. 


GuidedPractice 


4. ICECREAM A waffle cone is 55 inches tall and the diameter of the base is 25 inches. 
Find the lateral area of the cone. Round to the nearest tenth. 


Example 5 


Find the surface area of a cone with a diameter 
of 14.8 centimeters and a slant height of 


15 centimeters. 
14.8¢ 


Estimate: S=3°7+20+ 3.50 o0r570 cm? 


S= mre + tr? Surface area of a cone 4 
= 1(7.4)(15) + 4(7.4)?  r=74ande@=15 
= 520.8 Use a calculator. 

The surface area of the cone is about 520.8 square centimeters. This is close to the 


estimate, so the answer is reasonable. 


GuidedPractice 


Find the surface area of each cone. Round to the nearest tenth. 


5A. 5B. 


2.2mm 


The formulas for lateral and surface area are summarized below. 


ConceptSummary Lateral and Surface Areas of Solids 


Solid Lateral Area Surface Area 
I 
WatchoOut! . $=142B 
Bases The bases of right prism L=Ph or 
prisms and right pyramids S=Ph+2B 
are not always regular 
polygons. 
S=L+2B 
cylinder L=2trh or 
S$ = 2nrh+ 2nr? 
pyramid [= +Pe S= +Pe +B 
cone L=nre S=ne + ar? 
\ d 


Pal 
C))} 858 | Lesson 12-3 | Surface Areas of Pyramids and Cones 


Check Your Understanding 


Examples 1-3 Find the lateral area and surface area of each regular pyramid. Round to the nearest 
tenth if necessary. 


1. 12cm 2. 


16cm 


Examples 4-5 4, TENTS A conical tent is shown at the right. Round 
answers to the nearest tenth. 


a. Find the lateral area of the tent and describe what it 
represents. 


b. Find the surface area of the tent and describe what 
it represents. 


13 ft 


Va~ 
CESS SENSE-MAKING Find the lateral area and surface area of each cone. Round to the 
nearest tenth. 


5. 
12m 
5m 


Practice and Problem Solving Extra Practice is on page R12. 


Examples 1-3 Find the lateral area and surface area of each regular pyramid. Round to the nearest 


tenth if necessary. 
10 ft 

5m 
2m 8 ft 

9. 

5m 10 ft 

7cm 

6 ft 


11. square pyramid with an altitude of 12 inches and a slant height of 18 inches 


8. 
10. 


12. hexagonal pyramid with a base edge of 6 millimeters and a slant height of 
9 millimeters 


13. ARCHITECTURE Find the lateral area of a pyramid-shaped building that has a slant 
height of 210 feet and a square base 332 feet by 332 feet. 
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Examples 4-5 Find the lateral area and surface area of each cone. Round to the nearest tenth. 


14, 15. 12cm 


, a 
, Ios 
18cm 


16. The diameter is 3.4 centimeters, and the slant height is 6.5 centimeters. 
17. The altitude is 5 feet, and the slant height is oF feet. 


18. MOUNTAINS A conical mountain has a radius of 1.6 kilometers and a height of 
0.5 kilometer. What is the lateral area of the mountain? 


(19) HISTORY Archaeologists recently discovered a 1500-year-old pyramid in Mexico City. 
The square pyramid measures 165 yards on each side and once stood 20 yards tall. 
What was the original lateral area of the pyramid? 


20. Describe two polyhedrons that have 7 faces. 
21. What is the sum of the number of faces, vertices, and edges of an octagonal pyramid? 


22. TEPEES The dimensions of two canvas 
tepees are shown in the table at the 
right. Not including the floors, 
approximately how much more canvas 
is used to make Tepee B than Tepee A? 


Tepee | Diameter (ft) | Height (ft) 
A 6 


23. The surface area of a square pyramid is 24 square millimeters and the base area is 
4 square millimeters. What is the slant height of the pyramid? 


24. The surface area of a cone is 187% square inches and the radius of the base is 3 inches. 
What is the slant height of the cone? 


25. The surface area of a triangular pyramid is 532 square centimeters, and the base is 
24 centimeters wide with a hypotenuse of 25 centimeters. What is the slant height of 


the pyramid? 
26. Find the lateral area of the tent 27. Find the surface area of the tank. 
to the nearest tenth. Write in terms of 7. 


28. CHANGING DIMENSIONS A cone has a radius of 6 centimeters and a slant height of 
12 centimeters. Describe how each change affects the surface area of the cone. 


a. The radius and the slant height are doubled. 

b. The radius and the slant height are divided by 3. 
29. cEss TOOLS A solid has the net shown at the right. 

a. Describe the solid. 

b. Make a sketch of the solid. 
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Sketch each solid and a net that represents the solid. 
30. hexagonal pyramid 31. rectangular pyramid 


32. PETS A frustum is the part of a solid that remains after the 
top portion has been cut by a plane parallel to the base. The 
ferret tent shown at the right is a frustum of a regular 
pyramid. 


a. Describe the faces of the solid. 


b. Find the lateral area and surface area of the frustum 
formed by the tent. 


c. Another pet tent is made by cutting the top half off of a pyramid with a height of 
12 centimeters, slant height of 20 centimeters and square base with side lengths 
of 32 centimeters. Find the surface area of the frustum. 


Find the lateral area and surface area of each solid. Round to the nearest tenth. 


@ om Lif, 


32° 


35. 6G? MULTIPLE REPRESENTATIONS In this problem, you will investigate the lateral and 
surface area of a square pyramid with a base edge of 3 units. 


a. Geometric Sketch the pyramid on isometric dot paper. 


b. Tabular Make a table showing the lateral areas of the pyramid for slant heights 
of 1,3, and 9 units. 


c. Verbal Describe what happens to the lateral area of the pyramid if the slant 
height is tripled. 


d. Analytical Make a conjecture about how the lateral area of a square pyramid is 
affected if both the slant height and the base edge are tripled. Then test your 
conjecture. 


H.0.T. Problems Use Higher-Order Thinking Skills 


36. [4 WRITING IN MATH Why does an oblique solid not have a slant height? 


37. REASONING Classify the following statement as sometimes, always, or never true. 
Justify your reasoning. 


The surface area of a cone of radius r and height h is less than 
the surface area of a cylinder of radius r and height h. 


38. REASONING A cone and a square pyramid have the same surface area. If the areas of 
their bases are also equal, do they have the same slant height as well? Explain. 


39. OPEN ENDED Describe a pyramid that has a total surface area of 100 square units. 


la 
40. CSS) ARGUMENTS Determine whether the following statement is true or false. Explain 
your reasoning. 


A regular polygonal pyramid and a cone both have height h units and base 
perimeter P units. Therefore, they have the same total surface area. 


41. WRITING IN MATH Describe how to find the surface area of a regular polygonal pyramid 
with an n-gon base, height / units, and an apothem of a units. 
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Standardized Test Practice 


42. The top of a gazebo in a park is in the shape of a 
regular pentagonal pyramid. Each side of the 
pentagon is 10 feet long. If the slant height of 
the roof is about 6.9 feet, what is the lateral 


roof area? 
A 34.5 ft2 C 172.5 ft? 
B 50 ft2 D 250 ft2 


43. SHORT RESPONSE To the nearest square 
millimeter, what is the surface area of a cone 
with the dimensions shown? 


44. ALGEBRA Yu-Jun’s craft store sells 3 handmade 
barrettes for $9.99. Which expression can be 
used to find the total cost C of x barrettes? 

9.99 ~ 


FC= H C=3.33x 
= *. 
G 0905 Jc= 333 


45. SAT/ACT What is the slope of a line 
perpendicular to the line with equation 


2x + 3y = 9? 
3 3 
—2 a) 
2, 9 
3 ES 


Spiral Review 


46. Find the surface area of a cylinder with a diameter of 18 cm and a height of 


12 cm. (Lesson 12-2) 


Use isometric dot paper and each orthographic drawing to sketch a solid. (Lesson 12-1) 


AB 


top right front left 
view view view view 


top right front left 
view view view view 


Graph each figure and its image in the given line. (Lesson 9-1) 


J(2, 4), K(4, 0), L(7, 3) 
49. AJKL;x =2 51. QRST; y = — 
50. AJKL; y =1 52. QRST; x = 4 


Skills Review 


Q(4, 8), R(, 6), S(2, 1), T(5, 5) 


A(—2, 6), B(—2, 1), CG, 1), DG, 4) 
53. ABCD; x =1 
54. ABCD; y = —2 


Find the perimeter and area of each parallelogram, triangle, or composite figure. 


Round to the nearest tenth. 


55. 20m 56. 


x 
£ 
x 
of 
/ 
. 


57. 


39 in. 


6m 13 mm |<—— 29 mm ——>| 24 in. 


wien 
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37 in. 


Volumes of Prisms and Cylinders 


Why? 


@ You found surface @ Find volumes of @ Planters come in a variety of shapes 
areas of prisms and prisms. and sizes. You can approximate the 
cylinders. 4 amount of soil needed to fill a 

Find volumes of ie 
eulindars planter by finding the volume of 
y p the three-dimensional figure that 
it most resembles. 


Volume of Prisms Recall that the volume of a solid is the measure of the amount 
of space the solid encloses. Volume is measured in cubic units. 


ECS) Common Core 
) State Standards 

Content Standards 
G.GMD.1 Give an informal 
argument for the formulas 
for the circumference of a 
circle, area of a circle, 
volume of a cylinder, 
pyramid, and cone. 
G.GMD.3 Use volume 
formulas for cylinders, 
pyramids, cones, and spheres 
to solve problems. + 


The rectangular prism at the right has 6 + 4 or 
24 cubic units in the bottom layer. Since there 
are two layers, the total volume is 24 * 2 or 
48 cubic units. 


oS KeyConcept Volume of a Prism 


Words The volume Vof a prism is V= Bh, Model 
where Bis the area of a base and h 

Mathematical Practices is the height of the prism. 

1 Make sense of problems 
and persevere in solving 
them. 

7 Look for and make use of 
structure. 


Symbols V=Bh 


< / 


Example 1 


Find the volume of the prism. 


EXE Find the area of the base B. 


B=+bn Area of a triangle 
2 10cm 
=4(12)(10) or 60 b= 12 and h= 10 bi il 


| Step 2| Find the volume of the prism. 
V=Bh Volume of a prism 


= 60(11) or 660 B=60andh=11 


The volume of the prism is 660 cubic centimeters. 


GuidedPractice 


5mm 


1B. i0tt 
15 tt 


8mm 


9 ft 


263 (9 


Ullamaija Hanninen/Gorilla Creative Images/Getty Images 


Real-WorldCareer 


Architectural Engineer 

An architectural engineer 
applies the technical skills of 
engineering to the design, 
construction, operation, 
maintenance, and renovation 
of buildings. 


Architectural engineers are 
required to have a bachelor’s 
degree in engineering along 
with specialized coursework. 
Refer to Exercise 35. 


WatchOut! 


Cross-Sectional Area 

For solids with the same 
height to have the same 
volume, their cross-sections 
must have the same area. 
The cross sections of the 
different solids do not have 
to be congruent polygons. 


Volume of Cylinders Like a prism, the volume of a runits 


cylinder can be thought of as consisting of layers. For a 
cylinder, these layers are congruent circular discs, similar to 
the coins in the roll shown. If we interpret the area of the 
base as the volume of a one-unit-high layer and the height 
of the cylinder as the number of layers, then the volume of 
the cylinder is equal to the volume of a layer times the number 
of layers or the area of the base times the height. 


hunits 


oS KeyConcept Volume of a Cylinder 
Words The volume Vof a cylinder is /= Bh Model 
or V= 17h, where Bis the area of the 
base, His the height of the cylinder, and 
ris the radius of the base. 
Symbols V= Bhor V= rh 
._ af 


Example 2 


Find the volume of the cylinder at the right. 
Estimate: V= 3 «5? ¢ 5 or 375 in® 


V=r-h Volume of a cylinder 
= 7(4.5)7(5) 9 r=4.5andh=5 
x 318.1 Use a calculator. Sin. 


The volume of the cylinder is about 318.1 cubic inches. This is fairly close to the 
estimate, so the answer is reasonable. 


GuidedPractice 


2. Find the volume of a cylinder with a radius of 3 centimeters and a height 
of 8 centimeters. Round to the nearest tenth. 


The first group of books at the right represents a right 
prism. The second group represents an oblique prism. 
Both groups have the same number of books. If all the 
books are the same size, then the volume of both 
groups is the same. 


This demonstrates the following principle, which applies to all solids. 


o§ KeyConcept Cavalieri’s Principle 
Words If two solids have the same height 4 and the same cross-sectional area B at every level, 
then they have the same volume. 
Models __ T 
h h h 
I ° | 
These prisms all have a volume of Bh. 
\ / 
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Problem-SolvingTip Example 3 


Make a Model When solving 
problems involving volume of 
solids, one way to help you 


Find the volume of an oblique hexagonal prism if the height is 6.4 centimeters and 
the base area is 17.3 square centimeters. 


visualize the problem is to V=Bh Volume of a prism 
make a model of the solid. 
= 17.3(6.4) B=17.3 and h=6.4 
= 110.72 Simplify. B=17.3cm2 


The volume is 110.72 cubic centimeters. 


GuidedPractice 


3. Find the volume of an oblique cylinder that has a radius of 5 feet and a height of 
3 feet. Round to the nearest tenth. 


Standardized Test Example 4 


Prisms A and B have the same length and width, but different heights. If the 
volume of Prism B is 150 cubic inches greater than the volume of Prism A, what is 
the length of each prism? 


10 in. 


4 in. 
Prism A Prism B 


A 10in. B us in. C 12in. D 125 in. 


Read the Test Item 


You know two dimensions of each solid and that the difference between their volumes 
is 150 cubic inches. 


Test-TakingTip Solve the Test Item 
Writing Equations By 
choosing a variable to 
represent the unknown and 
setting up an equation, you 
make it easier to check for 
mistakes as you work out 
a problem. 


Volume of Prism B — Volume of Prism A = 150 Write an equation. 
4€+10 —4€-7=150 Use V= Bh. 
12é = 150 Simplify. 
f= 125 Divide each side by 12. 


The length of each prism is 125 inches. The correct answer is D. 


GuidedPractice 
4. The containers at the right are filled with +14.5 cm4 [— 22.8 cm— 


popcorn. About how many times as much an 
popcorn does the larger container hold? 18cm fem 
F 1.6 times as much 


G 2.5 times as much 
H_ 3.3 times as much 
J 5.0 times as much 


Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Examples Find the volume of each prism. 
1 and 3 1 


12 in. 


15 in. 


3. the oblique rectangular prism shown at 
the right 


4. an oblique pentagonal prism with a 
base area of 42 square centimeters and 
a height of 5.2 centimeters 


Examples 2-3 Find the volume of each cylinder. Round to the nearest tenth. 
5. 3.7 ft 6. 


4.8 ft 


7. a cylinder with a diameter of 16 centimeters and a height of 5.1 centimeters 
8. a cylinder with a radius of 4.2 inches and a height of 7.4 inches 


Example 4 9, MULTIPLE CHOICE A rectangular lap pool measures 80 feet long by 20 feet wide. If it 
needs to be filled to four feet deep and each cubic foot holds 7.5 gallons, how many 
gallons will it take to fill the lap pool? 


A 4000 B 6400 C 30,000 D 48,000 


Practice and Problem Solving Extra Practice is on page R12. 


Examples O¢S8 SENSE-MAKING Find the volume of each prism. 
1 and 3 10 : 


12, 150m 13. 


6cm 


51 ft oom 


B=11.4 tt? 


14, an oblique hexagonal prism with a height of 15 centimeters and with a base area of 
136 square centimeters 


15. a square prism with a base edge of 9.5 inches and a height of 17 inches 


—e 
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Examples 2-3 CSS) SENSE-MAKING Find the volume of each cylinder. Round to the nearest tenth. 
16. 


12cm 


3.6 cm 


19. 


Example 4 20. PLANTER A planter is in the shape of a rectangular prism 18 inches long, 143 inches 
deep, and 12 inches high. What is the volume of potting soil in the planter if the 
planter is filled to 15 inches below the top? 


21. SHIPPING A box 18 centimeters by 9 centimeters 
by 15 centimeters is being used to ship two 
cylindrical candles. Each candle has a diameter 
of 9 centimeters and a height of 15 centimeters, 
as shown at the right. What is the volume of the 
empty space in the box? lL 


9cm , 9cm 
|+« >|. 


| 
ie 
9cm 


18cm 


22. SANDCASTLES In a sandcastle competition, contestants are allowed to use only water, 
shovels, and 10 cubic feet of sand. To transport the correct amount of sand, they want 
to create cylinders that are 2 feet tall to hold enough sand for one contestant. What 
should the diameter of the cylinders be? 


Find the volume of the solid formed by each net. 
23. 


20 cm 


25. FOOD A cylindrical can of baked potato chips has a 
height of 27 centimeters and a radius of 4 centimeters. 
Anew can is advertised as being 30% larger than the 
regular can. If both cans have the same radius, what is S&S 
the height of the larger can? 


26. CHANGING DIMENSIONS A cylinder has a radius of 5 centimeters and a height of 
8 centimeters. Describe how each change affects the volume of the cylinder. 


a. The height is tripled. 
b. The radius is tripled. 
c. Both the radius and the height are tripled. 


d. The dimensions are exchanged. 
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27. SOIL A soil scientist wants to determine the bulk density of a potting 20 ii. 
soil to assess how well a specific plant will grow in it. The density — 
of the soil sample is the ratio of its weight to its volume. 


a. If the weight of the container with the soil is 20 pounds and 29 in. 
the weight of the container alone is 5 pounds, what is the 


soil’s bulk density? 


b. Assuming that all other factors are favorable, how well should 
a plant grow in this soil if a bulk density of 0.0018 pound per 
square inch is desirable for root growth? Explain. 


c. If a bag of this soil holds 2.5 cubic feet, what is its weight in pounds? 
Find the volume of each composite solid. Round to the nearest tenth if necessary. 


28. 4cm 29. 


10cm 
5cm 


3cm 


1icm 


(1) MANUFACTURING A can 12 centimeters tall fits into a 
rubberized cylindrical holder that is 11.5 centimeters 
tall, including 1 centimeter for the thickness of the base 
of the holder. The thickness of the rim of the holder is 
1 centimeter. What is the volume of the rubberized 
material that makes up the holder? 


Find each measure to the nearest tenth. 


32. A cylindrical can has a volume of 363 cubic centimeters. 
The diameter of the can is 9 centimeters. What is the height? 


33. A cylinder has a surface area of 1447 square inches and a height of 6 inches. What is 
the volume? 


34. A rectangular prism has a surface area of 432 square inches, a height of 6 inches, and 
a width of 12 inches. What is the volume? 


35. ARCHITECTURE A cylindrical stainless steel column is used to hide a ventilation 
system in a new building. According to the specifications, the diameter of the 
column can be between 30 centimeters and 95 centimeters. The height is to be 
500 centimeters. What is the difference in volume between the largest and smallest 
possible column? Round to the nearest tenth cubic centimeter. 


36. cess MODELING The base of a rectangular 
swimming pool is sloped so one end of the 
pool is 6 feet deep and the other end is 
3 feet deep, as shown in the figure. If the 
width is 15 feet, find the volume of water it 
takes to fill the pool. 


37. CHANGING DIMENSIONS A soy milk company is 
planning a promotion in which the volume of soy milk 
in each container will be increased by 25%. The 
company wants the base of the container to stay the 
same. What will be the height of the new containers? 


38. DESIGN Sketch and label (in inches) three different designs 
for a dry ingredient measuring cup that holds 1 cup. Be sure 
to include the dimensions in each drawing. (1 cup = 14.4375 in3) 
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Find the volume of the regular pentagonal prism at 
the right by dividing it into five equal triangular 
prisms. Describe the base area and height of each 
triangular prism. 


40. PATIOS Mr. Thomas is planning to remove an old patio and install a new rectangular 
concrete patio 20 feet long, 12 feet wide, and 4 inches thick. One contractor bid $2225 
for the project. A second contractor bid $500 per cubic yard for the new patio and $700 
for removal of the old patio. Which is the less expensive option? Explain. 


41. ofp MULTIPLE REPRESENTATIONS In this problem, you will investigate cylinders. 


a. Geometric Draw a right cylinder and an oblique cylinder with a height of 
10 meters and a diameter of 6 meters. 


b. Verbal A square prism has a height of 10 meters and a base edge of 6 meters. Is its 
volume greater than, less than, or equal to the volume of the cylinder? Explain. 


c. Analytical Describe which change affects the volume of the cylinder more: 
multiplying the height by x or multiplying the radius by x. Explain. 


H.0.T. Problems use Higher-Order Thinking Skills 


la~> 

42. CESS CRITIQUE Francisco and Valerie each calculated the volume of an equilateral 
triangular prism with an apothem of 4 units and height of 5 units. Is either of them 
correct? Explain your reasoning. 


Francisco 


ANA) +s 
= 240\/3 cubic units 


43. CHALLENGE The cylindrical can below is used to fill a container with liquid. It takes 
three full cans to fill the container. Describe possible dimensions of the container if it is 
each of the following shapes. 

a. rectangular prism ou 


b. square prism 5 ii 


c. triangular prism with a right triangle as the base 


44, WRITING IN MATH Write a helpful response to the following question posted on an 
Internet gardening forum. 


Iam new to gardening. The nursery will deliver a truckload of soil, which they say is 4 yards. 
I know that a yard is 3 feet, but what is a yard of soil? How do I know what to order? 


45. OPEN ENDED Draw and label a prism that has a volume of 50 cubic centimeters. 


46. REASONING Determine whether the following statement is true or false. Explain. 
Two cylinders with the same height and the same lateral area must have the same volume. 


47. EA) WRITING IN MATH How are the volume formulas for prisms and cylinders similar? 
How are they different? 
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Standardized Test Practice 


48. The volume of a triangular prism is 1380 cubic 50. SHORT RESPONSE What is the ratio of the area of 
centimeters. Its base is a right triangle with legs the circle to the area of the square? 
measuring 8 centimeters and 15 centimeters. 
What is the height of the prism? 
A 34.5 cm C 17cm 
B 23cm D 11.5 cm 
49. A cylindrical tank used for oil storage has a 51. SAT/ACT A county proposes to enact a new 0.5% 
height that is half the length of its radius. If the property tax. What would be the additional tax 
volume of the tank is 1,122,360 ft, what is the amount for a landowner whose property has a 
tank’s radius? taxable value of $85,000? 
F 89.4 ft H 280.9 ft A $4.25 D $4250 
G 178.8 ft J 561.8 ft B $170 E $42,500 
C $425 


Spiral Review 


Find the lateral area and surface area of each regular pyramid. Round to the nearest tenth if 
necessary. (Lesson 12-3) 


52. 53. 54. 


15 ft 


7cm 


55. BAKING Many baking pans are given a special 
nonstick coating. A rectangular cake pan is 9 inches by 
13 inches by 2 inches deep. What is the area of the 
inside of the pan that needs to be coated? (Lesson 12-2) 


Find the indicated measure. Round to the nearest tenth. (lesson 11-3) 
56. The area of a circle is 54 square meters. Find the diameter. 

57. Find the diameter of a circle with an area of 102 square centimeters. 
58. The area of a circle is 191 square feet. Find the radius. 


59. Find the radius of a circle with an area of 271 square inches. 


Skills Review 


Find the area of each trapezoid, rhombus, or kite. 


60. 7 in. 61. 17m 62. 


13 in. 


|+—12 in—+| 
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Graphing Technology Lab 


Changing Dimensions 


You can use TI-Nspire Technology to investigate how changes 
in dimension affect the surface area and volume of a rectangular prism. 


Activity 
Ee Open a new Lists & Spreadsheet page. 


8] Move the cursor to the space beside the letter in each 
column and label the columns ¢ for length, w for 
width, h for height, sa for surface area, and v for volume. 


EXthE] Insert the values for length, width, and height shown 
into the table. 


EeRF] Enter the formula for the surface area in terms 
of cells Al, B1, and C1 in cell D1. 


a Enter the formula for the volume in terms 
of cells A1, B1, and C1 in cell E1. 


Kea Highlight cell D1 and select Fill Down from the Data menu. 
Scroll down to fill in the surface areas for the other prisms. 
Repeat the process for volume. 


SGA Add additional values and observe the effect on 
surface area and volume as one or more of the 
dimensions changes. 


Analyze the Results 


1. How does the surface area change when one of the dimensions is doubled? two of 
the dimensions? all three of the dimensions? 


2. How does the volume change when one of the dimensions is doubled? two of the 
dimensions? all three of the dimensions? 


3. How does the surface area change when all three of the dimensions are tripled? 
4. How does the volume change when all three of the dimensions are tripled? 


5. MAKE A CONJECTURE If the dimensions of a prism are all multiplied by a factor of 5, 
what do you think the ratio of the new surface area to the original surface area will 
be? the ratio of the new volume to the original volume? Explain. 


6. CHALLENGE Write an expression for the ratio of the surface areas and the ratio of the 
volumes if all three of the dimensions of a prism are increased by a scale factor of k. 
Explain. 
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Mid-Chapter Quiz 


Lessons 12-1 through 12-4 


1. Describe how to use isometric dot paper to sketch the 
following figure. (Lesson 12-1) 


. Use isometric dot paper to sketch a rectangular prism 2 units 
high, 3 units long, and 6 units wide. (Lesson 12-1) 


. Use isometric dot paper to sketch a triangular prism 5 units 
high, with two sides of the base that are 4 units long and 
3 units long. (Lesson 12-1) 


Find the lateral area of each prism. Round to the nearest tenth 
if necessary. (Lesson 12-2) 


4. 


. MULTIPLE CHOICE Coaxial cable is used to transmit long- 
distance telephone calls, cable television programming, and 
other communications. A typical coaxial cable contains 
22 copper tubes and has a diameter of 3 inches. What is 
the approximate lateral area of a coaxial cable that is 
500 feet long? (Lesson 12-2) 


A 16.4 ft2 
B 196.3 ft2 


C 294.5 ft2 
D 392.7 ft2 


Find the lateral area and surface area of each cylinder. Round to 
the nearest tenth if necessary. (Lesson 12-2) 


= 
& 


10. 
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11. COLLECTIONS Soledad collects unique salt and pepper 
shakers. She inherited a pair of tetrahedral shakers from 
her mother. (Lesson 12-3) 


a. Each edge of a shaker measures 3 centimeters. Make a 
sketch of one shaker. 


b. Find the total surface area of one shaker. 


Find the surface area of each regular pyramid or cone. Round to 
the nearest tenth if necessary. (Lesson 12-3) 


12. 13. 


Find the volume of each prism or cylinder. Round to the nearest 
tenth if necessary. (Lesson 12-4) 


3 ft 


METEOROLOGY The TIROS weather satellites were a series 
of weather satellites that carried television and infrared 
cameras and were covered by solar cells. If the cylinder- 
shaped body of a TIROS had a diameter of 42 inches and 

a height of 19 inches, what was the volume available 

for carrying instruments and cameras? Round to the 
nearest tenth. (Lesson 12-4) 


20. 


Volumes of Pyramids and Cones 


Why? 


@ Youfound surface © Find volumes of @ Marta is studying crystals that grow on rock formations. 
areas of pyramids pyramids. For a project, she is making a clay model of a 
and cones. : crystal with a shape that is a composite of two 

Find volumes of : 

cones: congruent rectangular pyramids. The base of 
each pyramid will be 1 by 1.5 inches, and 
the total height will be 4 inches. Why is 
determining the volume of the model 
helpful in this situation? 


CSS) allen hie Volume of Pyramids A triangular prism can be separated 

State Standards ' ; 
= into three triangular pyramids as shown. Since all faces of 

Content Standards a triangular pyramid are triangles, any face can be considered 
G.GMD.1 Give an informal a base al ihe nuvanda 
argument for the formulas PY : 
for the circumference of a 
circle, area of a circle, 
volume of a cylinder, The yellow and orange pyramids have base area B, and height hy. 
pyramid; and cone. Therefore, by Cavalieri’s Principle, they have the same volume. 
G.GMD.3 Use volume Likewise, the yellow and green pyramids have base area Bz and 


formulas for cylinders, 
pyramids, cones, and spheres 
to solve problems. + 


height hz, so they have the same volume. 


Mathematical Practices | Since the orange and green pyramids have the same volume as the 

! pease bite yellow pyramid, it follows that the volumes of all three pyramids 
them. are the same. Therefore, each pyramid has one third the volume of 

7 Look for and make use of the prism with the same base area and height. This is true for a 
structure. pyramid with any shape base. 


o§ KeyConcept Volume of a Pyramid 


Words The volume of a pyramid is Models 
v= aBh, where Bis the area FF 
of the base and /ris the ‘ 
height of the pyramid. ju 


Symbols v= =Bh 
a 4 


Example 1 


Find the volume of the pyramid. 


V= +Bh Volume of a pyramid 9.cm 
=F(9.5-+8)(9) B=95-8andh=9 
= impli 8cm 
= 228 Simplify. 55am 


The volume of the pyramid is 228 cubic centimeters. 


Gary Ombler/Dorling Kindersley/Getty Images 


GuidedPractice 
1A. 


Volume of Gones The pyramid and prism shown have the same base area B and 

height / as the cylinder and cone. Since the volume of the pyramid is one third the 
volume of the prism, then by Cavalieri’s Principle, the volume of the cone must be one 
third the volume of the cylinder. 


a 
WatchOut! sf KeyConcept Volume of a Cone 
See aie Words The volume of a circular Models 
: 1 
area of a cone only applies cone is V= —Bh, or 
to right cones. However, the V= lieth, where Bis the 
formula for volume applies F 
to oblique cones as well as alee of ehesas 8 ae 
right cones. height of the cone, and ris 
L the radius of the base. 
Symbols V= +Bh or V= anrh 
\ _) 


Example 2 


a. Find the volume of the cone. Round to the nearest tenth. 


V= snrh Volume of a cone 
x $7(3.2)°(5.8) r=3.2andh=5.8 
= 62.2 Use a calculator. 


The volume of the cone is approximately 62.2 cubic meters. 


b. Find the volume of the cone. Round to the nearest tenth. 


Step 1| Use trigonometry to find the radius. 


tan 58° =i tan = 202 
adj 
r= —= Solve for r. 
rz 6.9 Use a calculator. 
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Real-WorldLink 


The Washington 
Monument is the largest 
masonry structure in the 
world. By law, no other 
building in D.C. is allowed 
to be taller than the 
555-foot-tall structure. 


Source: Enchanted Learning 


Jupiterimages/Brand X/Alamy 


Step 2| Find the volume. 


V= anh Volume of a cone 
~ 47(6.9)°(11) r= 69 and h=11 
= 548.4 Use a calculator. 


The volume of the cone is approximately 548.4 cubic inches. 


GuidedPractice 
2A. ‘ . 2c. 


Real-World Example 3 


ARCHITECTURE At the top of the Washington Monument is a small square pyramid, 
called a pyramidion. This pyramid has a height of 55.5 feet with base edges of 
approximately 34.5 feet. What is the volume of the pyramidion? Round to the 
nearest tenth. 

Sketch and label the pyramid. 
V= 3Bh Volume of a pyramid 
= F(34.5 +345)(55.5) B= 34.5 + 345, h= 55.5 


= 22,019.6 


Simplify. 


34.5 ft 


The volume of the pyramidion atop the Washington 
Monument is about 22,019.6 cubic feet. 


GuidedPractice 


3. ARCHAEOLOGY A pyramidion that was discovered in Saqqara, Egypt, in 1992 has a 
rectangular base 53 centimeters by 37 centimeters. It is 46 centimeters high. What is 
the volume of this pyramidion? Round to the nearest tenth. 


The formulas for the volumes of solids are summarized below. 


r 


ConceptSummary Volumes of Solids es 


Solid prism cylinder pyramid cone 
Model 
V= Bhor 1 V= +Bh 
Volume V= Bh Vaarh V= go pees 
‘. 3 / 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Find the volume of each pyramid. 


1. 2. 
10 in. 


9 in. 


3. a rectangular pyramid with a height of 5.2 meters and a base 8 meters by 4.5 meters 


4. a square pyramid with a height of 14 meters and a base with 8-meter side lengths 


Example 2 Find the volume of each cone. Round to the nearest tenth. 


7. an oblique cone with a height of 10.5 millimeters and a radius of 1.6 millimeters 


8. a cone with a slant height of 25 meters and a radius of 15 meters 


Example 3 9. MUSEUMS The sky dome of the National Corvette Museum in Bowling 
Green, Kentucky, is a conical building. If the height is 100 feet and the area 
of the base is about 15,400 square feet, find the volume of air that the heating 
and cooling systems would have to accommodate. Round to the nearest tenth. 


Practice and Problem Solving Extra Practice is on page R12. 


i> 
Example 1 CeSS SENSE-MAKING Find the volume of each pyramid. Round to the nearest tenth if 
necessary. 


_ 


12. 


14. a pentagonal pyramid with a base area of 590 square feet and an altitude of 7 feet 


15. a triangular pyramid with a height of 4.8 centimeters and a right triangle base 
with a leg 5 centimeters and hypotenuse 10.2 centimeters 


16. A triangular pyramid with a right triangle base with a leg 8 centimeters and 
hypotenuse 10 centimeters has a volume of 144 cubic centimeters. Find the height. 
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Example 2 


Example 3 


Find the volume of each cone. Round to the nearest tenth. 


17. 


19. 


21. an oblique cone with a diameter of 16 inches and an altitude of 16 inches 


22. a right cone with a slant height of 5.6 centimeters and a radius of 1 centimeter 


(23) SNACKS Approximately how many cubic centimeters of roasted peanuts will 


completely fill a paper cone that is 14 centimeters high and has a base diameter of 
8 centimeters? Round to the nearest tenth. 


lA 

24. CESS MODELING The Pyramid Arena in Memphis, Tennessee, is the third 
largest pyramid in the world. It is approximately 350 feet tall, and its square 
base is 600 feet wide. Find the volume of this pyramid. 


25. GARDENING The greenhouse at the right is a 
regular octagonal pyramid with a height of 
5 feet. The base has side lengths of 2 feet. 
What is the volume of the greenhouse? 


Find the volume of each solid. Round to the nearest tenth. 


26. Sin. 27. 


29. HEATING Sam is building an art studio in her 
backyard. To buy a heating unit for the space, 
she needs to determine the BTUs (British 
Thermal Units) required to heat the building. 
For new construction with good insulation, 
there should be 2 BTUs per cubic foot. What 
size unit does Sam need to purchase? 


30. SCIENCE Refer to page 873. Determine the volume of the model. Explain why knowing 
the volume is helpful in this situation. 


aS 


877 is) 


31. CHANGING DIMENSIONS A cone has a radius of 4 centimeters and a height 
of 9 centimeters. Describe how each change affects the volume of the cone. 


a. The height is doubled. 
b. The radius is doubled. 
c. Both the radius and the height are doubled. 


Find each measure. Round to the nearest tenth if necessary. 


32. A square pyramid has a volume of 862.5 cubic centimeters and a height of 
11.5 centimeters. Find the side length of the base. 


The volume of a cone is 1967 cubic inches and the height is 12 inches. What is the 
diameter? 


34. The lateral area of a cone is 71.6 square millimeters and the slant height is 
6 millimeters. What is the volume of the cone? 


35. 99? MULTIPLE REPRESENTATIONS In this problem, you will investigate rectangular 
pyramids. 


a. Geometric Draw two pyramids with different bases that have a height of 
10 centimeters and a base area of 24 square centimeters. 


b. Verbal What is true about the volumes of the two pyramids that you 
drew? Explain. 


c. Analytical Explain how multiplying the base area and/or the height of 
the pyramid by 5 affects the volume of the pyramid. 


H.0.T. Problems use Higher-Order Thinking Skills 


la~ 
36. CESS ARGUMENTS Determine whether the following statement is always, sometimes, 
or never true. Justify your reasoning. 


The volume of a cone with radius r and height h equals the volume 
of a prism with height h. 


37. ERROR ANALYSIS Alexandra and Cornelio 
are calculating the volume of the cone at 
the right. Is either of them correct? 
Explain your answer. 

5cm 13 cm 


Alexanava 
a! 
V= zBh 


Covnetio 


5? + 127 = 137 


v=—+eh 


= er 


= in(5*)(12) 


= 314.2 cm 


ar(S*)(13) 


ill 
3 
x 34033 cw? 


38. REASONING A cone has a volume of 568 cubic centimeters. What is the volume of a 
cylinder that has the same radius and height as the cone? Explain your reasoning. 


39. OPEN ENDED Give an example of a pyramid and a prism that have the same 
base and the same volume. Explain your reasoning. 


40. WRITING IN MATH Compare and contrast finding volumes of pyramids and cones with 
finding volumes of prisms and cylinders. 
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Courtesy M-K Distributors, Conrad MT 


Standardized Test Practice 


41. A conical sand toy has the dimensions as shown 43. PROBABILITY A spinner has sections colored 
below. How many cubic centimeters of sand will red, blue, orange, and green. The table below 
it hold when it is filled to the top? shows the results of several spins. What is the 

experimental probability of the spinner landing 
* 7 on orange? 
\ Color Frequency 
5m 4m al ce 
| Fe H 55 red 
1 1 blue 
a G = = 
4 J 2 orange 
A 12n Cc a green 
100 
B 157 Dt 2 
3 44. SAT/ACT For all x # —2 or 0,2 >**—8 = ? 
x* + 2x 
eae A 28 5 ee 

42. SHORT RESPONSE Brooke is buying a tent that is x+2 
in the shape of a rectangular pyramid. The base | E2#=4 
is 6 feet by 8 feet. If the tent holds 88 cubic feet x 
of air, how tall is the tent’s center pole? C a 


Spiral Review 


Find the volume of each prism. (Lesson 12-4) 


46. 47. 


102.3 m 


52.5 m 


48. FARMING The picture shows a combination hopper cone and bin used 
by farmers to store grain after harvest. The cone at the bottom of the 
bin allows the grain to be emptied more easily. Use the dimensions 
in the diagram to find the entire surface area of the bin with a conical 
top and bottom. Write the exact answer and the answer rounded to 
the nearest square foot. (Lesson 12-3) 


Skills Review 


Find the area of each shaded region. The polygons in Exercises 50-52 are regular. 


49. [7 . ar me st. 52. D>, - 
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Surface Areas and 


Volumes of Spheres 


:- Then :-‘Now :-Why? 


@ Youfound surface © Find surface areas = @ When you blow bubbles, soapy liquid 
areas of prisms and of spheres. surrounds a volume of air. Because of 


cylinders. : surface tension, the liquid maintains 
Find volumes of es 
spheres a shape that minimizes the surface 
P i area surrounding the air. The shape 
that minimizes surface area per unit 
of volume is a sphere. 
ope NewVocabulary Surface Area of Spheres Recall that a sphere is the locus of all points in space that 
~ great circle are a given distance from a given point called the center of the sphere. 
pole ; : 
hemisphere e A radius of a sphere is a segment from the chord 
center to a point on the sphere. 
¢ Achord of a sphere is a segment that connects radius 
any two points on the sphere. 
Ess) Common Core 
GOSS) state Standards ¢ A diameter of a sphere is a chord that contains the center. diameter 
Content Standards ¢ A tangent to a sphere is a line that intersects the 


G.GMD.1 Give an informal 
argument for the formulas 
for the circumference of a 


sphere in exactly one point. 


circle, area of a circle, To develop a formula for the surface area of a sphere, 
volume of a cylinder, consider a tennis ball. The covering of this sphere is 
pyramid, and. cone. comprised of two congruent dumbell-shaped pieces, 
G.GMD.3 Use volume each of which can be approximated by two congruent 


formulas for cylinders, 
pyramids, cones, and spheres 
to solve problems. +* 


circles with radii equal to that of the sphere. So, the 
entire covering consists of approximately four 
congruent circles. The sum of these areas 


Mathematical Practices approximates the surface area of the sphere. a aauee 
1 Make sense of problems e€ overes ile : 0) 
and persevere in solvin area on each end... 
i co Sx4A Sum of circles with area A aay A I> 
them. 7 \ 7 * 


6 Attend to precision. Ss A( rr?) or Anr2 A= ar 


While its derivation is beyond the 


scope of this course, the exact ... approximates the underestimate 
formula is in fact $ = 4mr?. in the middle. 


oS KeyConcept Surface Area of a Sphere 


Words The surface area Sofa Model 
sphere is S = 4ar2, where 
ris the radius. 


Symbols S=4nr’ 
._ dA 


sabew| Ayag/sabew! ueal anjq 
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Example 1 


Find the surface area of the sphere. Round to the 
nearest tenth. 


S = 4nr? Surface area of a sphere 


= 4n(6)? Replace r with 6. 


x 452.4 Use a calculator. 


The surface area is about 452.4 square centimeters. 


GuidedPractice 
1A. 


StudyTip 


Great Circles A sphere has 
an infinite number of great 


A plane can intersect a sphere in a point or in a circle. If the circle contains the center of 
the sphere, the intersection is called a great circle. The endpoints of a diameter of a great 


creles circle are called poles. 
. poles = 
Sa circle circle 
point 
Since a great circle has the same center as the sphere and its radii are also radii of the 
sphere, it is the largest circle that can be drawn on a sphere. A great circle separates a 
sphere into two congruent halves, called hemispheres. 
Example 2 
WatchOut! a. Find the surface area of the hemisphere. 
oe a peas Find half the area of a sphere with a radius of 2.8.cm 
ee net eines 2.8 centimeters. Then add the area of the great circle. 
area of a hemisphere, do not 
forget to include the area of s= $(4nr?) + Tr? Surface area of a hemisphere 


the great circle. 


= sl4n(2.8)7] + 7(2.8)2 Replace rwith 2.8. 
= 73.9 cm? Use a calculator. 


b. Find the surface area of a sphere if the 


circumference of the great circle is 5x meters. Case 


First, find the radius. The circumference of a 
great circle is 2m7r. So, 2mr = 57 or r = 2.5. 


S = 4nr? Surface area of a sphere 
= Am(2.5)?_—_—Replace rwith 2.5. 


= 78.5 m2 Use a calculator. 


StudyTip 


Draw a Diagram When 
solving problems involving 
volumes of solids, it is helpful 
to draw and label a diagram 
when no diagram is provided. 


A 


StudyTip 
cess Precision Remember 


to use the correct units when 
giving your answers. As with 
other solids, the surface area 
of a sphere is measured in 
square units, and volume is 
measured in cubic units. 


| 


d 


c. Find the surface area of a sphere if the 
area of the great circle is approximately 
130 square inches. 


A = 130 in2 


First, find the radius. The area of a great circle 
is Tr”. So, Tr? = 130 or r = 6.4. 


S =4nr? Surface area of a sphere 


~ 41(6.4)? or about 514.7 in? Replace r with 6.4. Use a calculator. 


GuidedPractice 

Find the surface area of each figure. Round to the nearest tenth if necessary. 
2A. sphere: circumference of great circle = 16.27 ft 

2B. hemisphere: area of great circle = 94 mm? 


2C. hemisphere: circumference of great circle = 367 cm 


Volume of Spheres Suppose a sphere 

with radius r contains infinitely many 
pyramids with vertices at the center of the 
sphere. Each pyramid has height r and base 
area B. The sum of the volumes of all the 
pyramids equals the volume of the sphere. 


V= SBir + $Bor2 +...4 SButn Sum of volumes of pyramids 


= SB + By+...+B,) Distributive Property 

= ar(4nr?) The sum of the pyramid base areas equals the surface 
area of the sphere. 

= en Simplify. 


«§ KeyConcept Volume of a Sphere 


Words The volume V of a sphere is Model 
V= Snr}, where ris the 
radius of the sphere. 
Symbols V= oar 
\ dA 


Example 3 


Find the volume of each sphere or hemisphere. Round to the nearest tenth. 
a. a hemisphere with a radius of 6 meters 


tf a! 
Estimate: Vz — +4 «3 6° or 432 m? 
1 z 4, 
_ 1/4, 3 : 
V= > amr Volume of a hemisphere 


= 2n(6)° or about 452.4 m3 Replace rwith 6. Use a calculator. 


The volume of the hemisphere is about 452.4 cubic meters. This is 
close to the estimate, so the answer is reasonable. 
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b. a sphere with a great circle circumference of 187% centimeters 
EM Find the radius of the sphere. 


C=2tr Circumference of a circle 


18m = 271 Replace C with 187. 


r=9 Solve for r. 
| Step 2| Find the volume. 
V= Snr3 Volume of a sphere 


= <n(9)° or about 3053.6 cm? Replace rwith 9. Use a calculator. 


GuidedPractice 
3A. sphere: diameter = 7.4 in. 


3B. hemisphere: area of great circle ~ 249 mm? 


Real-World Example 4 


SOCCER The soccer ball globe at the right was 
constructed for the 2006 World Cup soccer 
tournament. It takes up 47,9167 cubic feet of 
space. Assume that the globe is a sphere. 
What is the circumference of the globe? 


Understand You know that the volume of the 
globe is 47,9167 cubic feet. The 
circumference of the globe is the 
circumference of the great circle. 


Plan First use the volume formula to find the radius. 
Then find the circumference of the great circle. 


Solve V= Snr? Volume of a sphere 


47,9167 = Snr? Replace V with 47,9167. 


Real-WorldLink F 
35,937 = r? Divide each side by at 


The University of North 
Carolina has won the greatest 
number of national 
championships in women’s 
soccer since the first 
tournament in 1982. As 

of 2009, they have won 

18 times. 


Source: Fact Monster 


Use a calculator to find ¥/35,937. 


35937 [A] [(] 1 LE] 3 (J [ENTER] 33 


The radius of the globe is 33 feet. So, the circumference is 
2nr = 27(33) or approximately 207.3 feet. 


Check You can work backward to check the solution. 


If C = 207.3, then r = 33. If r = 33, then V = 4 - 333 or 
about 47,9177 cubic feet. The solution is correct. 


GuidedPractice 


4, BALLOONS Ren inflates a spherical balloon to a circumference of about 14 inches. He 
then adds more air to the balloon until the circumference is about 18 inches. What 


volume of air was added to the balloon? 
003 (9 


Raleigh News & Observer/Contributor/McClatchy-Tribune/Getty Images 


Check Your Understanding 


3. sphere: area of great circle = 367% yd? 


4. hemisphere: circumference of great circle = 26 cm 


Example 3 Find the volume of each sphere or hemisphere. Round to the nearest tenth. 

5. sphere: radius = 10 ft 6. hemisphere: diameter = 16 cm 
7. hemisphere: circumference of great circle = 247 m 

8. sphere: area of great circle = 557 in? 
9 


Example 4 . BASKETBALL Basketballs used in professional games must have a circumference 


of 295 inches. What is the surface area of a basketball used in a professional game? 


Practice and Problem Solving Extra Practice is on page R12. 


Examples 1-2 Find the surface area of each sphere or hemisphere. Round to the nearest tenth. 


17 in. 


14. sphere: circumference of great circle = 27 cm 
15. sphere: area of great circle = 32 ft* 
16. hemisphere: area of great circle ~ 40 in? 


17. hemisphere: circumference of great circle = 157 mm 


i> 
Example 3 CESS PRECISION Find the volume of each sphere or hemisphere. Round to the nearest tenth. 


1 Sa 


r aa 


20. sphere: radius = 1.4 yd 21. hemisphere: diameter = 21.8 cm 
22. sphere: area of great circle = 497 m? 

23. sphere: circumference of great circle ~ 22 in. 

24. hemisphere: circumference of great circle ~ 18 ft 


25. hemisphere: area of great circle = 35 m? 
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(t)Masterfile, (b)Walter Bibikow/The Image Bank/Getty Images 


Example 4 


26. FISH A puffer fish is able to “puff up” when threatened 
by gulping water and inflating its body. The puffer fish 
at the right is approximately a sphere with a diameter of 
5 inches. Its surface area when inflated is about 1.5 times 
its normal surface area. What is the surface area of the 
fish when it is not puffed up? 


27. ARCHITECTURE The Reunion Tower in Dallas, Texas, 
is topped by a spherical dome that has a surface area 
of approximately 13,9247 square feet. What is the 
volume of the dome? Round to the nearest tenth. 


28. TREE HOUSE The spherical tree house, or tree 
sphere, shown at the right has a diameter of 
10.5 feet. Its volume is 1.8 times the volume 
of the first tree sphere that was built. What was 
the diameter of the first tree sphere? Round to 
the nearest foot. 


Vay 
cess SENSE-MAKING Find the surface area and the volume 
of each solid. Round to the nearest tenth. 


13cm 


10cm 


31. TOYS The spinning top at the right is a composite 
of a cone and a hemisphere. 


a. Find the surface area and the volume of the top. 
Round to the nearest tenth. 


b. If the manufacturer of the top makes another model with 
dimensions that are one-half of the dimensions of this top, 
what are its surface area and volume? 


32. BALLOONS A spherical helium-filled balloon with a diameter of 30 centimeters can lift a 
14-gram object. Find the size of a balloon that could lift a person who weighs 
65 kilograms. Round to the nearest tenth. 
Use sphere S to name each of the following. 
33. a chord 
34. a radius 
35. a diameter 


36. a tangent 


37. a great circle 


38. DIMENSIONAL ANALYSIS Which has greater volume: a sphere with a radius of 2.3 yards 
or a cylinder with a radius of 4 feet and height of 8 feet? 
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39. INFORMAL PROOF A sphere with radius r can be thought of as being made up of a large 
number of discs or thin cylinders. Consider the disc shown that is x units above or 
below the center of the sphere. Also consider a cylinder with radius r and height 2r 
that is hollowed out by two cones of height and radius r. 


© &-2- 


a. Find the radius of the disc from the sphere in terms of its distance x above the 
sphere’s center. (Hint: Use the Pythagorean Theorem.) 


r] 


= 
= 
—A 
—Y 
—YA 
——, 
ZA 
——> Z 
=F 


b. If the disc from the sphere has a thickness of y units, find its volume in terms 
of x and y. 


c. Show that this volume is the same as that of the hollowed-out disc with thickness 
of y units that is x units above the center of the cylinder and cone. 


d. Since the expressions for the discs at the same height are the same, what guarantees 
that the hollowed-out cylinder and sphere have the same volume? 


e. Use the formulas for the volumes of a cylinder and a cone to derive the formula for 
the volume of the hollowed-out cylinder and thus, the sphere. 


= 
CESS TOOLS Describe the number and types of planes that produce reflection symmetry 
in each solid. Then describe the angles of rotation that produce rotation symmetry in 
each solid. 


40. sphere 41. hemisphere 
CHANGING DIMENSIONS A sphere has a radius of 12 centimeters. Describe how each change 
affects the surface area and the volume of the sphere. 


42. The radius is multiplied by 4. @ The radius is divided by 3. 


44, DESIGN A standard juice box holds 8 fluid ounces. 


a. Sketch designs for three different juice containers that will each hold 8 fluid ounces. 
Label dimensions in centimeters. At least one container should be cylindrical. (Hint: 
1 fl oz = 29.57353 cm?) 


b. For each container in part a, calculate the surface area to volume (cm? per fl 0z) 
ratio. Use these ratios to decide which of your containers can be made for the lowest 
materials cost. What shape container would minimize this ratio, and would this 
container be the cheapest to produce? Explain your reasoning. 


H.0.T. Problems Use Higher-Order Thinking Skills 


45. CHALLENGE A cube has a volume of 216 cubic inches. Find the volume of a sphere that 
is circumscribed about the cube. Round to the nearest tenth. 


46. REASONING Determine whether the following statement is true or false. If true, explain 
your reasoning. If false, provide a counterexample. 


If a sphere has radius r, there exists a cone with radius r having the same volume. 


47. OPEN ENDED Sketch a sphere showing two examples of great circles. Sketch another 
sphere showing two examples of circles formed by planes intersecting the sphere that 
are not great circles. 


48. WRITING IN MATH Write a ratio comparing the volume of a sphere with radius r 
to the volume of a cylinder with radius r and height 2r. Then describe what the 
ratio means. 
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Standardized Test Practice 


49. GRIDDED RESPONSE What is the volume of the 51. If the area of the great circle of a sphere is 33 ft?, 
hemisphere shown below in cubic meters? what is the surface area of the sphere? 
F 42 ft? H 132 ft? 
=> G 117 ft J 264 ft? 
a 52. SAT/ACT If a line £ is a perpendicular bisector 


of segment AB at E, how many points on line 
£ are the same distance from point A as from 


50. ALGEBRA What is the solution set of point B? 
3z+4<6+472z? 


A none D three 
A {z|z > —0.5} C {z|z < —0.5} B one E all points 
B {z|z > —2} D {z\z < —2} C two 


Spiral Review 


Find the volume of each pyramid. Round to the nearest tenth if necessary. (Lesson 12-5) 


53. , 54. 55. 
7.5 ft 12 in. te 


Sin. 17 in. 
5 ft Al 
5 ft : 10m 


56. ENGINEERING The base of an oil drilling platform is made up of 24 concrete 
cylindrical cells. Twenty of the cells are used for oil storage. The pillars 
that support the platform deck rest on the four other cells. Find the total 
volume of the storage cells. (Lesson 12-4) 


Find the area of each shaded region. Round to the nearest tenth. (Lesson 11-4) 


ZS “VN 
. MN PZ 


COORDINATE GEOMETRY Find the area of each figure. (Lesson 11-1) 
60. CWXYZ with W(0, 0), X(4, 0), Y(5, 5), and Z(1, 5) 
61. AABC with A(2, —3), B(—5, —3), and C(—1, 3) 


Skills Review 


Refer to the figure. 

62. How many planes appear in this figure? 

63. Name three points that are collinear. 

64. Are points G, A, B, and E coplanar? Explain. 
—_ —_ 

65. At what point do EF and AB intersect? 


Momento craw titcon|) 887 *) 


Geometry Lab 


Locus and Spheres 


Spheres are defined in terms of a locus of points in space. The definition of a sphere is 
the set of all points that are a given distance from a given point. 


Activity 1 Locus of Points a Given Distance from Endpoints 


Find the locus of all points that are equidistant from a segment. 


Collect the Data 
e Draw a given line segment with endpoints J and K : | 


¢ Create a set of points that are 
equidistant from the segment. 


Analyze 


1. Draw a figure and describe the locus of points in space that are 8 units from a segment 
that is 30 units long. 


2. What three-dimensional shapes form the figure? 
3. What are the radii and diameters of each hemisphere? 


4. What are the diameter and the height of the cylinder? 


Activity 2 Spheres That Intersect 


Find the locus of all points that are equidistant from the centers of two intersecting 
spheres with the same radius. 


Collect the Data 


e Draw a line segment. o—_______e 


e Draw congruent overlapping spheres, with the centers 
at the endpoints of the given line segment. 


Analyze 
5. What is the shape of the intersection of the upper hemispheres? 


6. Can this be described as a locus of points in space or on a plane? Explain. 
7. Describe this intersection as a locus. 


8. FIREWORKS What is the locus of points that describes how particles from a 
fireworks explosion will disperse in an explosion at 400 feet above ground level if 
the expected distance a particle could travel is 200 feet? 
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Spherical Geometry 


Why? 


@ You identified basic @ Describe sets of @ Since Earth has a curved instead 
properties of points on a sphere. of a flat surface,the shortest path 
spheres. between two points on Earth is 

described by an arc of a great 

circle instead of a straight line. 


Compare and contrast 
Euclidean and 
spherical geometries. 


gb) NewVocabulary 
=~ Euclidean geometry 
spherical geometry 

non-Euclidean geometry 


Geometry on a Sphere In this text, we have studied Euelidéan geometry, either in 
the plane or in space. In plane Euclidean geometry, a plane is a flat surface made up of 
points that extend infinitely in all directions. In spherical geometry, or geometry ona 
sphere, a plane is the surface of a sphere. 


Lines are also defined differently in spherical geometry. 


7 


KeyConcept Lines in Plane and Spherical Geometry 


Plane Euclidean Geometry Spherical Geometry 


Plane # contains line £ and point A Sphere & contains great circle 2 and point P 
not on line 2. not on 7. Great circle 71 is a line on sphere &. 
\ y 


Example 1 


Name each of the following on sphere Ff. 
a. two lines containing point R 

—— <——— 

GP and MQ are lines on sphere ¥ that contain point R. 
b. asegment containing point K 


PS is a segment on sphere ¥ that contains point K. 


c. a triangle 


AROP is a triangle on sphere F. 


GuidedPractice 

Name each of the following on sphere ¥ above. 
1A. two lines containing point P 

1B. a segment containing point Q 


1C. a triangle 


Bloomimage/CORBIS 


seo 


StudyTip 


Elliptical Geometry Spherical 
geometry is a subcategory of 


elliptical geometry. 


StudyTip 


Finite Geometries Planar 
networks are another type 


You will learn about planar 
networks in Extend 
Lesson 13-6. 


\ 


of non-Euclidean geometry. 


Real-World Example 2 


ENTERTAINMENT Determine whether figure m on 
the mirror ball shown is a line in spherical 
geometry. 


Notice that figure m does not go through the poles 
of the sphere. Therefore figure m is not a great 
circle and so not a line in spherical geometry. 


GuidedPractice 


2. Determine whether figure p on the mirror ball 
shown is a line in spherical geometry. 


Comparing Euclidean and Spherical Geometries While some postulates and 
properties of Euclidean geometry are true in spherical geometry, others are not, or 


are true only under certain circumstances. 


Example 3 


Tell whether the following postulate or property of plane Euclidean geometry has 
a corresponding statement in spherical geometry. If so, write the corresponding 
statement. If not, explain your reasoning. 


a. Through any two points, there is exactly one line. 


In the figure, notice that there is more than one great 
circle (line) through polar points A and B. However, 
there is only one great circle through nonpolar points 
Cand D. 


Therefore, a corresponding statement is that through 
any two nonpolar points, there is exactly one great 
circle (line). 


b. If given a line and a point not on the line, then there exists exactly 
one line through the point that is parallel to the given line. 


In the figure, notice that every great circle (line) containing 
point A will intersect line €. Thus there exists no great circle 
through point A that is parallel to line @. 


GuidedPractice 


3A. A line segment is the shortest path between two points. 


3B. Through any two points, there is exactly one segment. 


A non-Euclidean geometry is a geometry in which at least one of the postulates from 
Euclidean geometry fails. Notice in Example 3b that the Parallel Postulate does not hold 
true on a sphere. Lines, or great circles, cannot be parallel in spherical geometry. 
Therefore, spherical geometry is non-Euclidean. 


is) 890 | Lesson 12-7 | Spherical Geometry 


(tl)Hugh Threlfall/Alamy, (tr)D. Hurst/Alamy, (b)Randy Faris/Flame/CORBIS 


Check Your Understanding 


Example 1 Name each of the following on sphere B. 
two lines containing point Q 
a segment containing point L 


1. 
2. 
3. a triangle 
4. 


two segments on the same great circle 


G H 


Example 2 SPORTS Determine whether figure X on each of the spheres shown is a line in 
spherical geometry. 


() 6. 


Xx 


i—> 

Example 3 cess REASONING Tell whether the following postulate or property of plane Euclidean 
geometry has a corresponding statement in spherical geometry. If so, write the 
corresponding statement. If not, explain your reasoning. 


7. The points on any line or line segment can be put into one-to-one correspondence with 
real numbers. 


8. Perpendicular lines intersect at one point. 


Practice and Problem Solving Extra Practice is on page R12. 


Example 1 Name two lines containing point M, a segment containing point S, and a triangle in each 
of the following spheres. 


9. 


11. SOCCER Name each of the following on the soccer 
ball shown. 


a. two lines containing point B 
b. asegment containing point F 
. a triangle 


. asegment containing point C 


. aline 


—_ O09 a Oo 


. two lines containing point A 


Example 2 


Example 3 


ARCHITECTURE Determine whether figure zw on each of the spheres shown is a line in 
spherical geometry. 


13. 


14, 688 MODELING Lines of latitude and pare 
longitude are used to describe positions longitude 
on the Earth’s surface. By convention, 
lines of longitude divide Earth vertically, Equator 
while lines of latitude divide it horizontally. 


a. Are lines of longitude great circles? 


Explain. Lines of 
latitude 


b. Are lines of latitude great circles? 
Explain. 


Tell whether the following postulate or property of plane Euclidean geometry has a 


corresponding statement in spherical geometry. If so, write the corresponding statement. 


If not, explain your reasoning. 
(15) A line goes on infinitely in two directions. 
16. Perpendicular lines form four 90° angles. 
17. If three points are collinear, exactly one is between the other two. 


18. If M is the midpoint of AB, then AM = MB. 


On a sphere, there are two distances that can be measured between two points. Use each 
figure and the information given to determine the distance between points J and K on 
each sphere. Round to the nearest tenth. Justify your answer. 


20. H 


K 
mJK = 100 Pe 


21. GEOGRAPHY The location of Phoenix, Arizona, is 112° W longitude, 33.4° N latitude, 
and the location of Helena, Montana, is 112° W longitude, 46.6° N latitude. West 
indicates the location in terms of the prime meridian, and north indicates the location 
in terms of the equator. The mean radius of Earth is about 3960 miles. 


a. Estimate the distance between Phoenix and Helena. Explain your reasoning. 
b. Is there another way to express the distance between these two cities? Explain. 


c. Can the distance between Washington, D.C., and London, England, which lie on 
approximately the same lines of latitude, be calculated in the same way? Explain 
your reasoning. 


d. How many other locations are there that are the same distance from Phoenix, 
Arizona as Helena, Montana is? Explain. 
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22, 6? MULTIPLE REPRESENTATIONS In this problem, you will 
investigate triangles in spherical geometry. 


a. Concrete Use masking tape on a ball to mark three great 
circles. At least one of the three great circles should go 
through different poles than the other two. The great circles 
will form a triangle. Use a protractor to estimate the 
measure of each angle of the triangle. 


b. Tabular Tabulate the measure of each angle of the triangle formed. Remove the 
tape and repeat the process two times so that you have tabulated the measure of 
three different triangles. Record the sum of the measures of each triangle. 


c. Verbal Make a conjecture about the sum of the measures of a triangle in spherical 
geometry. 


QUADRILATERALS Consider quadrilateral ABCD on sphere P. 
Note that it has four sides with DC | CB, AB 1 CB, and 
DC = AB. 


a. Is CD | DA? Explain your reasoning. 


b. How does DA compare to CB? 


c. Cana rectangle, as defined in Euclidean geometry, exist in 
non-Euclidean geometry? Explain your reasoning. 


H.0.T. Problems Use Higher-Order Thinking Skills 


24. WRITING IN MATH Compare and contrast Euclidean and spherical geometries. Be sure 
to include a discussion of planes and lines in both geometries. 


25. CHALLENGE Geometries can be defined on curved surfaces other than spheres. 
Another type of non-Euclidean geometry is hyperbolic geometry. This geometry is 
defined on a curved saddle-like surface. Compare the sum of the angle measures 
of a triangle in hyperbolic, spherical, and Euclidean geometries. 


Triangle in plane Triangle in spherical Triangle in hyperbolic 
geometry geometry geometry 


26. OPEN ENDED Sketch a sphere with three points so that two of the points lie on a great 
circle and two of the points do not lie on a great circle. 


27. (Ess ARGUMENTS A small circle of a sphere intersects at least 
two points, but does not go through opposite poles. Points A 
and B lie on a small circle of sphere Q, Will two small circles 
sometimes, always, or never be parallel? Draw a sketch and 
explain your reasoning. 


28. WRITING IN MATH Do similar or congruent triangles exist in 
spherical geometry? Explain your reasoning. 


29. REASONING Is the statement Spherical geometry is a subset of Euclidean geometry true or 
false? Explain your reasoning. 


30. REASONING Two planes are equidistant from the center of a sphere and intersect the 
sphere. What is true of the circles? Are they lines in spherical geometry? Explain. 


{MconecteD megraw-hil.con 893 


Standardized Test Practice 


31. Which of the following postulates or properties 33. SHORT RESPONSE Name a line in sphere P that 
of spherical geometry is false? contains point D. 


A The shortest path between two points on a 
circle is an arc. 


B If three points are collinear, any of the three 
points lies between the other two. 


C A great circle is infinite and never returns to 
its original starting point. 


D Perpendicular great circles intersect at two 


points. 
34. ALGEBRA The ratio of males to females in a 
32. SAT/ACT A car travels 50 miles due north in classroom is 3:5. How many females are in the 
1 hour and 120 miles due west in 2 hours. What room if the total number of students is 32? 
is the average speed of the car? A 12 D51 
F 50 mph H 60 mph B 20 E 53 
G 55mph J none of the above C 29 


Spiral Review 


Find the volume of each sphere or hemisphere. Round to the nearest tenth. (Lesson 12-6) 
35. sphere: area of great circle = 98.5 m* 

36. sphere: circumference of great circle ~ 23.1 in. 

37. hemisphere: circumference of great circle ~ 50.3 cm 


38. hemisphere: area of great circle ~ 3416 ft? 


Find the volume of each cone. Round to the nearest tenth. (_esson 12-5) 


39. 40 mm 
d 45° 
13m 20 = a 
EI \—_. ee 
ee 
lk 5m | 


42. RADIOS Three radio towers are modeled by the points A(—3, 4), B(9, 4), and 
C(—3, —12). Determine the location of another tower equidistant from all three towers, 
and write an equation for the circle which all three points lie on. (Lesson 10-8) 


Skills Review 


For each pair of similar figures, find the area of the green figure. 


me" OO Aa 


= 700 m2 
= 42 ft2 


al 
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Geometry Lab 


Navigational Coordinates 


OBJECTIVE Use a latitude and longitude measure to identify the hemispheres on which the 
location lies and estimate the location of a city using a globe or map. 


A grid system of imaginary lines on Earth is used for locating places and navigation. Imaginary 
vertical lines drawn around the Earth through the North and South Poles are called meridians and 
determine the measure of longitude. Imaginary horizontal lines parallel to the equator are called 
parallels and determine the measure of latitude. 

The basic units for measurements are degrees, minutes, and seconds. 1 degree (°) = 60 minutes (‘), 
and 60 minutes = 60 seconds (”). 


Location of 0° | Direction | Maximum Degrees 


Latitude equator In northern hemisphere, all are 180° at international 
(parallels) degrees north. dateline 

In southern hemisphere, all are 
degrees south. 


Longitude Prime Meridian In eastern hemisphere, all are 90° at each pole 
(iitsitlEnty) through Greenwich, | degrees east. 

England In western hemisphere, all are 
degrees west. 


Activity _ Investigate Latitude and Longitude 


The table shows the latitude and longitude of three cities. city | Latitude | Longitude 
1. In which hemisphere is each city located? 37°59’N 84°28'W 
34°55’S 138°36’E 

2. Use a globe or map to name each city. 64°4’N 91°58’ W 


3. Earth is approximately a sphere with a radius of 3960 miles. The equator and 
all meridians are great circles. The circumference of a great circle is equal to 
the length of the equator or any meridian. Find the length of a great circle on 
Earth in miles. 


4. Notice that the distance between each line of latitude is about the same. The 
distance from the equator to the North Pole is ri of the circumference of Earth, and 
each degree of latitude is 5 of that distance. Estimate the distance between one 


pair of latitude lines in miles. 


Analyze City Latitude Longitude 
The table shows the latitude and longitude of three cities. 1228'S 48°09'W 
5. Name the hemisphere in which each city is located. 13°45’N 100°30’E 
41°17’ 174°47’E 


6. Use a globe or map to name each city. 


7. Find the approximate distance between meridians at latitude Calcutta. india 99°34'N | 88°24’E 
of about 22° N. The direct distance between the two cities 
at the right is about 1646 miles. 


CRE §22°20/N | 114°11’E 
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Congruent and Similar Solids 


:- Why? 


@ You compared 6) Identify congruent or @ The gemstones at the q 
surface areas and similar solids. right are cut in exactly teh, 
volumes of spheres. the same shape, but ‘. = 


Use properties of 


ANG : their sizes are 
similar solids. 


different. Their 
shapes are similar. 


(eq NewVocabulary 


= similar solids 
congruent solids 


Identify Congruent or Similar Solids Similarsolids have exactly the same shape 
but not necessarily the same size. All spheres are similar and all cubes are similar. 


Sy Jp 


In similar solids, the corresponding linear measures, such as height and radius, have 
equal ratios. The common ratio is called the scale factor. If two similar solids are 
polyhedrons, their corresponding faces are similar. 


| 5 KeyConcept Similar Solids 


Words Two solids are similar if they Models 
have the same shape and the 
ratios of their corresponding 
linear measures are equal. 
if ie 


have exactly the same shape and the same size. Congruent solids are 
similar solids that have a scale factor of 1:1. 


oS KeyConcept Congruent Solids 


2 

a 

= 

o 

Words Two solids are congruent if they have Models t 8 
the following characteristics. js © i il & | 8 

© Corresponding angles are congruent. 3S 

S: 

© Corresponding edges are congruent. 8 

2 

© Corresponding faces are congruent. Hi = ail =| & 

hy ly = 

e Volumes are equal. 3 

L ) 3 
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Example 1 


StudyTip 


Similar and Congruent 
Solids If two solids are 
similar, then their 
corresponding linear 
measures are proportional. 
If two solids are congruent, 
then their corresponding 
linear measures are equal. 


Determine whether each pair of solids is similar, congruent, or neither. If the solids 
are similar, state the scale factor. 


: 4cm 
a. the square pyramids Ban 
ratio of heights: A = a 
8cm 
2 


8 2 
ratio of base edges: a 3 12cm 


The ratios of the corresponding measures are equal, so the pyramids are similar. 
The scale factor is 2:3. Since the scale factor is not 1:1, the solids are not congruent. 


b. the rectangular prisms 15tt 
ratio of widths: — = 1.76 
: 3.4 ft 
‘ 2.5 ft 6.2 ft 
ratio of lengths: 24 = 1.82 17ft 
5 3 ft 


25 


ratio of heights: is 1.67 


Since the ratios of corresponding measures are not equal, the prisms are neither 
congruent nor similar. 


1B. 6 in. 
fi | bi 5 in. 
| 6.2m 
12 in. 14.4 in. 


GuidedPractice 
TA. + 6.2m +| 


StudyTip 

Check Solutions After Properties of Congruent and Similar Solids 
finding missing measures of The cubes at the right are similar solids with a 
similar solids, work backward scale factor of 3:2. 

to check your solutions. 


ratio of surface areas: 54:24 or 9:4 


ratio of volumes: 27:8 


3cm 2cm 


Notice that the ratio of surface areas, 9:4, can be written as 32:22. The ratio of 
volumes, 27:8, can be written as 3°:25. This suggests the following theorem. 


Theorem 12.1 


Words If two similar solids have a scale Models 
factor of a:b, then the surface 
areas have a ratio of a2: b@, and the 
volumes have a ratio of 2°: b?. 
Examples scale factor : 
2 3 


2:3 
ratio of surface area 4:9 
ratio of volumes 8:2 


Figures must be similar in order for Theorem 12.1 to apply. 


StudyTip 


Similar Solids and Area If 
two solids are similar, then 
the ratio of any corresponding 
areas is a2: b?. In Example 2, 
the ratio of the lateral areas 
of the cones is 4:25, and the 
ratio of the base areas of the 
cones is 4:25. 


Math HistoryLink 


Georg F.B. Riemann 
(1826-1866) Spherical 
geometry is sometimes called 
Riemann geometry, after 
Georg Reimann, a German 
mathematician responsible 
for the Riemannian Postulate, 
which states that through 

a point not on a line, there 
are no lines parallel to the 
given line. 


Example 2 


Two similar cones have radii of 10 millimeters and 15 millimeters. What is the ratio 
of the surface area of the small cone to the surface area of the large cone? 


First, find the scale factor. 


radius of smallcone _ 10 2 P : : 7 
radius of lange cone = 45 or 3 Write a ratio comparing the radii. 


The scale factor is Z 


2 
If the scale factor is then the ratio of surface areas is =. 


So, the ratio of the surface areas is 4:9. 


GuidedPractice 


2. Two similar prisms have surface areas of 98 square centimeters and 18 square 
centimeters. What is the ratio of the height of the large prism to the height of 
the small prism? 


Many real-world objects can be modeled by similar solids. 


Real-World Example 3 


CONTAINERS The containers at the 
right are similar cylinders. Find the 


height h of the smaller container. a 
In. 
Understand You know the height of the 


larger container and the 
volumes of both containers. 


V = 6407 in? 


V = 2707 in? 


Plan Use Theorem 12.1 to write a 
ratio comparing the volumes. 
Then find the scale factor and use it to find h. 


volume of small container _ 2707 


Solve volenieoblaigeconiaines > G10n Write a ratio comparing volumes. 
27 ery 
=A Simplify. 
23 3 a 
= Fr) Write as = 
The scale factor is 3:4. 
— h _3 
Ratio of heights — oo a < Scale factor 
he4=10°3 Find the cross products. 
h=7.5 Solve for fh. 
So, the height of the smaller container is 7.5 inches. 
Check Since ee =0.75= 3 the solution is correct. 4 
GuidedPractice 


3. VOLLEYBALL A regulation volleyball has a circumference of about 66 centimeters. 
The ratio of the surface area of that ball to the surface area of a children’s ball is 
approximately 1.6:1. What is the circumference of the children’s ball? Round to 
the nearest centimeter. 
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Check Your Understanding 


Example 1 Determine whether each pair of solids is similar, congruent, or neither. If the solids are 
similar, state the scale factor. 


1. 


Example 2 3. Two similar cylinders have radii of 15 inches and 6 inches. What is the ratio of the 
surface area of the small cylinder to the surface area of the large cylinder? 


4. Two spheres have volumes of 367 cubic centimeters and 2887 cubic centimeters. What 
is the ratio of the radius of the small sphere to the radius of the large sphere? 


Example 3 5. EXERCISE BALLS A company sells two different sizes of exercise balls. The ratio of the 
diameters is 15:11. If the diameter of the smaller ball is 55 centimeters, what is the 
volume of the larger ball? Round to the nearest tenth. 


Practice and Problem Solving Extra Practice is on page R12. 


la~ 
Example 1 CESS REGULARITY Determine whether each pair of solids is similar, congruent, or neither. 
If the solids are similar, state the scale factor. 


6. \ A mm 7. 
\ \16 mm 
18 mm 
16mm 
9mm 8mm 
8. 8 in. 
8 in. 
15 in. mr 


Example 2 10. Two similar pyramids have slant heights of 6 inches and 12 inches. What is the ratio 
of the surface area of the small pyramid to the surface area of the large pyramid? 


Two similar cylinders have heights of 35 meters and 25 meters. What is the ratio of 
the volume of the large cylinder to the volume of the small cylinder? 


12. Two spheres have surface areas of 1007 square centimeters and 167 square 
centimeters. What is the ratio of the volume of the large sphere to the volume of the 
small sphere? 


13. Two similar hexagonal prisms have volumes of 250 cubic feet and 2 cubic feet. What 
is the ratio of the height of the large cylinder to the height of the small cylinder? 


14, DIMENSIONAL ANALYSIS Two rectangular prisms are similar. The height of the first 
prism is 6 yards and the height of the other prism is 9 feet. If the volume of the first 
prism is 810 cubic yards, what is the volume of the other prism? 
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Example 3 15. FOOD A small cylindrical can of tuna has a radius of 4 centimeters and a height of 
3.8 centimeters. A larger and similar can of tuna has a radius of 5.2 centimeters. 


a. What is the scale factor of the cylinders? 


b. What is the volume of the larger can? Round to the nearest tenth. 


16. SUITCASES Two suitcases are similar rectangular prisms. The smaller suitcase is 
68 centimeters long, 47 centimeters wide, and 27 centimeters deep. The larger 
suitcase is 85 centimeters long. 


a. What is the scale factor of the prisms? 


b. What is the volume of the larger suitcase? Round to the nearest tenth. 


(a7) SCULPTURE The sculpture shown at 
the right is a scale model of a cornet. 
If the sculpture is 26 feet long and a 
standard cornet is 14 inches long, 
what is the scale factor of the 
sculpture to a standard cornet? 


18. The pyramids shown are congruent. 


a. What is the perimeter of the base 
of Pyramid A? 


b. What is the area of the base of 
Pyramid B? 
c. What is the volume of Pyramid B? 8cm 
Pyramid A Pyramid B 

19. TECHNOLOGY Jalissa and Mateo each have the same type of MP3 player, but in different 

colors. The players are congruent rectangular prisms. The volume of Jalissa’s player is 

4.92 cubic inches, the width is 2.4 inches, and the depth is 0.5 inch. What is the height 

of Mateo’s player? 


LAY. 
GCSS| SENSE-MAKING Each pair of solids below is similar. 


20. What is the surface area of the smaller solid shown below? 


22. DIMENSIONAL ANALYSIS Two cylinders are similar. The height of the first cylinder is 
23 cm and the height of the other cylinder is 8 in. If the volume of the first cylinder is 
5527 cm, what is the volume of the other prism? Use 2.54 cm = 1 in. 
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23. DIMENSIONAL ANALYSIS Two spheres are similar. The radius of the first sphere is 
10 feet. The volume of the other sphere is 0.9 cubic meters. Use 2.54 cm = 1 in. to 
determine the scale factor from the first sphere to the second. 


24. ALGEBRA Two similar cones have volumes of 3437 cubic centimeters and 5127 cubic 
centimeters. The height of each cone is equal to 3 times its radius. Find the radius and 
height of both cones. 


(25) TENTS Two tents are in the shape of hemispheres, with circular floors. The ratio of 
their floor areas is 9:12.25. If the diameter of the smaller tent is 6 feet, what is the 
volume of the larger tent? Round to the nearest tenth. 


26, 9G? MULTIPLE REPRESENTATIONS In this problem, you will investigate similarity. 
The heights of two similar cylinders are in the ratio 2 to 3. The lateral area of the 
larger cylinder is 1627 square centimeters, and the diameter of the smaller cylinder 
is 8 centimeters. 


a. Verbal What is the height of the larger cylinder? Explain your method. 
b. Geometric Sketch and label the two cylinders. 


c. Analytical How many times as great is the volume of the larger cylinder as the 
volume of the smaller cylinder? 


H.0.T. Problems Use Higher-Order Thinking Skills 


27. ERROR ANALYSIS Cylinder X has a diameter of 20 centimeters and a height of 
11 centimeters. Cylinder Y has a radius of 30 centimeters and is similar to Cylinder X. 
Did Laura or Paloma correctly find the height of Cylinder Y? Explain your reasoning. 


Laura 
Cylinder xX vadius |0, 
height || 


Cylindev ¥: — vadius 30, 
height a 
i soa = 33, 


0. 


28. CHALLENGE The ratio of the volume of Cylinder A to the volume of Cylinder B is 1:5. 
Cylinder A is similar to Cylinder C with a scale factor of 1:2 and Cylinder B is similar 
to Cylinder D with a scale factor of 1:3. What is the ratio of the volume of Cylinder C 
to the volume of Cylinder D? Explain your reasoning. 


29. WRITING IN MATH Explain how the 
surface areas and volumes of the 
similar prisms shown at the right 
are related. 15 in. : 
in. 
30. OPEN ENDED Describe two nonsimilar 


triangular pyramids with similar bases. 
~~ 

31. C€SS SENSE-MAKING Plane ? is parallel to 
the base of cone C, and the volume of the 
cone above the plane is z of the volume 
of cone C. Find the 
height of cone C. 


32. WRITING IN MATH Explain why all 
spheres are similar. 
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Standardized Test Practice 


33. Two similar spheres have radii of 207 meters 


small sphere? 


100 100 10 10 
Ra Beg? Ca 


12 in. 


Spiral Review 


and 67% meters. What is the ratio of the surface 
area of the large sphere to the surface area of the 


34, What is the scale factor of the similar figures? 


35. SHORT RESPONSE Point A and point B represent 
the locations of Timothy’s and Quincy’s houses. 
If each unit on the map represents one kilometer, 
how far apart are the two houses? 


x+2 = (x + 2)? 
36. SAT/ACT If 2° > 6 


value of x? 


A 0 Bl C2 D 3 E 4 


, what is one possible 


Determine whether figure x on each of the spheres shown is a line in spherical geometry. (Lesson 12-7) 


37. 38. 


40. ENTERTAINMENT Some people think that the Spaceship Earth 
geosphere at Epcot in Disney World in Orlando, Florida, resembles 
a golf ball. The building is a sphere measuring 165 feet in diameter. 
A typical golf ball has a diameter of approximately 1.5 inches. (Lesson 12-6) 


a. Find the volume of Spaceship Earth to the nearest cubic foot. 

b. Find the volume of a golf ball to the nearest tenth. 

c. What is the scale factor that compares Spaceship Earth to a golf ball? 
d. What is the ratio of the volumes of Spaceship Earth to a golf ball? 


39. 


Find x. Assume that segments that appear to be tangent are tangent. (Lesson 10-7) 


41. (o> 42. 
eS 


Skills Review 


x 
ere 


43. 


Express each fraction as a decimal to the nearest hundredth. 


8 
44, ri 


—— 
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a7. 
45. 54 


11 
46. 73 


43 
47. 46 
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Study Guide and Review 


Study Guide 


be 
KeyConcepts KeyVocabulary = 


Representations of Three-Dimensional Figures altitude (. 846) lateral face (p. 846) 

presen tee) axis (p. 848) non-Euclidean geometry (p. 890) 
e Solids can be classified by bases, faces, edges, and vertices. base edges (0.846) Abliguie: Gone 4ncb6e 

Surface Areas of Prisms and Cylinders (Lesson 12-2) composite solid (p. 852) oblique solid (p. 838) 

e Lateral surface area of a right prism: L = Ph congruent solid (p. 896) regular pyramid (p. 854) 

e Lateral surface area of a right cylinder: L = 27™rh cross section (p. 840) right cone (p. 856) 


Euclidean geometry (p. 889) right solid (p. 837) 
Surface Areas of Pyramids and Cones (Lesson 12-3) 


1 great circle (p. 881) similar solids (p. 896) 
e Lateral surface area of a pyramid: L = ght crite dita aed slant height (p. 854) 
e Lateral surface area of a right cone: L = 1ré ne me 
lateral area (p. 846) spherical geometry (p. 889) 
Volumes of Prisms and Cylinders (Lesson 12-4) lateral edge (p. 846) topographic map (p. 845) 


e Volume of prism or cylinder: /= Bh 


Volumes of Pyramids and Cones (Lesson 12-5) VocabularyCheck 


© Volume of a pyramid: V= 18h State whether each sentence is true or false. If false, replace the 
3 underlined term to make a true sentence. 


© Volume of a cone: V=2nr2h 
3 1. Euclidean geometry deals with a system of points, great 


circles (lines), and spheres (planes). 
Surface Areas and Volumes of Spheres ((esson 12-6) 


e Surface area of a sphere: S = 4° 2. Similar solids have exactly the same shape, but not 


© Volume of a sphere: V = An A necessarily the same size. 


3. A right solid has an axis that is also an altitude. 
Congruent and Similar Solids (Lesson 12-8) 


aan ; : 4. The isometric view is when an object is viewed from a corner. 
e Similar solids have the same shape, but not necessarily the 


same size. 5. The perpendicular distance from the base of a geometric 
e Congruent solids are similar solids with a scale factor of 1. figure to the opposite vertex, parallel side, or parallel surface is 
the altitude. 
FOLDABLES | StudyOrganizer 6. Rotation symmetry is also called mirror symmetry. 
‘ heat ; 7. The intersection of two adjacent lateral faces is the 
e sure the Key Concepts lateral edge. 


are noted in your Foldable. 


8. Euclidean geometry refers to geometrical systems that are not 
in accordance with the Parallel Postulate. 


9. A composite solid is a three-dimensional figure that is 
composed of simpler figures. 


10. The slant height is the height of each lateral face of a pyramid 
or cone. 


Meomcttnenewcnicony] 903 AY 


Study Guide and Review continued 


Lesson-by-Lesson Review 


Representations of Three-Dimensional Figures 


Describe each cross section. 


13. CAKE The cake shown 
is cut in half vertically. 
Describe the cross section 
of the cake. 


Surface Areas of Prisms and Cylinders 


Find the lateral area and surface area of each prism. Round to 
the nearest tenth if necessary. 


3cm 


Find the lateral area and surface area of each cylinder. Round 
to the nearest tenth. 


16. 4 in. . __3om 


Surface Areas of Pyramids and Cones 


Find the lateral area and the surface area of each regular 
pyramid. Round to the nearest tenth. 


18. 19. 10cm 
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Example 1 


Describe the vertical and horizontal cross sections 
of the figure shown below. 


The vertical cross section is a rectangle. 
The horizontal cross section is a circle. 


Example 2 


Find the surface area of 
the rectangular prism. 


Use the 10-foot by 5-foot rectangle as the base. 
S= Ph+ 2B 
= (2-10 + 2+ 5)(7) + 2(10 + 5) 
= 310 Simplify. 


Surface area of a prism 


Substitution 


The surface area is 310 square feet. 


Example 3 


Find the surface area 
of the square pyramid. 
Round to the nearest 
tenth. 


mak 
S= P+ B 


3m a 
5m 


Surface area of a regular pyramid 


=H4-5)3 +5+5 P=4+50r20,@=3,B=4¢5 
= 55 Simplify. 


The surface area is 55 square feet. 


Volumes of Prisms and Cylinders 


. The volume of a cylinder is 770 cm’. It has a height of 
5 cm. Find its radius. 


. Find the volume of the 
triangular prism. 


9cm 
or 


12cm 


. TRAILERS A semi-truck trailer is basically a rectangular 
prism. A typical height for the inside of these trailers is 
108 inches. If the trailer is 8 feet wide and 20 feet long, 
what is the volume of the trailer? 


Volumes of Pyramids and Cones 


. Find the volume of a cone that has a radius of 
1 cm and a height of 3.4 cm. 


. Find the volume of the 
regular pyramid. 


3cm 


. ARCHITECTURE The Great Pyramid measures 756 feet on 
each side of the base and the height is 481 feet. Find the 
volume of the pyramid. 


= Surface Areas and Volumes of Spheres 


Find the surface area of each figure. 
26. 27. 


Find the volume of each sphere or hemisphere. Round to the 
nearest tenth. 


28. hemisphere: circumference of great circle = 24% m 
29. sphere: area of great circle = 557 in? 


30. CONSTRUCTION Cement is poured into a hemisphere that 
is 6 cm across. What is the volume of cement used? 


Example 4 


Find the volume of 
the cylinder. 


V=7rh 
= 7(7)*(12) 
~ 1847.5 


The volume is approximately 1847.5 cubic centimeters. 


Volume of a cylinder 
r=7andh=12 


Use a calculator. 


Example 5 


Find the volume of the 
pyramid. 


4cm 
V= 38h Volume of a pyramid 
— lig. 
= 14 + 5)6) 


= 40 Simplify. 


B=4-8andh=6 


The volume is 40 cubic centimeters. 


Example 6 


Find the surface area and volume of 
the sphere. Round to the nearest tenth. 


S=4nr 
= 4n(14)? 
= 2463 
The surface area is about 2463 square centimeters. 


V= onr3 Volume of a sphere 


ae 


Surface area of a sphere 
Substitute. 


Use a calculator. 


4 3 
= 3714) 


= 11,494cm? Use a calculator. 


Replace r with 9. 


The volume is about 11,494 cubic centimeters. 


oe 905 


Spherical Geometry 
Name each of the following on sphere A. Example 7 
31. two lines containing point C Name each of the following on sphere A. 
32. a segment containing point H E B 
33. a triangle containing point B 
34. two lines containing point L 
35. a segment containing point J 
36. a triangle containing point K 


37. MARBLES Determine whether 


figure y on the sphere shown a. two lines containing point D 
is a line in spherical geometry. FH CK 


b. a segment containing point E 
DJ 


Congruent and Similar Solids 


Determine whether each pair of solids is similar, congruent, Example 8 


or neither. lf the solids are similar, state the scale factor. Determine whether each pair of solids is similar, congruent, 


or neither. If the solids are similar, state the scale factor. 


12 yd 12 yd 


a. 


The ratios of the corresponding measures are equal and 
the scale factor is 1:1, so the solids are congruent. 


b. 
6mm 
8mm 
6mm 
8mm 


10 in. ratio of widths: 3 = 975 


. MODELS Acollector’s model car is scaled so that 1 inch on ratio of heights: 2 = 0.75 


3 : 

i model equals 55 feet on the actual car. If the model is The ratios of the corresponding measures are equal, so the 
5 inches high, how high is the actual car? cubes are similar. The scale factor is 3: 4. Since the scale 
factor is not 1:1, the solids are not congruent. 
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Practice Test 


. Use isometric dot paper and the orthographic 
drawings to sketch the solid. 


Hoey SEERA. FE 


right view 


top left view front 
view view 


. Describe the cross section. 


. SHORT RESPONSE Find the surface area of the tent 
model. Round to the nearest tenth if necessary. 


8 ft 


18 ft 
14 ft 


. CANDLES A circular pillar candle is 2.8 inches wide 
and 6 inches tall. What are the lateral area and 
surface area of the candle? Round to the nearest 
tenth if necessary. 


. TEA A tea bag is shaped like a regular square 
pyramid. Each edge of the base is 4 centimeters, and 
the slant height is 5 centimeters. What is the surface 
area of the tea bag in square centimeters? Round to 
the nearest tenth if necessary. 


. BEEHIVE Estimate the lateral area and surface area 
of the Turkish beehive room. Round to the nearest 
tenth if necessary. 


. Find the volume of the candle in Exercise 4. 
Round to the nearest tenth if necessary. 


. Find the volume of the tea bag in Exercise 5. 
Round to the nearest tenth if necessary. 


9. 


10. 


EARTH Earth’s radius is approximately 

6400 kilometers. What are the surface area and 
volume of the Earth? Round to the nearest tenth 
if necessary. 


SOFTBALL A regulation softball has a circumference 
of 12 inches. What is the volume of the softball? 


Name each of the following on sphere 4. 


11. 
12. 
13. 
14, 
15. 


16. 


17. 


18. 


19. 


20. 


two lines containing point S 
a segment containing point L 
a triangle 


two lines containing point D 


a segment containing point P 


Are these two cubes similar, congruent, or neither? 
Explain your reasoning. 


20 cm 5cm 


Two similar cylinders have heights of 

75 centimeters and 25 centimeters. What is the 
ratio of the volume of the large cylinder to 

the volume of the small cylinder? 


BAKING Two spherical pieces of cookie dough have 
radii of 3 centimeters and 5 centimeters, respectively. 
The pieces are combined to form one large spherical 
piece of dough. What is the approximate radius of 
the new sphere of dough? Round to the nearest 
tenth. 


ALGEBRA A rectangular prism has a base with side 
lengths x and x + 3 and height 2x. Find the surface 
area and volume of the prism. 


TRANSPORTATION The traffic cone is i 
19 inches tall and has a radius 
b. Find the surface area. 


of 5 inches. 
hE 907 ry 


a. Find the lateral area. 


Make a Drawing 


Making a drawing can be a very helpful way for you to visualize how to solve a 
problem. Sketch your drawings on scrap paper or in your test booklet (if allowed). 
Do not make any marks on your answer sheet other than your answers. 


Strategies for Making a Drawing 


Read the problem statement carefully. 
Ask yourself: 
e What am | being asked to solve? What information is given? 


e Would making a drawing help me visualize how to solve the problem? 


Sketch and label your drawing. 
e Make your drawing as clear and accurate as possible. 


e Label the drawing carefully. Be sure to include all of the information 
given in the problem statement. 


e Fill in your drawing with information that can be gained from intermediate calculations. 


Standardized Test Example 


Solve the problem below. Responses will be graded using the short-response 


scoring rubric shown. 


A regular pyramid has a square base with 10-centimeter sides and a height 
of 12 centimeters. What is the total surface area of the pyramid? Round to the 


nearest tenth if necessary. 


Scoring Rubric 


Criteria | 


Full Credit: The answer is correct and a full explanation is provided that shows each step. 


Partial Credit: 
e The answer is correct, but the explanation is incomplete. 
e The answer is incorrect, but the explanation is correct. 
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Read the problem statement carefully. You are given the dimensions of a square 
pyramid and asked to find the surface area. Sketching a drawing may help you 


visualize the problem and how to solve it. 


Example of a 2-point response: 


Use the Pythagorean Theorem to 


find the slant height, @. 
0? = 57 412? 
é? = 169 

£=13 


Find the lateral area. 


a" 
Le ae 
we N 
= 5(40)(13) NS 
= 260 1 
12 \ e 
Add the area of the square base. | \ 
\ 
S = 260 + 100 or 360 a 
5 


The total surface area is 360 square centimeters. 


The steps, calculations, and reasoning are clearly stated. The student also arrives at 
the correct answer. So, this response is worth the full 2 points. 


Solve each problem. Show your work. Responses will 
be graded using the short-response scoring rubric 
given at the beginning of the lesson. 


4. Aregular hexagon is inscribed in a circle with a 
diameter of 12 centimeters. What is the exact area of 
the hexagon? 


1. Aright circular cone has a slant height that is twice 


its radius. The lateral area of the cone is about 
569 square millimeters. What is the radius of the 
cone? Round to the nearest whole millimeter. 


. From a single point in her yard, Marti measures and 
marks distances of 18 feet and 30 feet with stakes 
for two sides of her garden. How far apart should 
the two stakes be if the garden is to be rectangular 
shaped? 


. A passing boat is 310 feet from the base of a 
lighthouse. The angle of depression from the top of 
the lighthouse is 24°. What is the height of the 
lighthouse to the nearest tenth of a foot? 


. Luther is building a model rocket for a science fair 


project. He attaches a nosecone to a cylindrical body 
to form the rocket’s fuselage. The rocket has a 
diameter of 4 inches and a total height (including 
the nosecone) of 2 feet 5 inches. The nosecone is 

7 inches tall. What is the volume of the rocket? 

Give your answer rounded to the nearest tenth 
cubic inch. 


. Terry wants to measure the height of the top of the 


backboard of his basketball hoop. At 4:00, the 
shadow of a 4-foot fence post is 20 inches long, and 
the shadow of the backboard is 65 inches long. 
What is the height of the top of the backboard? 
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JStandardized Test Practice 


Cumulative, Chapters 1 through 12 


Multiple Choice 


Read each question. Then fill in the correct answer on 
the answer document provided by your teacher or on 
a sheet of paper. 


1. The Great Pyramid of Giza in Egypt originally had 
a height of about 148 meters. The base of the 
pyramid was a square with 230-meter sides. What 
was the original volume of the pyramid? Round to 
the nearest whole number. 


A. 1,786,503 m? 
B 2,609,733 m? 
C 104,128,752 m3 
D 122,716,907 m3 


2. If HK is tangent to circle O, what is the radius of 
the circle? 


H 24mm K 

25mm 
F 7mm H 9mm 
G 8mm J 10mm 


3. What is the sum of the interior angles of the figure? 


A 450° C 630° 
B 540° D 720° 
Test-TakingTip 


Question 1 You can eliminate some unreasonable answers by 
estimating first. Choices C and D are too large. 
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4, Eddie conducted a random survey of 50 students 
and found that 14 of them spend more than 
2 hours each night doing homework. If there are 
421 students at Eddie’s school, predict how many 
of them spend more than 2 hours each night doing 
homework. 


F 118 
G 124 


H 125 
J 131 


5. RS represents the height of Mount Mitchell, the 
highest point in the state of North Carolina. If 
TU = 5013 feet, UV = 6684 feet, and TV = 8355 feet, 
use the ASA Theorem to find the height of Mount 
Mitchell. 


R 
+ 
U 
S 
V 
A 5013 ft C 7154 ft 
B 6684 ft D 8355 ft 


6. Triangle DEF is shown below. 
D 


20 ft 
17 ft 


Ee 18 ft 


Which statement about this triangle is true? 
F mZF>mZD 
G mZE >mZF 
H mZD <mZF 
J mZE<mZD 


Short Response/Gridded Response 


Record your answers on the answer sheet provided 
by your teacher or on a sheet of paper. 


7. Suppose the length of one diagonal of a kite is three 
times the length of the other diagonal. If the area of 
the kite is 96 square inches, what are the lengths of 
the diagonals? Show your work. 

8. Copy the figure and point Y. Then use a protractor 
and ruler to draw the rotation of the figure 75° 
clockwise about point Y. 


Si 


9. GRIDDED RESPONSE What is the perimeter of the 
isosceles triangle to the nearest tenth of a 
centimeter? 


74° 
20 cm 
74° 


10. Determine whether the following statement is 
sometimes, always, or never true. Explain. 


The orthocenter of a right triangle is 
located at the vertex of the right angle. 


11. GRIDDED RESPONSE Given: c || ¢ 


What is the value of x in the figure? 


12. What is the lateral area of the square pyramid 
below? Round to the nearest tenth if necessary. 
Show your work. 


Extended Response 


Record your answers on a sheet of paper. Show 
your work. 


13. The two prisms below are similar figures. 


. What is the scale factor from the smaller prism 


to the larger one? 


. What are the volumes of the prisms? 


How many times as great is the volume of the 
larger prism as the smaller prism? 


Suppose a solid figure has a volume of 40 cubic 
units. If its dimensions are scaled by a factor of 
1.5, what will the volume of the new figure be? 


rl a 
Need ExtraHelp? 
If you missed Question... 1 2 3 4 5 6 7 8 9 10 11 12 13 
& to Lesson... 12-5 | 10-5 | 6-1 7-1 4-5 5-3 | 11-2 | 9-3 8-4 5-2 3-2 | 12-3 Ee) 
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; a _—_ 
O © GAMES Probability can be used to predict the likelihood of different 


You learned about © In this chapter, you will: 
experiments, 
outcomes, and 


that lay. 
« Represent sample outcomes of the games that we play. 


events. You also aia 
found probabilities » Use permutations 
of simple events. and combinations 


with probability. 


« Find probabilities 
by using length 
and area. 


a Find probabilities of 
compound events. 


~connectED.mcgraw-hill.com BAQa tie Fume 


Personal Virtual Graphing ’ Self-Check 
Tutor Manipulatives Calculator Audio Foldables Practice Worksheets 


Animation Vocabulary  eGlossary 
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Get Ready for the Chapter 


Diagnose Readiness | You have two options for checking prerequisite skills. 


| 1 Textbook Option Take the Quick Check below. Refer to the Quick Review for help. 


Simplify. Example 1 
A. 3 are Be de Simplify &. 1, 
Lots 2a ts eS plify 5° 
2.4 3. 21 J 2 Bde Oe Multi 
ae aoe A cg SS . ply the numerators and denominators. 
26° 7 24 6. 35° 9 9 2 9-2 : 
7. SOCCER A soccer team brings a 4.5-gallon cooler of water to = < ort Simplify. 
their games. How many 4-ounce cups can the team drink 
per game? 


A die is rolled. Find the probability of each outcome. 


8. P(greater than 1) 9. P(odd) Suppose a die is rolled. What is the probability of rolling less 
10. P(less than 2) 11. P(1 or 6) Haraive? 
; P(less than 5) — number of favorable outcomes 
12. GAMES Two friends are playing a game with a 20-sided die number of possible outcomes 
that has all of the letters of the alphabet except for Q, U, V, X, Y, —4or2 
and Z. What is the probability that the die will land on a vowel? 6 3 


The probability of rolling less than a five is z or 67%. 


The table shows the results of an experiment in which a spinner | Example 3__ | 
numbered 1-4 was spun. 


A spinner numbered 1-6 was spun. Find the experimental 
Outcome Frequency probability of landing on a 5. 
Outcome Frequency 


13. What is the experimental probability that the spinner will land 
ona 4? 


14. What is the experimental probability that the spinner will land 
on an odd number? _ number oftimesaSisspun 2 


15. What is the experimental probability that the spinner will land jofal i ibe er auMromes a0 


on an even number? The experimental probability of landing on a 5 is = or 7%. 


—-" 
2 Online Option Take an online self-check Chapter Readiness Quiz at connectED.mcgraw-hill.com. vV/ 
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Get Started on the Chapter 


You will learn several new concepts, skills, and vocabulary terms as you study 
Chapter 13. To get ready, identify important terms and organize your resources. 
You may wish to refer to Chapter 0 to review prerequisite skills. 


NewVocabulary 


[ZED StudyOrganizer 


Probability and Measurement Make this Foldable to help you English Espafiol 
organize your Chapter 13 notes about probability. Begin with one 
sheet of paper. 


sample space p.915 espacio muestral 
tree diagram p.915  diagrama de arbol 
permutation p.922 permutacion 
factorial p.922 factorial 
1 Folda sheet of paper 
lengthwise. circular permutation p.925 permutacidn circular 
combination p.926 combinacion 


geometric probability p.931 probabilidad geométrica 


2 Fold in half tw | probability model p.939 modelo de la probabilidad 
old in half two more 
times. simulation p.939 — simulacro 


random variable p.941 variable aleatoria 


expected value p.941 valor espenado 


ow compound events p.947 eventos compuestos 
a 


3 aera fold on independent events p.947 eventos independientes 
e left column. 


E dependent events p.947 eventos dependientes 


conditional probability p.949 — probabilidad condicional 


probability tree p.949  arbol de la probabilidad 


wapaicocie mutually exclusive p.956 mutuamente exclusivos 
4 Label as shown. 


complement p.959 complemento 


ReviewVocabulary 


event evento one or more outcomes 
of an experiment 


experiment experimento a situation 
involving chance such as flipping a coin or 
rolling a die 
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Representing Sample Spaces 


:-Now :- Why? 

@ You calculated  ) 1 Use lists, tables, and @ Ina football game, a 
experimental tree diagrams to referee tosses a fair coin 
probability. represent sample to determine which team 

spaces. will take possession of 


the football first. The 
coin can land on heads 
or tails. 


Use the Fundamental 
Counting Principle to 
count outcomes. 


Represent a Sample Space You have learned the following about experiments, 
outcomes, and events. 


@>4 NewVocabulary 
= sample space 
tree diagram 
two-stage experiment 
multi-stage experiment 
Fundamental Counting 
Principle 


Definition Example 
An experiment is a situation involving chance that | In the situation above, the experiment is tossing 
leads to results called outcomes. the coin. 
An outcome is the result of a single performance The possible outcomes are landing on heads 
or trial of an experiment. or tails. 
An event is one or more outcomes One event of this experiment is the 
of an experiment. coin landing on tails. 


€CS9) Common Core 

») State Standards 
Content Standards 
Preparation for S.CP.9 (+) 
Use permutations and 
combinations to compute 
probabilities of compound 
events and solve problems. 


The sample space of an experiment is the set of all possible outcomes. You can represent 
a sample space by using an organized list, a table, or a tree diagram. 


Example 1 


A coin is tossed twice. Represent the sample space for this experiment by making an 


Mathernatical Practices organized list, a table, and a tree diagram. 


1 Make sense of problems 
and persevere in solving 


For each coin toss, there are two possible outcomes, heads H or tails T. 
Organized List Table 


them. 
2 Reason abstractly and Pair each possible outcome from the first List the outcomes of the first toss in the 
quantitatively. toss with the possible outcomes from the left column and those of the second toss 
second toss. in the top row. 
H, H TT Outcomes 
H, T LH 
Tree Diagram a 
First Toss H T 


Second Toss H T H T 


| Le | 
Sample Space H,H H,T T,H_ T,T 
GuidedPractice 


1. Acoin is tossed and then a number cube is rolled. Represent the sample space for this 
experiment by making an organized list, a table, and a tree diagram. 


Robert Michael/CORBIS 


ja a } 
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WatchOut! 

(css Sense-Making The 
words and/or in the third 
question for Example 2 
suggest an additional stage in 
the ordering process. By 
making separate stages for 
choosing with or without 
tomato and with or without 
pickles, you allow for the 
possibility of choosing both 
tomato and pickles. 


ReadingMath 


Tree Diagram Notation 
Choose notation for outcomes 
in your tree diagrams that 
will eliminate confusion. In 
Example 2, C stands for 
cheese, while NC stands for 
no cheese. Likewise, NT and 
NP stand for no tomato and 
no pickles, respectively. 


The experiment in Example 1 is an example of a two-stage experiment, which is an 


experiment with two stages or events. Experiments with more than two stages are called 


Real-World Example 2 


e Cheese (C or NC) 
e Tomato (T or NT) 
e Pickles (P or NP) 


Outcomes R 


GuidedPractice 
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e Burger size (K, R, or L) 


Draw a tree diagram with four stages. 


HAMBURGERS To take a hamburger order, Keandra 
asks each customer the questions from the script 

shown. Draw a tree diagram to represent the 
sample space for hamburger orders. 


The sample space is the result of four stages. 


NP — 


Size Cheese Tomato Pickles Sample Space 


K, C, T, P 

K, C, T, NP 

K, C, NT, P 

K, C, NT, NP 
K, NC, T, P 

K, NC, T, NP 
K, NC, NT, P 
K, NC, NT, NP 
R, C, T, P 

R, C, T, NP 

R, C, NT, P 

R, C, NT, NP 
R, NC, T, P 

R, NC, T, NP 
R, NC, NT, P 
R, NC, NT, NP 
L, C, T, P 

L, C, T, NP 

L, C, NT, P 

L, C, NT, NP 
L, NC, T, P 

L, NC, T, NP 
L, NC, NT, P 
L, NC, NT, NP 


2. MUSIC Yoki can choose a small MP3 player with a 4- or 8-gigabyte hard drive in 
black, teal, sage, or red. She can also get a clip and/or a dock to go with it. Make 
a tree diagram to represent the sample space for this situation. 


StudyTip 


Multiplication Rule The 
Fundamental Counting 
Principle is sometimes called 
the Multiplication Rule for 
Counting or the Counting 
Principle. 


Real-WorldLink 


More than 95 percent of high 
school students order a 
traditional ring style, which 
includes the name of the 
school, a stone, and the 
graduation year. 


Source: Fort Worth 
Star-Telegram 


VStock/Alamy 


Fundamental Counting Principle For some two-stage or multi-stage experiments, 
listing the entire sample space may not be practical or necessary. To find the number 


of possible outcomes, you can use the Fundamental Counting Principle. 


Words 


Symbols 


o§ KeyConcept Fundamental Counting Principle 


The number of possible outcomes in a sample space can be found by multiplying the 


number of possible outcomes from each stage or event. 


In a k-stage experiment, let 


n, = the number of possible outcomes for the first stage. 


Ny = the number of possible outcomes for the second stage after the first stage 


has occurred. 


n, = the number of possible outcomes for the Ath stage after the first k — 1 stages 


have occurred. 


Then the total possible outcomes of this kK-stage experiment is 


Ny? Ng? Ng? ... ° Ny 


Real-World Example 3 


CLASS RINGS Haley has selected a size and 
overall style for her class ring. Now she must 


choose from the ring options shown. How many 
different rings could Haley create in her chosen 


style and size? 


Use the Fundamental Counting Principle. 


metals finishes stone stone side 1 
colors cuts logos 
10 x 2 x 12 x 5 x 20 x 


So, Haley could create 960,000 different rings. 


GuidedPractice 


3. Find the number of possible outcomes for 
each situation. 


A. 
B. 
C. 


The answer sheet shown is completed. 
A die is rolled four times. 


SHOES A pair of women’s shoes comes 

in whole sizes 5 through 11 in red, 

navy, brown, or black. They can be 
leather or suede and are available in three 
different widths. 


Number of 


Ring Options 


metals 


Choices 


finishes 


stone colors 


stone cuts 


side 1 activity logos 


side 2 activity logos 


band styles 
side 2 band possible 
logos styles outcomes 
20 x“. 2 = 960,000 


h RL 


Answer Sheet 
1. B® OD 
2.D BOD 
3. D BOD 
4.D BOD 
5. DBO @D 
6. DBO @®D 
7.) 

8.) CE 
9. CI) CE 
10. 1) CD 
917 


Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Represent the sample space for each experiment by making an organized list, 
a table, and a tree diagram. 


1. For each at bat, a player can either get on base or make an out. Suppose a player 
bats twice. 


2. Quinton sold the most tickets in his school for the annual Autumn Festival. As a 
reward, he gets to choose twice from a grab bag with tickets that say “free juice” or 
“free notebook.” 


Example 2 3. TUXEDOS Patrick is renting a prom tuxedo 
from the catalog shown. Draw a tree 
diagram to represent the sample space 
for this situation. 


eSunt Corot 
Wary, Wee 


«= paaitiomnal Options \ 


vest, aml a 
NY gurmerdu 
AN 


Example 3 Find the number of possible outcomes for each situation. 


4. Marcos is buying a cell 


Desirée is creating a new 


phone and must choose menu for her restaurant. 
a plan. Assume one of Assume one of each item 
each is chosen. is ordered. 


Cell Phone Number of Menu Number of 
Options Choices Titles Choices 


phone style appetizer 


minutes package soup 


Internet access salad 


text messaging entree 


insurance dessert 


Practice and Problem Solving Extra Practice is on page R13. 


—- 
Example 1 CESS REASONING Represent the sample space for each experiment by making an 
organized list, a table, and a tree diagram. 


6. Gina is a junior and has a choice for the next two years of either playing volleyball or 
basketball during the winter quarter. 


7. Two different history classes in New York City are taking a trip to either the 
Smithsonian or the Museum of Natural History. 


8. Simeon has an opportunity to travel abroad as a foreign exchange student during each 
of his last two years of college. He can choose between Ecuador or Italy. 


9. Anew club is formed, and a meeting time must be chosen. The possible meeting times 
are Monday or Thursday at 5:00 or 6:00 p.m. 


10. An exam with multiple versions has exercises with triangles. In the first exercise, there 
is an obtuse triangle or an acute triangle. In the second exercise, there is an isosceles 
triangle or a scalene triangle. 
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Example 2 


11. 


PAINTING In an art class, students are working on two acrylic paints 
projects where they can use one of two different types 
of paints for each project. Represent the sample space 
for this experiment by making an organized list, a table, 
and a tree diagram. 


Draw a tree diagram to represent the sample space for each situation. 


12. 


13. 


14. 


BURRITOS Ata burrito stand, customers have the choice of beans, pork, or chicken with 
rice or no rice, and cheese and/or salsa. 


TRANSPORTATION Blake is buying a vehicle and has a choice of sedan, truck, or van with 
leather or fabric interior, and a CD player and /or sunroof. 


TREATS Ping and her friends go to a frozen yogurt 
parlor which has a sign like the one at the right. 
Draw a tree diagram for all possible combinations 
of cones with peanuts and/or sprinkles. 


Cake 
Sugar Strawberry 
Waffle Lime 


Toppings: Peanuts and Sprinkles 


lA 
GCSS PERSEVERANCE In Exercises 15-18, find the number of 
possible outcomes for each situation. 


16. 


17. 
18. 


19. 


20. 


21. 


(15) In the Junior Student Council elections, there are 3 people running for secretary, 


4 people running for treasurer, 5 people running for vice president, and 2 people 
running for class president. 


When signing up for classes during his first semester of college, Frederico has 4 class 
spots to fill with a choice of 4 literature classes, 2 math classes, 6 history classes, 
and 3 film classes. 


Niecy is choosing one each of 6 colleges, 5 majors, 2 minors, and 4 clubs. 


Evita works at a restaurant where she has to wear a white blouse, black pants or skirt, 
and black shoes. She has 5 blouses, 4 pants, 3 skirts, and 6 pairs of black shoes. 


ART For an art class assignment, Mr. Green gives students their choice of two 
quadrilaterals to use as a base. One must have sides of equal length, and the other 
must have at least one set of parallel sides. Represent the sample space by making an 
organized list, a table, and a tree diagram. 


BREAKFAST A hotel restaurant serves omelets with a Kr ae 
choice of vegetables, ham, or sausage that come with , 
a side of hash browns, grits, or toast. qwith ow 
“46,0 

a. How many different outcomes of omelet and , ont an deo let 

one side are there if a vegetable omelet comes of nr ule om 

with just one vegetable? Vest omnele 

wt 

b. Find the number of possible outcomes for He yond? ee 00S 

a vegetable omelet if you can get any or all egg ‘ ret" 

¢ 

vegetables on any omelet. ger vs 
COMPOSITE FIGURES Carlito is calculating the area of 2 
the composite figure at the right. List six different ways 
he can do this. 2 


x 
3 
x+8 
219 by 


22. TRANSPORTATION Miranda got a new bicycle lock that has a four-number combination. 
Each number in the combination is from 0 to 9. 
a. How many combinations are possible if there are no restrictions on the 
number of times Miranda can use each number? 
b. How many combinations are possible if Miranda can use each number 
only once? Explain. 


(23) GAMES Cody and Monette are playing a board game in which you roll two dice 
per turn. 
a. In one turn, how many outcomes result in a sum of 8? 
b. How many outcomes in one turn result in an odd sum? 


24, 6§? MULTIPLE REPRESENTATIONS In this problem, you will investigate a sequence of 
events. In the first stage of a two-stage experiment, you spin Spinner 1 below. If the 
result is red, you flip a coin. If the result is yellow, you roll a die. If the result is green, 
you roll a number cube. If the result is blue, you spin Spinner 2. 


Spinner 1 Spinner 2 
ff’) on 
/ * "26 
pre » @ 
hoe ccd Py 


a. Geometric Draw a tree diagram to represent the sample space for the 
experiment. 

b. Logical Draw a Venn diagram to represent the possible outcomes of the 
experiment. 

c. Analytical How many possible outcomes are there? 

d. Verbal Could you use the Fundamental Counting Principle to determine the number 
of outcomes? Explain. 


H.0.T. Problems Use Higher-Order Thinking Skills 


25. CHALLENGE A box contains n different objects. If you remove three objects from the box, 
one at a time, without putting the previous object back, how many possible outcomes 
exist? Explain your reasoning. 


26. OPEN ENDED Sometimes a tree diagram for an experiment is not symmetrical. Describe 
a two-stage experiment where the tree diagram is asymmetrical. Include a sketch of the 
tree diagram. Explain. 


27. WRITING IN MATH Explain why it is not possible to represent the sample space for 
a multi-stage experiment by using a table. 


lA-~ 
Example 3 28. CESS ARGUMENTS Determine if the following statement is sometimes, always, or never 
true. Explain your reasoning. 
When an outcome falls outside the sample space, it is a failure. 
29. REASONING A multistage experiment has 1 possible outcomes at each stage. If the 


experiment is performed with k stages, write an equation for the total number of 
possible outcomes P. Explain. 


30. WRITING IN MATH Explain when it is necessary to show all of the possible outcomes of 
an experiment by using a tree diagram and when using the Fundamental Counting 


Principle is sufficient. 
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Standardized Test Practice 


31. PROBABILITY Alejandra can invite two friends to 33. Brad’s password must be five digits long, use 
go out to dinner with her for her birthday. If she the numbers 0-9, and the digits must not repeat. 
is choosing among four of her friends, how What is the maximum number of different 
many possible outcomes are there? passwords that Brad can have? 

A4 C 8 F 15,120 H 59,049 
B 6 bY G 30,240 J 100,000 
32. SHORT RESPONSE What is the volume of the 34. SAT/ACT A pizza shop offers 3 types of crust, 
triangular prism shown below? 5 vegetable toppings, and 4 meat toppings. 
How many different pizzas could be ordered 
4V2 in. by choosing 1 crust, 1 vegetable topping, and 
1 meat topping? 
A 12 D 60 
B 23 E infinite 
C 35 


Spiral Review 


35. ARCHITECTURE To encourage recycling, the people of Rome, Italy, built a model of 
Basilica di San Pietro from empty beverage cans. The model was built to a 1:5 scale 
and was a rectangular prism that measured 26 meters high, 49 meters wide, and 
93 meters long. Find the dimensions of the actual Basilica di San Pietro. (Lesson 12-8) 


Using spherical geometry, name each of the following on sphere W. (Lesson 12-7) 
36. two lines containing point F 

37. a segment containing point G 

38. a triangle 


Find the lateral area and surface area of each cylinder. Round to the nearest tenth. 
(Lesson 12-2) 


39. 14 ft 40. 4in. 41. 


32.5 ft . 
5 


42. TELECOMMUNICATIONS The signal from a tower follows a ray that has its endpoint on 
the tower and is tangent to Earth. Suppose a tower is located at sea level as shown. 
Determine the measure of the arc intercepted by the two tangents. (Lesson 10-6) 


COORDINATE GEOMETRY Determine whether the figure with the given vertices has 
line symmetry and/or rotational symmetry. (Lesson 9-5) 


43. Q(2, 2), R(7, 2), S(6, 6), T(3, 6) 44, J(—2, 2), K(—5, —1), L(—2, —4), M(1, —1) 


Note: Art not drawn to scale 


Skills Review 


Find each quotient. 


52 33 24.6 23.12 44.3 
45. oa 46. 53 47. 2 48. a 49. 5 


5 Probability with Permutations 


and Combinations 
:- Then :-‘Now :-Why? 


@ You used the @ Use permutations @ Lina, Troy, Davian, and Mary are 
Fundamental with probability. being positioned for a photograph. 
Counting Principle. re There are 4 choices for who can 

Use combinations : 

with probability stand on the far left, leaving 
3 choices for who can stand in 
the second position. For the 
third position, just 2 choices 
remain, and for the last 
position just 1 is possible. 


God NewVocabulary Probability Using Permutations A permiitation is an arrangement of objects in 
= permutation which order is important. One permutation of the four friends above is Troy, Davian, 
factorial Mary, and then Lina. Using the Fundamental Counting Principle, there are 4- 3+ 2+ 1 or 
circular permutation 24 possible ordered arrangements of the friends. 
combination 


The expression 4 + 3 - 2+ 1 used to calculate the number of permutations of these four 
friends can be written as 4!, which is read 4 factorial. 


<e¢q)) Common Core oS KeyConcept Factorial | 

State Standards Oe 
Content Standards Words The factorial of a positive integer n, written n!, is the product of the positive integers 
S.CP.9 (+) Use permutations less than or equal to n. 
and combinations to 
compute probabilities of Symbols nl=n-(n—1)+(n—2)-...+2+1, where 0! = 1 
compound events and solve L J 
problems. 


Mathematical Practices 

1 Make sense of problems 
and persevere in solving 
them. 

4 Model with mathematics. 


Example 1 


SPORTS Chanise and Renee are members of the lacrosse team. If the 20 girls on the 
team are each assigned a jersey number from 1 to 20 at random, what is the 
probability that Chanise’s jersey number will be 1 and Renee’s will be 2? 


EGER Find the number of possible outcomes in the sample space. This is the number 
of permutations of the 20 girls’ names, or 20!. 


EG Find the number of favorable outcomes. This is the number of permutations of 
the other girls’ names given that Chanise’s jersey number is 1 and Renee’s is 2: 


(20 — 2)! or 18!. 
Step 3] Calculate the probability. 

P(Chanise 1, R = 18! <— number of favorable outcomes 

(Chanise 1, Renee 2) = 20! ; ~<— number of possible outcomes 
18! | a 
20-19-18! Expand 20! and divide out common factors. 
1 1 
= 380 Simplify. 

GuidedPractice 


1. PHOTOGRAPHY In the opening paragraph, what is the probability that Troy is chosen 
to stand on the far left and Davian on the far right for the photograph? 


Awejy/uolsi, ye1!61q 
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In the opening paragraph, suppose 6 friends were 
available, but the photographer wanted only 

4 people in the picture. Using the Fundamental 
Counting Principle, the number of permutations 
of 4 friends taken from a group of 6 friends is 
6-5+4-3 or 360. 


Another way of describing this situation is the number of permutations of 6 friends taken 
4 at a time, denoted ¢P,. This number can also be computed using factorials. 


6 ode 3 a O2524:3+2-1_ 6! _ 
Pe Or sete re ~ 2! (6 — 4)! 


This suggests the following formula. 


P 
ReadingMath & KeyConcept Permutations 
—_> 
cess Precision The phrase Symbols The number of permutations of n distinct objects taken rat a time is 


distinct objects means that the . _ nl 
objects are distinguishable as Henotoal by gFpabd glen hy ere n—rl 
being different in some way. 
XN Example The number of permutations of 5 objects taken 2 at a time is 
5! 5+ 4-8f 
Po = = or 20. 
a2 G2! At 


7 

StudyTip Example 2 
Randomness When 
outcomes are decided at 
random, they are equally 
likely to occur and their 
probabilities can be 
calculated using permutations 
and combinations. 


A class is divided into teams each made up of 15 students. Each team is directed to 
select team members to be officers. If Sam, Valencia, and Deshane are on a team, 
and the positions are decided at random, what is the probability that they are 
selected as president, vice president, and secretary, respectively? 


Step 1| Since choosing officers is a way of ranking team members, order in this 
situation is important. The number of possible outcomes in the sample space 
is the number of permutations of 15 people taken 3 at a time, ,;P3. 


p, —-—15!__ 15+ 14-13 - yas 
15° 3" (15-3)! A 


EQ] The number of favorable outcomes is the number of permutations of the 
3 students in their specific positions. This is 1!, or 1. 


\ 


or 2730 


Step 3| So the probability of Sam, Valencia, and Deshane being selected as the three 


officers is a 


2730" 
GuidedPractice 
2. A student identification card consists of 4 digits 
; _ VALLEY VIEW 
selected from 10 possible digits from 0 to 9. ry SCHOOL 
Digits cannot be repeated. , 


Name: Daniel M. Jones 
Student ID Number: 4213 


MOANA 


A. How many possible identification numbers 
are there? 


B. Find the probability that a randomly 
generated card has the exact number 4213. 


eee gl 
yy RL 923 )») 


Real-WorldLink 
Created in 1956, The Price is 
Right is the longest-running 
game show in the United 
States. 

Source: IMDB 


In a game, you must try to create a word using 
randomly selected letter tiles. Suppose you select the 


tiles shown. If you consider the letters O and O to be oa 
distinct, then there are 5! or 120 permutations 
of these letters. 

Four of these possible arrangements are listed below. ‘Ss 


POOLS POOLS SPOOL SPOOL 


Notice that unless the Os are colored, several of these arrangements would look the same. 


Since there are 2 Os that can be arranged in 2! or 2 ways, the number of permutations of 


the letters O, P, O, L, and S can be written as = 


5 KeyConcept Permutations with Repetition 


The number of distinguishable permutations of n objects in which one 
object is repeated r; times, another is repeated r, times, and so on, is 


nl 
Fle fle... er 


Example 3 


GAME SHOW Ona game show, you are given the following letters and asked to 
unscramble them to name a U.S. river. If you selected a permutation of these letters 
at random, what is the probability that they would spell the correct answer of 
MISSISSIPPI? 


ANPP) Si#S) PI) S| 


EXQMR There is a total of 11 letters. Of these letters, I occurs 4 times, S occurs 4 times, 
and P occurs 2 times. So, the number of distinguishable permutations of these 


letters is 
7 mu a = — or 34,650. —_ Use a calculator. 


Step 2| There is only 1 favorable arrangement—MISSISSIPPI. 


EXGHE] The probability that a permutation of these letters selected at random spells 
Se vachatei tae 1 
Mississippi is 34,650" 


GuidedPractice 


3. TELEPHONE NUMBERS What is the probability that a 7-digit telephone number 
with the digits 5, 1, 6, 5, 2, 1, and 5 is the number 550-5211? 


So far, you have been studying objects that are arranged in linear order. Notice that 
when the spices below are arranged in a line, shifting each spice one position to the right 
produces a different permutation—curry is now first instead of salt. There are 5! distinct 
permutations of these spices. 


Salt Pepper Ginger | Thyme Curry, Curry Salt Pepper Ginger — Thyme 
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sabew| Ayed/juawulevaquy sabew) Ayeguebunis/muer eyynn 


StudyTip In a circular permutation, objects are arranged in a circle or loop. Consider the 
Turning the Circle Over If the arrangements of these spices when placed on a turntable. Notice that rotating the 
circular object looks the same turntable clockwise one position does not produce a different permutation—the 
when it is turned over, such order of the spices relative to each other remains unchanged. 

as a plain key ring, then the 
number of permutations must 
be divided by 2. 


Curry Pepper Thyme 


Thyme Ginger Ginger Pepper 


Since 5 rotations of the turntable will produce the same permutation, the number of 
1 


distinct permutations on the turntable is 5 


spices are placed in a line. 


of the total number of arrangements when the 


+5! = 22 or 4!, which is (5 — 1)! 


oS KeyConcept Circular Permutations 


The number of distinguishable permutations of m objects arranged in a circle with no fixed reference 
point is 
* or (n— 1). 


If the n objects are arranged relative to a fixed reference point, then the arrangements are 
treated as linear, making the number of permutations n!. 


Example 4 


Find the indicated probability. Explain your reasoning. 


a. JEWELRY If the 6 charms on the bracelet shown are 
arranged at random, what is the probability that the 
arrangement shown is produced? 


Since there is no fixed reference point, this is a circular 
permutation. So, there are (6 — 1)! or 5! distinguishable 
permutations of the charms. Thus, the probability that 


the exact arrangement shown is produced is = or a 
Real-WorldCareer b. DINING You are seating a party of 4 people at a round table. One of the chairs 
around this table is next to a window. If the diners are seated at random, what 


Stat ae is the probability that the person paying the bill is seated next to the window? 


Statisticians collect statistical 
data for various subject Since the people are seated around a table with a fixed reference point, this is a 
areas, including sports and linear permutation. So there are 4! or 24 ways in which the people can be seated 
games. They use computer around the table. The number of favorable outcomes is the number of permutations 


sotivfare o-anilyze,Meyprel of the other 3 diners given that the person paying the bill sits next to the window, 
and summarize the data. 


! 
Most statisticians have a Bore: 
master’s degree. So, the probability that the person paying the bill is seated next to the window 
-. 6 1 
is 55 Ol F- 


Steve Cple/Digital Vision/Getty Images 
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StudyTip 


Permutations and 
Combinations Use 
permutations when the order 
of an arrangement of objects 
is important and combinations 
when order is not important. 


GuidedPractice 
4, FOOTBALL A team’s 11 football players huddle together before a play. 


A. What is the probability that the fullback stands to 
the right of the quarterback if the team huddles 
together at random? Explain your reasoning. 


B. If a referee stands directly behind the huddle, what 
is the probability that the referee stands directly 
behind the halfback? Explain your reasoning. 


Probability Using Combinations A combination is an arrangement of objects in 

which order is not important. Suppose you need to pack 3 of your 8 different pairs 
of socks for a trip. The order in which the socks are chosen does not matter, so the 3! or 
6 groups of socks shown below would not be considered different. So, you would use 
combinations to determine the number of possible different sock choices. 


A combination of n objects taken r at a time, or »C;, is calculated by dividing the number 
of permutations , P; by the number of arrangements containing the same elements, r!. 


5 KeyConcept Combinations 
Symbols The number of combinations of n distinct objects taken rata 
time is denoted by ,,C, and is given by ,C; = ee 
Example The number of combinations of 8 objects taken 3 at a time is 
s3=% = 3i sia =§ eS a 


Example 5 


INVITATIONS For her birthday, Monica can invite 6 of her 20 friends to join her at a 
theme park. If she chooses to invite friends at random, what is the probability that 
friends Tessa, Guido, Brendan, Faith, Charlotte, and Rhianna are chosen? 


Step 1| Since the order in which the friends are chosen does not matter, the number of 
possible outcomes in the sample space is the number of combinations of 20 
people taken 6 at a time, 59C,. . 
! . e . ° ° . 
20s = a a = vi Ee XE or 38,760 
BH] There is only 1 favorable outcome—that the six students listed above are 
chosen. The order in which they are chosen is not important. 
1 


Step 3| So the probability of these six friends being chosen is 38.760" 


GuidedPractice A B Cc 


5. GEOMETRY If three points are randomly chosen from 

those named on the rectangle shown, what is the H D 
probability that they all lie on the same line segment? 

G F E 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 


Example 2 


Example 3 


Example 4 


Example 5 


1. 


. CHEMISTRY In chemistry lab, you need to test six samples that are 


GEOMETRY Five students are asked to randomly select and name a polygon from the 
group shown below. What is the probability that the first two students choose the 
triangle and quadrilateral, in that order? 


@@eeaAe® 


. PLAYS A high school performs a production of A Raisin in the Sun with each freshman 


English class of 18 students. If the three members of the crew are decided at random, 
what is the probability that Chase is selected for lighting, Jaden is selected for props, 
and Emelina for spotlighting? 


. DRIVING What is the probability that a license plate using the letters C, F, and F and 


numbers 3, 3, 3, and 1 will be CFF3133? 


randomly arranged on a circular tray. 


a. What is the probability that the arrangement shown at 
the right is produced? 


b. What is the probability that test tube 2 will be in the top 
middle position? 


. Five hundred boys, including Josh and Sokka, entered a drawing for two football game 


tickets. What is the probability that the tickets were won by Josh and Sokka? 


Practice and Problem Solving Extra Practice is on page R13. 


Example 1 


Example 2 


6. 


8. 


9. 


10. 


CONCERTS Nia and Chad are going to a concert with their high school’s key club. 
If they choose a seat on the row below at random, what is the probability that Chad 
will be in seat C11 and Nia will be in C12? 


— = —— a — 
‘(= ja tl ladle! | | ia | rl | LJ ion 


FAIRS Alfonso and Colin each bought one raffle ticket at the state fair. If 50 tickets 
were randomly sold, what is the probability that Alfonso got ticket 14 and Colin got 
ticket 23? 


laA~ 

CESS MODELING The table shows the finalists for a floor exercises 
competition. The order in which they will perform will be 
chosen randomly. 


Floor Exercises Finalists 
Eliza Hernandez 


Kimi Kanazawa 


a. What is the probability that Cecilia, Annie, and Kimi are the — 
first 3 gymnasts to perform, in any order? Cecilia Long 


Annie Montgomery 


b. What is the probability that Cecilia is first, Annie is second, 
and Kimi is third? Shenice Malone 


Caroline Smith 


JOBS A store randomly assigns their employees work 
identification numbers to track productivity. Each number 
consists of 5 digits ranging from 1-9. If the digits cannot repeat, 
find the probability that a randomly generated number is 25938. 


Jessica Watson 


GROUPS Two people are chosen randomly from a group of ten. What is the probability 


that Jimmy was selected first and George second? 


Example 3 (a1) MAGNETS Santiago bought some letter magnets that he can arrange to form words on 
his fridge. If he randomly selected a permutation of the letters shown below, what is 
the probability that they would form the word BASKETBALL? 


| og @ a 
| 
[a 33 49 


12. ZIP CODES What is the probability that a zip code randomly generated from among the 
digits 3, 7,3,9,5,7,2, and 3 is the number 39372? 


Example 4 13. GROUPS Keith is randomly arranging desks into circles for group activities. If there are 
7 desks in his circle, what is the probability that Keith will be in the desk closest to 
the door? 


14, AMUSEMENT PARKS Sylvie is at an amusement park with her friends. They go on a ride 
that has bucket seats in a circle. If there are 8 seats, what is the probability that Sylvie 
will be in the seat farthest from the entrance to the ride? 


Example 5 15. PHOTOGRAPHY If you are randomly placing 24 photos in a photo album 
and you can place four photos on the first page, what is the probability 
that you choose the photos at the right? 


16. ROAD TRIPS Rita is going on a road trip across the U.S. She needs to 
choose from 15 cities where she will stay for one night. If she randomly 
pulls 3 city brochures from a pile of 15, what is the probability that she 
chooses Austin, Cheyenne, and Savannah? 


—_~ 
17. GOSS SENSE-MAKING Use the figure below. Assume that the balls are aligned at random. 


02260602 


a. What is the probability that in a row of 8 pool balls, the solid 2 and striped 11 would 
be first and second from the left? 


b. What is the probability that if the 8 pool balls were mixed up at random, they would 
end up in the order shown? 


c. What is the probability that in a row of seven balls, with three 8 balls, three 
9 balls, and one 6 ball, the three 8 balls would be to the left of the 6 ball and the 
three 9 balls would be on the right? 


d. If the balls were randomly rearranged and formed a circle, what is the probability 
that the 6 ball is next to the 7 ball? 


18. How many lines are determined by 10 randomly selected points, no 3 of which are 
collinear? Explain your calculation. 


19. Suppose 7 points on a circle are chosen at random, as shown at the right. 


a. Using the letters A through E, how many ways can the points on the circle 
be named? 


b. If one point on the circle is fixed, how many arrangements are possible? 
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20. RIDES A carousel has 7 horses and one bench seat that will hold two 
people. One of the horses does not move up or down. 


a. How many ways can the seats on the carousel be randomly 
filled by 9 people? 


b. If the carousel is filled randomly, what is the probability that 
you and your friend will end up in the bench seat? 


c. If 6 of the 9 people randomly filling the carousel are under the 
age of 8, what is the probability that a person under the age of 8 will end up on the 
horse that does not move up or down? 


(21) LICENSES A camera positioned above a traffic light photographs cars that fail to stop at 
a red light. In one unclear photograph, an officer could see that the first letter of the 
license plate was a Q, the second letter was an M or an N and the third letter was a B, 
P, or D. The first number was a 0, but the last two numbers were illegible. How many 
possible license plates fit this description? 


22, 6G? MULTIPLE REPRESENTATIONS In this problem, you will investigate permutations. 


a. Numerical Randomly select three digits from 0 to 9. Find the possible permutations 
of the three integers. 


b. Tabular Repeat part a for four additional sets of three integers. You will use some 
digits more than once. Copy and complete the table below. 


Average of Average of Permutations 


Integers Permutations Paniubalions a 


147, 174, 417, 471, 714, 741 


c. Verbal Make a conjecture about the value of the average of the permutations of three 
digits between 0 and 9. 


d. Symbolic If the three digits are x, y, and z, is it possible to write an equation for the 
average A of the permutations of the digits? If so, write the equation. If not, explain 
why not. 


H.0.T. Problems Use Higher-Order Thinking Skills 


23. CHALLENGE Fifteen boys and fifteen girls entered a drawing for four free movie tickets. 
What is the probability that all four tickets were won by girls? 


24, CHALLENGE A student claimed that permutations and combinations were related by 
r! « nCy = »Py. Use algebra to show that this is true. Then explain why nC; and ;,P, differ 
by the factor r!. 
25. OPEN ENDED Describe a situation in which the probability is given by ae 
7&3 


~~ 
26. CESS ARGUMENTS Is the following statement sometimes, always, or never true? Explain. 
nP; = nCr 


27. PROOF Prove that ,C, — r= nC;. 


28. WRITING IN MATH Compare and contrast permutations and combinations. 


Standardized Test Practice 


29. PROBABILITY Four members of the pep band, 31. ALGEBRA Student Council sells soft drinks at 
two girls and two boys, always stand in a row basketball games and makes $1.50 from each. If 
when they play. What is the probability that a they pay $75 to rent the concession stand, how 
girl will be at each end of the row if they line up many soft drinks would they have to sell to 
in random order? make $250 profit? 

1 1 
Ax Ce F 116 H 167 
1 1 G 117 J 217 
” 8 aa: 


30. SHORT RESPONSE If you randomly select a 32. SAT/ACT The ratio of 12:9 is equal to the ratio 


permutation of the letters shown below, what is of ; to 
the probability that they would spell A D2 
GEOMETRY? 

E4 


AGMA EMAS 


Spiral Review 


33. SHOPPING A women’s coat comes in sizes 4, 6, 8, or 10 in black, brown, ivory, and cinnamon. 
How many different coats could be selected? (Lesson 13-1) 


34. Two similar prisms have surface areas of 256 square inches and 324 square inches. What is 
the ratio of the height of the small prism to the height of the large prism? (Lesson 12-8) 


Find x. Round to the nearest tenth, if necessary. (Lesson 10-7) 


35. 36. oe 37. (Ne 


38. CHESS The bishop shown in square f8 can only move diagonally 
along dark squares. If the bishop is in cl after two moves, describe 
the translation. (Lesson 9-2) 


- MO wo fk oO DN C 


Skills Review 


Use the number line to find each measure. 


39. DF 40. AE AB C D EF 
41. EF 42. BD 

654-332-1012 3 45 6 
43. AC 44. CF 
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Geometric Probability 


:-Now :- Why? 
@ You found td 1 Find probabilities @ The object of the popular carnival 
probabilities by using length. game shown is to collect points by 


rolling a ball up an incline and into 
one of several circular target areas. 
The point value of each area is 
assigned based on the probability of 
a person landing a ball in that area. 


BVI CHIUS Find probabilities 


by using area. 


Probability with Length The probability of winning the carnival game depends on 
the area of the target. Probability that involves a geometric measure such as length or 


area is called geometric probability. 


@>4 NewVocabulary 


= geometric probability 


Conimian Gore 4 KeyConcept Length Probability Ratio 
y/ State Standards Words If a line segment (1) contains another segment (2) 3 

Content Standards and a point on segment (1) is chosen at random, 

S.MD.7 (+) Analyze then the probability that the point is on segment 

decisions and strategies (2) is C 

using probability concepts 

(e.g., product testing, medical length of segment (2) . 

testing, pulling a hockey length of segment (1) 

goalie at the end of a game). A 

Mathematical Practices Example If a point Eon ADis chosen at random, 

1 Make sense of problems 
and persevere in solving then P(Eis on BC) = 2& 
them. AD 

2 Reason abstractly and \ 4 
quantitatively. 


Example 1 


Point X is chosen at random on JM. Find the probability that X is on KL. 
J K L M 


M Length probability ratio 
7 


=aa KL=7 and JIM=3+7+4o0r14 


=4,0.5,0r 50% simpli 


P(X is on KL) = at 


GuidedPractice 
Point X is chosen at random on JM. Find the probability of each event. 


1A. P(X is on LM) 1B. P(X is on KM) 


Geometric probability can be used in many real-world situations that involve an infinite 


number of outcomes. 
al 
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fotog/Getty Images 


Real-WorldLink 


A Chicago Transit Authority 
train arrives or departs a 
station like Addison on the 
Red Line every 15 minutes. 


Source: Chicago Transit Authority 


Real-World Example 2 


TRANSPORTATION Use the information at the left. Assuming that you arrive at 
Addison on the Red Line at a random time, what is the probability that you will 
have to wait 5 or more minutes for a train? 


We can use a number line to model this situation. Since the trains arrive every 
15 minutes, the next train will arrive in 15 minutes or less. On . the number line 
below, the event of waiting 5 or more minutes is modeled by BD. 


A B Cc D 
HY t 
Minutes 0 5 10 15 


Find the probability of this event. 


P(waiting 5 or more minutes) = * Length probability ratio 
= Me or = = = 
= 75 3 BD= 10 and AD= 15 


So, the probability of waiting 5 or more minutes for the next train is 2 or 


about 67%. 3 


GuidedPractice 


2. TEA Iced tea at a cafeteria-style restaurant is made in 
8-gallon containers. Once the level gets below 2 gallons, 
the flavor of the tea becomes weak. 


A. What is the probability that when someone tries to 
pour a glass of tea from the container, it is below 
2 gallons? 


B. What is the probability that the amount of tea in the 
container at any time is between 2 and 3 gallons? 


Probability with Area Geometric probability can also involve area. The ratio for 
calculating geometric probability involving area is shown below. 


_& KeyConcept Area Probability Ratio 


Words If a region A contains a region B and a point F in region A is 
chosen at random, then the probability that point EF is in 
region Bis area of region a 
area of region A 


Example If a point Fis chosen at random in rectangle A, then 


P(point Eis in circle B) = fk acl 
area of region A 


When determining geometric probabilities with targets, we assume 
e that the object lands within the target area, and 
® itis equally likely that the object will land anywhere in the region. 
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Real-World Example 3 


SKYDIVING Suppose a skydiver must land on a target 
of three concentric circles. If the diameter of the center 
circle is 2 yards and the circles are spaced 1 yard apart, 
what is the probability that the skydiver will land in 
the red circle? 


You need to find the ratio of the area of the red circle to 
the area of the entire target. The radius of the red circle 
is 1 yard, while the radius of the entire target is 1 + 1+1 
or 3 yards. 


area of red circle 


P(skydiver lands in red circle) area of target 


Area probability ratio 


1 2 
— a A=nr 
: ™(3)? 

Real-WorldLink aa 

: : = —or= Simplify. 
Champion accuracy skydivers on (9 
routinely land less than two The probability that the skydiver will land in the red circle is 1 or about 11%. 
inches away from the center 9 


of a target. 


Source: SkyDiving News Gui ded Practice 


3. SKYDIVING Find each probability using the example above. 
A. P(skydiver lands in the blue region) 
B. P(skydiver lands in white region) 


probability. The ratio of the area of a sector of a circle 
to the area of the entire circle is the same as the ratio 
of the sector’s central angle to 360. You will prove this in 
Exercise 27. 


You can also use an angle measure to find geometric 


Example 4 
Use the spinner to find each probability. 
a. P(pointer landing on yellow) 


The angle measure of the yellow region is 45. 


P(pointer landing on yellow) = ray or 12.5% 


StudyTip 

Use Estimation In Example 
4b, the area of the purple 
sector is a little less than — 
or 33% of the spinner. 
Therefore, an answer of 


29% is reasonable. 


b. P(pointer landing on purple) 
The angle measure of the purple region is 105. 


P(pointer landing on purple) = = or about 29% 


c. P(pointer landing on neither red nor blue) 


\ 
The combined angle measures of the red and blue region are 50 + 70 or 120. 
P(pointer landing on neither red nor blue) = a or about 67% 


GuidedPractice 


4A. P(pointer landing on blue) 4B. P(pointer not landing on green) 


O Furrer/F1online/age footstock 
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Check Your Understanding 


Example 1 Point X is chosen at random on AD. A B Cc D 
Find the probability of each event. 5 3 2 
1. P(X is on BD) 2. P(X is on BC) 
Example 2 3. CARDS Ina game of cards, 43 cards are used, including one joker. Four players are each 


dealt 10 cards and the rest are put in a pile. If Greg doesn’t have the joker, what is the 
probability that either his partner or the pile have the joker? 


Examples 3-4 4, ARCHERY An archer aims at a target 5. NAVIGATION A camper lost in the 
that is 122 centimeters in diameter with woods points his compass in a random 
10 concentric circles whose diameters direction. Find the probability that 
decrease by 12.2 centimeters as they the camper is heading in the N to 
get closer to the center. Find the NE direction. 
probability that the archer will hit 
the center. 


Practice and Problem Solving Extra Practice is on page R13. 


—_ 
Example 1 GCSS) REASONING Point X is chosen atrandom F G H J K 
on FK. Find the probability of each event. 4 12 14 


6. P(X is on FH) 7. P(X is on GJ) 


for) 


8. P(X is on HK) 9. P(X is on FG) 


10. BIRDS Four birds are sitting on a telephone 
wire. What is the probability that a fifth bird 
landing at a randomly selected point 
between birds 1 and 4 will sit at some point 


between birds 3 and 4? 


Example 2 11. TELEVISION Julio is watching television and sees an ad for a CD that he knows his 
friend wants for her birthday. If the ad replays at a random time in each 3-hour 
interval, what is the probability that he will see the ad again during his favorite 
30-minute sitcom the next day? 


Example 3 Find the probability that a point chosen at random lies in the shaded region. Assume 
that figures that seem to be regular and congruent are regular and congruent. 


12. (13) 14. fe) 
8 
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Example 4 Use the spinner to find each probability. If the spinner 
lands on a line it is spun again. 


(15) P(pointer landing on yellow) 
16. P(pointer landing on blue) 

17. P(pointer not landing on green) 
18. P(pointer landing on red) 


19. P(pointer landing on neither red nor yellow) 


Describe an event with a 33% probability for each model. 
21. 


22. 


Find the probability that a point chosen at random lies in the shaded region. 
23. 


26. FARMING The layout for a farm is shown with 
each square representing a plot. Estimate the 
area of each field to answer each question. 


a. What is the approximate combined area of 
the spinach and corn fields? 


b. Find the probability that a randomly chosen 
plot is used to grow soybeans. 


27. ALGEBRA Prove that the probability that a 


randomly chosen point in the circle will lie 


in the shaded region is equal to aa0" 


28. COORDINATE GEOMETRY If a point is chosen at y 
random in the coordinate grid shown at the 
right, find each probability. Round to the 
nearest hundredth. 
a. P(point inside the circle) e x 
b. P(point inside the trapezoid) 
c. P(point inside the trapezoid, square, or circle) 


cess SENSE-MAKING Find the probability that a point chosen at random lies in a shaded region. 


aN 30. | 31. ()} 
WY | 


‘RAY, 
Meomectedmegrav-hitcoml] 935 i) 


32. COORDINATE GEOMETRY Consider a system of inequalities, 1 <x <6,y<x,and y= 1. 
If a point (x, y) in the system is chosen at random, what is the probability that 
(x — 1)? + (y — 1)? = 16? 


(33) VOLUME The polar bear exhibit at a local zoo has a pool with the side profile shown. 
If the pool is 20 feet wide, what is the probability that a bear that is equally likely to 
swim anywhere in the pool will be in the incline region? 


] I 
Shallow | Incline | Deep 


|-— 20 ft —++—— 25 tt —+|-—— 30 tt —— 


34, DECISION MAKING Meleah’s flight was delayed and she is running late to make it toa 
national science competition. She is planning on renting a car at the airport and prefers 
car rental company A over car rental company B. The courtesy van for car rental 
company A arrives every 7 minutes, while the courtesy van for car rental company B 
arrives every 12 minutes. 


= 


a. What is the probability that Meleah will have to wait 5 minutes or less to see each 
van? Explain your reasoning. (Hint: Use an area model.) 


b. What is the probability that Meleah will have to wait 5 minutes or less to see one of 
the vans? Explain your reasoning. 


c. Meleah can wait no more than 5 minutes without risking being late for the 
competition. If the van from company B should arrive first, should she wait for the 
van from company A or take the van from company B? Explain your reasoning. 


H.0.T. Problems Use Higher-Order Thinking Skills 


35. CHALLENGE Find the probability that a point 
chosen at random would lie in the shaded 
area of the figure. Round to the nearest tenth 
of a percent. 


36. cess REASONING An isosceles triangle has a 
perimeter of 32 centimeters. If the lengths of 
the sides of the triangle are integers, what is 
the probability that the area of the triangle is exactly 48 square centimeters? Explain. 


37. EA) WRITING IN MATH Can athletic events be considered random events? Explain. 


38. OPEN ENDED Represent a probability of 20% using three different geometric figures. 


39. WRITING IN MATH Explain why the probability of a ue 
randomly chosen point falling in the shaded region of 
either of the squares shown is the same. ; 
0.4375 in 
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Standardized Test Practice 


40. PROBABILITY A circle with radius 3 is contained 42. EXTENDED RESPONSE The 
in a square with side length 9. What is the spinner is divided into 
probability that a randomly chosen point in the 8 equal sections. 


interior of the square will also lie in the interior So 
. a. If the arrow lands ona 
of the circle? 
number, what is the 


At crt probability that it will 
9 9 land on 3? 
ee 9 
3 wT b. If the arrow lands on a number, what 
is the probability that it will land on an 
41. ALGEBRA The area of Miki’s room is x* + 8x + 12 odd number? 
square feet. A gallon of paint will cover an area 43. SAT/ACT A box contains 7 blue marbles, 6 red 


of x? + 6x + 8 square feet. Which expression 


marbles, 2 white marbles, and 3 black marbles. 
gives the number of gallons of paint that Miki 


If one marble is chosen at random, what is the 


will need to buy to paint her room? probability that it will be red? 
pe es A 0.11 D 0.39 
x+4 x+6 
x—4 x-4 B 0.17 E 0.67 
. x—6 J x+6 
C 0.33 


Spiral Review 


44, PROM Four friends are sitting at a table together at the prom. What is the probability 
that a particular one of them will sit in the chair closest to the dance floor? (Lesson 13-2) 


Represent the sample space for each experiment by making an organized list, a table, 
and a tree diagram. (Lesson 13-1) 


45. Tito has a choice of taking music lessons for the next two years and playing drums 
or guitar. 


46. Denise can buy a pair of shoes in either flats or heels in black or navy blue. 

STAINED GLASS In the stained glass window design, all of the small arcs around the circle 
are congruent. Suppose the center of the circle is point O. (Lesson 10-4) 

47. What is the measure of each of the small arcs? 

48. What kind of figure is AAOC? Explain. 

49. What kind of figure is quadrilateral BDFH? Explain. 

50. What kind of figure is quadrilateral ACEG? Explain. 


Skills Review 


Find the area of the shaded region. Round to the nearest tenth. 
51. 52. 53. 


10m 7 in. 6V3cm 


}e— 12 cm —+| 
Acmecedneuernicm) 937 (yb) 


Mid-Chapter Quiz 


Lessons 13-1 through 13-3 


1. LUNCH A deli has a lunch special, which consists of a 
sandwich, soup, dessert, and a drink for $4.99. The choices 
are in the table below. (Lesson 13-1) 


Sandwich | | Soup | Dessert| Drink 
chicken salad tomato cookie tea 
ham chicken noodle pie coffee 


tuna vegetable cola 


diet cola 
milk 


roast beef 


a. How many different lunches can be created from the 
items shown in the table? 


b. If asoup and two desserts were added, how many 
different lunches could be created? 


2. FLAGS How many different signals can be made with 5 flags 
from 8 flags of different colors? (Lesson 13-1) 


3. CLOTHING Marcy has six colors of shirts: red, blue, yellow, 
green, pink, and orange. She has each color in short-sleeved 
and long-sleeved styles. Represent the sample space for 
Marcy’s shirt choices by making an organized list, a table, and 
a tree diagram. (Lesson 13-1) 


4. SPELLING A bag contains one tile for each letter of the word 
TRAINS. If you selected a permutation of these letters at 
random, what is the probability that they would spell 
TRAINS? (Lesson 13-2) 


ol 


. CHANGE Augusto has 3 pockets and 4 different coins. In how 
many ways can he put one coin in each pocket? (Lesson 13-2) 


6. COINS Ten coins are tossed simultaneously. In how many of 
the outcomes will the third coin turn up a head? (Lesson 13-2) 


~“ 


. Find the probability that a point chosen at random lies in the 
shaded region. (Lesson 13-3) 


10cm 


16cm 
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8. EXTENDED RESPONSE A 320 meter long tightrope is 
suspended between two poles. Assume that the line has 
an equal chance of breaking anywhere along its length. 
(Lesson 13-3) 


a. Determine the probability that a break will occur in the 
first 50 meters of the tightrope. 


b. Determine the probability that the break will occur within 
20 meters of a pole. 


Point Ais chosen at random on BE. Find the probability of 
each event. (Lesson 13-3) 


B Cc D E 


9. P(Ais on CD) 10. P(Ais on BD) 


11. P(Ais on CE) 12. P(Ais on DE) 


Use the spinner to find each 
probability. If the spinner lands 
on a line, it is spun again. 
(Lesson 13-3) 


13. P(pointer landing on yellow) 


14. P(pointer landing on blue) 
15. P(pointer landing on red) 


16. GAMES Atacarnival, the object of a game is to throw a dart 
at the board and hit region Ill. (Lesson 13-3) 


10 in. 30 in. 


15 in. 


10 in. 


. What is the probability that it hits region |? 
. What is the probability that it hits region II? 
. What is the probability that it hits region III? 
. What is the probability that it hits region IV? 


a0 Tr ® 


Simulations 


:-Why? 
@ You found ® Design simulations to @ Based on practice, Allen knows . 
probabilities by using estimate probabilities. | that he makes 70% of his free sll 
geometric measures. throws. He wants to use this 


Summarize data from 


: : information to predict the 
simulations. 


number of free throws he is 
likely to make in games. 


Design a Simulation A probability model is a mathematical model used to match 


wad N 
4a NewVocabulary 
; a random phenomenon. A simulation is the use of a probability model to recreate a 


— probability model 


simulation situation again and again so that the likelihood of various outcomes can be estimated. 
random variable To design a simulation, use the following steps. 
expected value 


Law of Large Numbers |? 17 RE UT Ey" pe 
& KeyConcept Designing a Simulation 

EX@fRI Determine each possible outcome and its theoretical probability. 

Ee State any assumptions. 

ESQ] Describe an appropriate probability model for the situation. 


EXGhZJ Define what a trial is for the situation and state the number of trials to be conducted. 
\ dé 


€cs9) Common Core 

y y) State Standards 
Content Standards 
G.MG.3 Apply geometric 
methods to solve problems 
(e.g., designing an object or 
structure to satisfy physical 
constraints or minimize cost; 
working with typographic grid 
systems based on ratios). + 
S.MD.6 (+) Use probabilities 
to make fair decisions (e.g., 
drawing by lots, using a 
random number generator). 


An appropriate probability model has the same probabilities as the situation you 
are trying to predict. Geometric models are common probability models. 


Example 1 


BASKETBALL Allen made 70% of his free throws last season. Design a simulation 
that can be used to estimate the probability that he will make his next free throw 
this season. 


EXE Possible Outcomes Theoretical Probability 
e Allen makes a free throw. — 70% 
e Allen misses a free throw. — (100 — 70)% or 30% 


| Step 2| Our simulation will consist of 40 trials. 


EXE] One device that could be used is a spinner divided 
into two sectors, one containing 70% of the 
spinner’s area and the other 30%. To create such 
a spinner, find the measure of the central angle 
of each sector. 

Make Free Throw Miss Free Throw 
70% of 360° = 252° 30% of 360° = 108° 


Mathematical Practices 

1 Make sense of problems 
and persevere in solving 
them. 

4 Model with mathematics. 


HS) Make Free Throw 


Step 4| A trial, one spin of the spinner, will represent HI Miss Free Throw 
shooting one free throw. A successful trial will be a 


made free throw and a failed trial will be a missed 
free throw. The simulation will consist of 40 trials. 


| } 


Hill Street Studios/Blend Images/Getty Images 
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Problem-SolvingTip 


Use a Simulation 
Simulations often provide a 
safe and efficient problem- 
solving strategy in situations 
that otherwise may be costly, 
dangerous, or impossible to 
solve using theoretical 
techniques. Simulations 
should involve data that are 
easier to obtain than the 
actual data you are modeling. 


| 


StudyTip 

Random Number Generator 
To generate a set of random 
integers on a graphing 
calculator, press 
and select randint( under the 
PRB menu. Then enter the 
beginning and ending integer 
values for your range and the 
number of integers you want 
in each trial. 


GuidedPractice 
1. RESTAURANTS A restaurant attaches game pieces to 


. . — = 
its large drink cups, awarding a prize to anyone who eS 
collects all 6 game pieces. Design a simulation using a —— 


geometric model that can be used to estimate how 
many large drinks a person needs to buy to collect all 
6 game pieces. 


In addition to geometric models, simulations can also be conducted using dice, coin 
tosses, random number tables, and random number generators, such as those available 
on graphing calculators. 


Example 2 


EYE COLOR A survey of East High School students found that 40% had brown eyes, 
30% had hazel eyes, 20% had blue eyes, and 10% had green eyes. Design a 
simulation that can be used to estimate the probability that a randomly chosen 
East High student will have one of these eye colors. 


EXE Possible Outcomes Theoretical Probability 


Brown eyes > 40% 
Hazel eyes > 30% 
Blue eyes > 20% 
Green eyes > 10% 


Step 2| We assume that a student’s eye color will fall into one of these four 
categories. 


Step 3| Use the random number generator on your calculator. Assign the 
ten integers 0-9 to accurately represent the probability data. The 
actual numbers chosen to represent the outcomes do not matter. 


Outcome Represented by 
Brown eyes 0,1,2,3 

Hazel eyes 4,5,6 

Blue eyes 7,8 

Green eyes 9 


Step 4| A trial will represent selecting a student at random and recording 
his or her eye color. The simulation will consist of 20 trials. 


GuidedPractice 


2. SOCCER Last season, Yao made 18% of his free kicks. Design a simulation using a 
random number generator that can be used to estimate the probability that he will 
make his next free kick. 


Summarize Data from a Simulation After designing a simulation, you will 

need to conduct the simulation and report the results. Include both numerical and 
graphical summaries of the simulation data, as well as an estimate of the probability of 
the desired outcome. 


(Ao) 
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Example 3 


BASKETBALL Refer to the simulation in Example 1. Conduct the simulation and 
report the results using appropriate numerical and graphical summaries. 


Make a frequency table and record the results after spinning the spinner 40 times. 


Outcome Tally | Frequency 


Make Free Throw | JHf HT JHE JAE I | 26 


Miss Free Throw JHA MAT AI 14 
Total 40 


Based on the simulation data, calculate the probability that Allen will make his next 
free throw. 


number of made free throws __ 26 or 0.65 


This is an experimental probability. 


Real-WorldLink number of free throws attempted 40 
7 = Mark Price holds the record 

for the highest career free- The probability that Allen makes his next free 

throw percentage in the NBA throw is 0.65 or 65%. Notice that this is close to the 

at 90.4%. theoretical probability, 70%. So, the experimental 

Source: National Basketball probability of his missing the next free throw is = 

pees 1 — 0.65 or 35%. 3 
[-) 
ra 


Make a bar graph of these results. 


Make Miss 


GuidedPractice 
Free Throw Attempts 


3. EYECOLOR Use a graphing calculator to conduct the 
simulation in Example 2. Then report the results using 
appropriate numerical and graphical summaries. 


A random variable is a variable that can assume Sum of Outcomes 
a set of values, each with fixed probabilities. For of Rolling Two Dice 


example, in the experiment of rolling two dice, 
the random variable X can represent the sums 

of the potential outcomes on the dice. The table 
shows some of the X-values assigned to outcomes 
from this experiment. 


Outcome X-Value 


Expected value, also known as mathematical expectation, is the 
average value of a random variable that one expects after repeating 
an experiment or simulation a theoretically infinite number of 
times. To find the expected value E(X) of a random variable X, 
follow these steps. 


5 KeyConcept Calculating Expected Value 


ER Multiply the value of X by its probability of occurring. 
EX Repeat Step 1 for all possible values of X. 
EXGEE] Find the sum of the results. 


Since it is an average, an expected value does not have to be equal to a possible 
value of the random variable. 


Andrew D. Bernstein/NBAE/Getty Images 
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StudyTip 


Geometric Probability 
Remember that when 
determining geometric 
probabilities with targets, we 
assume that the object lands 
within the target area, and 
that it is equally likely that 
the object will land anywhere 
in the region. 


Math HistoryLink 


Jakob Bernoulli 
(1654-1705) Bernoulli was 
a Swiss mathematician. It 
seemed obvious to him that 
the more observations made 
of a given situation, the better 
one would be able to predict 
future outcomes. He provided 
scientific proof of his Law of 
Large Numbers in his work 
Ars Conjectandi (Art of 
Conjecturing), published 

in 1713. 


Example 4 


DARTS Suppose a dart is thrown at the dartboard. The radius 
of the center circle is 1 centimeter and each successive circle 
has a radius 4 centimeters greater than the previous circle. 
The point value for each region is shown. 


a. Let the random variable Y represent the point value 
assigned to a region on the dartboard. Calculate the 
expected value E(Y) from each throw. 


First calculate the geometric probability of landing in 
each region. 


Region5 = ae a on Region 4 = 74 ee my 24 
Region 3 = = a mt)" = Region 2 = ae aS RO)? _ 88 
Region 1 = we + aS m3) i 

EQ) = 1-420 42.88 43.38 44.240 45.1 or about 1.96 


The expected value of each throw is about 1.96. 


b. Design a simulation to estimate the average value, or the average of the results of 
your simulation, of this game. How does this value compare with the expected 
value you found in part a? 


Assign the integers 0-289 to accurately represent the probability data. 

Region 1 = integers 1-120 Region 2 = integers 121-208 
Region 3 = integers 209-264 Region 4 = integers 265-288 
Region 5 = integer 289 


Use a graphing calculator to generate Outcome | Frequency 
50 trials of random integers from 1 to 289. 

Record the results in a frequency table. Then 
calculate the average value of the outcomes. 


Region 1 
Region 2 


Region 3 
Region 4 
Region 5 


16 0 
50 50 


The average value 2.26 is greater than the expected value 1.96. 


= . . 13 . 13 . 8 . — 
average value = 1 +2 50 + 3 50 + 4 50 + 5 2.26 


GuidedPractice 


4. DICE If two dice are rolled, let the random variable X 
represent the sum of the potential outcomes. 


A. Find the expected value E(X). 


B. Design and run a simulation to estimate the average 
value of this experiment. How does this value compare 
with the expected value you found in part A? 


The difference in the average value from the simulation and the expected value in 
Example 4 illustrates the Law of Large Numbers: as the number of trials of a random 
process increases, the average value will approach the expected value. 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Examples 1,3 1. GRADES Clara got an A on 80% of her first semester Biology quizzes. Design and 
conduct a simulation using a geometric model to estimate the probability that she will 
get an A ona second semester Biology quiz. Report the results using appropriate 
numerical and graphical summaries. 


Examples 2-3 2. FITNESS The table shows the percent of members Sign-Up % 
participating in four classes offered at a gym. tae kwon do 
Design and conduct a simulation to estimate the yoga 
probability that a new gym member will take 
each class. Report the results using appropriate 
numerical and graphical summaries. 


swimming 
kick-boxing 


Example 4 3. CARNIVAL GAMES The object of the game shown 
is to accumulate points by using a dart to pop the 
balloons. Assume that each dart will hit a balloon. 


a. Calculate the expected value from each throw. 


b. Design a simulation and estimate the average 
value of this game. 


c. How do the expected value and average value compare? 


Practice and Problem Solving Extra Practice is on page R13. 


Examples 1,3 Design and conduct a simulation using a geometric probability model. Then report the 
results using appropriate numerical and graphical summaries. 


4. BOWLING Bridget is a member of the bowling club at her school. Last season she 
bowled a strike 60% of the time. 


(5) VIDEO GAMES Ian works at a video game store. Last year he sold 95% of the new-release 
video games. 


6. MUSIC Kadisha is listening to a CD with her CD player set on the random mode. 
There are 10 songs on the CD. 


7. BOARD GAMES Pilar is playing a board game with eight different categories, each with 
questions that must be answered correctly in order to win. 


—_= 
Examples 2-3 cess MODELING Design and conduct a simulation using a random number generator. 
Then report the results using appropriate numerical and graphical summaries. 


8. MOVIES A movie theater reviewed sales from Ticket % 
the previous year to determine which genre of drama 
movie sold the most tickets. The results are mystery 
shown at the right. comedy 

9. BASEBALL According to a baseball player’s am 


on-base percentages, he gets a single 60% of 
the time, a double 25% of the time, a triple 10% 
of the time, and a home run 5% of the time. 


10. VACATION According to a survey done by a travel agency, 45% of their 
clients went on vacation to Europe, 25% went to Asia, 15% went to South 
America, 10% went to Africa, and 5% went to Australia. 


11. TRANSPORTATION A car dealership’s analysis indicated that 35% of the customers 
purchased a blue car, 30% purchased a red car, 15% purchased a white car, 15% 


purchased a black car, and 5% purchased any other color. 


Example 4 DARTBOARDS The dimensions of each dartboard below are given in inches. There is only 
one shot per game. Calculate the expected value of each dart game. Then design a 
simulation to estimate each game’s average value. Compare the average and expected 
values. In each figure, Ml = 25, _] = 50, and Ml = 100 points. 


12. (13) 14. 


15. CARDS You are playing a team card game where a team can get 0 points, 1 point, or 
3 points for a hand. The probability of your team getting 1 point for a hand is 60% 
and of getting 3 points for a hand is 5%. 


a. Calculate your team’s expected value for a hand. 
b. Design a simulation and estimate your team’s average value per hand. 


c. Compare the values for parts a and b. 


16. DECISION MAKING The object of the game shown is to win 
money by rolling a ball up an incline into regions with 
different payoff values. The probability that Susana will 
get $0 in a roll is 55%, $1 is 20%, $2 is 20%, and $3 is 5%. 


a. Suppose Susana pays $1 to play. Calculate the expected 
payoff, which is the expected value minus the cost to play, 
for each roll. 


b. Design a simulation to estimate Susana’s average payoff for this game after she 
plays 10 times. 


c. Should Susana play this game? Explain your reasoning. 


17. BASEBALL Of his pitches thrown for strikes, a baseball 
pitcher wants to track which areas of the strike zone 
have a higher probability. He divides the 
strike zone into six congruent boxes as shown. 


a. If a strike is equally likely to hit each box, 
what is the probability that he will throw a 
strike in each box? 


b. Design a simulation to estimate the probability of 
a strike being thrown in each box. 


c. Compare the values for parts a and b. 


~~ 
18. CESS MODELING Cynthia used her statistics Integer | Points 
from last season to design a simulation Values | Scored | Frequency 


using a random number generator to 
predict what she would score each time 
she got possession of the ball. 


a. Based on the frequency table, what 
did she assume was the theoretical 
probability that she would score two 
points in a possession? 


b. What is Cynthia’s average value for a possession? her expected value? 


c. Would you expect the simulated data to be different? If so, explain how. 
If not, explain why. 
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19. 


of? MULTIPLE REPRESENTATIONS In this problem, you will investigate 
expected value. 


a. Concrete Roll two dice 20 times and record the sum of each roll. 


b. Numerical Use the random number generator on a calculator to generate 
20 pairs of integers between 1 and 6. Record the sum of each pair. 


c. Tabular Copy and complete the table 
below using your results from parts a and b. 


Sum of Sum of Output from 
Die Roll Random Number Generator 


Trial 


d. Graphical Use a bar graph to graph the number of times each possible sum 
occurred in the first 5 rolls. Repeat the process for the first 10 rolls and then all 
20 outcomes. 


e. Verbal How does the shape of the bar graph change with each 
additional trial? 


=n 


. Graphical Graph the number of times each possible sum occurred with 
the random number generator as a bar graph. 


g. Verbal How do the graphs of the die trial and the random number trial compare? 


h. Analytical Based on the graphs, what do you think the expected value of each 
experiment would be? Explain your reasoning. 


H.0.T. Problems Use Higher-Order Thinking Skills 


20. 


22. 


23. 


24. 


25. 


Css ARGUMENTS An experiment has three equally likely 
outcomes A, B, and C. Is it possible to use the spinner 
shown in a simulation to predict the probability of 
outcome C? Explain your reasoning. 


REASONING Can tossing a coin sometimes, always, 
or never be used to simulate an experiment with two 
possible outcomes? Explain. 


DECISION MAKING A lottery consists of choosing 5 winning numbers from 
31 possible numbers (0-30). The person who matches all 5 numbers, in any 
sequence, wins $1 million. 


a. If a lottery ticket costs $1, should you play? Explain your reasoning by computing 
the expected payoff value, which is the expected value minus the ticket cost. 


b. Would your decision to play change if the winnings increased to $5 million? 
if the winnings were only $0.5 million, but you chose from 21 numbers instead of 
31 numbers? Explain. 


REASONING When designing a simulation where darts are thrown at targets, what 
assumptions need to be made and why are they needed? 


OPEN ENDED Describe an experiment in which the expected value is not a possible 
outcome. Explain. 


[3M WRITING IN MATH How is expected value different from probability? 


Standardized Test Practice 


26. PROBABILITY Kaya tosses three coins at the 28. SHORT RESPONSE Alberto designed a simulation 
same time and repeats the process 9 more to determine how many times a player would 
times. Her results are shown below where roll a number higher than 4 on a die in a board 
H represents heads and T represents tails. game with 5 rolls. The table below shows his 
Based on Kaya’s data, what is the probability results for 50 trials. What is the probability that a 
that at least one of the group of 3 coins player will roll a number higher than 4 two or 
will land with heads up? more times in 5 rolls? 


HDHD DDD Number of Rolls | Fs auency 
Dp ® @ ® D a) Greater Than 4 
QHD #D® 
HHH HD 


A 0.1 B 0.2 C 0.3 D 0.9 

27. ALGEBRA Paul collects comic books. He 29. SAT/ACT If a jar contains 150 peanuts and 
has 20 books in his collection, and he adds 60 cashews, what is the approximate probability 
3 per month. In how many months will he that a nut selected from the jar at random will be 
have a total of 44 books in his collection? a cashew? 
F5 G6 H 8 y15 A 0.25 C 0.33 E 0.71 


B 0.29 D 04 


Spiral Review 


Point X is chosen at random on QT. Find the Q R S T 
probability of each event. (Lesson 13-3) 6 3 5 
30. P(X is on QS) 31. P(X is on RT) 


32. BOOKS Paige is choosing between 10 books at the library. What is the probability that 
she chooses 3 particular books to check out from the 10 initial books? (Lesson 13-2) 


Find the surface area of each figure. Round to the nearest tenth. (Lesson 12-6) 


33. 34. = cm 35. 


Skills Review 


36. RECREATION A group of 150 students was asked what 
they like to do during their free time. 


a. How many students like going to the movies 
or shopping? 


b. Which activity was mentioned by 
37 students? 


c. How many students did not say they like movies? Movies 


946 | Lesson 13-4 | Simulations 


dir 
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(Ss) 


CORBIS 


You found simple 
probabilities 


NewVocabulary 
compound event 
independent events 
dependent events 
conditional probability 
probability tree 


Common Core 
State Standards 


Content Standards 
§.CP.2 Understand that two 
events A and B are 
independent if the probability 
of A and B occurring together 
is the product of their 
probabilities, and use this 
characterization to determine 
if they are independent. 


S.CP.3 Understand the 
conditional probability of A 
P(Aand B) aan 

26). 
interpret independence of A 
and Bas saying that the 
conditional probability of A 
given Bis the same as the 
probability of A, and the 
conditional probability of B 
given A is the same as the 
probability of B. 


given Bas 


Mathematical Practices 

2 Reason abstractly and 
quantitatively. 

4 Model with mathematics. 


. ) Find probabilities of 


Probabilities of Independent and 


Dependent Events 
:-Why? 


@ The 18 students in Mrs. Turner’s 
independent and chemistry class are drawing names 
dependent events. to determine who will give his or 
her presentation first. James is 
hoping to be chosen first and his 
friend Arturo wants to be second. 


Find probabilities 

of events given the 
occurrence of other 
events. 


Independent and Dependent Events A compoundlevent or composite event 

consists of two or more simple events. In the example above, James and Arturo being 
chosen to give their presentations first is a compound event. It consists of the event that 
James is chosen and the event that Arturo is chosen. 


Compound events can be independent or dependent. 


e Events A and B are independent events if the probability that A occurs does not affect 
the probability that B occurs. 


¢ Events A and B are dependent events if the probability that A occurs in some way 
changes the probability that B occurs. 


Consider choosing objects from a group of objects. If you replace the object each time, 
choosing additional objects are independent events. If you do not replace the object each 
time, choosing additional objects are dependent events. 


Example 1 
Determine whether the events are independent or dependent. Explain your reasoning. 


a. One coin is tossed, and then a second coin is tossed. 
The outcome of the first coin toss in no way changes the probability of the outcome 
of the second coin toss. Therefore, these two events are independent. 

b. In the class presentation example above, one student’s name is chosen and not 
replaced, and then a second name is chosen. 
After the first person is chosen, his or her name is removed and cannot be selected 
again. This affects the probability of the second person being chosen, since the 
sample space is reduced by one name. Therefore, these two events are dependent. 

c. Wednesday’s lottery numbers and Saturday’s lottery numbers. 


The numbers for one drawing have no bearing on the next drawing. Therefore, 
these two events are independent. 


GuidedPractice 


1A. A card is selected from a deck of cards and put back. Then a second card is 
selected. 


1B. Andrea selects a shirt from her closet to wear on Monday and then a different 
shirt to wear on Tuesday. 
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Suppose a coin is tossed and the spinner shown 
is spun. The sample space for this experiment is 


((H, B), (H, R), (H, G), (T, B), (T, R), (I, G)}- 


Using the sample space, the probability of the 
compound event of the coin landing on heads 


and the spinner on green is P(H and G) = . 


Notice that this same probability can be found by multiplying the 
probabilities of each simple event. 


P(H) => P(G)=5 P(H and G)=F-Fore 


This example illustrates the first of two Multiplication Rules for Probability. 


oS KeyConcept Probability of Two Independent Events 

Words The probability that two independent events both occur is the product of the 
ReadingMath probabilities of each individual event. 
and The word and is a key Symbols If two events A and B are independent, then 
word indicating to multiply 
probabilities. P(A and B) = P(A) - PB). 

\ 
This rule can be extended to any number of events. 
, 

StudyTip Real-World Example 2 


Use an Area Model You can 
also use the area model 
shown below to calculate the 
probability that both slips are 
blue. The blue region 
represents the probability of 
drawing two successive blue 
slips. The area of this region 


ee) : 
is 64 of the entire model. 


Yellow Blue 
5 3 


TRANSPORTATION Marisol and her friends are 
going to a concert. They put the slips of paper 
shown into a bag. If a person draws a yellow 
slip, he or she will ride in the van to the concert. 


SS Saat 
A blue slip means he or she rides in the car. —— = 


Suppose Marisol draws a slip. Not liking the outcome, she puts it back and draws a 
second time. What is the probability that on each draw her slip is blue? 


These events are independent since Marisol replaced the slip that she removed. 
Let B represent a blue slip and Y a yellow slip. 


Draw 1 Draw 2 


P(Band B)=P(B) + P(B) Probability of independent events 


So, the probability of Marisol drawing two blue slips is aa or about 14%. 


GuidedPractice 
Find each probability. 


2A. A coin is tossed and a die is rolled. What is the probability that the coin lands 
heads up and the number rolled is a 6? 


2B. Suppose you toss a coin four times. What is the probability of getting four tails? 
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The second of the Multiplication Rules of Probability addresses the probability of 
two dependent events. 


| oS KeyConcept Probability of Two Dependent Events 


Words The probability that two dependent events both occur is the product of the probability 
that the first event occurs and the probability that the second event occurs after the first 
event has already occurred. 


WatchOut! Symbols If two events A and B are dependent, then 

Conditional Notation The “|” = 

symbol in the notation P(B|A) Mente = Rae A). 

should not be interpreted as Ms 

a division symbol. This rule can be extended to any number of events. 


The notation P(B|A) is read the probability that event B occurs given that event A has already 
occurred. This is called conditional probability. 


Example 3 


TRANSPORTATION Refer to Example 2. Suppose Marisol draws a slip and does not put 
it back. Then her friend Christian draws a slip. What is the probability that both 
friends draw a yellow slip? 


These events are dependent since Marisol does not replace the slip that she removed. 


Real-WorldLink P(Y and Y) = P(Y)- P(Y|Y) Probability of dependent events 
A recent study found that seca After the first yellow slip is chosen, 7 total slips 
with three or more teenage 8 7 14 


passengers, 85% of fatal remain, and 4 of those are yellow. 
5 ‘0 


crashes of passenger vehicles 
driven by teens involved 
driver error, almost 50% 


So, the probability that both friends draw yellow slips is = or about 36%. 


Christoph Martin/Lifesize/Getty Images 


involved speeding, and CHECK You can use a tree diagram with probabilities, called a probability tree, 
almost 70% involved a to verify this result. Calculate the probability of each simple event at the 
single vehicle. first stage and each conditional probability at the second stage. Then 
Source: National Safety Council multiply along each branch to find the probability of each outcome. 
S 
4-¥ — P(Vand Y) = 2-3 or 20 
ae ee 
5/ Tube piv adap) oo Se, 12 
< 8 ~8 7 56 
3 5-Y — P(Band Y) = 2-2 or 12 
8 ‘ 7 8 7 56 
B< 
2B — P(B and B) = 2-2 or & 
~8 7 56 


The sum of the probabilities should be 1. 


2,15 ,15, 6 _ 56 
56 +36 + 36 t 567 56 OLY 


GuidedPractice 


3. Three cards are selected from a standard deck of 52 cards. 
What is the probability that all three cards are diamonds 
if neither the first nor the second card is replaced? 


ons 


ReadingMath 


Conditional Probability 
P(5|odd) is read the 
probability that the number 
rolled is a 5 given that the 
number rolled is odd. 


Test-TakingTip 

Use aVenn Diagram Use a 
Venn diagram to help you 
visualize the relationship 
between the outcomes of 
two events. 


Conditional Probabilities In addition to its use in finding the probability of two 
or more dependent events, conditional probability can be used when additional 
information is known about an event. 


Suppose a die is rolled and it is known that the number rolled is odd. 
What is the probability that the number rolled is a 5? 


There are only three odd numbers that can be rolled, so our sample 
space is reduced from {1, 2, 3, 4, 5, 6} to {1, 3, 5}. So, the probability 


that the number rolled is a 5 is P(5|odd) = +. 


Standardized Test Example 4 
Ms. Fuentes’ class is holding a debate. The 8 students participating randomly draw 
cards numbered with consecutive integers from 1 to 8. 

¢ Students who draw odd numbers will be on the Proposition Team. 

¢ Students who draw even numbers will be on the Opposition Team. 


If Jonathan is on the Opposition Team, what is the probability that he drew the 
number 2? 


i 3 
as B Cs D 


Nie 


1 
4 
Read the Test Item 


Since Jonathan is on the Opposition Team, he must have drawn an even number. So 
you need to find the probability that the number drawn was 2 given that the number 
drawn was even. This is a conditional probability problem. 


Solve the Test Item 


Let A be the event that an even number is drawn. 
Let B be the event that the number 2 is drawn. 


Draw a Venn diagram to represent this situation. 
There are only four even numbers in the sample 
space, and only one out of these numbers is a 2. 


Therefore, the P(B|A) = +. The answer is B. 


GuidedPractice 


4, When two dice are rolled, what is the probability that one die is a 4, given that the 
sum of the two die is 9? 


1 1 
Gq H Is 


wWle 


Since conditional probability reduces the sample space, 

the Venn diagram in Example 4 can be simplified as 

shown, with the intersection of the two events representing 
those outcomes in A and B. This suggests the following formula. 


P(A and B) 
P(A) 


P(B|A) = 


KeyConcept Conditional Probability 


The conditional probability of B given Ais P(B|A) = aes where P(A) + 0. 


(A 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Determine whether the events are independent or dependent. Explain. 


1. Jeremy took the SAT on Saturday and scored 1350. The following week he took the 
ACT and scored 23. 


2. Alita’s basketball team is in the final four. If they win, they will play in the 
championship game. 


Example 2 3. CARDS A card is randomly chosen from a deck of 52 cards, 
replaced, and a second card is chosen. What is the probability 
of choosing both of the cards shown at the right? 


Example 3 4. TRANSPORTATION Isaiah is getting on the bus after work. 
It costs $0.50 to ride the bus to his house. If he has 3 quarters, 
5 dimes, and 2 nickels in his pocket, find the probability that 
he will randomly pull out two quarters in a row. Assume that 
the events are equally likely to occur. 


Example 4 5. GRIDDED RESPONSE Every Saturday, 10 friends play dodgeball at a local park. To pick 
teams, they randomly draw cards with consecutive integers from 1 to 10. Odd 
numbers are on Team A, and even numbers are Team B. What is the probability 
that a player on Team B has drawn the number 10? 


Practice and Problem Solving Extra Practice is on page R13. 


Examples 1-3 css REASONING Determine whether the events are independent or dependent. Then find 
the probability. 


6. In a game, you roll an even number on a die and then spin a spinner numbered 
1 through 5 and get an odd number. 


An ace is drawn, without replacement, from a deck of 52 cards. Then, a second ace 
is drawn. 


8. In a bag of 3 green and 4 blue marbles, a blue marble is drawn and not replaced. 
Then, a second blue marble is drawn. 


9. You roll two dice and get a 5 each time. 


10. GAMES Ina game, the spinner at the right is spun 
and a coin is tossed. What is the probability of getting 
an even number on the spinner and the coin landing 
on tails? 


11. GIFTS Tisha’s class is having a gift exchange. Tisha will 
draw first and her friend Brandi second. If there are 
18 students participating, what is the probability that 
Brandi and Tisha draw each other’s names? 


12. VACATION A work survey found that 8 out of every 10 employees went on vacation last 
summer. If 3 employees’ names are randomly chosen, with replacement, what is the 
probability that all 3 employees went on vacation last summer? 


13. CAMPAIGNS The table shows the number of Button Color | Amount 
each color of Student Council campaign buttons 
Clemente has to give away. If given away at 
random, what is the probability that the first 
and second buttons given away are both red? 
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Example 4 14. Ared marble is selected at random from a bag of 2 blue and 9 red marbles and not 
replaced. What is the probability that a second marble selected will be red? 


15. A die is rolled. If the number rolled is greater than 2, find the probability that it is a 6. 


16. A quadrilateral has a perimeter of 12 and all of the side lengths are odd integers. What 
is the probability that the quadrilateral is a rhombus? 


17. Aspinner numbered 1 through 12 is spun. Find the probability that the number spun is 
an 11 given that the number spun was an odd number. 


18. CLASSES The probability that a student takes geometry and French at Satomi’s school 
is 0.064. The probability that a student takes French is 0.45. What is the probability that 
a student takes geometry if the student takes French? 


@) TECHNOLOGY At Bell High School, 43% of the students own a CD player and 28% own a 
CD player and an MP3 player. What is the probability that a student owns an MP3 
player if he or she also owns a CD player? 


20. PROOF Use the formula for the probability of two dependent events P(A and B) to 
derive the conditional probability formula for P(B|A). 


21. TENNIS A double fault in tennis is when the serving player fails to land their serve “in” 
without stepping on or over the service line in two chances. Kelly’s first serve 
percentage is 40%, while her second serve percentage is 70%. 


a. Draw a probability tree that shows each outcome. 
b. What is the probability that Kelly will double fault? 


c. Design a simulation using a random number generator that can be used to estimate 
the probability that Kelly double faults on her next serve. 


22. VACATION A random survey was conducted to determine 
where families vacationed. The results indicated that 
P(B) = 0.6, P(B NM) = 0.2, and the probability that a 
family did not vacation at either destination is 0.1. 


Mountains Beach 
B 


M 


a. What is the probability that a family vacations in 
the mountains? 


b. What is the probability that a family visiting the beach will also visit the 
mountains? 


23. DECISION MAKING You are trying to decide whether you should expand a business. If 
you do not expand and the economy remains good, you expect $2 million in revenue. 
If the economy is bad, you expect $0.5 million. The cost to expand is $1 million, but the 
expected revenue after the expansion is $4 million in a good economy and $1 million in 
a bad economy. You assume that the chances of a good and a bad economy are 30% 
and 70%, respectively. Use a probability tree to explain what you should do. 


H.0.T. Problems Use Higher-Order Thinking Skills 


24. cess ARGUMENTS There are n different objects in a bag. The probability of drawing object 
A and then object B without replacement is about 2.4%. What is the value of n? Explain. 


25. REASONING If P(A | B) is the same as P(A), and P(B| A) is the same as P(B), what can be 
said about the relationship between events A and B? 


26. OPEN ENDED Describe a pair of independent events and a pair of dependent events. 
Explain your reasoning. 


27. WRITING IN MATH A medical journal reports the chance that a person smokes given that 
his or her parent smokes. Explain how you could determine the likelihood that a 
person’s smoking and their parent’s smoking are independent events. 
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Standardized Test Practice 


28. PROBABILITY Shannon will be assigned at 30. GRIDDED RESPONSE A bag of jelly beans contains 
random to 1 of 6 PE. classes throughout the day 7 red, 11 yellow, and 13 green. Victoro picks two 
and 1 of 3 lunch times. What is the probability jelly beans from the bag without looking. What 
that she will be in the second P.E. class and the is the probability as a percent rounded to the 
first lunch? nearest tenth that Victoro picks a green one and 
Ak BL ck pi then a red one? 

18 9 6 2 

29. ALGEBRA Tameron downloaded 2 videos and 31. SAT/ACT If the probability that it will snow on 
7 songs to his digital media player for $10.91. Tuesday is = then what is the probability that it 
Jake downloaded 3 videos and 4 songs for $9.93. veut ia se 
What is the cost of each video? 

A+ c 18 EB 
F $0.99 H $1.42 9 9 4 
G $1.21 J $1.99 p= = 


Spiral Review 


32. SOFTBALL Zoe struck out during 10% of her at bats last season. Design and conduct 
a simulation to estimate the probability that she will strike out at her next at bat 
this season. (Lesson 13-4) 


Use the spinner to find each probability. The spinner is spun again if it 
stops on a line. (Lesson 13-3) 


33. P(pointer landing on red) 34. P(pointer landing on blue) 
35. P(pointer landing on green) 36. P(pointer landing on yellow) 


Determine whether each pair of solids is similar, congruent, or neither. If the solids 
are similar, state the scale factor. (Lesson 12-8) 


37. 38. > 
16 ft 8mm 


6mm 


16 ft 10 mm 


31 ft 18 ft 
31 ft 
6mm 


39. FIREWORKS Fireworks are shot from a barge on a river. There is an explosion 
circle inside which all of the fireworks will explode. Spectators sit outside a 
safety circle 800 feet from the center of the fireworks display. (Lesson 10-1) 

a. Find the approximate circumference of the safety circle. 

b. If the safety circle is 200 to 300 feet farther from the center than 
the explosion circle, find the range of values for the radius of the 
explosion circle. 


c. Find the least and maximum circumferences of the explosion circle to the 
nearest foot. 


Skills Review 


Find the number of possible outcomes for each situation. 

40. Blanca chooses from 5 different flavors of ice cream and 3 different toppings. 
41. Perry chooses from 6 colors and 2 seat designs for his new mountain bike. 
42. A rectangle has a perimeter of 12 and integer side lengths. 


43. Three number cubes are rolled simultaneously. 
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Geometry Lab 


Two-Way Frequency Tables {§ 


A two-way frequency table or contingency table is used to (css Common Core State Standards 
show the frequencies of data from a survey or experiment ee Cee eee . 
igs , : ; gis las S.CP.4 Construct and interpret two-way frequency tables of data when two categories 

classified according to two variables, with the rows indicating are associated with each object being classified. Use the two-way table as a sample 

one variable and the columns indicating the other. space to decide if events are independent and to approximate conditional probabilities. 
S.CP.6 Find the conditional probability of A given B as the fraction of B's outcomes that 
also belong to A, and interpret the answer in terms of the model. 
Mathematical Practices 5 


Activity 1 Two-Way Frequency Table 


PROM Michael asks a random sample of 160 upperclassmen at his high school whether or 
not they plan to attend the prom. He finds that 44 seniors and 32 juniors plan to attend the 
prom, while 25 seniors and 59 juniors do not plan to attend. Organize the responses into a 
two-way frequency table. 


(SGM Identify the variables. The students surveyed can be classified according class and 
attendance. Since the survey included only upperclassmen, the variable class has 
two categories: senior or junior. The variable attendance also has two categories: 
attending or not attending the prom. 


tie Create a two-way frequency table. Let the rows of Attending | Not Attending 
the table represent class and the columns represent the Prom the Prom 
attendance. Then fill in the cells of the table with the 
information given. 


SQhEW Add a Totals row and a Totals column to your table 
and fill in these cells with the correct sums. 


Senior 


Junior 
Totals 


The frequencies reported in the Totals row and Totals column are called marginal frequencies, with 
the bottom rightmost cell reporting the total number of observations. The frequencies reported in the 
interior of the table are called joint frequencies. These show the frequencies of all possible 
combinations of the categories for the first variable with the categories for the second variable. 


Analyze the Results 

1. How many seniors were surveyed? 

2. How many of the students that were surveyed plan to attend the prom? 
A relative frequency is the ratio of the number of observations in a category to the total number of 
observations. 


Activity 2 Two-Way Relative Frequency Table 


PROM Convert the table from Activity 1 to a table of relative frequencies. 


Em Divide the frequency reported in each cell 8G Write each fraction as a percent rounded 
by the total number of respondents, 160. to the nearest tenth. 


Attending | Not Attending Totals Attending | Not Attending 


the Prom the Prom the Prom the Prom Totals 


Junior Junior 


Totals a Totals 
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You can use joint and marginal relative frequencies to approximate conditional probabilities. 


Activity 3 Conditional Probabilities 


PROM Using the table from Activity 2, find the probability that a surveyed 
upperclassman plans to attend the prom given that he or she is a junior. 


The probability that a surveyed upperclassman plans to attend the prom given that he 
or she is a junior is the conditional probability P(attending the prom | junior). 


P(attending the prom and junior) 


P(attending the prom | junior) = Conditional Probability 


P(junior) 


~ 0-156 4. 99.79% P(attending the prom and junior) = 15.6% 
0.525 or 0.156, P(junior) = 52.5% or 0.525 


Analyze and Apply 
Refer to Activities 2 and 3. 
3. If there are 285 upperclassmen, about how many would you predict plan to attend the prom? 


4. Find the probability that a surveyed student is a junior and does not plan to attend the prom. 

5. Find the probability that a surveyed student is a senior given that he or she plans to attend 
the prom. 

6. What is a possible trend you notice in the data? 


When survey results are classified according to variables, you may want to decide whether these variables 
are independent of each other. Variable A is considered independent of variable B if P(A and B) = P(A) + P(B). 
In a two-way frequency table, you can test for the independence of two variables by comparing the joint 
relative frequencies with the products of the corresponding marginal relative frequencies. 


Activity 4 Independence of Events 


PROM Use the relative frequency table from Activity 2 to determine whether prom 
attendance is independent of class. 


Calculate the expected joint relative frequencies if we a Attending Not Attending 
variables were independent. Then compare them to the ‘haiPram ne Prot 


actual relative frequencies. 


Totals 


Senior 20% (27%) 


For example, if 47.5% of respondents were seniors and a 
43.1% of respondents plan to attend the prom, then one lie | 15.6% (22.6%) | 36.9% (29.9%) 
would expect 47.5% * 43.1% or about 20.5% of respondents 
are seniors who plan to attend the prom. 


Totals 43.1% 56.9% 


: ss : : Note: The numbers in parentheses are the expected relative frequencies. 
Since the expected and actual joint relative frequencies are e ‘ 


not the same, prom attendance for these respondents is not 
independent of class. 


COLLECT DATA Design and conduct a survey of students at your school. Create a two-way 
relative frequency table for the data. Use your table to decide whether the data you collected 
indicate an independent relationship between the two variables. Explain your reasoning. 


7. student gender and whether a student’s car insurance is paid by the student or the 
student’s parent(s) 


8. student gender and whether a student buys or brings his or her lunch 
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Probabilities of Mutually 


Exclusive Events 
:-Why? 


@ At Wayside High School, freshmen, 


@ You found @ Find probabilities of 


probabilities of events that are sophomores, juniors, and seniors can 
independent and mutually exclusive all run for Student Council president. 
dependent events. and events that are Dominic wants either a junior or a 


senior candidate to win the election. 
Trayvon wants either a sophomore 
or a female to win, but says, “If 
the winner is sophomore Katina 
Smith, I'll be thrilled!” 


not mutually 
exclusive. 


Find probabilities 
of complements. 


Mutually Exclusive Events In Lesson 13-4, you examined probabilities involving 
the intersection of two or more events. In this lesson, you will examine probabilities 
involving the union of two or more events. 


P(A and B) P(A or B) 


t t 


Indicates an intersection Indicates a union of 
of two sample spaces. two sample spaces. 


gb NewVocabulary 
~ mutually exclusive events 
complement 


Ess) Common Core 

cess) State Standards 
Content Standards 
S.CP.1 Describe events as 
subsets of a sample space 
(the set of outcomes) using 
characteristics (or categories) 
of the outcomes, or as unions, 
intersections, or complements 
of other events (“or,” “and,” 
“not”). 


To find the probability that one event occurs or another event occurs, you must know 
how the two events are related. If the two events cannot happen at the same time, they 
are said to be mutually exclusive. That is, the two events have no outcomes in common. 


Real-World Example 1 


S.CP.7 Apply the Addition 
Rule, P(A or B) = P(A) + 
P(B) — P(Aand B), and 
interpret the answer in terms 
of the model. 


Mathematical Practices 

1 Make sense of problems 
and persevere in solving 
them. 

4 Model with mathematics. 
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ELECTIONS Refer to the application above. Determine whether the events are 
mutually exclusive or not mutually exclusive. Explain your reasoning. 


a. a junior winning the election or a senior winning the election 


These events are mutually exclusive. There are no common outcomes—a student 
cannot be both a junior and a senior. 


b. a sophomore winning the election or a female winning the election 


These events are not mutually exclusive. A female student who is a sophomore is an 
outcome that both events have in common. 


c. drawing an ace or a club from a standard deck of cards. 
Since the ace of clubs represents both events, they are not mutually exclusive. 


GuidedPractice 


Determine whether the events are mutually exclusive or not mutually exclusive. 
Explain your reasoning. 


1A. selecting a number at random from the integers from 1 to 100 
and getting a number divisible by 5 or a number divisible by 10 


1B. drawing a card from a standard deck and getting a5 or a heart 


1C. getting a sum of 6 or 7 when two dice are rolled 
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ReadingMath 


or The word oris a key word 
indicating that at least one of 
the events occurs. P(A or B) is 
read as the probability that A 

occurs or that B occurs. 


Math HistoryLink 


Leonhard Euler (1707-1783) 
Euler introduced graph theory 
in 1736 in a paper titled 
Seven Bridges of Konigsburg, 
a famous solved mathematics 
problem inspired by an actual 
place and situation. Also, 
Euler’s formula relating the 
number of edges, vertices, 
and faces of a convex 
polyhedron is the origin of 
graph theory. Refer to 

Extend 13-6. 


(l)akg-images, (r)Jill Braaten/The McGraw-Hill Companies 


One way of finding the probability of two mutually exclusive events occurring is to 
examine their sample space. 


When a die is rolled, what is the probability of getting a 

3 or a 4? From the Venn diagram, you can see that there 

are two outcomes that satisfy this condition, 3 and 4. So, 
1 


P(3 and 4) = 2 or 5. 


Notice that this same probability can be found by adding 
the probabilities of each simple event. 


PQ) =4 P(4) =4 P(3and 4)=2+2=2ore 


This example illustrates the first of two Addition Rules for Probability. 


| eS KeyConcept Probability of Mutually Exclusive Events 


Words If two events A and B are mutually exclusive, then the probability that A or B occurs is 
the sum of the probabilities of each individual event. 


Example If two events A or B are mutually exclusive, then 
P(A or B) = P(A) + P(B). 


This rule can be extended to any number of events. 


Real-World Example 2 


MUSIC Ramiro makes a playlist that consists of 
songs from three different albums by his 
favorite artist. If he lets his MP3 player select 
the songs from this list at random, what is the 
probability that the first song played is from 
Album 1 or Album 2? 


These are mutually exclusive events, since the 
songs selected cannot be from both Album 1 
and Album 2. 


Let event Al represent selecting a song from Album 1. 
Let event A2 represent selecting a song from Album 2. 
There are a total of 10 + 12 + 13 or 35 songs. 


P(AI1 or A2) = P(A1) + P(A2) Probability of mutually exclusive events 


a2 210 = 12 
a5 ee i kta as ae 
2 
= 35 Add. 
So, the probability that the first song played is from Album 1 or Album 2 
-, 22 0 
is 35 or about 63%. 
GuidedPractice 
2A. Two dice are rolled. What is the probability that doubles are rolled or that the 
sum is 9? 


2B. CARNIVAL GAMES If you win the ring toss game at a certain carnival, you receive a 
stuffed animal. If the stuffed animal is selected at random from among 15 puppies, 
16 kittens, 14 frogs, 25 snakes, and 10 unicorns, what is the probability that a 
winner receives a puppy, a kitten, or a unicorn? 


ya 


957 |) 


= 


Real-WorldLink 
Juried art shows are shows in 
which artists are called to 
submit pieces and a panel of 
judges decides which art will 
be shown. They originated in 
the early 1800s to exhibit the 
work of current artists and 
educate the public. 


Source: Humanities Web 


When a die is rolled, what is the probability of getting Graater 
a number greater than 2 or an even number? From the than 2 
Venn diagram, you can see that there are 5 numbers 
that are either greater than 2 or are an even number: 2, 
3, 4,5, and 6. So, 


P(greater than 2 or even) = 2. 


Since it is possible to roll a number that is greater than 2 and an even number, these 
events are not mutually exclusive. Consider the probabilities of each individual event. 


P(greater than 2) = 3 P(even) = < 
If these probabilities were added, the probability of two outcomes, 4 and 6, would be 
counted twice—once for being numbers greater than 2 and once for being even numbers. 
You must subtract the probability of these common outcomes. 
P(greater than 2 or even) = P(greater than 2) + P(even) — P(greater than 2 and even) 


A 3 2 4d 
=" = 6 6 


This leads to the second of the Addition Rules for Probability. 


o§ KeyConcept Probability of Events That Are Not Mutually Exclusive 


Words If two events A and B are not mutually exclusive, then the probability that A or B occurs 
is the sum of their individual probabilities minus the probability that both A and B occur. 


Symbols If two events A and B are not mutually exclusive, then 
P(A or B) = P(A) + PB) — P(Aand B). 


Real-World Example 3 
ART The table shows the number Namiko’s Paintings 
and type of paintings Namiko has : sili 
created. If she randomly selects a meal — | Portrait Leet 
painting to submit to an art contest, watercolor 
what is the probability that she oil 1 
selects a portrait or an oil painting? acrylic 3 
pastel 1 


Since some of Namiko’s paintings are both portraits and oil paintings, these events are 
not mutually exclusive. Use the rule for two events that are not mutually exclusive. 
The total number of paintings from which to choose is 30. 

P(oil or portrait) = P(oil) + P(portrait) — P(oil and portrait) 

1+3+2 , 54+3+2+0 3 


= 30 + 30 30 Substitution 
_ 6 10.33 13 eee 
= 30 =f 30 ~ 30 or 30 Simplify. 


13 


a %. 
39 Of about 43% 


The probability that Namiko selects a portrait or an oil painting is 


GuidedPractice 


3. What is the probability of drawing a king or a diamond from a standard deck of 
52 cards? 
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ReadingMath 


Complement The 


complement of event A can 


also be noted as A°. 


Probabilities of Complements The complement of an event A consists of all the 
outcomes in the sample space that are not included as outcomes of event A. 


When a die is rolled, the probability of getting a 4 is . What is the probability of not 
getting a 4? There are 5 possible outcomes for this event: 1, 2, 3, 5, or 6. So, P(not 4) = 2. 
Notice that this probability is also 1 — z or 1 — P(4). 


[ oS KeyConcept Probability of the Complement of an Event 


Words 


Symbols 


\ 


For an event A, P(not A) = 1 — PA). 


The probability that an event will not occur is equal to 1 minus the probability that 
the event will occur. 


Example 4 


_ 


GuidedPractice 


Probability of a complement 


300 Substitution 
= Subtract and simplify. 


RAFFLE Francisca bought 20 raffle tickets, hoping to win the $100 gift card to her 
favorite clothing store. If a total of 300 raffle tickets were sold, what is the 
probability that Francisca will not win the gift card? 


Let event A represent selecting one of Francisca’s tickets. Then find the probability of 
the complement of A. 


P(not A) = 1 — P(A) 


The probability that one of Francisca’s tickets will not be selected is z or about 93%. 


4. If the chance of rain is 70%, what is the probability that it will not rain? 


ConceptSummary Probability Rules 


Exclusive Events 


Not Mutually 
Exclusive Events 


Events do share common outcomes. 


Types of Events Words Probability Rule 
independant The outcome of a first event does not If two events A and Bare 
aes affect the outcome of the second event. independent, then 
P(Aand B) = P(A) - P(B). 
Dependent The outcome of a first event does affect If two events A and B are dependent, 
Events the outcome of the other event. then P(A and B) = P(A) - P(BIA). 
Additional information is known about the | The conditional probability of A given Bis 
Conditional probability of an event. A= 
P\B) 
Events do not share common outcomes. If two events A or B are mutually 
Mutually 


exclusive, then 

P(A or B) = P(A) + ABB). 

If two events A and B are not mutually 
exclusive, then A\A or B) = 

P(A) + P(B) — PAand B). 


Complementary 
Events 


The outcomes of one event consist of all 
the outcomes in the sample space that 
are not outcomes of the other event. 


For an event A, Pinot A) = 1 — PIA). 


4 
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Real-World Example 5 


a 


SEAT BELTS Refer to the information at the left. Suppose two people are chosen at 
random from a group of 100 American motorists and passengers. If this group 
mirrors the population, what is the probability that at least one of them does not 
wear a Seat belt? 


Understand You know that 81% of Americans do use a seat belt. The phrase at least one 
means one or more. So, you need to find the probability that either 
~ e the first person chosen does not use a seat belt or 
= id e the second person chosen does not use a seat belt or 
2 ¢ both people chosen do not use a seat belt. 
Real-WorldLink 
About 81% of American 
motorists and their right-front 
passengers use a seat belt. 
Source: National Highway Traffic Plan The complement of the event described above is the 
See ee nea event that both people chosen do use a seat belt. Find 
the probability of this event, and then find the 
probability of its complement. 
Let event A represent choosing a person who does 
use a seat belt. 
Let event B represent choosing a person who does use a seat belt after the 
first person has already been chosen. 
These are two dependent events, since the outcome of the first event 
affects the probability of the outcome of the second event. 
Solve P(A and B) = P(A) + P(B|A) Probability of dependent events 
ie ; _ 81 , 80 AIA) = 0.81(100) 81 
StudyTip | 100 © 99 ~ 400 100 
Key Probability Words When — 6480 36 Multiply. 
determining what type of 9900 55 
probability you are dealing P[not (A and B)] = 1 — P(A and B) Probability of a complement 
with in a situation, look for 
key words and correctly — 1-36 Substitution 
interpret their meaning. 55 
and — independent a Subtract. 
55 
or dependent events 
or —> mutually exclusive or So, the probability that at least one of the passengers does not use a 
not mutually exclusive seat belt is 2 or about 35%. 
not — complementary . ee : 
events Check Use logical reasoning to check the reasonableness of your answer. 
and then — conditional The probability that one person chosen out of 100 does not wear his or her 
at least n + nor more seat belt is (100 — 81)% or 19%. The probability that two people chosen out 
at most n — nor less of 100 wear their seat belt should be greater than 19%. Since 
N y, 35% > 19%, the answer is reasonable. 
GuidedPractice 


5. CELL PHONES According to an online poll, 35% of American motorists routinely use 
their cell phones while driving. Three people are chosen at random from a group of 


100 motorists. What is the probability that 
A. at least two of them use their cell phone while driving? 


B. no more than one use their cell phone while driving? 
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Check Your Understanding = Step-by-Step Solutions begin on page R14. 


Example 1 Determine whether the events are mutually exclusive or not mutually exclusive. Explain 
your reasoning. 


1. drawing a card from a standard deck and getting a jack or a club 
2. adopting a cat or a dog 


Example 2 3. JOBS Adelaide is the employee of the month at her job. Her reward is to select at 
random from 4 gift cards, 6 coffee mugs, 7 DVDs, 10 CDs, and 3 gift baskets. What is 
the probability that an employee receives a gift card, coffee mug, or CD? 


Example 3 4. CLUBS According to the table, what is the Club | Soph. | Junior | Senior 
probability that a student in a club is a junior Key 
or on the debate team? Debate 

Math 
French 


Example 4 Determine the probability of each event. 


5. If you have a 2 in 10 chance of bowling a spare, what is the probability of missing 
the spare? 


6. If the chance of living in a particular dorm is 75%, what is the probability of living in 
another dorm? 


Example 5 7. PROM In Armando’s senior class of 100 students, 91% went to the senior prom. If two 
people are chosen at random from the entire class, what is the probability that at least 
one of them did not go to prom? 


Practice and Problem Solving Extra Practice is on page R13. 


Examples 1-3 Determine whether the events are mutually exclusive or not mutually exclusive. Then 
find the probability. Round to the nearest tenth of a percent, if necessary. 


8. drawing a card from a standard deck and getting a jack or a six 
(9) rolling a pair of dice and getting doubles or a sum of 8 


10. selecting a number at random from integers 1 to 20 and getting an even number or a 
number divisible by 3 


11. tossing a coin and getting heads or tails 
12. drawing an ace or a heart from a standard deck of 52 cards 
13. rolling a pair of dice and getting a sum of either 6 or 10 


14, SPORTS The table includes all of the 
programs offered at a sports complex and 
the number of participants aged 14—16. 
What is the probability that a player is 2 


14 or plays basketball? = 


Graceland Sports Complex 


Baseball | Basketball 


15. (ess MODELING An exchange student is moving back to Italy, and her homeroom class 
wants to get her a going away present. The teacher takes a survey of the class of 32 
students and finds that 10 people chose a card, 12 chose a T-shirt, 6 chose a video, and 
4 chose a bracelet. If the teacher randomly selects the present, what is the probability 
that the exchange student will get a card or a bracelet? 
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Example 4 Determine the probability of each event. 


16. rolling a pair of dice and not getting a3 

17. drawing a card from a standard deck and not getting a diamond 
18. flipping a coin and not landing on heads 

19. spinning a spinner numbered 1-8 and not landing on 5 


20. RAFFLE Namid bought 20 raffle tickets. If a total of 500 raffle tickets were sold, what is 
the probability that Namid will not win the raffle? 


(21) JOBS Of young workers aged 18 to 25, 71% are paid by the hour. If two people are 
randomly chosen out of a group of 100 young workers, what is the probability that 
exactly one is paid by the hour? 


Example 5 22. RECYCLING Suppose 31% of Americans recycle. If two Americans are chosen randomly 
from a group of 50, what is the probability that at most one of them recycles? 


CARDS Suppose you pull a card from a standard 52-card deck. Find the probability of 


each event. 
23. The card is a 4. 24. The card is red. 
25. The card is a face card. 26. The card is not a face card. 


27. MUSIC A school carried out a survey of 265 students to see which types of music 
students would want played at a school dance. The results are shown in the Venn 
Diagram. Find each probability. 


a. P(country or R&B) 

b. P(rock and country or R&B and rock) 
c. P(R&B but not rock) 

d. P(all three) 


H.0.T. Problems Use Higher-Order Thinking Skills 


laA~ 

28. CCSS CRITIQUE Tetsuya and Mason want to determine the probability that a red marble 
will be chosen out of a bag of 4 red, 7 blue, 5 green, and 2 purple marbles. Is either of 
them correct? Explain your reasoning. 


Tetsuya 


PIR) = 


29. CHALLENGE You roll 3 dice. What is the probability that the outcome of at least two of 
the dice will be less than or equal to 4? Explain your reasoning. 


REASONING Determine whether the following are mutually exclusive. Explain. 
30. choosing a quadrilateral that is a square and a quadrilateral that is a rectangle 
31. choosing a triangle that is equilateral and a triangle that is equiangular 


32. choosing a complex number and choosing a natural number 


33. OPEN ENDED Describe a pair of events that are mutually exclusive and a pair of events 
that are not mutually exclusive. 


34, WRITING IN MATH Explain why the sum of the probabilities of two mutually exclusive 
events is not always 1. 
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Standardized Test Practice 


35. PROBABILITY Customers at a new salon can win 
prizes during opening day. The table shows the 
type and number of prizes. What is the 
probability that the first customer wins a 
manicure or a massage? 


Number 
manicure 
pedicure 
massage 
facial 
A 0.075 C 0.5 
B 0.35 D 0.65 


36. SHORT RESPONSE A cube numbered 1 through 6 
is shown. 


3 


If the cube is rolled once, what is the probability 
that a number less than 3 or an odd number 
shows on the top face of the cube? 


37. ALGEBRA What will happen to the slope of line p 
if it is shifted so that the y-intercept stays the same 
and the x-intercept approaches the origin? 


y 


F The slope will become negative. 
G The slope will become zero. 
H The slope will decrease. 

J The slope will increase. 


38. SAT/ACT The probability of choosing a 
peppermint from a certain bag of candy is 0.25, 
and the probability of choosing a chocolate is 
0.3. The bag contains 60 pieces of candy, and the 
only types of candy in the bag are peppermint, 
chocolate, and butterscotch. How many 
butterscotch candies are in the bag? 


A 25 D 33 
B 27 E 45 
C 30 


Spiral Review 


Determine whether the events are independent or dependent. Then find the 


probability. (Lesson 13-5) 


39. A king is drawn, without replacement, from a standard deck of 52 cards. Then, a 


second king is drawn. 


40. You roll a die and get a 2. You roll another die and get a 3. 


41. SPORTS Asurvey at a high school found that 15% of the athletes at the school play only 
volleyball, 20% play only soccer, 30% play only basketball, and 35% play only football. 
Design a simulation that can be used to estimate the probability that an athlete will 


play each of these sports. (Lesson 13-4) 


Copy the figure and point P. Then use a ruler to draw the image of the figure under 
a dilation with center P and the scale factor r indicated. (Lesson 9-6) 


42, r=4 


5) 43. r=3 


ie 


44. r= 


Geometry Lab 


Graph Theory 


Mathematical structures can be used to model relationships in a set. 

The study of these graphs is called graph theory. These vertex-edge graphs 
are not like graphs that can be seen on a coordinate plane. Each graph, 

also called a network, is a collection of vertices, called nodes, and 
segments, called edges, that connect the nodes. 


The bus route in the figure is an example of a network. The school, each 
stop, and the garage are nodes in the network. The connecting streets, 
such as Long Street, are edges. 


This is an example of a traceable network because all of the nodes are 
connected, and each edge is used once in the network. 


The graph represents the streets on Ava’s newspaper route. 

To complete her route as quickly as possible, how can Ava Home 

ride her bike down each street only once? 

SE Copy the graph onto your paper. 

tied Beginning at Ava’s home, trace over her route without 
lifting your pencil. Remember to trace each edge only once. 


ESE] Describe Ava’s route. 


First Ave. i State St. 


Second Ave. Front St. 


Main St. 


Analyze 


1. Is there more than one traceable route that begins at Ava’s house? If so, how many? 


2. If it does not matter where Ava starts, how many traceable routes are possible? 


Is each graph traceable? Write yes or no. Explain your reasoning. 


3. 4. 5. 


6. The campus for Centerburgh High School has five buildings built around the edge of a 
circular courtyard. There is a sidewalk between each pair of buildings. 


a. Draw a graph of the campus. Is the graph traceable? 


b. Suppose there are no sidewalks between pairs of adjacent buildings. Is it possible 
to reach all five buildings without walking down any sidewalk more than once? 


7. REASONING Write a rule for determining whether a graph is traceable. 
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In a network, routes from one vertex to another are also called paths. Weighted vertex-edge graphs 
are graphs in which a value, or weight, is assigned to each edge. The weight of a path is the sum of 
the weights of the edges along the path. The efficient route is the path with the minimum weight. 


The edges of the network have different weights. Find the 
efficient route from A to B. 


SGI Find all of the possible paths from A to B. Label each 
path with the letters of the nodes along the path. 


ES] Trace each path and add the weights of each edge. 
The path with the least weight is the efficient route: 
A-U-X-Y-Z-B. The weight is 54. 

Pay attention to the weights when determining the efficient 
route. It may not be the path with the fewest edges. 


Model and Analyze 


8. What is the longest path from A to B that does not cover any edges more than once? 


Determine the efficient route from A to B for each network. 


9. Y 10. A 
12 Mi x 
18 
A 12 
14 11 Z 
8 
Zz 18 Ww 15 B P 
b ae 

x 5 Y 


12. OPEN ENDED Create a network with 8 nodes and an efficient route 
with a value of 25. 


11. 


13. WRITING IN MATH Explain your method for determining the efficient 
route of a network. 


14. TRAVEL Use the graph at the right to find each efficient route. Seattle 


3 Chi New York 
a. from Phoenix to New York i ee 


b. from Seattle to Atlanta 
15. Six Degrees of Separation is a well-known example of graph 


theory. In this case, each person is a node and people are linked 
by an edge when they know each other. 


780 Atlanta 


Phoenix 1064 Dallas 


a. Make a graph of the situation. Directly connect yourself to three other people that you 
know personally. This represents the first degree of separation. 


b. Expand the graph to show the first three degrees of separation. Name a person 
who is within 3 degrees of you, and list the path. 
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Study Guide and Review 


Study Guide 


KeyConcepts 


KeyVocabulary 


Representing Sample Spaces (Lesson 13-1) 


e The sample space of an experiment is the set of all possible 
outcomes. It can be determined by using an organized list, 
a table, or a tree diagram. 


Permutations and Combinations (Lesson 13-2) 


e A permutation of n objects taken rat a time is given by 
nt 


of ar 
e Acombination of n objects taken rat a time is given by 
_ n 
nlr= (n— nin’ 


e Permutations should be used when order is important, and 
combinations should be used when order is not important. 


Geometric Probability ((csson 13-3) 


e |faregion A contains a region B and a point Fin region A is 


chosen at random, then the probability that point F is in region 
area of region B 


area of region A’ 


Simulations (Lesson 13-4) 


e Asimulation uses a probability model to recreate a situation 
again and again so that the likelihood of various outcomes can 
be estimated. 


Probabilities of Compound Events (Lessons 13-5 and 13-6) 


e lf event A does not affect the outcome of event B, then the 
events are independent and P(A and B) = P(A) « P(B). 


e If two events A and Bare dependent, then P(A and B) = 
P(A) + P(BIA). 


e |ftwo events A and B cannot happen at the same time, they are 
mutually exclusive and P(A or B) = P(A) + P(B). 


e If two events A and Bare not mutually exclusive, then 
P(Aor B) = P(A) + P(B) — P(Aand B). 


[PIETY StudyOrganizer 


Be sure the Key Concepts 
are noted in your Foldable. 


aN 
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circular permutation (p.925) independent events (p. 947) 


combination (p. 926) mutually exclusive events 


complement (p. 959) phe 


compound events (p. 947) PenmUtanen sae) 


conditional probability probability made ieees) 


(p. 949) probability tree (p. 949) 


dependent events (p. 947) random variable (p. 941) 
expected value (p. 941) sample space (p. 915) 
factorial (9. 922) simulation (p. 939) 


Fundamental Counting 
Principle (p. 917) 


tree diagram (p. 915) 


geometric probability (p. 931) 


VocabularyCheck 


State whether each sentence is true or false. If false, replace 
the underlined term to make a true sentence. 


1. Atree diagram uses line segments to display possible 
outcomes. 


2. A permutation is an arrangement of objects in which order is 
NOT important. 


3. Determining the arrangement of people around a circular table 
would require circular permutation. 


4. Tossing a coin and then tossing another coin is an example of 
dependent events. 


5. Geometric probability involves a geometric measure such as 
length or area. 


6. 6} =6°5°4-+3-+ 2-1, is an example of a factorial. 
7. The set of all possible outcomes is the sample space. 


8. Combining a coin toss and a roll of a die makes a 
simple event. 


9. Grant flipped a coin 200 times to create a probability tree of 
the experiment. 


10. Drawing two socks out of a drawer without replacing them are 
examples of mutually exclusive events. 


Lesson-by-Lesson Review 


Representing Sample Spaces 


. POPCORN A movie theater sells small (S), medium (M), and 
large (L) size popcorn with the choice of no butter (NB), 
butter (B), and extra butter (EB). Represent the sample 
space for popcorn orders by making an organized list, a 
table, and a tree diagram. 


. SHOES A pair of men’s shoes comes in whole sizes 5 
through 13 in navy, brown, or black. How many different 
pairs could be selected? 


Probability with Permutations and Combinations 


. DINING Three boys and three girls go out to eat together. 
The restaurant only has round tables. Fred does not want 
any girl next to him and Gena does not want any boy next to 
her. How many arrangements are possible? 


. DANCE The dance committee consisted of 10 students. 
The committee will select three officers at random. What is 
the probability that Alice, David, and Carlene are selected? 


. COMPETITION From 32 students, 4 are to be randomly 
chosen for an academic challenge team. In how many ways 
can this be done? 


Geometric Probability 


. GAMES Measurements for a beanbag game are shown. 
What is the probability of each event? 


a. P(hole) 
b. P(no hole) 


| in| 


. POOL Morgan, Phil, Callie, and Tyreese are sitting on the 
side of a pool in that order. Morgan is 2 feet from Phil. 
Phil is 4 feet from Callie. Callie is 3 feet from Tyreese. 
Oscar joins them. 


a. Find the probability that Oscar sits between Morgan 
and Phil. 


b. Find the probability that Oscar sits between Phil and 
Tyreese. 


Example 1 


Three coins are tossed. Represent the sample space for this 


experiment by making an organized list. 


Pair each possible outcome from the first toss with the possible 
outcomes from the second toss and third toss. 


HHH, HHT, HTH, HTT, THH, THT, TTH, TTT 


Example 2 


For a party, Lucita needs to seat four people at a round table. 
How many combinations are possible? 


Since there is no fixed reference point, this is a circular 
permutation. 


P, =(n—1)! 
P, =(4-1)! 
= 3!lor6 


Formula for circular permutation 
n=4 
Simplify. 


So, there are 6 ways for Casey to seat four people at a 
round table. 


Example 3 
A carnival game is shown. 


= 8 in. =| 

a. If Khianna threw 10 beanbags 
at the board, what is the 
probability that the beanbag 
went in the hole? 


Area of hole = 4-4 = 16 
Area of board = (8 « 8) — 16 = 64 — 16 or 48 
P(hole) = ze or about 25% 


|<4 in. >| 


i 
[ 


. What is the probability that the beanbag did not go in 
the hole? 


P(no hole) = a or about 75% 
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Simulations 


For each of the following, describe how you would use a 
geometric probability model to design a simulation. 


18. POLO Max scores 35% of the goals his team earns in each 
water polo match. 


19. BOOKS According to a survey, people buy 30% of their 
books in October, November, and December, 22% during 
January, February, and March, 23% during April, May, and 
June, and 25% during July, August, and September. 


. OIL The United States consumes 17.3 million barrels of oil 
a day. 63% is used for transportation, 4.9% is used to 
generate electricity, 7.8% is used for heating and cooking, 
and 24.3% is used for industrial processes. 


Example 4 


Darius made 75% of his field goal kicks last season. Design 
a simulation that can be used to estimate the probability that 
he will make his next field goal kick this season. 


Use a spinner that is divided into 
2 sectors. Make one sector red 
containing 75% of the spinner’s 
area and the other blue containing 
25% of the spinner’s area. 


Spin the spinner 50 times. Each 

spin represents kicking a field goal. 

A successful trial will be a made field goal, 
and a failed trial will be a missed field goal. 


> Probabilities of Independent and Dependent Events 


. MARBLES A box contains 3 white marbles and 4 black 
marbles. What is the probability of drawing 2 black 
marbles and 1 white marble in a row without replacing 
any marbles? 


. CARDS Two cards are randomly chosen from a standard 
deck of cards with replacement. What is the probability of 
successfully drawing, in order, a three and then a queen? 


. PIZZA A nationwide survey found that 72% of people in the 


United States like pizza. If 3 people are randomly selected, 
what is the probability that all three like pizza? 


> Probabilities of Mutually Exclusive Events 


. ROLLING DICE Two dice are rolled. What is the probability 
that the sum of the numbers is 7 or 11? 


. CARDS Acard is drawn from a deck of cards. Find the 
probability of drawing a 10 or a diamond. 


. RAFFLE A bag contains 40 raffle tickets numbered 1 
through 40. 


a. What is the probability that a ticket chosen is an even 
number or less than 5? 


b. What is the probability that a ticket chosen is greater 
than 30 or less than 10? 
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Example 5 
A bag contains 3 red, 2 white, and 6 blue marbles. What is 


the probability of drawing, in order, 2 red and 1 blue marble 
without replacement? 


Since the marbles are not being replaced, the events are 
dependent events. 


P(red, red, blue) = P(red) + P(red) » P(blue) 
3. 2.6 


1 10 9 


est 2 9 
= 5 or about 3.6% 


Example 6 


Two dice are rolled. What is the probability that the sum is 5 
or doubles are rolled? 


These are mutually exclusive events because the sum of 
doubles can never equal 5. 


P(sum is 5 or doubles) = P(sum is 5) + P(doubles) 


a 
36 


eee 0, 
=e or about 27.8% 


Practice Test 


Point X is chosen at random on AE. Find the 
probability of each event. 


A B Cc D E 
e—__e—________e____——_—_®#® 

5 13 15 7 
1. P(X is on AC) 2. P(X is on CD) 


3. BASEBALL A baseball team fields 9 players. How 
many possible batting orders are there for the 
9 players? 


4. TRAVEL A traveling salesperson needs to visit four 
cities in her territory. How many distinct itineraries 
are there for visiting each city once? 


Represent the sample space for each experiment by 
making an organized list, a table, and a tree diagram. 


5. A box has 1 red ball, 1 green ball, and 1 blue ball. 
Two balls are drawn from the box one after the 
other, without replacement. 


6. Shinsuke wants to adopt a pet and goes to his local 
humane society to find a dog or cat. While he is 
there, he decides to adopt two pets. 


7. ENGINEERING An engineer is analyzing three factors 
that affect the quality of semiconductors: temperature, 
humidity, and material selection. There are 6 possible 
temperature settings, 4 possible humidity settings, 
and 6 choices of materials. How many combinations 
of settings are there? 


8. SPELLING How many distinguishable ways are there 
to arrange the letters in the word “bubble”? 


9. PAINTBALL Cordell is shooting 
a paintball gun at the target. 
What is the probability that he 
will shoot the shaded region? 


10. SHORT RESPONSE What is the probability that a phone 
number using the numbers 7, 7, 7, 2, 2,2, and 6 
will be 622-2777? 


11. TICKETS Fifteen people ° ° 
entered the drawing at Movie Ticket 


the right. What is the = Giveaway! = 
probability that Jodi, Dan, — 


: Enter for a chance 
and Pilar all won the fo wind tickets! 
tickets? ee 


Determine whether the events are independent or 
dependent. Then find the probability. 


12. A deck of cards has 5 yellow, 5 pink, and 5 orange 
cards. Two cards are chosen from the deck with 
replacement. Find P(the first card is pink and the 
second card is pink). 


13. There are 6 green, 2 red, 2 brown, 4 navy, and 
2 purple marbles in a hat. Sadie picks 2 marbles 
from the hat without replacement. What is the 
probability that the first marble is brown and the 
second marble is not purple? 


Use the spinner to find each probability. If the 
spinner lands on a line, it is spun again. 


14. P(pointer landing on purple) 
15. P(pointer landing on red) 
16. P(pointer not landing on yellow) 


17. FOOTBALL According to a football team’s offensive 
success rate, the team punts 40% of the time, kicks a 
field goal 30% of the time, loses possession 5% of 
the time, and scores a touchdown 25% of the time. 
Design a simulation using a random number 
generator. Report the results using appropriate 
numerical and graphical summaries. 


Determine whether the events are mutually exclusive 
or not mutually exclusive. Explain your reasoning. 


18. a person owning a car and a truck 


19. rolling a pair of dice and getting a sum of 7 and 6 
on the face of one die 


20. a playing card being both a spade and a club 


21. GRADES This quarter, Todd earned As in his classes 
45% of the time. Design and conduct a simulation 
using a geometric probability model. Then report 
the results using appropriate numerical and 
graphical summaries. 


Sg dD 
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Organize Data 


Sometimes you may be given a set of data that you need to analyze in order to solve 
items on a standardized test. Use this section to practice organizing data and to help 
you solve problems. 


Strategies for Organizing Data 


When you are given a problem statement containing data, consider: 
e making a list of the data. 
e using a table to organize the data. 


e using a data display (such as a bar graph, Venn diagram, circle graph, line graph, 
box-and-whisker plot, etc.) to organize the data. 


Organize the data. 
e Create your table, list, or data display. 


e If possible, fill in any missing values that can be found by intermediate 
computations. 


Analyze the data to solve the problem. 
e Reread the problem statement to determine what you are being asked to solve. 


e Use the properties of geometry and algebra to work with the organized data 
and solve the problem. 


e lf time permits, go back and check your answer. 


Standardized Test Example 


Read the problem. Identify what you need to know. Then use the information in 
the problem to solve. 


Of the students who speak a foreign language at Marie’s school, 18 speak Spanish, 

14 speak French, and 16 speak German. There are 8 students who only speak Spanish, 
7 who speak only German, 3 who speak Spanish and French, 2 who speak French and 
German, and 4 who speak all three languages. If a student is selected at random, what 
is the probability that he or she speaks Spanish or German, but not French? 


7 9 
A a5 BG Cc 


oflN 
uv 
| 


18 
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Read the problem carefully. The data is difficult to analyze as it is presented. Use a 
Venn diagram to organize the data and solve the problem. 


Draw three circles, each representing a language. 


Spanish French 


Fill in the data given in the problem statement. (s\ 


German 


Fill in the missing values. For example, you 
know that 18 students speak Spanish and 
14 students speak French. 


18 — 8 —3 — 4 = 3 (Spanish and German) 
14 — 3 — 4— 2 = 5 (only French) 


Solve the problem. You are asked to find the probability that a randomly 

selected student speaks Spanish or German, but not French. From the Venn 
diagram, you can see that there are 32 total students. Of these, 8 + 3 + 7, or 
18 students speak Spanish or German, but not French. So, the probability is 


=. So, the correct answer is B. 


Read the problem. Identify what you need to know. 
Then organize the data to solve the problem. 


3. Find the probability that a point chosen at random 
lies in the shaded region. 


1. Alana has the letter tiles A, H, M, and T ina bag. If A 0.22 C 0.28 
she selects a permutation of the tiles at random, B 0.25 D 0.32 
what is the probability she will spell the word 
MATH? 

1 a 
oa © 50 

1 1 
Pg DP 4 


2. The table below shows the number of freshmen, 
sophomores, juniors, and seniors involved in 
basketball, soccer, and volleyball. What is the 
probability that a randomly selected student is a 
junior or plays volleyball? 


Basketball 
Soccer 
Volleyball 
4 5 
Foot H a7 
5 17 
G 21 J 35 


. There are 10 sophomore, 8 junior, and 9 senior 


members in student council. Each member is 
assigned to help plan one school activity during the 
year. There are 4 sophomores working on the field 
day and 6 working on the pep rally. Of the juniors, 
2 are working on the field day and 5 are working on 
the school dance. There are 2 seniors working on 
the pep rally. If each activity has a total of 9 students 
helping to plan it, what is the probability that a 
randomly selected student council member is a 
junior or is working on the field day? 


1 5 
Es He 
4 2 
G 38 J 3 
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Standardized Test Practice 


Cumulative, Chapters 1 through 13 


Multiple Choice 


Read each question. Then fill in the correct answer on 
the answer document provided by your teacher or on 
a sheet of paper. 


1. A machine is making steel washers by cutting out 
10-millimeter circular disks from 34-millimeter 
circular disks as shown below. What is the area of 
each washer to the nearest tenth? 


A 75.4 mm? 7 
B 829.4 mm2 
C 986.5 mm2 a 
mm 
D 3317.5 mm? 5p 
We 


2. How much paper is needed to make the drinking 
cup below? Round to the nearest tenth. 


F 73.4 cm? 2.5m 
G 70.7 cm? Coed ae 
H 67.9 cm? | 

J 58.8 cm? i 


3. Which of the following properties of real numbers 
justifies the statement below? 


If 3x —-2=7x + 12, then 
3x —-24+2=7x4+1242. 


A Addition Property of Equality 

B_ Reflection Property of Equality 
C Subtraction Property of Equality 
D Symmetric Property of Equality 


Test-TakingTip 
Question 4 What is the probability of rolling doubles with two 
number cubes? Multiply this by the number of trials. 
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4. What is the expected number of times Clarence will 


roll doubles with two number cubes in 90 trials? 
(Doubles occur when both number cubes show the 
same number in a trial.) 


F 6 G9 H 10 J 15 


. The Venn diagram shows the states in the U.S. in 


which the population is greater than 10,000,000 and 
the population density is greater than 200 people 
per square mile. Which statement is false? 


Population density 
Population > 200 people 
> 10,000,000 _—per sq. mi. 


A In California (CA), the population is greater than 
10,000,000, and the density is greater than 200. 


B_ In Maryland (MD), the density is greater than 
200. 


C 14states have a density greater than 200. 


D 8 states have a population greater than 
10,000,000. 


. Which of the following correctly shows the 


relationship between the angle measures of 
triangle RST? 


R 
3.9 yd 8 yd 
S 5.4 yd i 


mZS <mZR < mZT 
mZT <mZS <mZR 
mZR <mZS < mZT 
mZT <mZR<mZS 


2. 


Short Response/Gridded Response 


Record your answers on the answer sheet provided 
by your teacher or on a sheet of paper. 


7. GRIDDED RESPONSE What is ZS in the figure 
below? Express your answer in degrees. 


R 
S) 
T 


8. Does the figure have rotational symmetry? If so, 
give the order of symmetry. 


{/ 


9. GRIDDED RESPONSE Segment AD bisects ZCAB in 
the triangle below. What is the value of x? 


B 
Ty —5 2x+2 
D 
A 5 
10 Cc 


. GRIDDED RESPONSE Armando leans an 18-foot 
ladder against the side of his house to clean out the 
gutters. The base of the ladder is 5 feet from the 
wall. How high up the side of the house does the 
ladder reach? Express your answer in feet, rounded 
to the nearest tenth. 


11. Solve for x in the triangle below. 


12. What effect does doubling the dimensions of the 
rectangle below have on its area and perimeter? 


5 yd 


3.9 yd 


Extended Response 


Record your answers on a sheet of paper. 
Show your work. 


13. A bag contains 3 red chips, 5 green chips, 2 yellow 
chips, 4 brown chips, and 6 purple chips. One chip 
is chosen at random, the color noted, and the chip 
returned to the bag. 


a. 


Suppose two trials of this experiment are 
conducted. Are the events independent or 
dependent? Explain. 


. What is the probability that both chips 


are purple? 


. What is the probability that the first chip is 


green and the second is brown? 


vl \ 
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Student Handbook 


This Student Handbook can 
help you answer these questions. 


What if | Need More Practice? 


Extra Practice R1 
The Extra Practice section provides additional 

problems for each lesson so you have ample 

opportunity to practice new skills. 


What if | Need to Check a Homework Answer? 


Selected Answers and Solutions R14 
The answers to odd-numbered problems are included 
in Selected Answers and Solutions. 


What if I Forget a Vocabulary Word? 


Glossary/Glosario R115 
The English-Spanish Glossary provides definitions 

and page numbers of important or difficult words 

used throughout the textbook. 


What if | Need to Find Something Quickly? 


Index R144 
The Index alphabetically lists the subjects covered 

throughout the entire textbook and the pages on 

which each subject can be found. 


What if I Forget a Formula? 


Formulas and Measures, Inside Back Cover 
Symbols and Properties 

Inside the back cover of your math book is a list of 
Formulas and Symbols that are used in the book. 
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Extra Practice 


Refer to the figure. (Lesson 1-1) 


1. How many planes are 
shown in this figure? 


2. Name the intersection 
of plane ADE with plane P. 


3. Name two noncoplanar lines that do not 
intersect. 


Find the measurement of each segment. Assume 
that each figure is not drawn to scale. (Lesson 1-2) 


4. NQ 5. BD 
|< 8.6. cm >| o—|_e_}_*_}— 
A B C D 
M oN Q }+-—>| 
|}-—| 3.9 mm 
1.9cm 


6. Find x and AB if B is between A and C, AB = 3x, 


BC = 14, and AC = 41. (Lesson 1-2) 


7. PLAYGROUND The pivot or midpoint of a 
seesaw on a playground is 13.5 feet from the 
swing set. If the swing set is 8 feet from the 
edge of the seesaw when the seesaw is level, 
how long is the seesaw. (Lesson 1-3) 


8. Find the coordinates of M if N(1.5, 2.5) is the 
midpoint of MP and P has coordinates (6, 9) 
(Lesson 1-3) 


Copy the diagram shown, and extend each ray. 
Classify each angle as right, acute, or obtuse. 
Then use a protractor to measure the angle to the 
nearest degree. (Lesson 1-4) 


C 
9. ZAFC é 4 
10. ZDFB 
11. ZCFD Fi : z 


12. SPORTS When a ball is bounced on a smooth 
surface, the angles formed by the path of the 
ball are congruent. If the path of a ball forms a 
53° angle with the floor, find mZABC. (Lesson 1-5) 


Determine whether each statement can be 
assumed from the figure. Explain. (Lesson 1-5) 


N 
13. ZRTQ and ZMTN are vertical angles. 


—=> — 
14, PT is perpendicular to TM 


Find the perimeter or circumference and area of m 

each figure. Round to the nearest tenth, if a 

necessary. (Lesson 1-6) u 

= 

ry 

15. 16. iz) 
21cm 


17. PLANNING Tim is responsible for renting tables 
for an awards banquet. He needs 20 tables, and 
he can choose between circular tables with a 
diameter of 5.5 feet and square tables with a 
side length of 5 feet. Which option should Tim 
choose so that the tables cover the smallest 
area? (Lesson 1-6) 


Find the surface area and volume of each solid to 
the nearest tenth. (Lesson 1-7) 


t -« 


20. FISH Sarah has a fish tank with the dimensions 
shown. (Lesson 1-7) 


a. What is the surface area of the fish tank? 


b. If Sarah fills the tank to a depth of 17 inches, 
what will be the volume of the water in the 
tank? 


SS 72 in, 
— in. = 
(7 ooicaesecooen R1 


Extra Practice 


("| Reasoning and Proof 


1. Determine whether the statement below is true 
or false. If false, provide a counterexample. 
(Lesson 2-1) 


If AB is perpendicular to CD, then exactly two 
right angles are formed. 


Use the following statements to write a 
compound statement for each conjunction or 
disjunction. Then find its truth value. Explain 
your reasoning. (Lesson 2-2) 

p: A prism has two bases. 

q: A pyramid has two bases. 


r: A sphere has no bases. 
2. pAr 3. 9 V ~r 


COMMUNITY SERVICE Refer to the Venn diagram 
that represents the organizations served by the 
students in a service club. (Lesson 2-2) 


Community Service 


Animal Shelter 


Food Bank 


4. How many students volunteer in both 
organizations? 


5. How many students volunteer for only one 
organization? 


6. How many students are in the club? 


Determine the truth value of each conditional 
statement. If true, explain your reasoning. If 
false, give a counterexample. (Lesson 2-3) 


7. If a number is divisible by 6, then it is divisible 
by 3. 


8. Ifx*= 16, then x = 2. 


9. GRADES Draw a valid conclusion from the 
statement below, if possible. Then state whether 
your conclusion was drawn using the Law of 
Detachment or the Law of Syllogism. If no valid 
conclusion can be drawn, write no valid conclusion 
and explain your reasoning. (Lesson 2-4) 


If Amy scores above a 90 on her chemistry test, she 
will make an A. If she makes an A, her parents will 
take her to the theater. Amy scored a 93 on her 
chemistry test. 


R2 | Extra Practice 


Determine whether each conclusion is based on 
inductive or deductive reasoning. (Lesson 2-4) 


10. Andrew’s mom makes spaghetti for dinner on 
Mondays. Today is Monday. He concludes that 
his mom will make spaghetti for dinner. 


11. If Beth turns in her report early, she receives 
extra credit. Beth turned in her report early. 
She concludes that she will receive extra credit. 


Determine whether each statement is always, 
sometimes, or never true. Explain you reasoning. 
(Lesson 2-5) 


12. If planes A and B intersect, then their 
intersection is a line. 


13. If point A lies in plane P, then ‘AB lies in plane P. 
14. Lines p and q intersect in points M and N. 


15. PHYSICS The formula for pressure under water is 
P = pgh, where p is the density of water, g is 
gravity, and h is the height of the water. Given 
the water pressure, prove that you can calculate 


the height of the water using h = = (Lesson 2-6) 


16. PROOF Write a two-column M 3x—8 N 
proof to verify that 
if MN = QP, then x = 7. (Lesson 2-6) 
Q 13 P 
17. PROOF Prove the following. (Lesson 2-7) 
Given: AC = BD A B 
EC = ED 
Prove: AE = BE 


D Cc 


Find the measure of each numbered angle, and 
name the theorems that justify your work. (Lesson 2-8) 


18. 22 and 23 are 19. 26 = 27 
supplementary; 
mZ2 = 149 


20. PROOF Given that ZBEC is a right angle, prove 
that ZAEB and ZCED are complementary. 
(Lesson 2-8) 


Parallel and Perpendicular Lines 


Classify the relationship between each pair of 
angles as alternate interior, alternate exterior, 
corresponding, or consecutive interior angles. 
(Lesson 3-1) 


1. Z5 and 27 
2. 22 and 26 
3. 26 and 27 
4. Z4and 28 


5. FENCES Find the measures of 22, 23, and 24 of 
the fence shown. (Lesson 3-2) 


Find the value of the variables in each figure. 
Explain your reasoning. (Lesson 3-2) 


8. JOBS Katie mows lawns in the summer to earn 
extra money. She started with 3 lawns, and she 
now mows 12 lawns in her fourth summer. 
(Lesson 3-3) 

a. Graph the line that models the growth of 
Katie’s business over time. 

b. What is the slope of the graph? What does it 
represent? 

c. Assuming that the business continues to grow 


at the same rate, how many lawns should 
Katie plan to mow during her sixth summer? 


Determine whether AB and CD are parallel, 
perpendicular, or neither. Graph each line to 
verify your answer. (Lesson 3-3) 


9. A(—4, —2), B(O, 4), C(—2, —4), D(A, 5) 
10. A(O, =3)) BG, 9), C(-4, 0), D6, 3) 
Graph the line that satisfies each 
condition. (Lesson 3-3) 

11. slope = 5, passes through W(4, 5) 


12. passes through M(—3, —5), perpendicular 
to NP with N(—3, 2) and P(9, 4) 


Write an equation in point-slope form of the line 
having the given slope that contains the given 
point. Then graph the line. (Lesson 3-4) 


13. m= -2, (10,-14) 14. m=5,(-1,-3) 


Write an equation of the line through each pair of 
points in slope-intercept form. (Lesson 3-4) 


15. (4,0) and (—3,—7) 16. (—1, 8) and (5, —4) 


17. MOVIES Wade watches movies online through 
an online movie rental company. His current 
plan costs $7.99 per month with an additional 
charge of $2.39 per movie. He is considering 
switching to a plan that costs $14.99 per month 
with an additional charge of $1.49 per movie. 
(Lesson 3-4) 


a. Write an equation to represent the total 
monthly cost for each plan. 


b. Graph the equations. 


c. If Wade watches an average of 10 movies 
per month, should he keep his current plan 
or change to the other plan? Explain. 


Given the following information, determine 
which lines, if any, are parallel. State the postulate 
or theorem that justifies your answer. (Lesson 3-5) 


18. mZ4 + mZ7 = 180 £ m 
19. Z1= 24 1/2 3 
rT 5]4. 
20. mZ6 = 90 2 
oie? 
21. PROOF Write a two-column proof. (Lesson 3-5) 
Given: Z1 and Z8 \ 2 
are supplementary. wN3 
Prove: £ || m dN 6 . ‘if 
8 


Find the distance from P to @. (Lesson 3-6) 


22. Line @ contains points (0,3) and (—4, —9). 
Point P has coordinates (—6, —5). 


23. Line @ contains points (—5, 6) and (1, —6). Point 
P has coordinates (6, 4). 


Find the distance between each pair of parallel 
lines with the given equations. (Lesson 3-6) 


24. y = —4x — 6 25. y=ox+Z 
1 


y=—4x4+11 y=5x+1 


——— R3 
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Congruent Triangles 


Classify each triangle as acute, equiangular, 
obtuse, or right, and as equilateral, isosceles, 
or scalene. (Lesson 4-1) 


1. AABC 
2. ABCD 
3. ABDF 


4. BICYCLING In the bicycle shown, mZC = 60 and 
mZD = 105. Find mZB. (Lesson 4-2) 


Find each measure. (Lesson 4-2) 
5. mZ1 a 
6. mZ2 
7. mZ3 


(ot) 


In the figure, AABC = ADEF. 
Find each value. (Lesson 4-3) F 22-yeE 

8. x 24 
9. 4x +4 


10. z 


Determine whether APQR = AXYZ. 
Explain. (Lesson 4-4) 


11. P(—4, 2), Q(2, 2), R(2, 8); 
X(-1, —3), Y(5, —3), Z(5, 4) 


12. P(—2, 4), Q(—7, 3), R(O, 9); 
X(3, 6), Y(2, 1), Z(8, 8) 
13. PROOF Write a two-column proof. (Lesson 4-4) 
Given: AB = DE, C E 
AC = DE, a 
AB || DE 
Prove: AABC = ADEF 
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14, PROOF Write a paragraph proof. (Lesson 4-5) Q 
Given: mZPRQ = 90 
mZRPT = 90 
4Q=2T a R 
Prove: AQRP = ATPR 


T 


15. NATURE What is the approximate width of the 
creek shown below? Explain your reasoning. 
(Lesson 4-5) 


Find each measure. (Lesson 4-6) B 
16. mZBDA 
17. BD 

18. mZBCD 


19. Identify the type of congruence transformation 
shown as a reflection, translation, or rotation. 
(Lesson 4-7) 


Graph each pair of triangles with the given 
vertices. Then, identify the transformation, 

and verify that it is a congruence transformation. 
(Lesson 4-7) 


20. A(2, 2), B(4, -1), C(1, —2); 
MM —4,.— 1), N(=1,.— 2); P(=2) 3) 
21. A(—1, —1), B(—1, —4), C(2, —4); 
M(-1, 1), N(—4, 1), P(—4, 4) 


22. CAMPUS The gym at Alex’s school is located 
70 feet south and 90 feet west of the main 
building. The vocational building is located 
120 feet south and 200 feet east of the main 
building. Show that the triangle formed by 
these three buildings is scalene. Explain your 
reasoning. (Lesson 4-8) 


Relationships in Triangles 


1. OFFICE DESIGN The copy machine C, filing Write an indirect proof of each statement. 
cabinet F, and supply shelves S are positioned (Lesson 5-4) 
in an office as shown. Copy the diagram, and 13: lf =7 46 S14, thene 23. 


find the location for the center of a work table 


so that it is the same distance from all three 
points. (Lesson 5-1) 14. If5 — 2x < —13, then x > 9. 


ch 15. JOBS Nate worked for 6 hours today with two 


cy breaks. Use indirect reasoning to show that he 
C worked for longer than two hours without a 
Ld . . . . 
F; break at some point during his shift. (Lesson 5-4) 
cols = ca 
16. Write an indirect proof of the statement below. 
Point T is the incenter of AMNP. Find each (Lesson 5-4) 
measure below. Round to the nearest tenth, A triangle can have at most one obtuse angle. 
if necessary. (Lesson 5-1) oy 
2..0F 17. Is it possible to form a triangle with side lengths = 
3. MT 3 centimeters, 8 centimeters, and 11 centimeters? a 
, If not, explain why not. (Lesson 5-5) = 
4. mZPNT © 
Find the range for the measure of the third side of a 
In AABC, CH = 702, AG = 85, and DH = 204. triangle given the measures of two sides. (Lesson 5-5) 
Find each length. (Lesson 5-2) A 18. 9 ft, 16 ft 19. 1.7m,2.9m 
5. FH D 
6. BD FE 20. Determine the possible x44 3x—4 
. values of x. (Lesson 5-5) 
7. AH B G Cc dx —2 
Find the indicated point of concurrency for each 21. SNOWSHOEING Two groups of friends leave the 
triangle with the given vertices. (Lesson 5-2) same cabin to go snowshoeing. Group A goes 
8. centroid; A(—4, —5), B(—1, 2), C(2, —4) 2.5 miles due north and then turns 79° east of 
north and travels an additional 2.5 miles. 
9. orthocenter; M(—9, —2), N(1, 8), P(9, —8) Group B goes 2.5 miles due south and then 


turns 86° east of south and travels an additional 
2.5 miles. Who is now closer to the cabin? Use 


List the angles and sides of each triangle in order ; ; ; 
a diagram to explain your reasoning. (Lesson 5-6) 


from smallest to largest. (Lesson 5-3) 


. A : ¥ 
m " Find the range of values containing x. (Lesson 5-6) 


2 22, x 23. 
su T Xx 69" Z \ ee a 
6 


2x+3 


12. MAPS Three cities lie in a triangle as shown. 
Which two cities are the farthest apart? (Lesson 5-3) 24, PROOF Write a two-column proot. f lee ; 6) 
City C Given: AB = CD, 


700° mZCDB > mZBAC 
mZBDA > mZCAD 
50° 60°\ .. Prove: AC > DB 


City A 
== R5 


City B 


o 
2 
— 

oO 

s 
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S 
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é Quadrilaterals 


Find the value of x in each diagram. (Lesson 6-1) 


1. (19x—2)° 


(17x—2)° 


(18x+4 2)° 


(6x4 1)° (12x-+4+1)° 


Use parallelogram ABCD to find each measure. 
(Lesson 6-2) 


3. mZA A 12 B 
iad 
D Cc 


5. AUTO REPAIR A scissor jack is used to lift part of 
a car to make repairs. ABCD is a parallelogram. 
As the jack is raised, mZA and mZC increase. 
Explain what must happen to mZB and mZD. 
(Lesson 6-2) 


Find the value of each variable in each 
parallelogram. (Lesson 6-2) 


6. 7. b+2 


(13x+1)° at+5 


Determine whether each quadrilateral is a 
parallelogram. Justify your answer. (Lesson 6-3) 


(14y+-1)° 


10. DESIGN Valerie is using the design shown for 
the front of a sweater. If all of the blocks of 
color are congruent parallelograms, write a 
two-column proof to show that ACEG is a 
parallelogram. (Lesson 6-3) 


9 
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11. Graph the quadrilateral with vertices A(0, 3), 
B(10, 4), C(6, —1), and D(—4, —2). Determine 
whether ABCD is a parallelogram. Justify your 
answer. (Lesson 6-3) 


12. SNOW Four boys are throwing snowballs, 
such that their positions are the vertices of a 
rectangle as shown. If Carl is 100 feet from 
Ben, and Abe and Ben throw snowballs along 
the diagonals at the same time and the 
snowballs collide in mid air, how far had the 
snowballs traveled at the time of collision? 
(Lesson 6-4) 


Carl 


Quadrilateral MNPQ is a rectangle. (Lesson 6-4) 


13. If mZMNQ = 3x + 3 and mZQNP = 10x — 4, 
find mZMQN. 


14. If MC = 4.5x — 2.5 and NC = 4x + 1.5, 
find QN. 


15. PROOF Write a proof to show that the four 
smaller triangles formed by the diagonals of a 
rectangle are isosceles. (Lesson 6-4) 


Quadrilateral ABCD is a rhombus. Find each 
value or measure. (lesson 6-5) B 


16. mZDBC if SE 
9 . = 


17. DC C 
12 


D 


18. Determine whether J WXYZ with verticies 
W(—2, 0), X(1, 1), Y(2, —2), Z(—1, —3) is a 
rhombus, a rectangle, or a square. List all that 
apply. Explain. (Lesson 6-5) 


Find each measure. (Lesson 6-6) 
19. mZA 20. MR 


Proportions and Similarity 


Find the measures of the angles or sides in each 
triangle. (Lesson 7-1) 


1. The ratios of the measures of the three angles 
is4:5:11. 

2. The ratio of the three sides is 5 : 3: 6 and the 
perimeter is 98 centimeters. 


3. FAMILY Shawn surveyed his homeroom class to 
find out how many of his classmates have at 
least 1 sibling. Of the 32 people in his homeroom, 
25 have at least one sibling. (Lesson 7-1) 


a. If there are 470 students in Shawn’s school, 
write a proportion that could be used to 
predict the number of students in the school 
who have at least one sibling. 


b. What is the number of students in Shawn’s 
school with at least one sibling? 


Determine whether each pair of figures is similar. 
If so, write the similarity statement and scale 
factor. If not, explain your reasoning. (Lesson 7-2) 


D E 5. xX W 
0 MN 
A 
Qe Ul} 
F Q5P 
Cc B 
Each pair of polygons is similar. Find the value 
of x. (Lesson 7-2) 


6. A 2x42 CE 


x 9.8 Ai 
M/ NE or 
iN 
D 20 


E11D 


Determine whether the triangles are similar. If 
so, Write a similarity statement. Explain your 
reasoning. (Lesson 7-3) 


8. A C 9. N X 11 Y 
6 _ 2 : 
11 11 
5 22 
E D M P Z 


10. HEIGHT When Rachel stands next to her cousin, 
Rachel’s shadow is 2 feet long and her cousin’s 
shadow is 1 foot long. If Rachel is 5 feet 
6 inches tall, how tall is her cousin? (Lesson 7-3) 


Refer to the figure shown. (Lesson 7-4) M 
N 
11. If PN = 4, NM =1,and PQ=5, 
find PR. 
12. If PR = 13, PQ =9, and R Q a 


NM = 3, find PN. 


DE, EF, and FD are midsegments of AABC. Find 
the value of x. (Lesson 7-4) 


13. A D B 14. B 
° 12 16 
D E 
12 16 
A 
22 F 22 ° 
Mm 
al 
16. ry 
20 u 
28 ry 
(-) 
=a 
x (P) 
(9°) 


12 


17. FOOSBALL Jason wants to determine if his 
foosball table is a dilation of his school’s soccer 
field. The dimension of the table are 30 inches by 
555 inches, and the dimensions of the field are 
60 yards by 110 yards. Is the table a dilation? 
Explain. (Lesson 7-6) 


Graph the original figure and its dilated image. 
Then verify that the dilation is a similarity 
transformation. (\esson 7-6) 


18. A(0, —2), B(—1, 3), C(3, —2); 
X(0, -6), Y(—3, 9), Z(9, —6) 


19. D(—6, 6), E(6, 2), F(—2, —4); 
M33), NG; 1),.f(-1-=2) 


20. ARCHITECTURE The blueprint below is a scale 
drawing of a proposed structure. (Lesson 7-7) 


| Seo seqoo 
q hn 
Family | ai Kitchen 
Ee eee Se a 
= | Dining = Breakfast 
RR| | o | Room 3 Room Scale: 


1in. = 25 ft 


a. What are the approximate dimensions of 
the family room? Round to the nearest 
0.5 foot, if necessary. 


b. What are the approximate dimensions of 
the dining room? Round to the nearest 
0.5 foot, if necessary. 
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Right Triangles and Trigonometry 


Find the geometric mean between each pair of 
numbers. (Lesson 8-1) 


1. 7 and 12 2. 8 and 36 


Find x, y, and z. (Lesson 8-1) 


Determine whether each set of numbers can be 
the measures of the sides of a triangle. If so, 
classify the triangle as acute, obtuse, or right. 
Justify your answer. (Lesson 8-2) 


7. 24, 32, 41 8. 17.5, 60, 62.5 


Find x. (Lesson 8-3) 


& et 


V2 


12. “ . 
Nel 28 
Find x. Round to the nearest tenth, if necessary. 
(Lesson 8-4) 


“bee 7 


15. SKATEBOARDING Lindsey is building a 
skateboard ramp. She wants the ramp to be 
1 foot tall at the end and she wants it to make 
a 15° angle with the ground. What length of 
board should she buy for the ramp itself? 
Round to the nearest foot. (Lesson 8-4) 


ae 
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16. BUILDINGS Kara is standing about 50 feet from 
the base of her apartment building, looking up 
at it with an angle of elevation of 75°. What is 
the approximate height of Kara’s building? 
(Lesson 8-5) 


17. ROLLER COASTERS Evan is looking down the 
hill of a roller coaster from a height of 75 feet 
with an angle of depression of about 70°. What 
is the approximate horizontal distance from 
the top of the hill to the bottom of the hill? 
(Lesson 8-5) 


18. MOVIES Kim is sitting in the row behind her 
friend Somi at the movies. Kim is looking at 
the screen with an angle of elevation of about 
27° and Somi’s angle of elevation is about 29°. 
If there are 3 feet between each row of seats, 
about how tall is the movie screen? (Lesson 8-5) 


27° 29° 
3 ft’ 


Solve each triangle. Round angle measures to the 
nearest degree and side measures to the nearest 
tenth. (Lesson 8-6) 


B » 
19. 20 a E aj 
oe 
39° 68 
78° 
A 44 Cc 


1 N 22. Y 
15.2 ‘er 16.5 
M P 37 
Copy the vectors to find each sum or difference. 


(Lesson 8-7) 
= 
ee ed 


23. a—b 

24.a+¢ 

25. SWIMMING Kendall is swimming due south at 
4.5 feet per second. The current of the river is 
moving with a velocity of 2 feet per second 
due east. Find Kendall’s resultant speed and 
direction. (Lesson 8-7) 


Transformations and Symmetry 


Graph each figure and its image under the given 
reflection. (Lesson 9-1) 


1. AABC with vertices A(—1 
C(0, 5) in the line y = x 


2. quadrilateral WXYZ with vertices W(—3, —2), 
X(—4, 1), Y(1, 4), and Z(2, —2) in the y-axis 


—4), B(—5, 3), and 


3. CAMPING Jin and Tom plan to hike to the rock 
bridge one day, return to camp, and then hike 
to the falls on the next day. Where along the 
trail should they place their camp in order to 
minimize the distance they must hike? (Lesson 9-1) 


Natur 
Rock Bridge 


Campi 
bing allowed along tray only 


Graph each figure and its image along the given 
vector. (Lesson 9-2) 
4. AXYZ with vertices X(—2, —1), Y(1, 3), and 
5. trapezoid MNPQ with vertices M(—4, —3), 
N(-2, 2); Pi, 2) and Q(3, —3); (3, —1) 


6. MAPS Caleb’s house and several places he 
visits are shown on the grid. (Lesson 9-2) 


4 Movies 
| mall 
laundromat 
© 
house 
@ 
library 4 

school 

peat 


a. If Caleb leaves his house and goes one block 
west and four blocks north, what is his new 
location? 


b. Write a translation vector that will take 
Caleb from the library to the movies. 


Graph each figure and its image after the 
specified rotation about the origin. (Lesson 9-3) 


7. APQR with vertices P(—1, —2), Q(—5, —4), and 
R(—3, —6); 90° 


8. parallelogram WXYZ with vertices W(—3, 3), 
X(—2,7), Y(4, 5) and Z(3, 1); 180° 


9. CLOCKS Anna looks at a clock at 11:05. When 
she looks at the clock for a second time during 
the same hour, the minute hand has rotated 
270°. At what time does Anna look at the clock 
for the second time? (Lesson 9-3) 


Graph each figure with the given vertices and its 
image after the indicated glide reflection. (Lesson 9-4) 


10. ADEF: D(—5, 1), E(—3, 5), F(0, 3) 
Translation: along (—4, 3); Reflection: in x-axis 


11. AMNP: M(2, 5), N(6, 2), P(8, 6) 
Translation: along (2, 4); Reflection: in y = x 


Graph each figure with the given vertices and its 
image after the indicated composition of 
transformations. (Lesson 9-4) 


12. XY: X(7, 9) and Y(2, 1) 
Rotation: 90°; Translation: (—5, —2) 


13. AB: A(—4, —6) and B(—2, 5) 
Reflection: in x-axis; Rotation: 270° 


ALPHABET Determine whether each letter below 
has line symmetry, rotational symmetry, both, or 
neither. Draw all lines of symmetry and state 
their number. Then determine the center of 
rotational symmetry and state the order and 
magnitude of rotational symmetry. (Lesson 9-5) 


14. B 15. X 


State whether the figure has plane symmetry, axis 
«om both, or neither. (Lesson 9-5) 


ia 


18. NATURE The diameter of a snowflake is 
2 millimeters. If the diameter appears to 
be 3 centimeters when viewed under a 
microscope, what magnification setting 
(scale factor) was used? (Lesson 9-6) 


Find the image of each polygon with the given 
vertices after a dilation centered at the origin 
with the given scale factor. (Lesson 9-6) 


19, Ai—5,—4), B(—2, <3), C1, 6), 
D(—4, —8);k = ; 


20. X(2, 4), Y(4, 0), Z(5, 5);k =1.5 
yy LE 
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The diameter of the smaller circle centered at A is 
3 inches, and the diameter of the larger circle 
centered at A is 9 inches. The diameter of ©D is 
11 inches. Find each measure. (Lesson 10-1) 


1. BC i 
OB) 


2. CD 


3. DECORATIONS To decorate for homecoming, 
Brittany estimates that she will need to purchase 
enough streamers to go around the school's 
circular fountain twice. If the diameter of the 
fountain is 88 inches, about how many feet of 
streamers should she buy? (Lesson 10-1) 


Use ©C to find the length of each X 


arc. Round to the nearest -\ 
oF) ¥. 


hundredth. (Lesson 10-2) 
4. XY if the radius is 5 feet 
5. YZ if the diameter is 8 meters 
Zz 


6. TRANSPORTATION The graph shows the results 
of a survey in which students at a high school 
were asked how they get to school. (Lesson 10-2) 


How Students 
Get to School 


Other Public 
2% Transportation 
8% 


Bike 


10% 
Walk 
15% 
F 
a. Find mCD. 
b. Find mBC. 


Find the value of x. (Lesson 10-3) 


7 A 58°C 
(8x + 2)° 
B 58° D 
Y 

In ©M, MZ = 12 and WY = 20. xX 
Find each measure. Round to 
the nearest hundredth. (Lesson 10-3) dg 

9. CM 10. XC 

Z. 
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Find each measure. (Lesson 10-4) 


11. mZN 12. mZB 
128° 


B 
M 
N A 
Cc 
° 112° 
114 
D 


13. Find x. Assume that segments 


that appear to be tangent are 
tangent. (Lesson 10-5) 


14. Quadrilateral ABCD is 


circumscribed about ©H. << B 
Find m. (Lesson 10-5) 

Nx 

54 mn 

Ae 


Ls ae 


Find each measure. Assume that segments that 
appear to be tangent are tangent. (Lesson 10-6) 


15. mXYZ 16. MP 


140° 
110° 
‘wo M A 
> N 
Z Ag 35° 


Find x to the nearest tenth. Assume that segments 
that appear to be aa are tangent. (Lesson 10-7) 
x42 D 


“RS 


19. CELL PHONES A cell phone tower covers a 
circular area with a radius of 15 miles. (Lesson 10-8) 
a. If the tower is located at the origin, write an 
equation for this circular area of coverage. 


b. Will a person 11 miles west and 12 miles south 
of the tower have coverage? Explain. 


20. Write an equation of a circle that contains 
points A(—1, 5), B(—5, 9), and C(—9, 5). Then 
graph the equation. (Lesson 10-8) 


Areas of Polygons and Circles 


Find the perimeter and area of each figure. Round 
to the nearest tenth if necessary. (Lesson 11-1) 


1. 12cm 2. 13 in. 


7m Sin. 12in. 


3. The height of a parallelogram is three times its 
base. If the area of the parallelogram is 108 square 
meters, find its base and height. (Lesson 11-1) 


4. The height of a triangle is three feet less than 
its base. If the area of the triangle is 275 square 
feet, find its base and height. (Lesson 11-1) 


Find the area of each trapezoid, rhombus, or kite. 
(Lesson 11-2) 


5. Eire 6. 21 in. 7. oll Jia 
bes oN Jom "ED 


4mm 


8. MODELS Joni is designing a mural for the side 
of a building. The wall is 15 feet high and 
50 feet long. If she covers the wall with a kite as 
shown, what is the area of the kite? (Lesson 11-2) 


50 ft 


9. A trapezoid has a height of 12 inches, a base 
length of 9 inches, and an area of 150 square 
inches. What is the length of the other base? 
(Lesson 11-2) 


Find the indicated measure. Round to the nearest 
tenth. (Lesson 11-3) 


10. The area of a circle is 201 square meters. Find 
the radius. 


11. Find the diameter of a circle with an area of 
79 square feet. 


Find the area of each shaded sector. Round to the 
nearest tenth if necessary. (Lesson 11-3) 


12, +A 13. 
ON 

we 

D 


14, GRAPHS Len created a circle graph using the 
survey results shown in the table. (Lesson 11-3) 


Preferred Type of Exercise 
Treadmill 
Stationary Bike 
Swimming 
Aerobics 
Other 


a. What is the angle measure of the sector 
representing swimming? 


b. If the graph has a 3-inch diameter, what is 
the area of the sector representing treadmill? 


Find the area of each regular polygon. Round to 
the nearest tenth if necessary. (Lesson 11-4) 


@OoA@G 


16 ft 
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Find the area of each figure. Round to the nearest 


tenth if necessary. (Lesson 11-4) 


Oo 


10 in. 


18. 99cm 21cm 19. 


For each pair of similar figures, find the area of 
the green figure. (Lesson 11-5) 


@evvr 


= 738 tt? = 696 mm? 


For each pair of similar figures, use the given 
areas to find the scale factor from the blue to the 
green figure. Then find x. (Lesson 11-5) 


22. 7 in. 
i@ Y-¥- 


A=174in? A =696 in? ea 

24. MODELS Anna is making a model of her house. 
The area of the model’s living space is 70 square 
inches. If the area of the actual living space is 
1750 square feet, how many feet are represented 
by each inch of the model? (Lesson 11-5) 


(caine R11 


Extra Practice 


Extending Surface Area and Volume 


Use isometric dot paper to sketch each prism. 
(Lesson 12-1) 


1. triangular prism 4 units high, with two sides of 
the base that are 3 units long and 4 units long 


2. rectangular prism 1 unit high, 5 units wide, 
and 3 units long 


3. Use isometric dot paper and the orthographic 
drawing to sketch the solid. (Lesson 12-1) 


fo HH HO 


top view left view front view back view 


Find the lateral and surface area of each solid. 
Round to the nearest tenth. (Lesson 12-2) 


4. 3 in. 5. 
© 


8 in. 


1.5 ft 


6. MANUFACTURING An office has recycling barrels 
that are cylindrical with cardboard sides and 
plastic lids and bases. Each barrel is 3 feet tall 
with a diameter of 30 inches. How many 
square feet of cardboard are used to make 
each barrel? (Lesson 12-2) 


Find the lateral and surface area of each regular 
pyramid or cone. Round to the nearest tenth if 
necessary. (Lesson 12-3) 


Find the volume of each solid. Round to the 
nearest tenth if necessary. (Lesson 12-4) 


9. 10. 


20 ft 


11. ADVERTISING A company 
advertises that their juice 
boxes contain 20% more 
juice than their 
competitor’s. If the base 
dimensions of the boxes 
are the same, how much taller are the larger 
boxes? (Lesson 12-4) 
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Find the volume of each solid. Round to the 
nearest tenth if necessary. (Lesson 12-5) 


Find the surface area and volume of each sphere or 
hemisphere. Round to the nearest tenth. (Lesson 12-6) 


14. Lae 15. <M 
S 


16. SPORTS The diameter of a tennis ball is 
2.7 inches, and the diameter of a baseball is 
2.9 inches. How many times as great is the 
volume of the baseball as the volume of 
the tennis ball? (Lesson 12-6) 


Name each of the following on sphere 4. (Lesson 12-7) 


17. a triangle 


18. two segments on the same great circle 


Determine whether each pair of solids is similar, 
congruent, or neither. If the solids are similar, 
state the scale factor. (Lesson 12-8) 


19. 9cm 


Probability and Measurement 


1. FITNESS Laura wants to go to a fitness class 
tomorrow. She can choose a 5:00 or a 7:30 class and 
spin or water aerobics. Represent the sample space 
for the situation by making an organized list, a 
table, and a tree diagram. (Lesson 13-1) 


2. SCHOOL UNIFORMS Susan has a school uniform 
that consists of a polo shirt, an oxford shirt, a 
skirt, and a pair of pants. She also has a 
sweater than she can wear if she chooses. 
Draw a tree diagram to represent the sample 
space for Susan’s uniform. (Lesson 13-1) 


3. CONSTRUCTION Bert’s family is building a 
house in a new neighborhood, and they 
must choose one option listed below for 
each feature. What is the number of possible 
outcomes for the situation? (Lesson 13-1) 


Options 
Elevation 1, Elevation 2 
formica, granite 
French antique glazed, oak, cherry 
unfinished, partially finished, finished 
none, one car, two car 


Feature | 
floor plan 
counters 


cabinets 
basement 
garage 


4. DIVING At a swim meet, the order of the divers 
is randomly selected. If there are 12 divers, 
what is the probability that Danielle, Nora, 
and Li will dive first, second, and third, 
respectively? (Lesson 13-2) 


5. NUMBERS Charlie’s phone number is 555-3703. 
If he places each of the digits in a bowl and 
randomly selects one number at a time without 
replacement, what is the probability that he will 
choose his phone number? (Lesson 13-2) 


6. RAFFLES Participants in a raffle received tickets 
1101 through 1125. If four winners are chosen, 
what is the probability that the winning tickets 
are 1103, 1111, 1118, and 1122? (Lesson 13-2) 


7. Point X is chosen at random on AE. Find the 
probability that X is on CE. (Lesson 13-3) 
A4B 7 C5D 8 E 


Find the probability that a point chosen at 
random lies in the shaded region. (Lesson 13-3) 


8. 3, 


125, 125 


11. FOOTBALL Wes made 92% of his point after 
touchdown attempts last season. Design and 
conduct a simulation using a random number 
generator that can be used to estimate the 
probability that he will make his next point 
after touchdown attempt. (Lesson 13-4) 


BASKETBALL For each field goal attempt in 
basketball, a player can earn 0, 2, or 3 points. 
The probability that a certain player will score 
0 points on an attempt is 45%, 2 points is 40%, 
and 3 points is 15%. (Lesson 13-4) 


12. Calculate the expected value for one attempt. 


13. Design a simulation using a geometric 
probability model and estimate the player’s 
average value per field goal attempt. 


14. Compare the values for Exercises 12 and 13. 


15. A die is rolled twice. What is the probability 
that the first number rolled is a 3 and the 
second number rolled is a 5? (Lesson 13-5) 


16. Three cards are randomly chosen from a deck 
of 52 cards without replacement. What is the 
probability that they will all be red? (Lesson 13-5) 


17. Aspinner numbered 1 through 6 is spun. 
Find the probability that the number spun is a 
3 given that it was less than 4. (Lesson 13-5) 


BOOKS The table shows the number and type of 
books that Sarah owns. Find each probability. 
(Lesson 13-6) 


Medium | Classic | Mystery | Biography 
print 


audio 


electronic 


18. A randomly chosen title is a print or audio book. 
19. A randomly chosen title is not a biography. 


20. DOGS The table shows the ages and genders of 
the dogs at an animal shelter. What is the 
probability that a randomly chosen dog is a 
female or over 5 years old? (Lesson 13-6) 


Age | Male | Female 


under 1 year 


1-5 years 
6-10 years 
over 10 years 
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Selected Answers and Solutions 


Go to Hotmath.com for step-by-step solutions of most odd-numbered exercises free of charge. 


CHAPTER 0 
Preparing for Geometry 


Lesson 0-1 

1.cm 3kg 5.mL 7.10 910,000 11.0.18 
13.2.5 15.24 17.0.370 19.4 21.5 23.16 
25.208 27.9050 

Lesson 0-2 

1.20 3.12.1 5.16 7.12 9.5.4 11.22.47 
13.1.125 15.5.4 17.15 19.367.9¢ 21.735.8¢ 
Lesson 0-3 


1 0 2 © A. ° 13 
1.3 or 33% 3.3 or 67% 5.3 or 33% 7. 5g or about 


46% 9. = or about 79% 11. ss or about 13% 

9 9 ak. 9 13 
13. 9g oF about — 15. 9g oF about - % ‘17. 28 or 
about 46% 19. 74 about 93% 21. To of 10%; gor 


12.5% 23. Sample answer: Assign each friend a 
different colored marble: red, blue, or green. Place all 

the marbles in a bag and without looking, select a marble 
from the bag. Whoever’s marble is chosen gets to 

go first. 

Lesson 0-4 

1.3 3-2 5.-1 7.-26 9.26 11.15 


Lesson 0-5 

1.-8 3.15 5.-72 7-2 9,2 11.-15 13.—7 
15.—7 17.-1 19.60 21.—-4 23.4 25.15 27.21 
29, —2 31.2 33.6 35.1 


Lesson 0-6 

1. {x[x< 13} 3.{yly<5} 5. {t]f> —42} 7. {did < 4} 
9. {k|k => —3} 11. {z|z < —2} 13. {m|m < 29} 

15. {b]b => —16} 17. {z|z >—2} 19. {b|b < 10} 


21. {qq = 2} 23.{wlw = 2} 
Lesson 0-7 
1.22.3) 9:0,2) 53-1). Ty BE =) 


11.(3,0) 13.(2,-4) 15.(—4,2) 17.none 19.IV 
21.1 23. II 
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27. 


Lesson 0-8 
1.(2,0) 3.nosolution 5. (2, —5) 7.(-4 3) 


9.(4,1) 11.elimination, no solution 13. elimination 
or substitution, (3,0) 15. elimination or substitution, 
(-6, 4) 


Lesson 0-9 

1.4V2 3.10V5 5.6 7.7xly3|V2x 9.5 a 
30 

1 jg NS ina gee 


CHAPTER 1 

Tools of Geometry 

Chapter1 Get Ready 

1. 


29 2 
5.e5 7.636 9.575 11.81 13.153 15.6 
Lesson 1-1 


1.Sample answer:m 3.B 5.plane 

7. Sample answer: 9. Sample answer: 
A, H, and B 

11. Yes; points B, 
D, and F lie in 
plane BDF. 


13.Sample answer: andq 15.R 
(7) Sample answer: Points A, B, and C are contained 
in plane R, Since point P is not contained in plane 
R, it is not coplanar with points A, B, and C. 
19. points A and P 21. Yes; line 7 intersects line q 
when the lines are extended. 23. intersecting lines 


25. two planes intersecting inaline 27. point 
29. line 31. intersecting planes 


33. Sample answer: 35. Sample answer: 


mast 


<---- 


37. Sample answer: 39. Sample answer: 


fk M s 
SS 
iis 
t 


41.edges 43.Sample answer: M and N 


@) The planes appear to be parallel. Since they do not 
have any lines in common, they do not intersect. 
47. No; V does not lie in the same plane. 
a. The intersection between the signs and the pole 
is represented by a point. b. The two planes 
intersect in a line. 


51a. Sample answer: * A 
| 


t 


ais== 
< 


5ib. 


51c. Sample answer: They get closer together. 
53. Sample answer: The airplanes are 
in different horizontal planes. 


(5) a. There are four ways to choose three points: 
FGH, FGK, GHK, and FHK. Only one way, FGH, 
has three points collinear. So, the probability is +. 


b. There is exactly one plane through any three 
noncollinear points and infinitely many planes 
through three collinear points. Therefore, the 
probability that the three points chosen are 
coplanar is 1. 


57. Sample answer: 


——— T_T 
yP__. 


59.4 61.Sample answer: 
A table is a finite plane. It 
is not possible to have a 
real-life object that is an 
infinite plane because all 
real-life objects have 
boundaries. 


va la3\V6 


63.H 65.B 67.6V7 a 


73.415 — 8/3 


75. y 77. Sample answer: 
A 424.5 ¢ 

79. Sample answer: 
1.1kg 

Oo 81.> 83.< 85.> 


Lesson 1-2 
1.5.7cmor57mm 3. 12 in. 5.3.8 in. 


@) oy ay BD =4x_ Given 
C B 19 D 12 =4x Substitution 
12 _ 4x Divide each side 


4 4 by4. 
3=x — Simplify. 
BC = 2x Given 
=2(3) x=3 
=6 Simplify. 


9.AG =FG,BG=EG,CG=DG_ 11.38mm 
13,2 in. 15.1lom 17.15in. 1942cm 2.c=18; 
YZ=72 2B.a=4;YZ=20 .n=42;YZ = 15 
27) Yes; KJ = 4in. and HL = 4 in. Since the segments 
have the same measure, they are congruent. 
29.no 31. yes 
(3) Sample answer: All the segments that have one 
slash are congruent: AB = BC = CD = DE = 
DG = BG = CG, AC = EC. All segments with two 
slashes are congruent: AH = HG = GF = FE, 
AG = HF = GE. All segments with three slashes 
are congruent: BH = DF. 
35. Sample answer: BD = CE; BD = PQ; YZ = JK; 
PQ=RS;GK=KL 37. If point B is between points 
A and C, and you know AB and BC, add AB and BC 
to find AC. If you know AB and AC, subtract AB from 
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Ze) 
al 
(a>) 
ir) 
Cal 
is") 
a. 
> 
=> 
n 
= 
=D 
wn 
i) 
=> 
[=5 
Ze) 
S 
i= 
= 
(=) 
=> 
n 


Selected Answers and Solutions 


AC to find BC. 39.JK=12,KL=16 41.Sample 
answer: Having a standard of measure is important 

so that there is a reference point against which other 
measures can be compared and evaluated. 43.D 45.D 
47.Sample answer: plane CDF 49. points C, B, and F 
51a.about2.1s 51b.about9.7in. 53. {p|p > 9} 


55. {x|x <—13} 57.12 59.5.5 61.185 


Lesson 1-3 
1.8 


(3) AB = \/ (x5 — X1)* + (Y> — y,)? Distance Formula 
= (2-4)? + (-3-9)? (4) = (4,9) and 


(Xp. Yo) = (2, -3) 


= \/ (—2)? + (—12)? Subtract. 

= V4 + 144 or ¥148 Simplify. 
The distance between the time capsules is V 148 or 
about 12.2 units. 


5. V58 or about 7.6 units 7.—3 9. (4, —5.5) 


@) Let G be (x,, y,) and J be (x5, y,) in the Midpoint 


Formula. 

x, +6 y,+(-2 
F (ae oa =F(1,3.5) (%%) = (6-2) 
Write two equations to find the coordinates of G. 
x, +6 ea, y, + (—2) 

_ = 1 Midpoint Formula aa aie 20 
x,;+6=2 Multiplyeachsideby2. y, + (—2) =7 

x, =-4 Simplify. y, =9 


The coordinates of G are (—4, 9). 


13.5 15.9 17.12 19./89 or about 9.4 units 

21. V58 or about 7.6 units 23. 7208 or about 
14.4 units 25.65 or about 8.1 units 27.53 or 
about 7.3 units 29.18 or about 4.2 units 

31.45 mi 33.6 35.—4.5 37.3 


X, +X, ne) 
@ Mate th 


=M(#2®, 1 


Midpoint Formula 


(x,, Y;) = (22, 4) and 


2 2. 
(Xo, Yo) = (15, 7) 
=M =, + Simplify. 
= M(18.5, 5.5) Simplify. 


The coordinates of the midpoint are (18.5, 5.5). 
41.(—6.5,—3) 43.(—4.2,-10.4) 45. ( : 5] 47. A(1, 6) 


ye) 

49.C(16, —4) 51.C(—12, 13.25) 53.58 55.4.5 

67) a. If the center of the court is the origin, the player 
in the first is half of the length of the court or 
47 feet to the right and half of the width of the 
court or 25 feet down. Since you go to the right, the 
x-coordinate is positive, and since you go down, 
the y-coordinate is negative. The ordered pair is 
(47,25). b. The distance that the ball travels is 
the distance between (0, 0) and (47, —25). 
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Distance Formula 


(X;, y;) = (0, 0), 
(Xo Yo) = (47, —25) 


d=) (%_— 24)? + YY)? 


d =\/(47 — 0)? + (—25 — 0)? 


d = V 2834 Simplify. 
d = 53.2 Use a calculator. 


The distance between the two players is about 
53.2 feet. 


59. —AVERAGE(B2, D2) 61.(—5, 0), (7, 0) 
1 
63. (-15, -1) 65. +5 


@7) a. Sample answer: 


A B 
oe 
A B 
fe eee ® 
b. Sample answer: : = 6 : 
i 00 
A D Cc B 


c. Sample answer: 


d.AC = SAB Definition of midpoint 
AC = oe AB = x 
AD = SAC Definition of midpoint 
mers ituti 
AD= (52) Substitution 
AD = a Simplity. 


e. Look for a pattern. 

Sample answer: 
If n midpoints 
are found, then 
the smallest 
segment will 
have a measure 


of Pica 


Number of 
Midpoints 


Length of 
Smallest Segment 


69. Sample answer: Sometimes; when the point 
(x,, ¥,) has coordinates (0, 0). 


71.Sample answer: C D 
a ) 


o_o 00-0 
AB, AB2 AB3 AB, ABs 0.25AB 


Draw AB. Next, draw a construction line and place 


point C on it. From point C, strike 6 arcs in succession of 
length AB. On the sixth AB length, perform a segment 


bisector two times to create a SAB length. Label the 
endpoint. 73.C 75.C 77.2¢in. 


79. 81. 4x + 38 < 75; 9.25 lb or less 
83.15.5 85. 25 87.4 


Lesson 1-4 

1.U 3.ZXYU, ZUYX S5.acute;40 Zright;90 9.156 
11a. 45; When joined together, the angles form a right 
angle, which measures 90. If the two angles that form 
this right angle are congruent, then the measure of 
each angle is 90 + 2 or 45. The angle of the cut is an 
acute angle. 11b. The joint is the angle bisector of the 


frame angle. 13.P 15.M 17.NV,NM 19.RP, 
RQ 21.ZTPQ 23.ZTPN, ZNPT, ZTPM, ZMPT 
25.24 27.5,Q 
(29) Sample answer: ZMPR and ZPRQ share points 
Pand R. 
31.90, right 33.45, acute 35.135, obtuse 
@ mZABE = mZEBF _ Definition of = & 
2n+7=4n—13 Substitution 
7=2n—13 Subtract 2n from each side. 


20 = 2n Add 13 to each side. 
10=n Divide each side by 2. 
mZABE = 2n + 7 Given 


= 2(10) +7 n= 10 
=20+7o0r27 Simplify. 


39.16 41.47 43a.about 50 43b. about 140 

43c. about 20 43d.0 

45. acute @a. mZ1 ~ 110; since 

110 > 90, the angle is 
obtuse. b.mZ2 ~ 85; 
since 85 < 90, the angle is 
acute. ¢.about 15; If the 
original path of the light 
is extended, the measure 
of the angle the original 
path makes with the 
refracted path represents 
the number of degrees the path of the light changed. 
The sum of the measure of this angle and the measure 
of Z3 is 180. The measure of 23 is 360 — (110 + 85) or 
165, so the measure of the angle the original path 
makes with the refracted path is 180 — 165 or 15. 

49. The two angles formed are acute angles. Sample 
answer: With my compass at point A, I drew an arc in 
the interior of the angle. With the same compass 
setting, I drew an arc from point C that intersected the 
arc from point A. From the vertex, I drew BD. I used 
the same compass setting to draw the intersecting 
arcs, so BD divides ZABC so that the measurement of 
ZABD and ZDBC are equal. Therefore, BD bisects 
ZABC. 51.Sometimes; sample answer: For example, 


if you add an angle measure of 4 and an angle measure 
of 6, you will have an angle measure of 10, which is still 
acute. But if you add angles with measure of 50 and 60, 
you will have an obtuse angle with a measure of 110. 
53. Sample answer: To measure an acute angle, you can 
fold the corner of the paper so that the edges meet. This 
would bisect the angle, allowing you to determine 
whether the angle was between 0° and 45° or between 
45° and 90°. If the paper is folded two more times in the 
same manner and cut off this corner of the paper, the 
fold lines would form the increments of a homemade 
protractor that starts at 0° on one side and progresses in 
90 + 8 or 11.25° increments, ending at the adjacent side, 
which would indicate 90°. You can estimate halfway 
between each fold line, which would give you an 
accuracy of 11.25° + 2 or about 6°. The actual measure 
of the angle shown is 52°. An estimate between 46° and 
58° would be acceptable. 55.Sample answer: Leticia’s 
survey does not represent the entire student body 
because she did not take a random sample; she only 
took a sample of students from one major. 

57.E 59.8.25 61.15.81 63.10.07 65.x = 11;ST=22 


67.4.5 69.56 71.14.75 73.24.8 75. 175 


Lesson 1-5 


1.ZZVY, ZWVU_3a.vertical 3b.15 


@ lfx Ly, then mZ2 = 90 and mZ3 = 90. 
mZ2=3a—27 Given 
90 = 3a — 27 Substitution 
117 = 3a Add 27 to each side. 
39 =a Divide each side by 3. 


mZ3=2b+14_ Given 

90 =2b+14 Substitution 

76 = 2b Subtract 14 from each side. 

38 = b Divide each side by 3. 
7. Yes: they share a common side and vertex, so they 
are adjacent. Since mZEDB + mZBDA + mZADC = 
90, ZEDB and ZBDA cannot be complementary or 
supplementary. 9.Sample answer: ZBFC, 
ZDFE 11.ZFDG,ZGDE_ 13.Sample answer: ZCBF, 
ZABF 15.ZGDE 17.ZCAE 19.65 


@ 2x+25=3x—-10 Vertical & are = and have equal 


SUOIINIOS pue sIaMsUY pa}da|9S 


measures. 
25=x-—10 Subtract 2x from each side. 
35=x Add 10 to each side. 


3x — 10+ y= 180 _ Def. of supplementary 4 
3(35) — 10 + y= 180 Substitution 
105 — 10+ y=180 Multiply. 
95 + y= 180 Simplify. 
y= 85 Subtract 95 from each side. 
23.x = 48;y=21 25.mZF =63;mZE=117 27.40 


(29) If ZKNM is a right angle, then mZKNM = 90. 
mZKNL + mZLNM = mZKNM_ Sum of parts = whole 
6x —4+4x+24=90 Substitution 
10x + 20 = 90 Combine like terms. 
10x = 70 Subtract 20 from each side. 
x=7 _ Divide each side by 10. 


(occas R17 


31.92 33.53;37 35.a=8;b=54 37. Yes; the angles 
form a linear pair. 39. No; the measures of each angle 
are unknown. 41. No; the angles are not adjacent. 

43. Sample answer: 21 and 23 


(45) Z1 and Z3 are vertical angles, so they are congruent; 
mZ3 = mZ1 = 110. Z1 and 24 are a linear pair, so 
they are supplementary. 
mZ4+mZ1 = 180 Def. of supplementary & 

mZ4 + 110 = 180 Substitution 
mZ4=70 — Subtract 110 from each side. 

47. Sample answer: Yes; if the wing is not rotated at 

all, then all of the angles are right angles, which are 

neither acute nor obtuse. 49. Yes; angles that are 
right or obtuse do not have complements because 

their measures are greater than or equal to 90. 

51a. Line dis perpendicular to plane P. 51b. Line m is 

in plane P. 51c. Any plane containing line @ is 

perpendicular to plane P. 53.C 55.J 57.125, obtuse 


59. 90, right 61. (—35, 1) 63.81.5cm 65.FC= 


H] = JK = FL, GH = LK; ZF = ZJ, 2G = ZH= ZK= 
ZL 67.WX = XY = YZ = ZW; Z2W= ZY, ZX = ZZ 


Lesson 1-6 


1. pentagon; concave; irregular 3. octagon; regular 
5. hexagon; irregular 7. ~ 40.2 cm; = 128.7 cm2 9.C 
11. triangle; convex; regular 


Selected Answers and Solutions 


(3) The polygon has 8 sides, so it is an octagon. All of the 
lines containing the sides of the polygon will pass 
through the interior of the octagon, so it is concave. 
Since the polygon is not convex, it is irregular. 

15. hendecagon; concave; irregular 17.7.8 m; = 3.1 m2 
19. 26 in.; 42.3 in? 


@ 2=7+P Pythagorean Theorem 
c2 = 6.52 + 4.52 a=6.5,b=4.5 
c2=62.50r=7.9 Simplify 


P=a+b+c A= sbh 

~65+45479  =5(4.5)(6.5) 

= 18.9 cm = 14.6 cm? 
23. = 2.55 in. 
25. triangle; P=5+V32 27. quadrilateral or square; 
+V17 = 14.78 units; P = 20 units; 
A = 10 units? A = 25 units* 

y 


29a.14 ft 29b.12ft* 29c. The perimeter doubles; the 
area quadruples. The perimeter of a rectangle with 
dimensions 6 ft and 8 ft is 28 ft, which is twice the 
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perimeter of the original figure since 2 + 14 ft = 28 ft. 
The area of a rectangle with dimensions 6 ft and 8 ft is 
48 ft?, which is four times the area of the original figure, 
since 4 + 12 ft? = 48 ft. 29d. The perimeter is halved; 
the area is divided by 4. The perimeter of a rectangle 
with dimensions 1.5 ft and 2 ft is 7 ft, which is half 
the perimeter of the original figure, since $ *14ft= 

7 ft. The area of a rectangle with dimensions 1.5 ft and 
2 ft is 3 ft2, which is + the area of the original figure, 


since ¢*12f? =31t?, 31.60 yd, 6 yd 


(63) C=nd Circumference C=nd 
= (8) = 7(10) 
= 25.1 Simplify, w= 31.4 


minimum circumference: 25.1 in.; 
maximum circumference: 31.4 in. 


A= Tr Area of a circle 
= 7(4)2 r=4 
= 50.3 Simplify. 

A= Tr’ Circumference 
= 7(5)* r=5 


= 78.5 Simplify. 
minimum area: 50.3 in2; maximum area: 78.5 in? 
35.21.2m 37.2nV32 or about 35.5 units 39.12V6 
or about 29.4in. 41.108 in.; 729 in2 
43a-b. Sample answer: 43c. Sample answer: 
Cc 4 


Object = i a 
ee 
2 [9 [as [an | 


Ps [2 | 63 [an | 
7 [een [ar | 
Te [or | 22 [an | 
Ds [as [a7 [an 


43d. Sample answer: C = 3.14d; the equation 
represents a formula for approximating the 
circumference of a circle. The slope represents an 
approximation for pi. 45. 290.93 units? 

47.Sample answer: The pentagon is 

convex, since no points of the lines 

drawn on the edges are in the 

interior. The pentagon is regular 

since all of the angles and sides were 

constructed with the same measurement, making 
them congruent to each other. 49. Sample answer: If 
a convex polygon is equiangular but not also 
equilateral, then it is not a regular polygon. Likewise, 
if a polygon is equiangular and equilateral, but not 


convex, then it is not a regular polygon. 51.F 
53.C 55. No; we do not know anything about 
these measures. 57. Yes; they form a linear pair. 
59. elimination; x = —3,y=—1 61. substitution; 
x=-4,y=-2.5 63.24 65.169.6 


Lesson 1-7 


1. not a polyhedron; cylinder 

@ T=PH+2B Surface area of a prism 
= (14)(3) + 2(12) P= 14cm, h=3cm, B= 12 cm? 
= 66 cm? Simplify. 


V=BH Volume of a prism 

=(12)(3) B= ion, A= som 

= 36cm? _ Simplify. 
5a. ~ 27.2 in? 5b. 13.67 or about 42.7 in? 
7. pyramid; a polyhedron 9. rectangular prism; a 
polyhedron 11. cylinder; not a polyhedron 
13. not a polyhedron; cone 15. not a polyhedron; 
sphere 17.a polyhedron; pentagonal pyramid; base: 
JHGFD; faces: JHGFD, AJEH, AHEG, AGEF, AFED, 
AED]; edges: HG, GF, FD, DJ, JH, EJ, EH, EG, EF, ED; 
vertices: J, H,G,F,D,E 19.121.5 m?; 91.1 m? 


T= PH+2B V = BH 
= (24)(5) + 2(24) = (24)(5) 
= 168 cm? = 120 cm? 


23. 1507 or about 471.2 mm2; 2507 or about 
785.4 mm? 


(25) a. V = 7rrh 
— 2(73\7(473 
= n(73) (3) 
= 2217.1 in? 
b. T = 2nrh + 201 


Volume of a cylinder 

—73 jn h= 112) 
r=1q in., h= Ny in. 
Simplify. 


Surface area of a cylinder 


= 3\(443 3\2 eB en ps G34 
= 2n(73)(113) " 2n(72) r=73.in, h=113.in, 


= 949.5 in? Simplify. 

27.3 in. 29.1212 in?; 1776 in? 31a. 96 in? 
31b. 113.1 in? 31c. prism: 2 cans; cylinder: 3 cans 
31d. 2.18 in.; if the height is 10 in., then the surface 
area of the rectangular cake is 152 in. To find the 
radius of a cylindrical cake with the same height, 
solve the equation 152 = mr? + 20mr. The solutions 
are r = —22.18 or r = 2.18. Using a radius of 2.18 in. 
gives surface area of about 152 in?. 

@) 1 fP = (12 in.)? = 1728 in? 


4320 ind« Lf __ 9.5 #3 
1728 in? 


35. The volume of the original prism is 4752 cm°. The 
volume of the new prism is 38,016 cm?. The volume 
increased by a factor of 8 when each dimension was 
doubled. 37. Neither; sample answer: the surface 
area is twice the sum of the areas of the top, front, 
and left side of the prism or 2(5*3+5*4+4+3+4), 
which is 94 in?. 39a.cone 39b. cylinder 

41.27 mm? 43.55.2 45.F 47. quadrilateral; convex; 
regular 49. dodecagon; concave; irregular 

51.10 53. The intersection of a plane and 

a line not in the plane is a point. 55. Two lines 
intersect in one point. 


57. e 


59. 


Chapter 1 


Study Guide and Review 


1.plane 3.perpendicular 5.pointP 7. point W 
9.line 11.x=6,XP=27 13.yes 15.1.5 mi 17.10 
19. (16,-6.5) 21.(—27,16) 23.G 25. CA and CH 
27.Sample answer: ZA and ZB are right, ZE and ZC 
are obtuse, and ZD is acute. 29.Sample answer: 
ZQWP and ZXWV_ 31.66 33. dodecagon, concave, 
irregular 35. Option 1 = 12,000 ft?, Option 2 = 
12,100 ft2, Option 3 = 15,393.8 ft2. Option 3 provides 
the greatest area. 37. hexagonal prism. Bases: 
ABCDEF and GHJKLM; Faces: FIABHG, CIBCJH, 
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CD, DE, EF, FA, GH, HJ, JK, KL, LM, MG, AG, BH, CJ, 
DK, EL, FM; Vertices: A, B, C, D, E, F, G, H, J, K, L, M 
39. 384 in?; 384 in? 41.72 m2,36m? 43. = 23.6 in’, 
= 71 in? 


CHAPTER 2 
Reasoning and Proof 


Chapter 2 


1.31 3.14 5.12 7.2743 9.-—7 11.108 
13. 4x = 52;$13 15.ZCXD, ZDXE 17.38 


Get Ready 


Lesson 2-1 


1. Each cost is $2.25 more than the previous cost; $11.25. 
3. In each figure, the shading moves to the next point 
clockwise. 


Beginning with the third element, each element 

in the pattern is the sum of the previous two 

elements. So, the next element will be 15 + 9 or 24. 
7. The product of two even numbers is an even number. 
9. The set of points in a plane equidistant from point A 
is a circle. 


(\ occ R19 


Selected Answers and Solutions 


11a. Wireless Subscribership by Year 
300 


250 
200 


(millions) 


Subscribership 


‘00 ‘02 ‘04 ‘06 ‘08 
Year 


11b. Sample answer: About 372,000,000 Americans 
will have wireless subscriptions in 2012. 


(43) Ifa ray intersects a segment at its 
midpoint and forms adjacent angles 
that are not right angles, then the ray 
is not perpendicular to the segment. 
15. Each element in the pattern is three 
more than the previous element; 18. 


17. Each element has an additional two as part of the 
number; 22222. 19. Each element is one half the 

1 
16° 
than the previous percentage; 79%. 23. Each meeting 
is two months after the previous meeting; July. 


previous element; 21. Each percentage is 7% less 


25. In each figure, the shading moves to 
the next area of the figure counter 
clockwise. 

27. The shading of the lower triangle in the 


upper right quadrant of the first figure 
moves clockwise through each set of 
triangles from one figure to the next. 


29. Sample answer: It is drier in the west and hotter 
in the south than other parts of the country, so less 
water would be readily available. 


@ First, list examples: 1-3 = 3,3+5 = 15,7+9 = 63, 
11-11 = 121. All the products are odd numbers. 
So, a conjecture about the product of two odd 
numbers is that the product is an odd number. 
33. They are equal. 35. The points equidistant from A 
and B form the perpendicular bisector of AB. 37. The 
area of the rectangle is two times the area of the square. 


39a. Hockey Participation by Year 
4 
3.5 
2 3 
a. ry 
<a) e 
as *| ¢ 
= 1.5 
a 1 
E 
& 0.5 


2000 2002 2004 2006 
Year 
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39b. Sample answer: More people over the age of 
7 will play hockey in the future. The number of 
people playing hockey increases each year, so the 
graph suggests that even more people will play 
hockey in subsequent years. 41. False; sample 


answer: Suppose x = 2, then —x = —2. 


43. False; sample answer: — ¢ 


45. False; sample answer: The length could be 4m 
and the width could be5m. 47a.1,4,9, 16 

47b. Sample answer: Start by adding 3 to 1 to get the 
second number, 4. Continue adding the next odd 
number to the previous number to get the next 
number in the sequence. 47c.Sample answer: Each 
figure is the previous figure with an additional row and 
column of points added, which is 2 (position number) — 1. 
One is subtracted since 2 (position number) counts the 
corner point twice. 2 (position number) — 1 is always an 


odd number. 
47d. 25, 36 

3 ee 
aa) 


49a.1,5,12,22 49b.Sample answer: Start by adding 
4 to 1 to get the second number, 5. Increase the 
amount added to the previous number by 3 each 
time to get the next number in sequence. So, add 4 + 
3 or 7 to 5 to get 12, and add 4 + 3 + 3 or 10 to 12 to 
get 22. 49c.Sample answer: The second figure is the 
previous figure with 4 points added to make a 
pentagon. The third figure is the previous figure with 
7 more points added, which is 3 more than the last 
number of points added. The fourth figure is the 
previous figure with 10 points added, which is 3 
more than the last number of points added. 

49d. 35, 51 


G1) a. For each even number from 10 to 20, write the 

number as the sum of two primes. Sample answer: 
10=54+5,12=54+7,14=7+7,16=5+11, 
18 =7+4+11,20=7+4+13 b. The number 3 can be 
written as 0 + 3 and as 1 + 2. Since neither 0 nor 1 
is a prime number, 3 cannot be written as the sum 
of two primes. So, the conjecture is false. 


53. In the sequence of perimeters, each measure is 
twice the previous measure. Therefore, doubling the 


side length of a regular hexagon appears to also 
double its perimeter. In the sequence of areas, each 
measure is four times the previous measure. 
Therefore, doubling the side length of a regular 
hexagon appears to quadruple its area. 


55. Jack; 2 is an even prime number. 


57. Sample answer: False; if the two points create 

a straight angle that includes the third point, then the 
conjecture is true. If the two points do not create a 
straight angle with the third point, then the 

conjecture is false. 59.B 61.G 63.132 m*; 60m? 
65.54 cm?; 27cm? 67.26.69 69.plane 71.18 73.8 


Lesson 2-2 


1. A week has seven days, and there are 60 minutes in 
an hour. p and r is true, because p is true and r is true. 


(3) q V r: There are 20 hours in a day, or there are 60 
minutes in an hour. A disjunction is true if at least 
one of the statements is true. So, q V r is true 
because r is true. It does not matter that q is false. 


5. A week has seven days, or there are 60 minutes in 
an hour. p V r is true, because p is true and r is true. 


pl a|~q| pv ~a 


11. DB is the angle bisector of ZADC, and AD = DC. 
p and r is true because p is true and r is true. 

13. AD = DC or DB is not the angle bisector of 
ZADC. r or ~p is true because r is true and ~p is false. 
15. DB is not the angle bisector of ZADC, or AD # 
DC. ~p or ~r is false because ~p is false and ~r is 
false. 17. Springfield is the capital of Illinois, and 
Illinois shares a border with Kentucky. p A r is true 
because p is true and ris true. 19. Illinois does not 
share a border with Kentucky, or Illinois is to the west 
of Missouri. ~r V s is false because ~r is false and s is 
false. 21. Springfield is not the capital of Illinois, and 
Illinois does not share a border with Kentucky. ~p A 
~r is false because ~p is false and~r is false. 


23. 


a. The students who dive are represented 

by the intersection of the two sets and the 
nonintersecting portion of the Dive region. So, 
there are 3 + 4 or 7 students who dive. b. The 
students who participate in swimming or diving or 
both are represented by the union of the sets. There 
are 19 + 34+ 4 or 26 students who swim, dive, or 
do both. c¢. The students who swim and dive are 
represented by the intersection of the two sets. 
There are 3 students who both swim and dive. 


33a.50 33b.40 33c.110 33d.20 33e. These teens 
do not use any of the listed electronics. 


) Make columns with the headings p, 4, ~4,1,~q V 1, 
and p A (~q V r). List the possible combinations of 
truth values for p, q, and r. Use the truth values of 
q to find the truth values of ~q. Use the truth 
values for each part of ~q V r to find the truth 
value of the compound statement. Then use the 
truth values for each part of p A (~q V 1) to find 
the truth value of the compound statement. 


pA(~qV rn) 


If p and r are true, and q is true or false, then 
p A (~q V r) is true. 


~qA~r| pV (~qa~n 


p 
T 
= 
T 
T 
F 
F 
F 
F 


am/Aa}m)/a;/m)/alym)Aa gy 
a|/mn]}/a}m}/Aa}]m|al}m 
nm) m)}—4/4}/7|]7]}—-4]|- Bg 
A/a] m}/m}Aa}a;m}om 


true 
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~r | (~pV q) | (~pV qV ~r 


If r is true or false, then (~p V q) V ~r is true. 
41. Never; integers are rational numbers, not 
irrational. 43. There exists at least one square that is 
notarectangle. 45. No students have classes in 
C-wing. 47. Every segment has a midpoint. 
49. Sample answer: A triangle has three sides, and a 
square has four sides. Both are true, so the compound 
statement is true. 51.22 in; The area of a triangle 


is Soh. The base of the triangle is 11 inches and the 


height of the triangle is 4 inches, so the area of the 
triangle is F(11)(4) or 22in?. 53.A 55. triangular 
prism; bases: AMNO, APQR; faces: AMNO, APQR, 
OMPR, ONQR, PQNM,; edges: MN, NO, OM, PQ, 
OR, PR, NO, MP, OR; vertices: M, N, O, P,Q, and R 
57. triangular pyramid; base: AHJK; faces: AHJK, 
AHLK, AKL], AHLJ; edges: HK, KJ, HJ, HL, KL, JL; 
vertices: H, K,J,andL 59.—1 61.—7 63.25 

65.14 67.10 


Lesson 2-3 


1. H: today is Friday; C: tomorrow is Saturday. 
3. H: two angles are supplementary; C: the sum of the 
measures of the angles is 180. 


6) hypothesis: You are sixteen years old. 

conclusion: You are eligible to drive. 

statement in if-then form: If you are sixteen years 

old, then you are eligible to drive. 
7. If the angle is acute, then its measure is between 0 
and 90. 9a. If moisture in the air condenses and 
falls, then it rains. 9b. If a cumulonimbus cloud has 
supercooled moisture, then hail forms. 9c. If the 
temperature is freezing in all or most of the 
atmosphere, then precipitation falls as snow. 
11. False; Charlotte, Michigan; The hypothesis of the 
conditional is true, but the conclusion is false. The 
counterexample shows that the conditional statement is 
false. 13. False; the animal could be a leopard. The 
hypothesis of the conditional is true, but the conclusion 
is false. This counterexample shows that the conditional 
statement is false. 15. True; the hypothesis is false, 
since pigs cannot fly. A conditional with a false 
hypothesis is always true, so this conditional statement 
istrue. 17. If anumber is a whole number, then it is an 
integer. Converse: If a number is an integer, then it is a 
whole number. False; sample answer: —3. Inverse: If a 
number is not a whole number, then it is not an integer. 
False: sample answer: —3. Contrapositive: If a number 
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is not an integer, then it is not a whole number; 

true. 19.H: you lead; C: I will follow. 21.H: two 
angles are vertical; C: they are congruent. 23. H: there 
is no struggle; C: there is no progress. 25. H: a convex 
polygon has five sides; C: itisa pentagon. 27. If you 
were at the party, then you received a gift. 29. Ifa 
figure is a circle, then the area is ar. 31.Ifan angle is 
right, then the angle measures 90 degrees. 33. If the 
museum is the Andy Warhol Museum, then most of the 
collection is Andy Warhol's artwork. 


(35) To show that a conditional is false, you need only 
to find one counterexample. 9 is an odd number, 
but not divisible by 5. The hypothesis of the 
conditional is true, but the conclusion is false. So, 
this counterexample shows that the conditional 
statement is false. 

acute angle whose measure is a 

not 45. The hypothesis of the 

conditional is true, but the conclusion is false. This 
counterexample shows that the conditional statement 
is false. 39. True; when this hypothesis is true, the 
conclusion is also true, since an angle and its 
complement’s sum is 90. So, the conditional 
statement is true. 41. True; the hypothesis is false, 
since red and blue paint make purple paint. A 
conditional with a false hypothesis is always true, so 
this conditional statement is true. 43. False; the animal 
could be a falcon. The hypothesis of the conditional is 
true, but the conclusion is false. This counterexample 
shows that the conditional statement is false. 

45. False; these lines intersect, but do 

not form right angles. The hypothesis of 

the conditional is true, but the conclusion 

is false. This counterexample shows that 

the conditional statement is false. 

47. Converse: If you live in Illinois, then you live in 

Chicago. False: You can live in Springfield. Inverse: If 

you do not live in Chicago, then you do not live in 

Illinois. False: You can live in Springfield. 

Contrapositive: If you do not live in Illinois, then you do 

not live in Chicago; true. 49.Converse: If two angles 

are congruent, then they have the same measure; true. 

Inverse: If two angles do not have the same measure, 

then the angles are not congruent; true. Contrapositive: 

If two angles are not congruent, then they do not have 

the same measure; true. 51. If segments are congruent, 

then they have the same length. Converse: If segments 
have the same length, then they are congruent; true. 

Inverse: If segments are not congruent, then they do 

not have the same length; true. Contrapositive: If 

segments do not have the same length, then they are 
not congruent; true. 53. If an animal has stripes, then 
it is a zebra; false: a tiger has stripes. 


37. False; the angle drawn is an 


(5) The inverse is formed by negating both the 
hypothesis and the conclusion of the conditional. 
Inverse: If an animal does not have stripes, then it 
is not a zebra. This is a true statement. 


57a. Sample answer: If a compound is an acid, it 
contains hydrogen. If a compound is a base, it contains 
hydroxide. If a compound is a hydrocarbon, it contains 
only hydrogen and carbon. 57b.Sample answer: If a 
compound contains hydrogen, it is an acid. False; a 
hydrocarbon contains hydrogen. If a compound contains 
hydroxide, it is a base; true. If a compound contains 
only hydrogen and carbon, it is a hydrocarbon; true. 


69) The blue area of the Venn diagram includes 
nonlinear functions but not quadratic functions. 
So, if a function is nonlinear, it may or may not be 
a quadratic function. Therefore, the conditional is 
false. 
61. True; the deciduous area and the evergreen area 
have no common areas, so a deciduous tree cannot be 
evergreen. 63.Sample answer: Kiri; when the 
hypothesis of a conditional is false, the conditional is 
always true. 65. True; since the conclusion is false, the 
converse of the statement must be true. The converse 
and inverse are logically equivalent, so the inverse is 
also true. 67.The hypothesis q of the inverse 
statement is I received a detention. The conclusion p of 
the inverse statement is I did not arrive at school on 
time. So the conditional A is p — gq: If I did not arrive 
at school on time, then I recieved a detention. So the 
converse of statement A is ~p — ~gq: If I did arrive at 
school on time, then I did not receive a detention. 
The contrapositve of Statement A is ~q — ~p: If I did 
not receive a detention, then I arrived at school on 
time. 69.A 71.0.00462 


73. 75. 
Pp | q | pandq 


77. H, J, and K are noncollinear. 
H 
‘ 
J ] 
79. R, S, and T "are collinear. y 
81. BC = CD, BE = ED, 
BA=DA_ 83. about 
9000 kg 85. Divide each 


side by 8. 87. Multiply 
each side by 3. 


Lesson 2-4 


@) Olivia is basing her conclusion on facts provided 
to her by her high school, not on a pattern of 
observations, so she is using deductive reasoning. 

3. valid; Law of Detachment _ 5. Invalid: Bayview 

could be inside or outside the public beach’s circle. 


Beaches 


Lifeguards 


7.C 9.No valid conclusion; 71 and Z2 do not have to 
be vertical in order to be congruent. 11. inductive 
reasoning 13.deductive reasoning 15. inductive 
reasoning 


(7) The given statement Figure ABCD has four right 
angles satisfies the conclusion of the true 
conditional. However, having a true conditional 
and a true conclusion does not make the 
hypothesis true. The figure could be a rectangle. 
So, the conclusion is invalid. 

19. Invalid; your battery could be dead because it was 

old. 21. valid; Law of Detachment 


23. Valid; Monday is Days when the 


outside of the days temperature drops 
when the temperature below 32°F 
drops below 32°F, so it 


cannot be inside the 
days when it snows 
circle either, so the 
conclusion is valid. 


Days when it snows 
25. Invalid; Sabrina could be inside just the nurses’ 
circle or inside the intersection of the circles, so the 
conclusion is invalid. 


People 


who wear 
blue uniforms 


Sabrina? 


@7) The given statement Ms. Rodriguez has just 
purchased a vehicle that has four-wheel drive satisfies 
the conclusion of the true conditional. However, 
having a true conditional and a true conclusion 
does not make the hypothesis true. Ms. Rodriguez’s 
car might be in the Four-wheel-drive section of the 
diagram that is not a sport-utility vehicle. So, the 
conclusion is invalid. 


Sport-utility \Four-wheel 


vehicle 
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29. no valid conclusion 31. no valid conclusion 

33. If two lines are not parallel, then they intersect in 
a point. 35. Figure ABCD has all sides congruent; 
Law of Detachment. 


@7) You can reword the first given statement: If you 
are a ballet dancer, then you like classical music. 
Statement (1): If you are a ballet dancer, then you 
like classical music. Statement (2): If you like 
classical music, then you enjoy the opera. Since the 
conclusion of Statement (1) is the hypothesis of 
Statement (2), you can apply the Law of Syllogism. 
A valid conclusion: If you are a ballet dancer, then 
you enjoy the opera. 

39. No valid conclusion; knowing a conclusion is 
true, does not imply the hypothesis will be true. 


Ala. Florida Marlins Hits vs. At Bats 


Hits 


0 200 400 60! 
At Bats 


41b. Sample answer: About 91; inductive; a pattern was 
used to reach the conclusion. 41¢.Sample answer: 
The player with 240 at bats got more hits; deductive; 
the facts provided in the table were used to reach the 
conclusion. 43. Law of Detachment: [(p — 9) A p| - 4; 
Law of Syllogism: [(p — q) A (q— 1)] — (pr) 

45. Jonah’s statement can be restated as, “Jonah is in 
group B and Janeka is in group B.” In order for this 
compound statement to be true, both parts of the 
statement must be true. If Jonah was in group A, he 
would not be able to say that he is in group B, since 
students in group A must always tell the truth. 
Therefore the statement that Jonah is in group B is true. 
For the compound statement to be false, the statement 
that Janeka is in group B must be false. Therefore, Jonah 


is in group B and Janekaisin group A. 47.D 49. = 


51a. If you live in Hawaii or Arizona then you do not 
observe Daylight Savings Time. 

51b. If you do not observe Daylight Savings Time, then 
you live in Hawaii or Arizona; true. 


57.18 59. Yes; the 
symbol denotes that 
ZDAB is a right angle. 
61. Yes; the sum of their 
measures is mZADC, 
which is 90. 63. No; we 
do not know mZABC. 
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Lesson 2-5 


1. The left side and front side have a common edge 
line r. Planes P and Q only intersect along line r. 
Postulate 2.7, which states if two planes intersect, 
then their intersection is a line. 3. The front bottom 
edge of the figure is line m which contains points D, 
C, and E. Postulate 2.3, which states a line contains at 
least two points. 5. Points D and E, which are on 
line 7, lie in plane Q, Postulate 2.5, which states that 
if two points lie in a plane, then the entire line 
containing those points lies in that plane. 


@) Postulate 2.7 states that if two planes intersect, 
then their intersection is a line. However, if three 
planes intersect, then their intersection may be a 
line or a point. So, the statement is sometimes true. 

9. Always; Postulate 2.1 states through any two points, 
there is exactly one line. 11. Postulate 2.3; a line 
contains at least two points. 13. Postulate 2.4; a plane 
contains at least three noncollinear points. 15. Since C 


is the midpoint of AE and DB, CA = CE = SAE and 
CD = CB = SDB by the definition of midpoint. We 


are given AE = DB, so AE = DB by the definition of 
congruent segments. By the multiplication property, 


DB = SAE. So, by substitution, AC=CB. 17.The 


edges of the sides of the bottom layer of the cake 
intersect. Plane P and Q of this cake intersect only once 
in line m. Postulate 2.7; if two planes intersect, then 
their intersection is a line. 19. The top edge of the 
bottom layer of the cake is a straight line 7. Points C, D, 
and K lie along this edge, so they lie along line 7. 
Postulate 2.3; a line contains at least two points. 


1) The bottom right part of the cake is a side. The 
side contains points K, E, F, and G and forms a 
plane. Postulate 2.2, which states that through any 
three noncollinear points, there is exactly one 
plane, shows that this is true. 

23. The top edges of the bottom layer form intersecting 

lines. Lines A and g of this cake intersect only once at 

point J. Postulate 2.6; if two lines intersect, then their 
intersection is exactly one point. 25. Never; Postulate 

2.1 states through any two points, there is exactly one 

line. 27. Always; Postulate 2.5 states if two points lie 

ina plane, then the entire line containing those points 
lies in that plane. 29.Sometimes; the points must be 
noncollinear. 

31. Given: L is the midpoint of JK. 

JK intersects MK at K. MK = JL 
Prove: LK = MK 
Proof: We are given that L is the midpoint of JK 
and MK = JL. By the Midpoint Theorem, JL = LK. 
By the Transitive Property of Equality, LK = MK. 

33a. Southside Blvd.; sample answer: Since there is a 

line between any two points, and Southside Blvd. is 

the line between point A and point B, it is the shortest 

route between the two. 33b. I-295 


(5) Points E, F, and G lie along the same line. 
Postulate 2.3 states that a line contains at least 
two points. 

37. Postulate 2.1; through any two points, there is 
exactly one line. 39. Postulate 2.4; a plane contains at 
least three noncollinear points. 41. Postulate 2.7; if 
two planes intersect, then their intersection is a line. 


43a. A A 
B GC ca B 
A B F A 
= B 
D 
C 
D 
Cc 
CS) Number of | Number of 43c.n — 1 
Computers | Connections n(n — 1) 
43d. 5) 


45. Lisa is correct. Sample answer: The proof should 
begin with the given, which is that AB is congruent 
to BD and A, B, and D are collinear. Therefore, Lisa 
began the proof correctly. 47a. Plane Qis 
perpendicular to plane P. 47b. Line a is 
perpendicular to plane P. 49.Sometimes; three 
coplanar lines may have 0, 1, 2, or 3 points of 
intersection, as shown in the figures below. 
Postulates 2.1-2.5 


<< —_> 
were used. Through gs Ss 
points A and B there =§=<———> 
is exactly one line, 1, 0 points 1 point 
satisfying Postulate 
2.1. For the 
noncollinear points 
A, B, and C there is 2 points 3 points 


exactly one plane, P, 

satisfying Postulate 2.2. Line 7 contains points A and B, 
satisfying Postulate 2.3. Plane ? contains the 
noncollinear points A, B, and C, satisfying Postulate 
2.4. Line 1, containing points A and B, lies entirely in 
plane P, satisfying Postulate 2.5. 51.A 53,H 

55.no conclusion 57. If people are happy, then they 
rarely correct their faults. 59. True; M is on AB and 
AM + MB =AB,sop Aqis true. 61.19 m; 20 m of 
edging 63.5.5 65.2, —2 


Lesson 2-6 

1. Trans. Prop. 3.Sym. Prop. 
2 

5. Given: “-— =3 


3 
Prove: y = 7 


Proof: 
Statements (Reasons) 


2 
17 = = 3 (Given) 


b. 3(2 = *) = 3(3) (Mult. Prop.) 


c. y +2 = 9 (Subst.) 
d. y = 7 (Subt. Prop.) 
7. Given: AB = CD 
Prove: x =7 
Proof: 
Statements (Reasons) 
1. AB = CD (Given) 
2. AB = CD (Def. of congruent segments) 
3. 4x — 6 = 22 (Subst. Prop.) 
4. 4x = 28 (Add. Prop.) 
5. x = 7 (Div. Prop.) 
9. Subt. Prop. 


(1) 4x -—5=x+4+12 Original equation 
4x -—5+5=x+12+45 _ Addition Property of Equality 
4x =x+17 Simplify. 
If 4x —5 =x + 12, then 4x = x + 17 by the 
Addition Property of Equality. 
13. Dist. Prop. 15. Trans. Prop. 


a. 


17. Given: —— = 9) 


Prove: x = —40 
Proof: 

Statements (Reasons) 
a, 5—5* = 32 Given) 


b. 4{8=*) = 4(32) (Mult. Prop.) 


c. 8 — 3x = 128 (Subst.) 
d. —3x = 120 (Subt. Prop.) 
e. x = —40 (Div. Prop.) 


19. Given: in ={3 


Prove: 1 = —36 
Proof: 
Statements (Reasons) 


A. —jn = 12 (Given) 


2. -3(-3n) = —3(12) (Mult. Prop.) 


3. n = —36 (Subst.) 

1) a. Use properties of equality to justify each step in 
solving the equation for a. 
Given: d = vt + fat? 


2d — 2vt 


Prove: 4 = 
{2 


Proof: 
Statements (Reasons) 


1d=vt+ fat? (Given) 


2.d—vt=vt—vt+ Sal? (Subtraction Property) 
3.d—vi= fat? (Substitution) 
4. 2(d — vt) = 2(4a'?) (Multiplication Property) 
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2 
Sc 
= 
(=) 
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Ze) 
i= 
= 
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= 
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i= 
O°) 
pe 
<b) 
= 
Ze) 
i= 
<= 
z=] 
<b) 
= 
oO 
pst) 
[<b] 
w 


5. 2(d — vt) = at? (Substitution) 

6. 2d — 2ut = at? (Distributive Property) 

7 2d —2vt _ 
eee 
2d — 2vt 

ee) 


2 
= (Division Property) 
8 = a (Substitution) 


2d — 2vt 
2 


a= (Symmetric Property) 


ba= 2d — 2ut Given 
{2 


__ 2(2850) — 2(50)(30) 
_ 30? 
=3 Simplify. 
The acceleration of the object is 3 ft/s*. The 
Substitution Property of Equality justifies this 
calculation. 
23. Given: DF = EG 
Prove: x = 10 
Proof: 
Statements (Reasons) 
1. DF = EG (Given) 
2. DF = EG (Def. of = segs) 
3. 11 = 2x — 9 (Subst.) 
4. 20 = 2x (Add. Prop.) 
5. 10 = x (Div. Prop.) 
6. x = 10 (Symm. Prop.) 
(25) Use properties of equality and the definition of 
congruent angles to justify each step in proving 


x = 100. 

Given: ZY = ZZ 
Prove: x = 100 
Proof: 


Statements (Reasons) 

1. ZY = ZZ (Given) 

2.mZY = mZZ (Definition of = 4) 
3.x + 10 = 2x — 90 (Substitution) 
4.10 = x — 90 (Subtraction Property) 
5. 100 = x (Addition Property) 

6. x = 100 (Symmetric Property) 


27a. Given: V = £ 


P 
oT 


Prove: + = 
Proof: 
Statements (Reasons) 


1V= S (Given) 


Lye bed 

2.5 V= ae (Mult. Prop.) 
V_P 

3. oT (Mult. Prop.) 


27b. Given: V = i: 


2P 


Prove: 2V = ra 


Proof: 
Statements (Reasons) 


1V= 2 Given) 
29s Vao: s (Mult. Prop) 
3.2V= a (Mult. Prop.) 
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d= 2850, t= 30, v= 50 


29. Given: c2 = a? + b2 
Prove: a = Vc? — b? 
Proof: 
Statements (Reasons) 
1. a2 + b? = c* (Given) 
2. a* + b* — b? = c* — b* (Subt. Prop.) 
3. a2 = c* — b? (Subs.) 


4.a = +Vc? — b? (Sq. Root Prop.) 
5.a = Vc? — b* (Length cannot be negative.) 


(1) The relation “is taller than” is not an equivalence 
relation because it fails the Reflexive and 
Symmetric properties. You cannot be taller than 
yourself (reflexive); if you are taller than your 
friend, then it does not imply that your friend is 
taller than you (symmetric). 


33. The relation “#” is not an equivalence relation 
because it fails the Reflexive Property, since a # a is 
not true. 35. The relation “~” is not an equivalence 
relation because it fails the Reflexive Property, since 
a = ais not true. 


37. Given: AP = 2x + 3, PB = at, AB = 10.5 


Prove: a =4 +. 10.5 ——__—_+ 
Proof: A 7 = 
Statements (Reasons) 2x43 3x+1 

2 


4. AP=0y4.3 peas) 
AB = 10.5 (Given) 


2. AP + PB = AB (Def. of a segment) 


32x +3 += = 10.5 (Subt.) 

4.2+ (2 +342 $4) = 2-105 (Mult. Prop.) 
ee (2x +34 | = 21 (Subst. ) 
6.2+2x4+2+342+ 2241 = 21 (Dist. Prop.) 
7.4x + 6+ 3x + 1 = 21 (Mult. Prop.) 

8. 7x + 7 = 21 (Add. Prop.) 

9.7x + 7 —7 = 21 — 7 (Subt. Prop.) 

10. 7x = 14 (Subs.) 

11. x = 2 (Div. Prop.) 

12. AP = 2(2) + 3 (Subst.) 

13. AP = 4 + 3 (Mult. Prop.) 

14. AP = 7 (Add. Prop.) 

AP _ 7_ 


15. AB = 105 (Subst.) 
AP rere 

16. a 0.6 (Div. Prop.) 

17. z = 0.6 (Div. Prop.) 
AP 2 

18. PT hee (Trans. Prop.) 


39. Sometimes; sample answer: If a27=1landa=1, 
then b = V1 or 1. The statement is also true if a = —1, 
then b = 1. If b = 1, then Vb = 1 since the square root 
of a number is nonnegative. Therefore, the statement is 
sometimes true. 41.Sample answer: Depending on 
the purpose of the proof, one format may be preferable 


to another. For example, when writing an informal 
proof, you could use a paragraph proof to quickly 
convey your reasoning. When writing a more formal 
proof, a two-column proof may be preferable so that 
the justifications for each step are organized and easy 
to follow. 43.83° 45.E 47. Never; the sum of the 
measure of two supplementary angles is 180, so two 
obtuse angles can never be supplementary. 49. Yes, 
by the Law of Detachment. 51.(4,—3) 53. (1, 2) 
55.(—1,-1) 57.2.4cm 


Lesson 2-7 

1. Given: LK = NM, K] = MJ 
Prove: LJ = NJ 
Proof: 
Statements (Reasons) 
a. LK = NM, K] = MJ (Given) 
b. LK = NM, KJ = MJ (Def. of = segs.) 
c. LK + KJ = NM + MJ (Add. Prop.) 
d. LJ = LK + KJ; NJ = NM + MJ (Seg. Add. Post.) 
e. LJ = NJ (Subst.) 
f. L] = NJ (Def. of = segs.) 


(3) Use the definition of congruent segments and the 
Substitution Property of Equality. 
Given: AR = CR; DR = BR 
Prove: AR + DR =CR+ BR 
Proof: 
Statements (Reasons) 
1. AR = CR, DR = BR (Given) 
2. AR = CR, DR = BR (Definition of = segments) 
3. AR + DR = AR + BR (Addition Property) 
4. AR + DR = CR + BR (Substitution Property) 
5. Given: AB = CD, AB + CD = EF 
Prove: 2AB = EF 
Proof: 
Statements (Reasons) 
1. AB = CD, AB + CD = EF (Given) 
2. AB = CD (Def. of = segs.) 
3. AB + AB = EF (Subst.) 
4. 2AB = EF (Subst.) 


@ Use the Reflexive Property of Equality and the 
definition of congruent segments. 
Given: AB 
Prove: AB = AB 
Proof: 
Statements (Reasons) 
1. AB (Given) 
2. AB = AB (Reflexive Property) 
3. AB = AB (Definition of = segments) 
9. Given: SC = HR and HR = AB 
Prove: SC = AB 
Proof: 
Statements (Reasons) 
1. SC = HR and HR = AB (Given) 
2. SC = HR and HR = AB (Def. of = segs.) 
3. SC = AB (Trans. Prop.) 
4. SC = AB (Def. of = segs.) 
11. Given: E is the midpoint of DF and CD = FG. 


Prove: CE = EG 
Proof: 
Statements (Reasons) 
1. E is the midpoint of DF and CD = FG. (Given) 
2. DE = EF (Def. of midpoint) 
3. CD = FG (Def. of = segs.) 
4. CD + DE = EF + FG (Add. Prop.) 
5. CE = CD + DE and EG = EF + FG 
(Seg. Add. Post.) 
6. CE = EG (Subst.) 
7. CE = EG (Def. of = segs.) 
13a. Given: AC = GI, FE= LK, AC + CF + FE =GI+ 
IL + LK 
Prove: CF = IL 
Proof: 
Statements (Reasons) 
1. AC = GI, FE = LK, AC + CF +FE=GI+IL+ 
LK (Given) 
2. AC + CF + FE = AC + IL + LK (Subst.) 
3. AC —AC + CF + FE=AC—AC+IL+LK 
(Subt. Prop.) 
4. CF + FE = IL + LK (Subst.) 
5. CF + FE = IL + FE (Subs. ) 
6. CF + FE — FE =IL + FE — FE (Subt. Prop.) 
7. CF = IL (Subst.) 
8. CF = IL (Def. of = segs.) 
13b. Sample answer: I measured CF and IL, and both 
were 1.5 inches long, so the two segments are 
congruent. 


(15) a. Use the definition of midpoint and the segment 

addition postulate to prove. 

Given: SH = TF; P is the midpoint of SH 
and TF. 

Prove: SP = TP 

Proof: 

Statements (Reasons) 

1. SH = TF, P is the midpoint of SH, P is the 

midpoint of TE. (Given) 

2. SH = TF (Definition of = segments) 

3. SP = PH, TP = PF (Definition of midpoint) 

4, SH = SP + PH, TF = TP + PF (Segment 

Addition Postulate) 

5.SP + PH = TP + PF (Substitution) 

6.SP + SP = TP + TP (Substitution) 

7.2SP = 2TP (Substitution) 

8. SP = TP (Division Property) 

9. SP = TP (Definition of = segments) 


=i 
b.SP = {SH 


Definition of midpoint 
= $(127.3) or 63.54 Substitution 


Since TF = SH, then FP = SP = 63.54. 


Since ASPF is a right triangle, use the Pythagorean 
Theorem to find SF, the distance from first base to 


second base. 
ce=at+ bP Pythagorean Theorem 
SF* = SP? + FP? Substitution 


SF2 = 63.542 + 63.542 Substitution 
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SF? = 8074.6632 Simplify. 5x _ 235 


== Division Prope 
SF = 90 Take the positive square root of 5 5 pele 
each side. x =47 Substitution 
The distance from first base to second base is ; 
about 90 feet. mZ6 = 2x — 21 Given 
ee ey Fes mZ6 = 2(47) — 21 or 73 Substitution 

17. Neither; since AB = CD and CD = BF, then 
AB = BF by the Transitive Property of Congruence. mZ7 = 3x — 34 Given 
19. No; congruence refers to segments. Segments mZ7 = 3(47) — 34 or 107 Substitution 


cannot be added, only the measures of segments. Z8 = Z6 Vertical Angles Theorem 


~ AB So. aD ae mZ8 =mZ6_ Definition of = & 
ne =73 Substitution 
oxen a — Db APS! as en a ner oe are s lementar 
Prove: BC = EF ' MEP y 
Proof: 
Proof: 


Statements (Reasons) 

1. 25 = Z6 (Given) 

2.mZ5 = mZ6 (Def. of = 4) 

3. Z4 and Z5 are supplementary. (Def. of linear 
pairs) 

4.mZ4 + mZ5 = 180 (Def. of 4) 

5.mZ4 + mZ6 = 180 (Subst.) 


Statements (Reasons) 
1. AC = DF, AB = DE (Given) 
2. AC = AB + BC; DF = DE + EF (Seg. Add. Post.) 
3. AB + BC = DE + EF (Subst.) 
4. BC = EF (Subt. Prop.) 
29. 60, 30, 90, 60, 120,60 31.9V2 33.3y4/5x 35.8 


wm I 
i= 
= 
—_— | 
= 
(=) 
w 
z=) 
i= 
o°) 
pe 
<b) 
= 
Ze) 
i= 
<= 
z=] 
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Lesson 2-8 6. 24 and 26 are supplementary. (Def. of 4) 
.Gi : i i 2 B 
@) mZ1 = 90 because 71 is a right angle. vs = P eR eae wangle : 
ie rove: Z1 and Z2 are tX2 
mZ2 + mZ3 = 90 Complement Theorem EME EE NE 
26 + mZ3 = 90 mZ2 = 26 ne tata enn 
26 + mZ3 — 26 = 90 — 26 Subtraction Property Seecients (Reaseng) 
ESSE Subsututon 1. ZABC is a right angle. (Given) 
3.mZ4 = 114, mZ5 = 66; Suppl. Thm. 2. mZABC = 90 (Def. of rt. 4) 
5. Given: 22 = £6 3. mZABC = mZ1 + mZ2 (Z Add. Post.) 
Prove: 24 = £8 4.90 = mZ1 + mZ2 (Subst.) 
Proof: 5. Z1 and 22 are complementary angles. (Def. of 
Statements (Reasons) comp. 4) 


1. 22 = 26 (Given) 


2.mZ2 + mZ4 = 180, mZ6 + mZ8 = 180 iar rr eae 4 A 4 
(Suppl. Thm.) is 1 2 3 


3. mZ2 + mZ8 = 180 (Subst.) sees oa 
4,.mZ2 —mZ2 + mZ4 = 180 — mZ2,mZ2 — mZ2 + ; é eee Bae m= 
mZ8 = 180 — mZ2 (Subt. Prop.) wil S42, 22225 (Given) 


5. mZ4 = 180 — mZ2, mZ8 = 180 — mZ2 (Subt. Prop.) . sa 7 dae Nome ews (Def. of = 4) 
6. mZ4 = mZ8 (Subst.) -mZ1 = mZ3 (Trans. Prop.) 


7, 24 = 8 (Def. = A) 4. Z1 = Z3 (Def. of = 4) 


7. Given: 24 = 27 21. Given: 21 = 24 
Prove: 25 = 46 Prove: 42 = £3 
Proof: Proof: 
Statements (Reasons) Statements (Reasons) 
1. 24 = Z7 Given) 1. 21 = 24 (Given) 
2.24 = £5 and 26 = Z7 (Vert. & Thm.) 2 £12 £2, £3 = £4 Vert. & are =) 
3. Z7 = Z5 (Subst.) 3. Z1 = Z3 (Trans. Prop.) 
4. 25 = Z6 Subst.) 4. 22 = £3 (Subst) 
9.mZ3 = 62,mZ1 = mZ4 = 45 (= Comp. and Suppl. 23. Given: £1 and 22 are rt. 4. 
Thm.) 11.mZ9 = 156, mZ10 = 24 (= Suppl. Thm.) sae alee fe 
roof: 
mZ6 + mZ7 = 180 Supplement Thm. Statements (Reasons) 
2x — 21+ 3x — 34 = 180 Substitution 1. Z1 and 22 are rt. &. (Given) 
5x — 55 = 180 Substitution 2.mZ1 = 90,mZ2 = 90 (Def. of rt. 4) 
5x —55+55 = 180+ 55 Addition Property 3.mZ1 = mZ2 (Subst.) 
5x = 235 Substitution 4. Z1 = Z2 (Def. of = 4) 
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25. Given: 21 = 22, Z1 and Z2 are addressed the “to the same angle” case of the theorem. 


supplementary. C F 

Prove: 71 and 22 are rt. 4. A G D J 

Proof: 1 | 9 

Statements (Reasons) 

1. 21 = 22, Z1 and Z2 are supplementary. (Given) as S 

2. mZ1 + mZ2 = 180 (Def. of supp. 4) H | K L 

3.mZ1 = mZ2 (Def. of = 4 ) Given: ZABC = ZDEF, ZGHI is complementary 

4,.mZ1 + mZ1 = 180 (Subst.) to ZABC, ZJKL is complementary to ZDEF. 

5. 2(mZ1) = 180 (Subst.) Prove: ZGHI = ZJKL 

6.mZ1 = 90 (Div. Prop.) Proof: 

7.mZ2 = 90 (Subst. (steps 3, 6)) Statements (Reasons) 

8. Z1 and 22 are rt. A. (Def. of rt. 4) 1. ZABC = ZDEF, ZGHI is complementary to 
27. Since the path of the pendulum forms a right ZABC, ZJKL is complementary to ZDEF. (Given) 
angle, ZABC is a right angle, or measures 90. BR 2.mZABC + mZGHI = 90, ZDEF + ZJKL = 90 
divides ZABC into ZABR and ZCBR. By the Angle (Def. of compl. 4) Jp) 
Addition Postulate, mZABR + mZCBR = mZABC, 3. mZABC + mZJKL = 90 (Subst.) 2 
and, using substitution, mZABR + mZCBR = 90. 4.90 = mZABC + mZJKL (Symm. Prop.) = 
Substituting again, mZ1 + mZ2 = 90. We are given that 5. mZABC + mZGHI = mZABC + mZJKL oa 
mZ1 is 45°, so, substituting, 45 + mZ2 = 90. Using (Trans. Prop.) = 
the Subtraction Property, 45 — 45 + mZ2 = 90 = 45, 6. mZABC — mZABC + mZGHI = mZABC — 2 
or mZ2 = 45. Since mZ1 and mZ2 are equal, BR is the mZABC + mZJKL (Subt.) s 
bisector of ZABC by the definition of angle bisector. 7.mZGHI = mZJKL (Subst.) 9 

8. ZGHI = ZJKL (Def. of = 4) = 

(29) To prove lines @ and m are perpendicular, show z, 

that 21, 23, and 24 are right 4. oS 

Given: 22 is a right angle. y ies y Via = 

Prove: ¢ 1 m 4 BH 2 


Proof: 

Statements (Reasons) 

1. 22 is a right angle. (Given) 
2.mZ2 = 90 (Definition of a rt. Z) 
3. 22 = Z3 (Vert. A are =.) 
4.mZ3 = 90 (Substitution) 
5 
6 
7 


Given: ZABC = Sie ane is ene 
to ZABC, ZJKL is supplementary to ZDEF. 
Prove: ZGHI = ZJKL 

Proof: 

Statements (Reasons) 

1. ZABC = ZDEF, ZGHI is supplementary to 
ZABC, ZJKL is supplementary to ZDEF. (Given) 
2. MZABC + mZGHI = 180, mZDEF + mZJKL = 
180 (Def. of suppl. 4) 

3. mZABC + mZJKL = 180 (Subst.) 

4.180 = mZABC + mZJKL (Symm. Property) 

5. mZABC + mZGHI = mZABC + mZJKL 
(Trans. Prop.) 

6. mZABC — mZABC + mZGHI = mZABC — 


.mZ1 + mZ2 = 180 (Supplement Theorem) 
.mZ1 + 90 = 180 (Substitution) 
.mZ1 + 90 — 90 = 180 — 90 (Subtraction 
Property) 
8. mZ1 = 90 (Substitution) 
9. 21 = Z4 (Vertical 4 are =.) 
10. 24 = Z1 (Symmetric Property) 
11. mZ4 = mZ1 (Definition of = 4) 
a t ee ee Se form four rt. 4.) meee ae eae) 
aide 7. mMZGHI = mZJKL (Subst.) 
31. Given: XZ bisects ZWXY, and mZWXZ = 45. 8. ZGHI = ZJKL (Def. of = 4) 


Prove: CWXY is a right angle. 35. Sample answer: Since protractors have the scale 


Frooe for both acute and obtuse angles along the top, the 
Statements (Reasons) . supplement is the measure of the given angle on the 
1. XZ bisects <WXY and mZWXZ = 45. (Given) other scale. 37.A 39.B 41. Subtratcion Prop. 
ee et A ee 43.Substitution 45.true 47.true 49.linen 51. 
3. mZWXZ = mZZXY (Def. of = 4) point W 53. Yes; it intersects both m and n when all 
. mZZXY = 45 Gubst,) three lines are extended. 
6 
7. 


»mMZWXY = mZWXZ + mZZXY (Z Add. Post.) 


.mZWXY = 45 + 45 (Subst.) Chapter 2 Study Guide and Review 
. mZWXY = 90 (Subst.) 1.false; theorem 3.true 5.true /7.true 9. false; 
8. ZWXY is a right angle. (Def. of rt. 4) negation 11. false; two nonadjacent supplementary 
33. Each of these theorems uses the words “or to angles 13.Sample answer: Dogs or other pets may 
congruent angles” indicating that this case of the threaten or chase wildlife that might not be present in 
theorem must also be proven true. The other proofs only his local park. 15. A plane contains at least three 
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noncollinear points and the sum of the measures of 
two complementary angles is not 180; true. 

17a.18 17b.14 17¢.22 19.true 21.PQRSisa 
parallelogram; Law of Detachment. 23. valid; Law of 
Detachment 25.Sometimes; if the three points are 
collinear, they will be contained in multiple planes, 
but if they are noncollinear, they will be contained in 
only one plane. 27.Sometimes; if the angles are 
adjacent, they will form a right angle, but if they are 
not adjacent, they will not. 29.Symmetric 

31. Distributive Property 33. Transitive Property 

35. Statements (Reasons) 

1. PQ = RS, PQ = 5x + 9, RS = x — 31 (Given) 

2.5x + 9 = x — 31 (Subst.) 

3. 4x = 9 = —31 (Subt.) 

4. 4x = —40 (Subt. Prop.) 

5. x = —10 (Div. Prop.) 

37. Statements (Reasons) 

1. X is the midpoint of WX and VZ. (Given) 

2. WX = YX, VX = ZX (Def. of midpoint) 

3. WX = YX, VX = ZX (Def. of =) 

4, VX = VW = WX, ZX = ZY + YX (Seg. Add. 

Post.) 

5. VW + WX = ZY + YX (Subs.) 

6. VW = ZY (Subt. Prop.) 
39. Segment Addition Postulate 
43. Statements (Reasons) 

1. 21 = 24, 22 = Z3 (Given) 

2.mZ1 = mZ4,mZ2 = mZ3 (Def. of =) 

3.mZ1 + mZ2 = mZ3 + mZ4 (Add. Prop.) 

4,mZ1 + mZ2 = mZAFC, mZ3 + mZ4 = mZEFC 

(Z Add. Post.) 

5. mZAFC = mZEFC (Subst.) 

6. ZAFC = ZEFC (Def. of =) 


CHAPTER 3 
Parallel and Perpendicular Lines 


Chapter 3 


1.4 3. Yes, points C and D lie in plane CBD. 
5.142 7.90 9-1 11.5 


41.127 


Get Ready 


Lesson 3-1 
1.TUV 3.YX,TU,ZW 


6) Angle 71 and Z8 are nonadjacent exterior angles 
that lie on opposite sides of the transversal. So, 
they are alternate exterior angles. 

7. alternate interior 9. line 1; corresponding 

11. line m; consecutive interior 13. CL, EN, BK, AJ 


(45) The segments that do not intersect BC and are not 
in the same plane as BC are skew to BC. Any of 


17. KL, CL, BK, ML, DM, NM, KJ 19.JK 21. line s; 
corresponding 23. line ¢; alternate interior 25. line ¢; 
alternate exterior 27. line t; consecutive interior 
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29. line s; alternate exterior 31. line a; vertical 

33. line c; alternate interior 35. line ie corresponding 
37a. Sample answer: Since the lines are coplanar and 
they cannot touch, they are parallel. 37b. Line g isa 
transversal of linesp andm. 39.skew 41. parallel 
43. intersecting 


(4) a. The treads, or the upper horizontal parts of the 
stairs, are parallel. b. The treads of the two steps 
at the top of the incline lie in the same plane. So, 
they are coplanar. cc. The treads of the steps on 
the incline of the escalator do not intersect and are 
not parallel to the treads of the steps on the bottom 
of the conveyor. So, they are skew. 


47a. 


n 


47b. parallel, 47¢.skew 49. Sometimes; AB 
intersects EF depending on where the planes 
intersect. 51.B 53.(0,4),(—6,0) 55.mZ9 = 86, 
mZ10=94 57.mZ19 = 140, mZ20 = 40 

59.3.75 61.90 63.45 


Lesson 3-2 


1.94; Corresponding Angle Postulate 3. 86; 
Corresponding Angle Postulate and Supplement 
Angle Theorem 5.79; Vertical Angle Theorem, 
Consecutive Interior Angles Theorem 7.m2Z2 = 93, 
mZ3 = 87,mZ4 = 87 9.x = 114 by the Alternate 
Exterior Angles Theorem 11.62; Corresponding 
Angles Postulate 13.118; Def. of Supplementary 
Angles 15.38; Corresponding Angles Postulate 
17.142; Supplement Angles Theorem 19. 38; 
Alternate Exterior Angles Postulate 


@1) If the radiation rays form parallel lines, then 21 
and Z3 are corresponding angles. So, according 
to the Corresponding Angles Postulate, 71 and 
Z3 are congruent. 


23. Supplementary; since 23 and Z5 are a linear pair, 
they are supplementary. 24 and 25 are congruent 
because they are alternate exterior angles, so 23 is 
supplementary to 24. 


(25) 3x —15=105 Corresponding Angles Postulate 
3x = 120 Add 15 to each side. 
x= 40 Divide each side by 3. 


(8x — 15) + (y+ 25) = 180 Supplement Theorem 
105+ y+25=180 Substitution 


y+ 130=180 Simplify. 
y=50 — Subtract 130 from each side. 
So, x = 40 by the Corresponding Angles 
Postulate; y = 50 by the Supplement Theorem. 


27. x = 42 by the Consecutive Interior Angles Theorem; 
y = 14 by the Consecutive Interior Angles Theorem 

29. x = 60 by the Consecutive Interior Angles Theorem; 
y =10by the Supplement Theorem 31. Congruent; 
Alternate Interior Angles 33. Congruent; vertical 
angles are congruent. 


35. Given: @ || m 
Prove: Z1 = 28 
Z2= 27 
Proof: P 
Statements (Reasons) 
1. £ || m (Given) 
2.Z1 = 45, 
L2= 26 
(Corr. & Post.) 
3.25 = 28, 
L6=2Z7 
(Vertical 4 Thm.) 
4. Z1 = 28, 
L2=L7 
(Trans. Prop.) 


37. Given: m || 1, _L m 
Prove: t | 1 
Proof: 
Statements (Reasons) 
1. m || 2, t L m (Given) 
2. 21 is a right angle. 


(Def. of 1) m 
3.mZ1 = 90 (Def. of rt. 4) D) 
4, Z1 = Z2 (Corr. & Post.) i 


5.mZ1 = mZ2 (Def. of = 4) 

6. mZ2 = 90 (Subst.) 

7. Z2 is a right angle. (Def. of rt. 4) 
8. t | n (Def. of _L lines) 


(9) Draw a line parallel to the two given lines and 
label angles 1, 2,3, and 4. So, x = mZ2 + mZ3. 


mZ1 = 105 because vertical angles are congruent 
and their measures are equal. Z1 and 22 are 
supplementary by the Consecutive Interior 
Angles Theorem. 
mZ1+mZ2= 180 _ Definition of supplementary angles 
105 + mZ2 = 180 Substitution 
mZ2=75 — Subtract 105 from each side. 


mZA4 = 125 because vertical angles are congruent 


and their measures are equal. 23 and 24 are 
supplementary by the Consecutive Interior 
Angles Theorem. 
mZ3 +mZ4 = 180 _ Definition of supplementary angles 
mZ3 +125 = 180 Substitution 
mZ3=55 — Subtract 125 from each side. 
mZ2+mZ3 =x Angle Addition Postulate 
75 +55 =x Substitution 
130 = x Simplify. 
41a. Sample answer for m and 11: 


41c. Sample answer: Angles on the exterior of a pair 
of parallel lines located on the same side of the 
transversal are supplementary. 41d. Inductive; a 
pattern was used to make a conjecture. 
41e. Given: parallel 

lines m and n 

cut by 

transversal t 

Prove: 21 and 24 

are supplementary. 

Proof: 

Statements (Reasons) 

1. Lines m and 7 are parallel and cut by 

transversal t. (Given) 

2.mZ1 + mZ2 = 180 (Suppl. Thm.) 

3. 22 = Z4 (Corr. A are =.) 

4,mZ2 = mZ4 (Def. of congruence) 

5.mZ1 + mZ4 = 180 (Subst.) 

6. Z1 and 24 are supplementary. (Definition of 

supplementary angles) 
43. In both theorems, a pair of angles is formed when 
two parallel lines are cut by a transversal. However, 
in the Alternate Interior Angles Theorem, each pair of 
alternate interior angles that is formed are congruent, 
whereas in the Consecutive Interior Angles Theorem, 
each pair of angles formed is supplementary. 
45.x=17lorx=155;y=3o0ry=5 47.C 49.1 
and II 51. Skew lines; the planes are flying in 
different directions and at different altitudes. 
53.26 = 43,mZ7 =90 55.15 57.4 59. 1 


3 
61. —— 
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Lesson 3-3 27a. 500 27b. $41.50 


‘ _ 40 27c. $84 
1.-1 3.2 S 400 
& 350 
YM a 300 
G) slope of Wx = = een =a Slope formula a 250 
= 200 
5-4 a 
=F WD = 24 0H) = 4,5) a 
= 
= + Simplify. 50 
0 
vy; 03'05‘07'09'11'13'15'17'19'21'23 
slope of YZ = X, Slope formula Year 
Pi (x, ,) = (4, 1) 29. parallel 31. perpendicular 
2H = py My= 1) 
— 8-4 (Xp, Yo) = (8, —7) 20} 15 
= oe ini 16 
= OF 2 Simplify. 2 
8 
+(-2) =-1 Product of slopes 4 é 
Since the product of the eae BP 12 16% 
slopes is —1, WX i is 
perpendicular to YZ. 


Selected Answers and Solutions 


7. parallel 9, 
xX 3 y 
WwW 6 
4 
, Y 
—6-4-20] 2 4/6 8x 
4 
—6 
—8 Z 


11. 


41. Line 2 
(43) slope of Line 1 = 


Slope formula 


0. =(=@ (1,44) = (—9, —4), 
7—(—9) — (% Yo) = (7,0) 


=. 
ap Subtract. 
= + Simplify. 
(13) Substitute (—3, 1) for (x, y,) and (4, —2) for (x5, yp). slope of Line 2 = YY Slope formula 
= Ye Ui se gs 
m= Xy — Hy Slope formula a 4-1 (%,4) = (0,1), 
= oa Substitution 7-0 (Xp Jo) = (7,4) 
ee 3 
= -5 Simplify. =7 Subtract. 
: 1 3 : : 
15.8 17.undefined 19.1 21.0 23. undefined Since 7 < 7, the slope of Line 2 is steeper than 


the slope of Line 1. 
45a. the bald eagle 


1 
25. =a 
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45b. 

1000 
900 
800 
700 
600 
500 
400 
300 
200 
100 


Bald Eagle 


Gray Wolf 


1992 1996 2000 
Year 


2004 2008 


45c. 1189 bald eagles; 494 gray wolves 
47.y = —8 49. = 0 


~g—6—-4-20| 2 46 px 


Distance 
Walking | Riding Bikes 
(miles) (miles) 


Distance 


Multiply the 
time spent 
walking by 3.5 
and the time 
spent riding by 
10 to find the 
distances 
travelled. 


b. Use the table from part a to create a graph with 
time on the horizontal axis and distance on the 
vertical axis. 


sa Biking 
36 
32 
3 28 
= 24 
g 20 
Ss 16 : 
a7 Walking 
a 12 
8 
4 


12 3 4 5 67 8 9 10 
Time (hours) 


c.their speed d.Sample answer: Yes, they can 
make it if they ride their bikes. If they walk, it takes 
over two hours to go eight miles, so they wouldn’t 
be home in time and they wouldn’t get to spend any 


time in the store. If they ride their bikes, they can 

travel there in 24 minutes. If they spend 30 minutes 

in the store and spend 24 minutes riding home, the 

total amount of time they will use is 24 + 30 + 

24 = 78 minutes, which is 1 hour and 18 minutes. 
53. Terrell; Hale subtracted the x-coordinates in the 
wrong order. 55. The Sears Tower has a vertical or 
undefined and the Leaning Tower of Pisa has a 
positive slope. 57.Sample answer: (4, —3) and 
(5, —5) lie along the same line as point X and Y. The 
slope between all of the points is —2. To find additional 
points, you can take any point on the line and subtract 
2 from the y-coordinate and add 1 to the x-coordinate. 
59.2:5 61.C 63.123 65.57 67. ABC, ABQ, POR, 
CDS, APU, DET 69.valid 71.6 73.y=—2x+3 


Lesson 3-4 


ly =4x-3 By = Sx +5 
12)” 
10 
8 
4 
2 
—6—4—20] 2 4 6 x 
—4 
= _5 
5.y +3 = F(x + 2) Ly=qr-1 
eed 
4 a a ae 
Oo] | x W.y=4x+9 
13. y = —5x — 2 15. y = 9x +2 


a R33 


SUOIINIOS pue sIaMSUY pa}da19S 


Ze) 
i= 
= 
a=) 
= 
(=) 
YD 
z=) 
i= 
°) 
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= 
Ze) 
i= 
<= 
z=] 
<b) 
= 
Oo 
pst) 
{<b) 
w 


(9) y — y, = m(x — x,) Point-slope form 
y—11=2(x-—3) m=2,(x%,.¥%)=(@,11) 
y=2x+5 Simplify. 


Graph the given point 


(3, 11). Use the slope 2 


or = to find another 


point 2 units up and 


1 unit to the right. 


21.y —9 = —7(x — 1) 


B.y=—4 Wx=-3 Wy=-3r+3 


3t.y = Dr +3 33. y =x —4 


S7.y=—2x-18 I.y=—Sx +6 


36. y = Sx —2 


a. For each person, the cost increases $5.50. So, the 
rate of change, or slope, is 5.5. The y-intercept 
represents the cost when there are 0 people, or 
$400. Let y represent the total cost and x represent 
the number of people who attend the party. 
y=mx+b Slope-intercept form 

y=5.5x+400 m=5.5,b= 400 

b. Let the x-axis represent the number of people 

and the y-axis represent the total cost. 


Cost of Graduation Party 
1600 


1200 


0 100 200 300 400 
Number of People 


c. If $ of the class attends, then 2 * 285 or 


190 people attend. 

y = 5.5x + 400 Write the equation. 
= 5.5(190) + 400 x= 190 
= 1045 + 400 Multiply. 
= 1445 Simplify. 

The party will cost $1445. 


d. y=5.5x +400 Write the equation. 
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2000 = 5.5x + 400 y= 2000 
1600 = 5.5x Subtract. 
y = 290.9 Simplify. 
If they raise $2000, 290 people can attend the 
party. 
43.p 45.1,p,orr 47.perpendicular 49. neither 


1) First, find the slope of the line through (3, 2) and 


(=7,2) 
m= - - - Slope formula 
2-2 
= _7_3 (%, y;) = (3, 2), (x, Vp) = (-7, 2) 
__0 
= T10 Subtract. 
= Simplify. 


Since the slope of the line is 0, it is a horizontal 
line. A line is perpendicular to a horizontal line if 
it is vertical, so find the vertical line through the 
point (—8, 12). The line through the point (—8, 12) 
perpendicular to the line through (3, 2) and 
(—7,2) isx = —8. 


53.C = 15(x —1) + 400rC=15x+25 55.14 


57. Sample answer: y = 2x — 1, 
Sl 
a ae 
slope and y-intercept, the slope-intercept form is 
easier to use. When given two points, the point-slope 
form is easier to use. When given the slope and a 


point, the point-slope form is easier to use. 


61.H 63.E 65.2 67.x =3,y = 26.33 

69. Gas-O-Rama is also a quarter mile from Lacy’s 
home; the two gas stations are half a mile apart. 
71. consecutive interior 73. alternate exterior 


59. Sample answer: When given the 


Lesson 3-5 
1.7 || &; Converse of Corresponding Angles Postulate 


@) Angle 3 and 210 are alternate exterior angles of 
lines £ and m. Since 23 = 210, € || by the 
Alternate Exterior Angles Converse Theorem. 

5.20 7. Yes; Sample answer: Since the alternate exterior 
angles are congruent, the backrest and footrest are 
parallel. 9.u || v; Alternate Exterior 4 Converse 

11. 7 || s; Consecutive Interior 4 Converse 

13. u || v; Alternate Interior 4 Converse 15.r || 5; 
Corresponding 4 Converse 17.22; Conv. Corr. & Post. 


(49) The angles are consecutive interior angles. For 
lines m and 7 to be parallel, consecutive interior 
angles must be supplementary, according to the 
Consecutive Interior Angles Converse Theorem. 


(7x — 2) + (10 — 3x) = 180 _ Definition of supp. & 
4x +8=180 Simplify. 
4x = 172 Subtract 8 from each side. 
x=43 Divide each side by 4. 
21.36; Alt. Ext. & Conv. 


23a. Z1 and 22 are supplementary. 23h. Def. of linear 
pair 23¢. 22 and Z3 are supplementary; Suppl. Thm. 


23d. = Suppl. Thm. 23e. Converse of Corr. 4 Post. 

25. Given: 41 = 23, AC || BD A B 
Prove: AB || CD 1 
Proof: 

Statements (Reasons) 3 

1. Z1 = 23, AC || BD (Given) C D 

2. 22 = Z3 (Corr. & Post.) 

3. Z1 = Z2 (Trans. Prop.) 

4. AB || CD (If alternate 4 are =, then lines are ||.) 

27. Given: ZABC = ZADC, mZA + mZABC = 180 
Prove: AB || CD A 
Proof: 

Statements (Reasons) 

1. ZABC = ZADC, 

mZA + mZABC = 180 B 2B 
(Given) 

2. MZABC = mZADC 

(Def. of = 4) C 

3. mZA + mZADC = 180 

(Substitution) 

4, ZA and ZADC are supplementary. 

(Def. of supplementary 4) 

5. AB || CD (If consec. int. 4 are supplementary, 
then lines are ||.) 

(29) The Converse of the Perpendicular Transversal 
Theorem states that two lines perpendicular to 
the same line are parallel. Since the slots, or 
the bottom of each rectangular opening, are 
perpendicular to each of the sides, the slots are 
parallel. Since any pair of slots is perpendicular 
to the sides, they are also parallel. 

31. Given: 21 = 22 
Prove: £ || m 


Proof: 7 L 


Statements (Reasons) 


1. Z1 = 22 (Given) 2 a 


2. 22 = Z3 (Vertical 4 are =) 

3. Z1 = 23 (Transitive Prop.) 

4. £ || m (If corr & are =, then 

lines are ||.) 
33.7 || 5; Sample answer: The corresponding angles 
are congruent. Since the angles are equal, the lines 
are parallel. 35.7 || s; Sample answer: The alternate 
exterior angles are congruent. Since the angles are 
equal, the lines are parallel. 37. Daniela; 71 and 22 
are alternate interior angles for WX and YZ, so if 
alternate interior angles are congruent, then the lines 
are parallel. 


39. Sample answer: 
Given: a || b and b || c 
Prove: a || c 
Statements (Reasons) 
1. a || b and b || c (Given) 
2. Z1 = 23 (Alt. Int. & Thm.) 
3. 23 = 22 (Vert. 4 are =) 
4. 22 = Z4 (Alt. Int. & Thm.) 
5. Z1 = ZA4 (Trans. Prop.) 
6. a || b (Alt. Int. 4 Conv. Thm.) 


41a. We know that mZ1 + mZ2 = 180. Since 22 and 
Z3 are linear pairs, mZ2 + mZ3 = 180. By 
substitution, mZ1 + mZ2 = mZ2 + mZ3. By 
subtracting mZ2 from both sides we get mZ1 = mZ3. 
21 = Z3, by the definition of congruent angles. 
Therefore, a || c since the corresponding angles are 
congruent. 41b. We know that a || c and mZ1 + mZ3 = 
180. Since 21 and Z3 are corresponding angles, they 
are congruent and their measures are equal. By 
substitution, mZ3 + mZ3 = 180 or 2mZ3 = 180. By 
dividing both sides by 2, we get mZ3 = 90. Therefore, 
t 1 c since they formaright angle. 43. Yes; sample 
answer: A pair of angles can be both supplementary 
and congruent if the measure of both angles is 90, 
since the sum of the angle measures would be 180. 


45.G 


47. J 
— Ay 
49. = <x 9 
51. 6 hours 
53. Ww xX Y Z 
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55.8.6 m; 3.5m? 57.10,8.3 
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Lesson 3-6 
1. x Z 3. The formation should 
be that of two parallel 
WwW y _ lines that are also parallel 
to the 50-yard line; the 
T S band members have 


formed two lines that are equidistant from the 
50-yard line, so by Theorem 3.9, the two lines formed 
are parallel. 5.10 units 


@) Let £ represent y = —2x + 4 and let m represent 
y = —2x + 14. The slope of the lines is —2. Write 
an equation for line p. The slope of p is the 


opposite reciprocal of —2, or .. Use the 


y-intercept of line @, (0, 4), as one of the 
endpoints of the perpendicular segment. 


(y — y,) =m(x — x,)  Point-slope form 
(y-4) =F(x-0) (4%) = (0.4), m= 
y-4= ax Simplify. 


y= ot +4 Add 4 to each side. 


Use a system of equations to find the point of 
intersection of lines m and p. 
Equation for m: y = —2x + 14 


. pie exile 
Equation for p: y = at + 4 
y=—2x +14 Equation for m 


ax +4=—2x+414 Use Equation p to substitute 
aK + 4 for y. 


2x ie oe Add 2x to each side. 
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Subtract 4 from each side. 
x=4 Multiply each side by ©. 


y= ax +4 — Equation for p 


y= $(4) +4 Substitute 4 for x. 


y=6 Simplify. 


The point of intersection is (4, 6). Use the 
Distance Formula to find the distance between 
(0, 4) and (4, 6). 


d= \/(X_— x4)? + (Y2 — yy)" 


Distance Formula 


= (4-0)? + (6-4)? x =05,=4 
X= 4, Vy =6 
= 720 or 2V5. Simplify. 


The distance between the lines is 2\/5 units. 


11. G_ 13.No;a driveway 
perpendicular to the 
road would be the 
shortest. The angle 
the driveway makes 
with the road is less 
than 90°, so it is not 
the shortest possible 
driveway. 


(45) Find the slope and y-intercept of line £ and write 

the equation for the line. 

Yo-¥, 4-(-3 

Since £ contains (0, —3), the y-intercept is —3. 
So, the equation for line € is y = 1x + (—3) or 
y = x — 3. The slope of a line perpendicular to ¢, 
line w, is —1. Write the equation of line w 
through (4, 3) with slope —1. 


m 


y=mx+b Slope-intercept form 
3=-1(4)+b m=-1,(x%y) = (4,3) 
3=-4+) Simplify. 

7=b Add 4 to each side. 


So, the equation for line w is y = —x + 7. Solve 
the system of equations to determine the point of 
intersection. 
line é: y= x-3 
line w: (+) y= —x +7 

2y = 4 Add the two equations. 

y= 2 _ Divide each side by 2. 

Solve for x. 
y=x-—3__ Equation for line € 
2=x-3 y=2 
5=Xx Add 3 to each side. 
The point of intersection is (5, 2). Let this be 
point Q. Use the Distance Formula to determine 
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the distance between P(4, 3) and Q(5, 2). 


d=\/ (x, —x,)?+(y,—y,)* Distance Formula 


= (5 — 4)? + (2 — 3)? (a4) 3, 
Xp = 5, Vo = 2 
=V2 Simplify. 


The distance between the lines is V2 units. 

17.6 units 19.V10 units 21.6 units 23.26 units 

25.21 units 27.4V17 units 29.14.76 units 

31.5 units 33.6 units 

(5) He can conclude that the right and left sides of the 

bulletin board are not parallel, since the 
perpendicular distance between one line and any 
point on the other line must be equal anywhere on 
the lines for the two lines to be parallel. In this case, 
the length of the top of the bulletin board is not equal 
to the length of the bottom of the bulletin board. 

39b. Place point C any place on line m. The area of the 


triangle is * the height of the triangle times the length 


of the base of the triangle. The numbers stay constant 
regardless of the location of C on line m. 39¢. 16.5 in* 
@) To find out if the lines will intersect, determine if 

they are parallel. If they are parallel the 
perpendicular distance between the two lines at 
any point will be equal. Use a ruler to measure 
the distance between points A and C and points 
Band D. AC = 1.2 centimeters and BD = 
1.35 centimeters. The lines are not parallel, so 
they will intersect. Shenequa is correct. 


43.a = t1;y=4x + 6andy=tx+Zory= ix + 6 
and y = x + 4 
45a. Sample answer: 
P 45b. Sample answer: Using a 
B protractor, the measurement of the 
constructed angle is equal to 90. 
So, the line constructed from 
A vertex P is perpendicular to the 
nonadjacent side chosen. 
45c. Sample answer: The same 
compass setting was used to 
construct points A and B. Then the 
same compass setting was used to 
construct the perpendicular line to 
the side chosen. Since the compass setting was 
equidistant in both steps, a perpendicular line was 
constructed. 
47. Sample answer: First, a point on one of the 
parallel lines is found. Then the line perpendicular 
to the pair of parallel lines is found. Then the point 
of intersection is found between the perpendicular 
line and the other line not used in the first step. 
Last, the Distance Formula is used to determine the 
distance between the pair of intersection points. 
This value is the distance between the pair of 


parallel lines. 49.C 51.B 53y+1=(x—-3) 


55. y — 3 = —(x + 2) 
57. Given: AB = BC 

Prove: AC = 2BC 

Proof: 

Statements (Reasons) 

1. AB = BC (Given) 

2. AC = AB + BC (Seg. Add. Post.) 

3. AC = BC + BC (Substitution) 

4. AC = 2BC (Substitution) 
59. Sample answer: Robin | Cardinal; Bluebird 
divides two of the angles formed by Robin and 
Cardinal into pairs of complementary angles. 
61.5 63.13 65.5 


Chapter 3 


1. false; parallel 3.true 5.true 7. false; congruent 
9.corresponding 11.alternate exterior 13.skew 
lines 15.57; 25 = 213 by Corr. 4 Post. and 13 and 14 
forma linear pair 17.123; 211 = 25 by Alt. Int. 4 
Thm. and 25 = 21 by Alt. Ext. 4 Thm. 19.57; 21 = 
Z3 by Corr. & Post. and 23 and 26 form a linear pair. 
21. perpendicular 23. parallel 


Study Guide and Review 
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—8—6—4 24 6 8x 


27.y +9 =2(x —4) 
29.y = 5x —3 

31.y = —Sx + 10 
33. C = 20h + 50 
35. none 

x 37. || z; Alternate 


Exterior Angles 
Converse Thm. 


39.135 41. J 


va 


CHAPTER 4 
Congruent Triangles 


Get Ready 

l.right 3.obtuse 5. 84°; Alternate Exterior Angles 
7.10.8 9,+18.0 11.144.2 mi 

Lesson 4-1 

l.right 3.equiangular 5. obtuse; ZBDC > 90° 

7. isosceles 


@) By the definition of midpoint, FK = KH. 


FK + KH =FH 
KH + KH = FH 
2KH = FH 
2(2.5) = FH Substitution 
5 = FH _ Simplify. 
Since GH = FG, GH = FG or 5. Since GH = FG = 
FH = 5, the triangle has three sides with the same 
measure. Therefore, the triangle has three 
congruent sides, so it is equilateral. 
11.scalene 13.x=5,QR=RS = QS =25 
15.obtuse 17.right 19.acute 21. obtuse 
23.acute 25.right 27.equilateral 29.scalene 
31.scalene 33.scalene 35. equilateral 
@ Since AFGH is equilateral, FG = GH. 
FG = GH Given 
3x +10=9x—8 Substitution 
10 = 6x — 8 _ Subtract 3x from each side. 


Segment Addition Postulate 
Substitution 
Simplify. 


18 = 6x Add 8 to each side. 
3=x Divide each side by 3. 
FG = 3x +10 Given 


= 3(3)+100rl9 x=3 


FG = GH = HF = 19 
(39) Because the base of the prism formed is an 
equilateral triangle, the mirror tile must be cut 
into three strips of equal width. Since the original 
tile is a 12-inch square, each strip will be 12 inches 
long by 12 + 3 or 4 inches wide. 
4in. 4in. 4in. 


12 in. 


41. isosceles obtuse 43. scalene; XZ = 3V5, XY = 
V113, YZ =2\/26 45. isosceles; XZ = 2, XY = 2V2, 
YZ=2 
47. Given: mZADC = 120 
Prove: ADBC is acute. 
Proof: ZADC and ZBDC form a linear pair. ZADC 
and ZBDC are supplementary because if two angles 
form a linear pair, then they are supplementary. So, 
mZADC + mZBDC = 180. We know mZADC = 120, 
so by substitution, 120 + mZBDC = 180. Subtract 
to find that mZBDC = 60. We already know that 
ZB is acute because AABC is acute. ZBCD must 
also be acute because ZC is acute and mZC = 
mZACD + mZBCD. ADBC is acute by definition. 
49. x = 15; FG = 35, GH = 35, HF= 35 51.x = 3; 
MN = 13, NP = 13, PM = 11 
53. C Sample answer: In 
AABC, AB = BC = 
AC = 1.3 cm. Since 
all sides have the 
same length, they are 
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all congruent. Therefore the triangle is equilateral. 
AABC was constructed using AB as the length of 
each side. Since the arc for each segment is the same, 
the triangle is equilateral. 


(5) a. Sample answer: 
acute isosceles 


B B 
70° 44° 
/\ 55° 
A C 
68° 68° 
A C 
right isosceles obtuse isosceles 


c 
{20° 
45° ° > 
jt 30 a 
45° 
gu A 


mZB | Sum of Angle Measures 
180 
180 
180 
180 


c. Sample answer: In an isosceles triangle, the 
angles opposite the congruent sides have the 
same measure. The sum of the angle measures of 
an isosceles triangle is 180. d. If the measures of 
the angles opposite the congruent sides of an 
isosceles triangle have the same measure, then if 
one angle measures x, then the other angle also 
measures x. If the sum of the measures of the 
angles of an isosceles triangle is 180, the measure 
of the third angle is 180 — (x + x) or 180 — 2x. So, 
the other two angles measure x and 180 — 2x. 
57. Never; all equiangular triangles have three 60° 
angles, so they do not have a 90° angle. Therefore 
they cannot be right triangles. 59. Never; all 
equilateral triangles are also equiangular, which 
means all of the angles are 60°. A right triangle has 
one 90° angle. 
61.Sample answer: 63. Not possible; all equilateral 
triangles have three acute 
angles. 65.A 67. 13.5 
34° 69.7 71.2V5 73. Two lines in 
a plane that are perpendicular 
to the same line are parallel. 
0.5 in. 75. H: you are a teenager; C: you 
are at least 13 years old. 
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77. H: you have a driver’s license; C: you are at least 
16 years old 79. Plane AEB intersects with plane N 


in AB. 81. Points D, C, and B lie in plane NX, but 
point E does not lie in plane N., Thus, they are not 
coplanar. 83.cons. int. 85. alt. ext. 


Lesson 4-2 
1.58 3.80 5.49 7.78 9.61 11.151 13.30 
(15) mZL+mZM + mZ2 = 180 _ Triangle Angle-Sum 
Theorem 
31+ 90+ mZ2 = 180 Substitution 
1214+ mZ2=180_ Simplify. 
mZ2=59 — Subtract 121 from each side. 
Z1 and 22 are congruent vertical angles. So, 
mZ1 = 59. 
mZ1+mZ3 + mZP = 180 Triangle Angle-Sum 
Theorem 
59 + mZ3 + 22 = 180 Substitution 
81+ mZ3 = 180 Simplify. 


mZ3 = 99 — Subtract 118 from each side. 
mZ1 = 59,mZ2 = 59,mZ3 = 99 
17.79 19.21 
mZA +mZB=148 — Exterior Angle Theorem 
(2x — 15) + (x —5) = 148 — Substitution 


3x —20=148 Simplify. 
3x = 168 Add 20 to each side. 
x=56 Divide each side by 2. 
So, mZABC = 56 — 5or 51. 
23.78 25.39 27.55 29.35 31.x« = 30; 30,60 
3) In AABC, ZB and ZC are congruent, 
somZB = mZC. 
mZA = 3(mZB) mZAis to be 3 times 
mZB. 


mZA + mZB+mZC = 180 Triangle Angle-Sum 


Theorem 
3(mZB) + mZB + mZB = 180 Substitution 
5(mZB) = 180 Simplify. 
mZB = 36 Divide each side by 5. 
mZC =mZB mZA = 3mZB 
= 36 = 3(36) or 108 


35. Given: AMNO; ZM is a right angle. 
Prove: There can be at most one right angle in a 
triangle. 
Proof: In AMNO, M isa right angle. mZM + 
mZN + mZO = 180. mZM = 90,so mZN + mZO = 
90. If N were a right angle, then mZO = 0. But that 
is impossible, so there cannot be two right angles 
in a triangle. 
Given: APQR; ZP is obtuse. 
Prove: There can be at most one obtuse angle ina 
triangle. 
Proof: In APQR, ZP is obtuse. So mZP > 90. 
mZP +mZQ + mZR = 180. It must be that mZQ + 
mZR < 90.So, ZQ and ZR must be acute. 
37.mZ1 = 65, mZ2 = 20, mZ3 = 95, mZ4 = 40, 
mZ5 = 110, m2Z6 = 45,mZ7 = 70,mZ8=65 39.67°, 
23° 41.z < 23; Sample answer: Since the sum of the 


measures of the angles of a triangle is 180 and 

mZX = 157,157 + mZY + mZZ = 180,so mZY + 
mZZ = 23. If mZY was 0, then mZZ would equal 23. 
But since an angle must have a measure greater than 
0,mZZ must be less than 23, so z < 23. 

(43) Use the Triangle Angle-Sum Theorem and the 
Addition Property to prove the statement is true. 
Given: RSTUV is a pentagon. 

Prove: mZS + mZSTU + mZTUV + 

mZV + mZVRS = 540 
Proof: Ss 
Statements (Reasons) 
1. RSTUV is a pentagon. 


(Given) 
2.mZS +mZ1+mZ2 = 180; 
mZ3+mZ4+ mZ7 = 180; V U 


mZ6 +mZV + mZ5 = 180(4 Sum. Thm.) 
3.mZS +mZ1+mZ2+mZ3 + mZ4 + mZ7 + 
mZ6 + mZV + mZ5 = 540 (Addition Property) 
4.mZVRS = mZ1+mZ4 + mZ5;mZTUV = 
mZ7 +mZ6;mZSTU = mZ2 + mZ3 (Z Addition) 
5.mZS + mZSTU + mZTUV 4+ mZV + 

mZVRS = 540 (Substitution) 


45a. Sample answer: 


157° C 
B 154° 
45b. Sample answer: 


Sum of Angle 
Measures 


45c. Sample answer: The sum of the measures of the 
exterior angles of a triangle is 360. 
45d.mZ1 + mZ2 + 

mZ3 = 360 


4 


2 


45e. The Exterior Angle Theorem tells us that 

mZ3 = mZBAC + mZBCA, mZ2 = mZBAC + 
mZCBA, mZ1 = mZCBA + mZBCA. Through 
substitution, mZ1 + mZ2 + mZ3 = mZCBA + 
mZBCA + mZBAC + mZCBA + mZBAC + mZBCA. 
This can be simplified to m1 + mZ2 + mZ3 = 
2mZCBA + 2mZBCA + 2mZBAC. The Distributive 
Property can be applied and gives mZ1 + mZ2 + 
mZ3 = 2(mZCBA + mZBCA + mZBAC). The 
Triangle Angle-Sum Theorem tells us that 

mZCBA + mZBCA + mZBAC = 180. 

Through substitution we have 

mZ1 + mZ2 + mZ3 = 2(180)= 360. 

47. The measure of Za is the supplement of the 
exterior angle with measure 110, so mZa= 180 — 110 
or 70. Because the angles with measures b and c are 
congruent, b = c. Using the Exterior Angle Theorem, 
b+c= 110. By substitution, b + b = 110, so 2b = 110 
and b = 55. Becauseb=c,c=55. 49y=13,z=14 
51. Sample answer: Since an exterior angle is acute, 
the adjacent angle must be obtuse. Since another 
exterior angle is right, the adjacent angle must be 
right. A triangle cannot contain both a right and an 
obtuse angle because it would be more than 180 
degrees. Therefore, a triangle cannot have an obtuse, 
acute, and a right exterior angle. 53. 100°, 115°, 145° 
55.E 57.obtuse 59.26 units 

61. Each set of figures has one more triangle than 
the previous set and the direction of the triangles 
alternate between pointing up and and pointing 

to the right. 


AAAAA 


63. Multiplication Property 65. Addition Property 
67. Substitution Property 
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Lesson 4-3 

1. ZY = 2S, 2X = ZR, ZXZY = ZRZS, YX = SR, 
YZ = SZ, XZ = RZ; AYXZ = ASRZ_ 3.4in; 
Sample answer: The nut is congruent to the opening 


for the 4-in. socket. 


ZM = ZR CPCTC 
mZM =mZR Definition of congruence 
y+10=2y—40 Substitution 
10=y—40 — Subtract y from each side. 


50 = y Add 40 to each side. 
7.16; ZN corresponds to ZX. By the Third Angles 
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Theorem, mZN = 64,s0 4x = 64. 9.Z2X = ZA, 

LY 2 IB ALE LC XY HAR, AZ = AC YZ = oC 
AXYZ= AABC 11,2R = ZJ, ZT = ZK, 25 = ZL, 
RT = JK, TS = KL, RS = JL; ARTS = AJKL 13.20 


@ j|Ep=uT _ cecie 
ED=UT Definition of congruence 
3z+10=2z+16 Substitution 
2z+10= 16 Subtract z from each side. 
2z=6 Subtract 10 from each side. 
Z=3 Divide each side by 3. 


17a. AABC = AMNO; ADEF = APQR 

17b. AB = MN, BC = NO, AC = MO, DE = PQ, 
EF=QR,DF=PR 17c¢.ZA = ZM, ZB= ZN, 
Z£C2 20, 70220 22270, 2F = 2k 


(49) 148 + 18 + a= 180 Triangle Angle-Sum Theorem 
166 +a=180 Simplify. 
a=14 — Subtract 166 from each side. 
If two angles of one triangle are congruent to 
two angles of another triangle, then the third 
angles of the triangles are congruent. So, 3x + 
y = 14 and 5x — y = 18. Solve the system of 


equations. 
3x+y=14 
(+) 5x— y = 18 
8x = 32 Add the equations. 
x = 4 Divide each side by 8. 


3x +y=14 Original equation 
3(4) +y=14 x=4 
12+y=14 Simplify. 


Statements (Reasons) 

1. ZA = ZD, ZB = ZE (Given) 

2.mZA =mZD,mZB = mZE (Def. of = 4) 
3.mZA + mZB + mZC = 180, mZD + mZE + 
mZF = 180 (Z Sum Theorem) 
4.mZA+mZB+mZC=mZD +mZE + mZF 
(Trans. Prop.) 

5.mZD + mZE +mZC =mZD + mZE + mZF 
(Subst.) 

6. ZC = mZF (Subt. Prop.) 

7. ZC = ZF (Def. of = 4) 


23. Given: BD bisects ZB. 
BD 1 AC 
Prove: ZA = ZC 
Proof: 
Statements (Reasons) 
1. BD bisects ZB, BD 1 AC. (Given) 
2. ZABD = ZDBC (Def. of angle bisector) 
3. ZADB and ZBDC are right angles. (_L lines 
form rt. 4.) 
4. ZADB = ZBDC (All rt. & are =.) 
5. ZA = ZC (Third Z Thm.) 
25. Sample answer: Both of the punched flowers are 
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y=2 Subtract 12 from each side. 
21. Given: ZA = ZD F 
ZB = ZE Cc ra 
Prove: ZC = ZF Tay: FE 
Proof: A B 


congruent to the flower on the stamp, because it 
was used to create the images. According to the 
Transitive Property of Polygon Congruence, the two 
stamped images are congruent to each other 
because they are both congruent to the flowers on 
the punch. 


27. Given: ADEF E 


Prove: ADEF = ADEF 7 | 
D F 


Proof: 


DE = DE, EF = EF, 
DF = DF 


ZD=ZD,ZE=ZE, 
ZF = ZF 


Congruence of Congruence of A 

segments is is reflexive. 

reflexive. 

Def. of = A 
29. 3 x=13;y =7 
M toy S70 y 

i> N T 

4 ° 
: R (4x + 9) 


@a. All the longer sides of the triangles are 
congruent and all the shorter sides are congruent. 
Sample answer: AB = CB, AB = DE, AB = FE, CB = 
DE, CB = FE, DE = FE, AC = DF _b.If the area is 
a square, then each of the four sides measures 


V 100 or 10 feet. So, the perimeter of the square is 
4(10) or 40 ft. The pennant string will need to be 
40 ftlong. ¢. Each pennant and the distance to 
the next pennant is 6 in. or 0.5 ft. So, the number 
of pennants is 40 + 0.5 or 80. 
33a. If two triangles are congruent, then their areas 
are equal. 33b. If the areas of a pair of triangles are 
equal, then the triangles are congruent; false; If one 
triangle has a base of 2 and a height of 6 and a 
second triangle has a base of 3 and a height of 4, 
then their areas are equal, but they are not 
congruent. 33¢. No; sample answer: Any pair of 
equilateral triangles that have the same base also 
have the same height, so it is not possible to draw a 
pair of equilateral triangles with the same area that 
are not congruent. 
33d. yes; 
sample answer: 


a ae a 
6 
2 


33e. No; any pair of squares that have the same area 
have the same side length, which is the square root of 
the area. If their areas are equal, they are congruent. 
33f. Regular n-gons; If two regular n-gons are 
congruent, then they have the same area. All regular 
n-gons have the same shape, but may have different 
sizes. If two regular n-gons have the same area, then 
they not only have the same shape but also the same 


size. Therefore, they are congruent. 35. diameter, 
radius, or circumerence; Sample answer: Two circles 
are the same size if they have the same diameter, 
radius, or circumference, so she can determine if the 
hoops are congruent if she measures any of them. 
37. Both; Sample answer: ZA corresponds with ZY, 
ZB corresponds with ZX, and ZC corresponds with 
ZZ. ACAB is the same triangle as AABC and AZXY 
is the same triangle as AXYZ. 39.x=16,y = 8 

41. False; ZA = ZX, y 
ZB=LY,ZC=ZZ, B 

but corresponding sides Kr. 
are not congruent. x 


A C 
43. Sometimes; Equilateral triangles will be congruent 
if one pair of corresponding sides are congruent. 
2 5 47.C 49.59 51.JK = 2146, KL = ¥ 290, 
= V146;scalene 53./K =5, KL= ‘V2, 2, JL= 5; 
ae 55. always 57.complementary angles 


Z 


Lesson 4-4 


la. two 
1b. Given: ABCD is a square 

Prove: AABC = ACDA 

Proof: 

Statements (Reasons) 

1. ABCD is a square (Given) 

2. AB = CD, BC = DA (Def. of = a square) 

3. AC = CA (Reflex. Prop. =) 

4. AABC = ACDA DA (SSS). = 
1c. Sample answer: AB | CD; AC is a transversal 
to AB and CD, so ZCAB and ZACD are alternate 
interior angles. Since AABC = ACDA, ZCAB and 
ZACD are congruent corresponding angles. 
Therefore, the lines are parallel. 


3) Sample answer: We are L 
given that LP = NO and P 
ZLPM = ZNOM. Since 
AMOP is equilateral, M 


MO = MP by the definition 

of an equilateral triangle. 

So, two sides and the 

included angle of ALMP are congruent to two 
sides and the included angle of ANMO. 


N 


S 


Therefore, ALMP is congruent to ANMO by the 
5. Given: OR = SR and ST = OT Q R 
Prove: AQRT = ASRT | 

and ST = QT. RT = RT by the . 
Reflexive Property. Since QR = SR, 

7. Given: AB = ED, ZABC and ZEDC are right 
angles, and C is the midpoint of BD. 


Side-Angle-Side Congruence Postulate. 
Proof: We know that OR = SR 
ST = QT, and RT = RT, AQRT = ASRT by SSS. 
Prove: AABC = AEDC 


Proof: 

Statements (Reasons) 

1. AB = ED, ZABC and ZEDC are right angles, and 
C is the midpoint of BD. (Given) 

2. ZABC = ZEDC (All rt. & =) 

3. BC = DC (Midpoint Thm.) 

4. AABC = AEDC (SAS) 


@) Use d = \/ (x) — x1)? + (y2 — y,)? to find the 


lengths of the sides of AMNO. 


MN = /(-1-0)? + [-4-(-D? (%,4) = (0-1), 


(X Yo) = (-1, -4) 


=V1+49 or V10 Simplify. 
NO = y[-4- (—)}? + [-3 - (-4)? 

(4) =(-1,—-4), 
(%) Yo) = (—4, -3) 

9+1orV10 Simplify. 
MO = \/(—4—0)? + [-3—(-D (4,4) = (0-1), 
(%, Yo) = (-4,-3) 

= V16 + 4 or V20 Simplify. 


Find the lengths of the sides of AQRS. 


QR = (4-3)? + [-4-— (-3)?_ (4.4) = (3-3), 
(%; Vo) = (4, -4) 


=V14+1lorv2 Simplify. 
RS =y(3- 4)? + s= (—4)]? (4,44) = (4, -4), 
(%; Yo) = (3, 3) 
=V1+ 49 or V50 Simplify. 
(3 — 3)? + [3-—(-3)* — (%,%) = (3, -3), 
(%; Yo) = (3, 3) 
= V0+ 36 or 6 Simplify. 


MN = V'10, NO = V10, MO = V20, QR = v2, 

= V50, and QS = 6. The corresponding sides 
are not congruent, so the triangles are not 
congruent. 


11. MN = V10, NO = V10, MO = V20, QR = V'110, 

= V10, and QS = V20. Each pair of corresponding 
sides has the same measure, so they are congruent. 
AMNO = AQRS by SSS. 


13. Given: R is the midpoint of P S 
QS and PT. R 
Prove: APRQ = ATRS 
Proof: Since R is the 
midpoint of QS ¢ and PT, Q T 
PR = RT and RQ = RS by definition of a 
midpoint. ZPRQ = ZTRS by the Vertical Angles 
Theorem. So, APRQ = ATRS by SAS. 


15. Given: AXYZ is equilateral. 4 
WY bisects ZY. 
Prove: XW = ZW 
Proof: We know that WY bisects 
ZY,so ZXYW = ZZYW. Also, 
YW = YWby the Reflexive x w Z 
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Property. Since AXYZ is equilateral it is a special 
type of isosceles triangle, so XY = ZY. By the 
Side-Angle-Side Congruence Postulate, AXYW = 
AZYW. By CPCTC, XW = ZW. 

(7) The triangles have two pairs of congruent sides. 
Since triangles cannot be proven congruent using 
only two sides, it is not possible to prove 
congruence. 

19.SAS 

21. Given: MJ = ML; M 
Kis the midpoint of JL. 
Prove: AMJK = AMLK 


Proof: L 


K is the midpoint 
of JL. 


Given 


AMJK = AMLK 


SSS 
23a. Given: TS = SF = FR = RT: S 
ZTSF, ZSFR, ZFRT, 
and ZRTS are right 
angles. K 
Prove: RS = TF 
Proof: 
Statements (Reasons) 
1. TS = SF = FR = RT (Given) R 
2. ZTSF, ZSFR, ZFRT, and ZRTS 
are right angles. (Given) 
3. ZSTR = ZTRF (All rt. 4 are =.) 
4, ASTR = ATRF (SAS) 
5. RS = TF (CPCTC) 
23b. Given: TS = SF = FH = HT; S 


ZTSF, ZSFH, ZFHT, Y 
and ZHTS are right AWS 
angles. TS SF 


Prove: ZSRT = ZSRF 
Proof: 
Statements (Reasons) 
1. TS = SF = FR = RT (Given) R 
2. ZTSF, ZSFR, ZFRT, and ZRTS 
are right angles. (Given) 
3. ZSTR = ZSFR (All rt. & are =.) 
4. ASTR = ASFR (SAS) 
5. ZSRT = ZSRF (CPCTC) 
25. Given: AEAB = ADCB A Cc 
Prove: AEAD = ADCE 
Proof: B 
Statements (Reasons) 
1. AEAB = ADCB (Given) 
2. EA = DC (CPCTC) E D 
3. ED = DE (Reflex. Prop.) 
4, AB = CB (CPCTC) 
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5. DB = EB (CPCTC) 

6. AB = CB, DB = EB (Def. = segments) 

7. AB + DB = CB + EB (Add. Prop. =) 

8. AD = AB + DB, CE = CB + EB (Seg. addition) 
9. AD = CE (Subst. Prop. =) 

10. AD = CE (Def. = segments) 

11. AEAD = ADCE (SSS) 


@ Given that AWXY = AWXZ, by CPCTC, 
ZWXZ = ZWXY and XY = XZ. 
ZWXZ = ZWXY _ CPCTC 
mZWXZ = mZWXY _ Definition of congruence 
90 =20y +10 Substitution 
80 = 20y Subtract 10 from each side. 
y=4 Divide each side by 20. 


XY = XZ_ CPCTC 
XY = XZ_ Definition of congruence 


3y+7=19 — Substitution 
3y = 12 — Subtract 7 from each side. 
y=4 Divide each side by 3. 


29a. Sample answer: Method 1: You could use the 
Distance Formula to find the length of each of the 
sides, and then use the Side-Side-Side Congruence 
Postulate to prove the triangles congruent. Method 2: 
You could find the slopes of ZX and WY to prove that 
they are perpendicular and that ZWYZ and ZWYX 
are both right angles. You can use the Distance 
Formula to prove that XY is congruent to ZY. Since 
the triangles share the leg WY, you can use the Side- 
Angle-Side Congruence Postulate; Sample answer: 

I think that method 2 is more efficient, because you 
only have two steps instead of three. 


29b. Sample answer: Yes; the slope of WY is —1 and 
the slope of ZX is 1, and —1 and 1 are opposite 
reciprocals, so WY is perpendicular to ZX. Since they 
are perpendicular, 2WYZ and ZWYX are both 90°. 
Using the Distance Formula, the length of ZY is 


Vv (4-1)? + (5 — 2)? or 3V2, and the length of XY is 
V (7 — 4)? + (8 — 5)? or 3V2. Since WY is congruent 


to WY, AWYZ is congruent to AWYX by the Side- 
Angle-Side Congruence Postulate. 31.Shada; for 
SAS the angle must be the included angle and here it is 
not included. 33. Case 1: You know the hypotenuses 
are congruent and two corresponding legs are 
congruent. Then the Pythagorean Theorem says that 
the other legs are congruent so the triangles are 
congruent by SSS. Case 2: You know the legs are 
congruent and the right angles are congruent, then the 
triangles are congruent by SAS. 35.F 37.D 39.18 


4.y= ie —4 43.y=x+3 45. False; a 16-year-old 


could be a freshman, sophomore, junior, or senior. The 
hypothesis of the conditional is true, but the conclusion 
is false. This counterexample shows that the conditional 
statement is false. 47. Trans. Prop. 49. Substitution 


Lesson 4-5 


1. Given: CB bisects ZABD A B 
and ZACD. 
Prove: AABC = ADBC 


Proof: 

Statements (Reasons) 

1. CB bisects ZABD and ZACD. (Given) 
2. ZABC = ZDBC (Def. of Z bisector) 
3. BC = BC (Refl. prop.) 

4. ZACB = ZDCB (Def. of Z bisector) 

5. AABC = ADBC (ASA) 


3. Given: ZK = 2M, JK = JM, K 
JL bisects ZKLM. 


Prove: AJKL = AJML 4 L 


Proof: We are given ZK = 

ZM, JK = JM, and JL bisects 

ZKLM. Since JL bisects ZKLM, M 
we know ZKL] = ZML]. So, AJKL = AJML is 
congruent by the AAS Congruence Theorem. 

(6) a. We know ZBAE and ZDCE are congruent 
because they are both right angles. AE is 
congruent to EC by the Midpoint Theorem. From 
the Vertical Angles Theorem, ZDEC = ZBEA. So, 
two angles and the included side of ADCE are 
congruent to two angles and the included side of 
ABAE. By ASA, the surveyor knows that 
ADCE = ABAE. By CPCTC, DC = AB, so the 
surveyor can measure DC and know the distance 
between A and B. 


b. ADCE = ABAE SAS 
DC=AB _CPCTC 
DC = AB Definition of congruence 
550 = AB Substitution 
So, by the definition of congruence, AB = 550 m. 


7. Given: ZW = ZY, WZ = YZ, xX 


XZ bisects ZWZY. 
Ww y 


Prove: AXWZ = AXYZ 

Proof: It is given that ZW = ZY, 

WZ = YZ, and XZ bisects ZWZY. Zz 

By the definition of angle bisector, ZWZX = ZYZX. 
The Angle-Side-Angle Congruence Postulate tells us 
that AXWZ = AXYZ. 


(@) Use the Alternate Interior Angle Theorem and 
AAS to prove the triangles congruent. 
Given: V is the midpoint of YW; -U 


uY || XW. Ww 
Prove: AUVY = AXVW y 
Proof: y 

Statements (Reasons) x 


1. V is the midpoint of YW; 

uY || XW. (Given) 

2. YV = VW (Midpoint Theorem) 

3. ZVWX = ZVYU (Alt. Int. 4 Thm.) 
4. ZVUY = ZVXW (Alt. Int. & Thm.) 
5. AUVY = AXVW (AAS) 


11. Given: ZA and ZC are right A B Cc 
angles. ZABE = ZCBD, 
AERSCD __. 
Prove: BE = BD EF D 
Proof: 


ZA and ZCare right 4. 


All right 
Aare =. 


AAS 


CPCTC 


13a. ZHJK = ZGFK since all right angles are 
congruent. We are given that JK = KF. ZHKJ and 
ZFKG are vertical angles, so ZHK] = ZFKG by the 
Vertical Angles Theorem. By ASA, AHJK = AGFK, 
so FG = HJ by CPCTC. 13b. No; HJ = 1350 m, so 

FG = 1350 m. If the regatta is to be 1500 m, the lake is 
not long enough, since 1350 < 1500. 


(15) If the triangles are congruent, HJ = QJ. Solve for y. 


AJ =QJ CPCTC 
9=2y—1 H=9,Q/=2y—1 


y=5 Simplify. 
17.Given: AE | DE,EA 1 AB, A B 
Cis the midpoint of AE. 


Prove: CD = CB 


D 
E 


Proof: We are given that AE is perpendicular 

to DE, EA is perpendicular to AB, and C is the 
midpoint of AE. Since AE is perpendicular to DE, 
mZCED = 90. Since EA is perpendicular to AB, 
mZBAC = 90. ZCED = ZBAC because all right 
angles are congruent. AC = CE from the Midpt. 
Thm. ZECD = ZACB because they are vertical 
angles. Angle-Side-Angle gives us that ACED = 
ACAB. CD = CB because corresponding parts of 
congruent triangles are congruent. 


19. Given: ZK = ZM, KP 1 PR, K M 
MR | PR L 
Prove: ZKPL = ZMNL 
Proof: 
Statements (Reasons) e R 


1. ZK = ZM, KP 1 PR, MR 1 PR (Given) 
2. ZKPR and ZMRP are both right angles. 
(Def. of L) 

3. ZKPR = ZMRP (All rt. & are congruent.) 
4. PR = PR (Refl. Prop.) 

5. AKPR = AMRP (AAS) 

6. KP = MR (CPCTC) 

7. ZKLP = ZMLR (Vertical angles are =.) 

8. AKLP = AMLR (AAS) 
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Selected Answers and Solutions 


9. ZKPL= “MRL (CPCTIC) 

@1) Since mZACB = mZADB = 44, and mZCBA = 
mZDBA = 68, then ZACB = ZADB and ZCBA = 
ZDBA by the definition of congruence. AB = AB 
by the Reflexive Property, so AACB = AADB by 
AAS. Then AC = AD by CPCTC. Since AC = AD 
by the definition of congruence, the two seat 
stays are the same length. 


23. Tyrone; Lorenzo showed that all three 
corresponding angles were congruent, but AAA is 
not a proof of triangle congruence. 


25. ZMPT = ZPMT = ZQRS = ZRSQ 


Given 


ASA 


Alt. Int. & 


| ApvT = Asva| = | ApvT = Asva| 
AAS 


CPCTC auc 


| Apva = Asvt| | Apva = Asvt| 
SAS 
27.B 29.J 31.AB=125, BC = V¥221, AC = V 226, 
=V125, YZ = V 221, XZ = V226. The 


corresponding sides have the same measure and are 
congruent. AABC = AXYZ _ 


33.x = 19; y=3 
\\ P| q|~p| ~pVq 
fe 2x — 10 
A D 
7 Given: 22 = A C 
gi= 
Prove: AB || DE B E 
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Statements (Reasons) 

1.22 = Z1, Z1 = Z3 (Given) 
2. 22 = Z3 (Trans. Prop.) 

3. AB || DE (If alt. int. A are 


Lesson 4-6 
1.ZBAC and ZBCA 3.12 5.12 
7. Given: AABC is isosceles; EB bisects ZABC. 
Prove: AABE = ACBE 
Proof: 
Statements (Reasons) 
1. AABC is isosceles; EB bisects ZABC. (Given) 
2. AB = BC (Def. of isosceles) 
3. ZABE = ZCBE (Def. of Z bisector) 
4. BE = BE (Refl. Prop.) 
5. AABE = ACBE (SAS) 
Q) ZABE is opposite AE and ZAEB is opposite AB. 
Since AE = AB, ZABE = ZAEB. 
11.ZACD and ZADC 13.BFandBC 15.60 17.4 


(49) The triangle is equiangular, so it is also 
equilateral. All the sides are congruent. 
2x + 11 = 6x — 9 Definition of congruence 


=, lines are ||.) 


11 =4x —9 Subtract 2x from each side. 
20 = 4x Add 9 to each side. 
5=% Divide each side by 4. 
2i.x=11,y=11 
23. Given: AHJM is an H 
isosceles triangle and 
AHKL is an equilateral ak 
triangle. ZJKH, ZHKL J M 
and ZHLK, ZMLH are K L 
supplementary. 


Prove: ZJHK = ZMHL 
Proof: We are given that AHJM is an isosceles 
triangle and AHKL is an equilateral triangle, 2JKH 
and ZHKL are supplementary and ZHLK and 
ZMLH are supplementary. From the Isosceles 
Triangle Theorem, we know that ZHJK = ZHML. 
Since AHKL is an equilateral triangle, we know 
ZHLK = ZLKH = ZKHL and HL = KL = HK. 
ZJKH, ZHKL and ZHLK, ZMLH are supplementary, 
and ZHKL = ZHLK, we know ZJKH = ZMLH by 
the Congruent Supplements Theorem. By AAS, 
AJHK = AMLH. By CPCTC, ZJHK = ZMHL. 

25a. 65°; Since A ABC is isosceles, ZABC = ZACB, 


so 180 — 50 = 130 and 232 se or 65. 


25b. Given: BE =~ CD 
Prove: AAED is isosceles. 
Proof: 
Statements (Reasons) 
1. AB = AC, BE=CD (Given) 
2. AB = AC, BE = CD (Def. of congruence) 
3.AB + BE = AE, AC + CD= AD 
(Seg. Add. Post.) 
4, AB + BE =AC + CD (Add. Prop. of Eq.) 
5. AE = AD (Subst.) 
6. AE = AD (Def. of congruence) 
7. AAED is isosceles. (Def. of isosceles) 


25c. Given: BC || ED and ED = AD 

Prove: AADE is equilateral. 

Proof: 

Statements (Reasons) 

1. AB = AC, BC || ED and ED = AD (Given) 

2. ZABC = ZACB (Isos. A Thm.) 

3. mZABC = mZACB (Def. of =) 

4. ZABC = ZAED, ZACB = ZADE (Corr. & Thm.) 

5.mZABC = mZAED, mZACB = mZADE 

(Def. of =) 

6. mZAED = mZACB (Subst.) 

7.mZAED = mZADE (Subst.) 

8. ZAED = ZADE (Def. of =) 

9. AD = AE (Conv. of Isos. A Thm.) 

10. AADE is equilateral. (Def. of equilateral A) 
25d. One pair of congruent corresponding sides and 
one pair of congruent corresponding angles; since 
you know that the triangle is isosceles, if one leg is 
congruent to a leg of AABC, then you know that both 
pairs of legs are congruent. Because the base angles 
of an isosceles triangle are congruent, if you know 
that ZK = ZB you know that ZK = ZL, ZB = ZC, 
and ZC = ZL. Therefore, with one pair of congruent 
corresponding sides and one pair of congruent 
corresponding angles, the triangles can be proved 
congruent using either ASA or SAS. 


27. - 
E 
A C 
D F 
H 
G J 


Sample answer: I constructed a pair of perpendicular 
segments and then used the same compass setting to 
mark points equidistant from their intersection. 

I measured both legs for each triangle. Since AB = AC = 
1.3.cm, DE = DF = 1.9 cm, and GH = GJ = 2.3 cm, the 
triangles are isosceles. I used a protractor to confirm 
that ZA, ZD, and ZG are all right angles. 


(29) Since AD = CD, base angles CAD and ACD 
are congruent by the Isosceles Triangle Theorem. 
So, mZCAD = mZACD. 


mZCAD + mZACD + mZD = 180 Triangle Angle- 
Sum Theorem 


mZCAD + mZCAD + 92 = 180 Substitution 
2mZCAD + 92 = 180 Simplify. 
2mZCAD = 88 _ Subtract 92 from 
each side. 
mZCAD = 44 — Simplify. 


31. 136 


33. Given: Each triangle is isosceles, BG = HC, 
HD = JF, ZG = ZH, and ZH = ZJ. 
Prove: The distance from B to F is three times the 
distance from D to F. 
Proof: 
Statements (Reasons) 
1. Each triangle is isosceles, BG = HC, HD = JF, 
ZG = ZH, and ZH = ZJ. (Given) 
2. ZG = ZJ (Trans. Prop.) 
3. BG = CG, HC = HD, JD = JF (Def. of Isosceles) 
4. BG = JD (Trans. Prop.) 
5. HC = JD (Trans. Prop.) 
6. CG = JF (Trans. Prop.) 
7. ABCG = ACDH = ADF] (SAS) 
8. BC = CD = DF (CPCTC) 
9. BC = CD = DF (Def. of congruence) 
10. BC + CD + DF = BF (Seg. Add. Post.) 
11. DF + DF + DF = BF (Subst.) 
12. 3DF = BF (Addition) 


35. Case I B 
Given: AABC is an equilateral 
triangle. 
Prove: AABC is an equiangular 
triangle. 


Proof: 
Statements (Reasons) 
1. AABC is an equilateral triangle. (Given) 
2. AB = AC = BC (Def. of equilateral A) 
3. ZA = ZB = ZC (Isosceles A Th.) 
4. AABC is an equiangular triangle. (Def. of 
equiangular) 
Case II B 
Given: AABC is an equiangular 
triangle. 
Prove: AABC is an equilateral 
triangle. A Cc 
Proof: 
Statements (Reasons) 
1. AABC is an equiangular triangle. (Given) 
2. ZA = ZB = ZC (Def. of equiangular A) 
3. AB = AC = BC (If 2 4 of a A are = then the 
sides opp. those 4 are =.) 
4. AABC is an equilateral triangle. (Def. of 
equilateral) 
37. Given: AABC, ZA =ZC B 
Prove: AB = CB 
Proof: 
Statements (Reasons) 
1. Let BD bisect ZABC. (Protractor 
Post.) D C 
2. ZABD = ZCBD (Def. of Z bisector) 
3. ZA = ZC (Given) 
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4. BD = BD (Refl. Prop.) 
5. AABD = ACBD (AAS) 
6. AB = CB (CPCTC) 

39. 14 


mZLPM + mZLPQ = 180 Supplement Theorem 
(3x — 55) + (2x + 10) = 180 Substitution 
5x —45 = 180 Simplify. 
5x = 225 Add 45 to each side. 
x=45 Divide each side by 45. 
mZLPM = 3x — 55 Given 
= 3(45) — 55 Substitution 


= 135 — 55 or 80 Simplify. 
Because LM = LP, base angles LMP and LPM are 
congruent by the Isosceles Triangle Theorem. So, 
mZLMP = mZLPM = 80. 
43. 80 
45. Given: AWJZ is equilateral, and Ww 
ZZWP = ZWJM = ZJZL. 
Prove: WP = ZL = JM J if 
Proof: We know that AWJZ is 
equilateral, since an equilateral A “ 
is equiangular, ZZW] = ZWJZ = Z 
ZIZW. So, mZZW] = mZWJZ = mZJZW, by the 
definition of congruence. Since ZZWP = ZWJM = 
ZJZL, mZZWP = mZWJM = mZJZL, by the 
definition of congruence. By the Angle Addition 
Postulate, mZZW] = mZZWP + mZPW], mZW]JZ = 
mZWIM + mZMJZ, mZJZW = mZJZL + mZLZW. 
By substitution, mZZWP + mZPW] = mZWJM + 
mZMJZ = mZJZL + mZLZW. Again by 
substitution, mZZWP + mZPW] = mZZWP + 
mZPJZ =mZZWP + mZLZW. By the Subtraction 
Property, mZPW] = mZPJZ = mZLZW. By the 
definition of congruence, ZPW] = ZPJZ = ZLZW. 
So, by ASA, AWZL = AZJM = AJWP. 
By CPCTC, WP = ZL = JM. 
47. Never; the measure of the vertex angle will be 
180 — 2(measure of the base angle) so if the base 
angles are integers, then 2(measure of the base angle) 
will be even and 180 — 2(measure of the base angle) 
will beeven. 49. It is not possible because a triangle 
cannot have more than one obtuse angle. 
51. Sample answer: If a triangle is already classified, 
you can use the previously proven properties of that 
type of triangle in the proof. Doing this can save you 
steps when writing the proof. 53.185 55. E 
57. SU = V17, TU ~ V2, ST 5, XZ ~ V2, YZ =2, 
XY = 5; the corresponding sides are not congruent; 
the triangles are not congruent. 
59. Given: AC = BD 
Prove: AB = CD A B Cc D 
1. AC = BD (Given) 
2. AC = AB + BC, BD = BC + CD (Seg. Add. Post.) 
3. AB + BC = BC + CD (Subst.) 
4. BC = BC (Reflexive) 
5. BC = BC (Def. of = Segs.) 
6. AB = CD (Subt. Prop.) 
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61. Add. Prop. 63. Trans. Prop. 65. A, K, B or B, J, C 
67. Given: ZACB = ZABC 
Prove: ZXCA = ZYBA 
Statements (Reasons) 
1. ZACB = ZABC (Given) 
2. ZXCA and ZACB are a linear pair. ZABC and 
ZABY are a linear pair. (Def. of linear pair) 
3. ZXCA, ZACB and ZABC, ZABY are 
supplementary. (Suppl. Thm.) 
4, ZXCA = ZYBA (4 suppl. to = & are =.) 


Lesson 4-7 


1.translation 3.reflection 5. ALK] is a reflection of 

AXYZ. XY =7, YZ = 8, XZ = V 113, KJ =8, LJ = 

V113,LK = 7. AXYZ = ALK] by SSS. 7. reflection 
The image in green can be found by translating the 
blue figure to the right and up, by reflecting the 
figure in the line y = —x, or by rotating the figure 
180° in either direction. 

11.rotation 13.translation 15. rotation 


(7) y 


8 ta [oO Dex 
P V 
Use d = \/ (x) — x1) + (y> — ,)” to find the lengths 
of the sides of AMPR. 
MP =\/[-7—(-7)? +[-7-(-D? (4) =(-7,-1), 
(%, Yo) = (-7,-7) 
= V0 + 36 or 6 Simplify. 
PR = y[-1-(-7)P +[-4-(-7)P (%4) =(-7,-7), 
(% Io) = (-1, -4) 
= 736 +9 or V45 Simplify. 
MR = y[-1-(-7)? +[-4-(-DP (4.4) =(-7,-1), 
(% Io) = (-1, -4) 
= V36 + 9 or V45 Simplify. 


Find the lengths of the sides of ATVS. 


ST = (7-1)? +[-1-(-4P (%.¥%) =(.-4), 
(%; Yo) = (7, -1) 

= 36 + 9 or V45 Simplify. 
TV = (7-7) +[-7-(-1)? (4.4%) =(7.-1), 
(%; Vo) = (7, -7) 

= V0 + 36 or 6 Simplify. 
SV=y (7-1)? +[-7-(-4)? (4,4) = (1-4), 
(%; Vo) = (7, -7) 

= V36 + 9 or V45 Simplify. 


In AMPR, MP = 6, PR= V/45, and MR = V/45. In 


ATVS, ST = V'45, TV = 6, SV = V45. AMPR = 

ATVS by SSS. ATVS is a reflection of AMPR. 

19. AXYZ is a rotation of 

AABC. AB = 5, BC =4, 

AC =3,XY =5,YZ=4, 

XZ = 3. Since AB = XY, 

BC = YZ, and AC = XZ, 

AB = XY, BC = YZ, and 

AC = XZ, AABC = 

AXYZ by SSS. 

21. rotation 

23. reflection 

25. rotation 

27. Rotation; the knob is the center of rotation. 

(29) a. Tionne used the stencil on one side, then flipped 
it and used the other side, then flipped it again to 
create the third flower in the design. She could 
have also used the stencil, then turned it to create 
the second flower, and turned it again to create the 
third flower. So, she could have used reflections or 
rotations. b.Tionne used the stamp, then turned 
it to create the second flower, and turned it again to 
create the third flower. So, she used rotations. 

31a. translation, reflection 31b.Sample answer: The 
triangles must be either isosceles or equilateral. 
When triangles are isosceles or equilateral, they have 
a line of symmetry, so reflections result in the same 
figure. 33.Sample answer: A person looking in a 
mirror sees a reflection of himself or herself. 

35. Sample answer: A faucet handle rotates when you 
turn the water on. 37.no0;75% 39.) 41.4 

43.10 45. yes; Law of Detachment 47. (8, 9.5) 

49. (—7.5,3.5) 51. (1, 9.5) 


Lesson 4-8 
3. T(2a, 0) 


5. DC = \/[—a — (—a)]2 + (b — 0)? orb 


GH = \/ (a —a)* + (b — 0)? orb 


Since DC = GH, DC = GH. 


DF = (0-2)? + ($-bP ore + 
=f(a— 0? + (b- 4) or a2 + © 


(a—0)2 + (0 -$p or 


Since DF = GF = CF = HE DF = GF = CF = HF. 
AFGH = AFDC by SSS. 


@) Since this is a right 
triangle, each of the 
legs can be located 
on an axis. Placing 
the right angle of 
the triangle, ZT, 
at the origin will 
allow the two legs to be along the x- and y-axes. 
Position the triangle in the first quadrant. Since 
R is on the y-axis, its x-coordinate is 0. Its 
y-coordinate is 3a because the leg is 3a units long. 
Since S is on the x-axis, its y-coordinate is 0. Its 
x-coordinate is 3a because the leg is 3a units long. 


11. 13. C(a, a), Y(a, 0) 


(45) Vertex N is positioned at the origin. So, its 
coordinates are (0, 0). Vertex L is on the x-axis, so 
its y-coordinate is 0. The coordinates of vertex L 
are (3a, 0). ANJL is isosceles, so the x-coordinate 
of J is located halfway between 0 and 3a, or 1.5a. 
The coordinates of vertex J are (1.5a, b). So, the 
vertices are N(0, 0), J(1.5a, b), L(3a, 0). 

17. H(2b, 2bv/3), N(0, 0), D(4b, 0) 


19. Given: Isosceles AABC 
with AC = BC; Rand S$ 
are midpoints of legs AC 
and BC. 

Prove: AS = BR 


y C(2a, 2b) 


Proof: 


The coordinates of S are (2t42 a 4a 2b + 24.0) 


The coordinates of R are (+2 = ui cs 240) or (a, b). 


(3a — 0)? + (b — 0)? or 


V 9a? + b? 

BR = \/ (4a — a)* + (0 — b)? or V 9a? + b? 
Since AS = BR, AS = BR. 

. Given: Right AABC with right 

ZBAC; P is the midpoint of BC. 


Prove: AP = se 


2 


=k 


Proof: 


Midpoint P is (242 a ae 9) or (c, b). 


= V(c—0)?+ (b— 02 or V2 + 
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or (3a, b). 
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(2c — 0)2 + (0 — 2b)2 = V4c2 + 4b? or 
QV c2 + b? 
SBC = V2 + 
So, AP = SBC. 


23. The distance between Raleigh and Durham is 
about 0.32 units, between Raleigh and Chapel Hill is 
about 0.41 units, and between Durham and Chapel 
Hill is about 0.15 units. Since none of these distances 
are the same, the Research Triangle is scalene. 

25. slope of XY = 1, slope of YZ = —1, slope of 

ZX = 0; since 1 (—1) = —1, XY L YZ. Therefore, 
AXYZ is a right triangle. 


27. The slope between the tents is 2. The slope 


between the ranger’s station and the tent located at 

es A Be 
(12, 9) is r Since =— a= 
by the tents and ranger’s station is a right triangle. 


@ a. 


—1, the triangle formed 


The equation of the 
line along which the 
first vehicle lies is y = 
x. The slope is 1 
because the vehicle 
travels the same 
number of units north 
as it does east of the 
origin and the 
y-intercept is 0. The 
equation of the line along which the second 
vehicle lies is y = —x. The slope is —1 because the 
vehicle travels the same number of units north as 
it does west of the origin and the y-intercept is 0. 
b. The paths taken by both the first and second 
vehicles are 300 yards long. Therefore, the paths 
are congruent. If two sides of a triangle are 
congruent, then the triangle is isosceles. You can 
also write a coordinate proof to prove the triangle 
formed is isosceles. 

Given: AABC 

Prove: AABC is an isosceles right triangle. 

Proof: By the Distance Formula, 


AB = \/(—a — 0)? + (a — 0)? or V 2a? and 


AC = \/ (a — 0)? + (a — 0)? or V 2a”. So, AB = AC 


and AB = AC. The triangle is isosceles. By the Slope 
Formula, the slope of AB is +, or —1 and the 


slope of AC is 4 or 1. Since the slopes are negative 


reciprocals, the sides of the triangle are 
perpendicular and therefore form a right angle. 
So, AABC is an isosceles right triangle. 
c. The paths taken by the first two vehicles form 
the hypotenuse of isosceles right triangles. 
a + b2 = c2 Pythagorean Theorem 
a> + a* = 3007 b=a 

2a? = 90,000 Simplify. 
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a2 = 45,000 _ Divide each side by 2. 
a= 150V2 Take the positive square root of each side. 


First vehicle: (a, a) = (150-V2, 150-72); 
second vehicle: (-a, a) = (—150V2, 1502) 
The third vehicle travels due north and therefore, 
remains on the y-axis; third vehicle: (0, 212) 
d. The y-coordinates of the first two vehicles are 
150V2 = 212.13, while the y-coordinate of the 
third vehicle is 212. Since all three vehicles have 
approximately the same y-coordinate, they are 
approximately collinear. The midpoint between 
the first and second vehicles is 
150V2 + (—150V2) 150V2 + 150V2 
2 , 2 

or approximately (0, 212.13). This is the 
approximate location of the third vehicle. 

31. Sample answer: (4,0) 33.Sample answer: (4a, 0) 

35. Given: AABC with coordinates A(0, 0), B(a, b), 
and C(c,d) and ADEF with coordinates D(0 + n, 
0+m),E(a+n,b+m),and F(c+n,d +m) 
Prove: ADEF = AABC 
Proof: 


AB = \ (a — 0)? + (b — 0)? or Va? + Bb? 
DE=\Vlat+n—-—(0+n)P + [b+m—(0+m)) or 


Since AB = DE, AB = DE. 


BC = (c —a)? + (d— b)? or 
Vict — 2ac + a* + d* — 2bd + b? 


EF=\V[ct+n—(a+n)]*? + [d+m—(b+m)/}* or 
Vc2 — 2ac + a2 + d2 — 2bd + b? 


Since BC = EF, BC = EF. 


CA = V/(c — 0)? + (d — 0)? or Vc? + 2 


FD=y[0+n—-(c+n)P* + [0+m—(d+m)}?? or 

Ve+ a 

Since CA = FD, CA = FD. 

Therefore, ADEF = AABC by the SSS Postulate. 
37a. Using the origin as a vertex of the triangle makes 
calculations easier because the coordinates are (0, 0). 
37b. Placing at least one side of the triangle on the x- or 
y-axis makes it easier to calculate the length of the side 
since one of the coordinates willbe 0. 37¢. Keeping a 
triangle within the first quadrant makes all of the 
coordinates positive, and makes the calculations 
easier. 39.D 41.C 48. reflection, translation, or 
rotation 45.Sample answer: ZTSR = ZTRS 
47. Sample answer: ARQV = ASQV 49.4.2 51.3.6 


Chapter 4 


Study Guide & Review 


1.true 3.true 5.false;base 7.true 9. false; 


coordinate proof 11.obtuse 13.right 15.x = 6, 
JkK=KL=JL=24 17.70 19.82 21.ZD= ZJ, 
ZA= ZF, fC = 4H, 2B = 2G, AB= FG, BC= HG, 
DC = JH, DA = JF; polygon ABCD = polygon FGH] 
23. ABFG = ACGH = ADHE = AAEF, AEFG = 
AFGH = AGHE = AHEF 285. No, the corresp. sides 
of the 2 As are not =. 27.not possible 
29. Given: AB || DC, AB = DC 

Prove: AABE = ACDE 

Proof: 

Statements (Reasons) 

1. AB || DC (Given) 

2. ZA = ZDCE (Alt. Int. 4 Thm.) 

3. AB || DC (Given) 

4. ZABE = ZD (Alt. Int. 4 Thm.) 

5. AABE = ACDE (ASA) 
31.3 39. 
33. 77.5 
35. reflection 
37. rotation 


41. Given: ADSH with vertices D(8, 28), S(0, 0), and 
H(19, 7) 
Prove: ADSH is scalene. 
Proof: 
Statements (Reasons) 
1. D(8, 28), S(0, 0), and H(19, 7) (Given) 


2. DS = \/(8 — 0)2 + (28 — 0)2 or V848 (Distance 
Formula) 

3. SH = \/(19 — 0)? + (7 — 0)2 or V410 (Distance 
Formula) 

4. DH = \/(8 — 19)2 + (28 — 7)2 or V562 


(Distance Formula) 
5.DS + SH # DH 
6. ADSH is a scalene triangle. (Definition of scalene) 


CHAPTER 5 
Relationships in Triangles 


Chapter5 Get Ready 
1.9 3.10 ft 
5.JK=KL=LM=M]J _ 7.Sometimes; the conjecture 
J M is true when E is between D 
and F, otherwise it is 
false. 9.-6>x 
1.x < 41 
K L 
Lesson 5-1 


1.12 3.15 5.8 7.12 
(@) MP is the perpendicular bisector of LN. 
LP = NP Perpendicular Bisector Theorem 
2x —4=x+5 Substitution 
x-4=5 Subtract x from each side. 
= 9 Add 4 to each side. 


NP=9+5or 14 


11.6 13.4 15m 
17.CD, BD 
19.BH 21.11 


3) Since OM 1 NM, OP 1 NP, and QM = QP, 
Q is equidistant from the sides of ZPNM. By the 
Converse of the Angle Bisector Theorem, NO 
bisects ZPNM. 
ZPNQ = ZQNM 
mZPNQ = mZQNM 


Definition of angle bisector 
Definition of congruent angles 


4x-—8=3x+5 Substitution 
x=8=5 Subtract 3x from each side. 
x= 13 Add 8 to each side. 
mZPNM = mZPNQ + mZQNM_ Angle Addition 
Postulate 
= (4x — 8) + (8x +5) — Substitution 
=7x-3 Simplify. 
= 7(13) — 3 or 88 x= 13 


25.42 27.7.1 29.33 


(1) Sketch the table and draw the three angle 
bisectors of the triangle. 


Find the point of concurrency of the angle 
bisectors of the triangle, the incenter. This point is 
equidistant from each side of the triangle. So, the 
centerpiece should be placed at the incenter. 
33. No; we need to know whether the perpendicular 
segments are congruent to each other. 35. No; we need 
to know whether the hypotenuses of the triangles are 
congruent. 
37. Given: CA = CB, AD = BD Cc 
Prove: Cand Dare onthe _ 
perpendicular bisector of AB. 
Proof: 
Statements (Reasons) A B 
1. CA = CB, AD = BD (Given) 
2. CD = CD (Congruence of D 
segments is reflexive.) 
3. AACD = ABCD (SSS) 
4, ZACD = ZBCD (CPCTC) 
5. CE = CE (Congruence of segments is reflexive.) 
6. ACEA = ACEB (SAS) 
7. AE = BE (CPCTC) 
8. E is the midpoint of AB. (Def. of midpoint) 
9. ZCEA = ZCEB (CPCTC) 
10. ZCEA and ZCEB form a linear pair. (Def. of 
linear pair) 
11. ZCEA and ZCEB are supplementary. 
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(Supplement Theorem) 
12. mZCEA + mZCEB = 180 (Def. of supplementary) 
13. mZCEA + mZCEA = 180 (Substitution Prop.) 
14. 2mZCEA = 180 (Substitution Prop.) 
15. mZCEA = 90 (Division Prop.) 
16. ZCEA and ZCEB are rt. Z. (Def. of rt. Z) 
17.CD 1 AB (Def. of 1) 
18. CD is the perpendicular bisector of AB. (Def. 
of | bisector) 
19. C and D are on the perpendicular bisector 
of AB. (Def. of point ona line) 

39. Given: CD is the | bisector of AB. C 


E isa point on CD. oo B 
Prove: EA = EB oe 


Proof: CD is the | bisector of D 

AB. By definition of bisector, 

D is the midpoint of AB. Thus, 

AD = BD by the Midpoint Theorem. ZCDA and 
ZCDB are right angles by the definition of 
perpendicular. Since all right angles are 
congruent, ZCDA = ZCDB. Since E is a point 

on CD, ZEDA and ZEDB are right angles and are 
congruent. By the Reflexive Property, ED = ED. 
Thus, AEDA = AEDB by SAS. EA = EB because 
CPCTC, and by definition of congruence, EA = EB. 


Al.y= Lx + 2; The perpendicular bisector bisects 


the segment at the midpoint of the segment. The 


midpoint is (, 2). The slope of the given segment 
is Z so the slope of the perpendicular bisector is -f. 
43. Given: PX bisects ZQPR. XY 1 PQ Q 
and XZ 1 PR 
Prove: XY = XZ 
Proof: 
Statements (Reasons) 
1. PX bisects ZOPR, XY | PQ, and ane 2 R 
XZ 1 PR. (Given) 
2. ZYPX = ZZPX (Definition of angle bisector) 
3. ZPYX and ZPZX are right angles. (Definition of 
perpendicular) 
4. ZPYX = ZPZX (Right angles are congruent.) 
5. PX = PX (Reflexive Property) 
6. APYX = APZX (AAS) 
TRY = XZ (CPCTC) 


(45) The circumcenter is the point where the 


perpendicular bisectors of a triangle intersect. You 
can find the circumcenter by locating the point of 
intersection of two of the perpendicular bisectors. 


y The equation of the 
perpendicular 

B(0, 6) bisector of AB is y=3. 
The equation of the 
perpendicular 


bisector of AC is x = 5. 
These lines intersect 
at (5,3). The 
circumcenter is 
located at (5, 3). 
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47.a plane 49. Sample answer: 
perpendicular y 


to the plane Ty 
Zz circumcenter | 


in which CD 
liesand | 
bisecting CD 


51. always 

Given: AABC is isosceles with legs AB and BC; 
BD is the bisector of AC. 

Prove: BD is the angle bisector of ZABC. 


Proof: B 


Statements (Reasons) 

1. AABC is isosceles 

with legs AB and 

BC. (Given) 

2.AB = BC (Def. A D c 
of isosceles A) 


3. BD is the L bisector of AC. (Given) 
4. D is the midpoint of AC. (Def. of segment bisector) 
5. AD = DC (Def. of midpoint) 
6. BD = BD (Reflexive Property) 
7. AABD = ACBD (SSS) 
8. ZABD = ZCBD (CPCTC) 
9. BD is the angle bisector of ZABC. (Def. of Z bisector) 
53. Given: Plane Z is an angle bisector of ZKJH. KJ = HJ 
Prove: MH = MK 
Proof: 
Statements (Reasons) 
1. Plane Z is an angle bisector of ZKJH; KJ =H] 
(Given) 
2. ZKJM = ZHJM (Definition of angle bisector) 
3. JM = JM (Reflexive Property) 
4, AKJM = AHJM (SAS) 
5. MH = MK (CPCTC) 
55.A 57.D 59.L(a,b) 61.S(—2b, 0) and R(0, c) 
63. AJKL is a translation of 
AXYZ; JK = 2, KL=4, 
JL =V20, XY =2, YZ =4, 
XZ = V20. AJKL = AXYZ 
by SSS. 
65.5 
67. m = 42t + 450; $1164 


69. Given: AMLP is isosceles. L 
N is the midpoint of MP. 

Prove: LN | MP 
Proof: 
Statements (Reasons) 
1. AMLP is isosceles. (Given) 
2. ML = PL (Definition of isosceles A) 
3. ZM = ZP (Isosceles A Th.) 


4. N is the midpoint of MP. (Given) 

5. MN = PN (Def. of midpoint) 

6. AMNL = APNL (SAS) 

7. ZLNM = ZLNP (CPCTC) 

8. mZLNM = mZLNP (Def. of = 4) 

9. ZLNM and ZLNP are a linear pair. (Def. of a 
linear pair) 

10. mZLNM + mZLNP = 180 (Sum of measure of 
linear pair of 4 = 180) 

11. 2mZLNM = 180 (Substitution) 

12. mZLNM = 90 (Division) 

13. ZLNM is a right angle. (Def. of rt. Z) 

14. LN 1 MP (Def. of 1) 


Lesson 5-2 


@ rc=2rc 
PC= 2(PF + PC) Segment Addition and Substitution 


Centroid Theorem 


PC=2(6+PC) PF=6 
PC =4+ 2PC Distributive Property 

3PC =4 Subtract PC from each side. 
PC=12 Multiply each side by 3. 


3.(5,6) 5.4.5 7.135 9.6 11.(3,6) 


(13) The centroid is the point of balance for a triangle. 
Use the Midpoint Theorem to find the midpoint 
M of the side with endpoints at (0, 8) and (6, 4). 
The centroid is two-thirds the distance from the 
opposite vertex to that midpoint. 
M248, 5 = M(3, 6) 
The distance from M(3, 6) to the point at (3, 0) is 
6 — 0 or 6 units. If P is the centroid of the triangle, 


then P = 2(6) or 4 units up from the point at 


(3, 0). The coordinates of P are (3, 0 + 4) or (3, 4). 


15.(—4,-4) 17.median 19,.median 21.3 23.5 


AC = DC Definition of median 
AC = DC Definition of congruence 
4x —3=2x+9 Substitution 
2x-3=9 Subtract 2x from each side. 
2x = 12 Add 3 to each side. 
x= 6 Divide each side by 2. 
mZECA = 15x + 2 Given 


= 15(6) +2 x=6 
=90+2o0r92 Simplify. 
EC is not an altitude of AAED because 
mZECA = 92. If EC were an altitude, then 
mZECA must be 90. 
27. altitude 29.median 
31. Given: AXYZ is isosceles. WY bisects ZY. 
Prove: WY is a median. 
Proof: Since AXYZ is isosceles, XY = ZY. By the 
definition of angle bisector, ZXYW = ZZYW. 
YW = YWby the Reflexive Property. So, by SAS, 
AXYW = AZYW. By CPCTC, XW = ZW. By the 


definition of a midpoint, W is the midpoint of XZ. 


By the definition of a median, WY is a median. 
33a. 


33b. Sample answer: 
The four points of 
concurrency of an 
equilateral triangle 
are all the same point. 


35. 7 

@7) Sample answer: Kareem is correct. According to 
the Centroid Theorem, AP = ZAD. The segment 
lengths are transposed. 

39. fl 3| ; Sample answer: I found the midpoint of AC 


and used it to find the equation for the line that 


contains point B and the midpoint of AC, y = Px - 2. 


Lalso found the midpoint of BC and the equation for 
the line between point A and the midpoint of BC, 


y= 5x + 2. 1 solved the system of two equations for 
x and y to get the coordinates of the centroid, (1, 3}. 


41.2\/13 43. Sample answer: Each median divides 
the triangle into two smaller triangles of equal area, 
so the triangle can be balanced along any one of 
those lines. To balance the triangle on one point, you 
need to find the point where these three balance lines 
intersect. The balancing point for a rectangle is the 
intersection of the segments connecting the 
midpoints of the opposite sides, since each segment 
connecting these midpoints of a pair of opposite 
sides divides the rectangle into two parts with equal 
area. 45.3 47.B 49.5 


53. neither 
y S x 
fe) 4 12 Yi6 
ad 
R 

os J 

—12 
K 

—16 


55. Because the lines are perpendicular, the angles 
formed are right angles. All right angles are 
congruent. Therefore, 21 is congruent to 22. 


Lesson 5-3 


1.41,22 3.24 5.ZA,ZC, ZB; BC, AB, AC 7.BC; 
Sample answer: Since the angle across from segment 
BC is larger than the angle across from AC, BC is 
longer. 9.21, 22 11.21, 23,26,27 13.25, 29 
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(5) The sides from shortest to longest are RT, RS, ST. 
The angles opposite these sides are ZS, ZT, and 
ZR, respectively. So the angles from smallest to 
largest are ZS, ZT, and ZR. 

17. ZL, ZP, ZM; PM, ML, PL_ 19. ZC, ZD, ZE; DE, 

CE, CD 


(21) To use Theorem 5.9, first show that the measure 
of the angle opposite YZ is greater than the 
measure of the angle opposite XZ. If mZX = 90, 
then mZY + mZZ = 90,so mZY < 90 by the 
definition of inequality. So mZX > mZY. 
According to Theorem 5.9, if mZX > mZY, then 
the length of the side opposite ZX must be 
greater than the length of the side opposite ZY. 
Since YZ is opposite 2X, and XZ is opposite 
ZY, then YZ > XZ. So YZ, the length of the top 
surface of the ramp, must be greater than the 
length of the ramp. 

23. ZP, ZQ, ZM; MQ, PM, PQ. 25.22 27. 23 

29.28 31.mZBCF >mZCFB 33.mZDBF < mZBFD 

35.RP >MP 37.RM> RQ 


(69) Use the Distance Formula 


d= \/(x, — x,)? + (y> — y,)? to find the lengths of 


the sides. 
AB=\/[-2 — (—4)]? +(1- 6)? X,=—4,%, = —2, 
A= 6, Vo = 1 
= 29 Simplify. 
= 54 Use a calculator. 
BC =\/[5-(-2)?2 + (6-1)? x%,=-2,x%=5, 
y = 1,V%> =6 
=V74 Simplify. 
= 8.6 Use a calculator. 
AC=yV[5- (—4)]? +(6— 6)? xX, = —4,x%, =5, 
Y= 6, Vo = 6 
= V81 or9 Simplify. 


Since AB < BC < AC, ZC < ZA < ZB. The angles 

in order from smallest to largest are ZC, ZA, ZB. 
41. AB, BC, AC, CD, BD; In AABC, AB < BC < AC 
and in ABCD, BC < CD < BD. By the figure AC < 
CD,soBC < AC< CD. 43.Sample answer: ZR is an 
exterior angle to APQR, so by the Exterior Angle 
Inequality, ZR must be greater than mZQ. The 
markings indicate that ZR = ZQ, indicating that 
mZR = mZQ. This is a contradiction of the Exterior 
Angle Inequality Theorem, so the markings are 
incorrect. 45.Sample answer: 10; mZC > mZB, so if 
AB > AC, Theorem 5.10 is satisfied. Since 10 > 6, 
AB>AC. 47.mZ1,mZ2=mZ5,mZ4,mZ6,mZ3; 
Sample answer: The side opposite 25 is the smallest 
side in that triangle and mZ2 = mZ5, so we know 
that mZ4 and mZ6 are both greater than mZ2 and 
mZ5. The side opposite 26 is greater than the side 
opposite 24, Since the side opposite 22 is greater 
than the side opposite 71, we know that mZ1 < mZ2 
and mZ5. Since mZ2 = mZ5,mZ1+mZ3=mZ4 + 
mZ6. Since mZ1 < mZ4,thenmZ3>mZ6. 49.D 
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51a. t = 2.5h + 198 
51b.6 51¢.$180 53.9 55.y = —5x + 7; The 
perpendicular bisector bisects the segment at the 
; 4 27 2. 
The slope of the given segment is 5” 80 the slope of 
the perpendicular bisector is —5. _ 
57. Given: T is the midpoint of SQ. 
SR=OR 

Prove: ASRT = AQRT 

Proof: 

Statements (Reasons) _ 

1. T is the midpoint of SQ. (Given) 

2. ST = TQ (Def. of midpoint) 

3. SR = QR (Given) 

4, RT = RT (Reflexive Prop.) 

5. ASRT = AQRT (SSS) 
59.false 61. true 


midpoint of the segment. The midpoint is (5 3). 


Lesson 5-4 
1.AB#CD 


@ The conclusion of the conditional statement is x < 6. 


If x < 6 is false, then x must be greater than or 
equal to 6. The negation of the conclusion is x => 6. 
5. Given: 2x ++ 3<7 
Prove: x < 2 
Indirect Proof: Step 1 
Assume that x > 2 or x = 2 is true. 


Step2 2/314/5]6 
x+3 BARREL 


When x > 2, 2x + 3 > 7 and when x = 2,2x +3 =7. 
Step 3 In both cases, the assumption leads to the 
contradiction of the given information that 2x + 3 < 7. 
Therefore, the assumption that x > 2 must be false, 
so the original conclusion that x < 2 must be true. 
number of points scored 


ise h—avetapeot number of games played’ 


Proof: 

Indirect Proof: Step 1 Assume that Christina’s 
average points per game was greater than or equal 
to3,a>3. 


Step2 CASE1 CASE 2 
a=3 a>3 
328 B23 
342.2 20235 


Step 3 The conclusions are false, so the 
assumption must be false. Therefore, Christina’s 
average points per game was less than 3. 
9. Given: AABC is a right triangle; A 
ZC is a right angle. 
Prove: AB > BC and AB > AC 
Indirect Proof: Step 1 Assume that 
the hypotenuse of a right triangle is 
not the longest side. That is, AB < BC 
and AB < AC. 
Step 2 If AB < BC, then mZC < mZA. Since 
mZC = 90, mZA > 90.S0,mZC + mZA > 180. 


By the same reasoning, mZC + mZB > 180. 
Step 3 Both relationships contradict the fact that 
the sum of the measures of the angles of a triangle 
equals 180. Therefore, the hypotenuse must be the 
longest side of a right triangle. 
11.x <8 13. The lines are not parallel. 
triangle is equiangular. 

O) To write an indirect proof, first identify the 
conclusion. Find the negation of the conclusion 
and assume that it is true. Make a table of values 
to show that the negation of the conclusion is false. 
Since the assumption leads to a contradiction, you 
can conclude that the original conclusion must be 
true. 

Given: 2x — 7 > —11 

Prove: x > —2 

Indirect Proof: Step 1 The negation of x > —2 is 
x < —2.So, assume that x < —2 is true. 

Step 2 Make a table with several possibilities for 
x assuming x < —2 or x = —2. 


15. The 


When x < —2, 2x — 7 < —11 and when x = —2, 
2x —7 = —11. 
Step 3 In both cases, the assumption leads to 
the contradiction of the given information that 
2x — 7 > —11. Therefore, the assumption that 
x < —2 must be false, so the original conclusion 
that x > —2 must be true. 
19. Given: —3x +4 <7 

Prove: x > —1 
Indirect Proof: Step 1 Assume that x < —1 is 
true. 
Step 2 When x < —1, —3x + 4 > 7 and when 
x=-1,-3x+4=/7. 

x a5 | 4) 3 | 22) 1 

—3x+4 19 | 16 | 13 ] 10 7 


Step 3 In both cases, the assumption leads to 
the contradiction of the given information that 
—3x + 4 < 7. Therefore, the assumption that x < —1 
must be false, so the original conclusion that x > —1 
must be true. 

21. Let the cost of one game be x and the other be y. 
Given: x + y > 80 
Prove: x > 40 or y > 40 
Indirect Proof: Step 1 Assume that x < 40 and 
y = 40. 
Step 2 If x < 40 and y < 40, then x + y < 40 + 40 
or x + y < 80. This is a contradiction because we 
know that x + y > 80. 
Step 3 Since the assumption that x < 40 and y < 40 
leads to a contradiction of a known fact, the 
assumption must be false. Therefore, the conclusion 
that x > 40 or y > 40 must be true. Thus, at least one 
of the games had to cost more than $40. 

23. Given: xy is an odd integer. 
Prove: x and y are odd integers. 


25. 


27. 


29. 


Indirect Proof: Step 1 Assume that x and y are 
not both odd integers. That is, assume that either 
x or y is an even integer. 

Step 2 You only need to show that the assumption 
that x is an even integer leads to a contradiction, 
since the argument for y is an even integer follows 
the same reasoning. So, assume that x is an even 
integer and y is an odd integer. This means that 

x = 2k for some integer k and y = 2m + 1 for some 


integer m. 

xy = (2k)(2m + 1) Subst. of assumption 
= 4km + 2k Dist. Prop. 
= 2(km + k) Dist. Prop. 


Since k and m are integers, km + k is also an 
integer. Let p represent the integer km + k. So xy 
can be represented by 2p, where p is an integer. 
This means that xy is an even integer, but this 
contradicts the given that xy is an odd integer. 
Step 3 Since the assumption that x is an even 
integer and y is an odd integer leads to a 
contradiction of the given, the original conclusion 
that x and y are both odd integers must be true. 


Given: x is an odd number. 
Prove: x is not divisible by 4. 
Indirect Proof: Step 1 Assume x is divisible by 4. 
In other words, 4 is a factor of x. 
Step 2 Let x = 4n, for some integer n. 

x = 2(2n) 
So, 2 is a factor of x which means x is an even 
number, but this contradicts the given information. 
Step 3 Since the assumption that x is divisible 
by 4 leads to a contradiction of the given, the 
original conclusion x is not divisible by 4 must 
be true. 


Given: XZ > YZ x 
Prove: 2X # ZY 

Indirect Proof: Step 1 

Assume that ZX = ZY. 

Step 2 XZ = YZ by the 

converse of the isosceles 

A theorem. 

Step 3 This contradicts the given information that 
XZ > YZ. Therefore, the assumption ZX = ZY must 
be false, so the original conclusion ZX # ZY must 
be true. 


Given: AABC is isosceles. A 
Prove: Neither of the base angles 
is a right angle. 

Indirect Proof: Step 1 

Assume that ZB is a right angle. 
Step 2 By the Isosceles A 
Theorem, ZC is also a 

right angle. 

Step 3 This contradicts the fact that a triangle can 
have no more than one right angle. Therefore, the 
assumption that ZB is a right angle must be false, 
so the original conclusion neither of the base 
angles is a right angle must be true. 
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Selected Answers and Solutions 


31. Given: mZA > mZABC A 
Prove: BC > AC 


Proof: ¢ 
Assume BC } AC. By the Comparison Property, 
BC = AC or BC < AC. 

Case 1: If BC = AC, then ZABC = ZA by the 
Isosceles Triangle Theorem. (If two sides of a 
triangle are congruent, then the angles opposite 
those sides are congruent.) But, ZABC = ZA 
contradicts the given statement that mZA > 
mZABC. So, BC # AC. 

Case 2: If BC < AC, then there must be a point D 
between A and C so that DC = BC. Draw the 
auxiliary segment BD. Since DC = BC, by the 
Isosceles Triangle Theorem ZBDC = ZDBC. Now 
ZBDC is an exterior angle of ABAD and by the 
Exterior Angles Inequality Theorem (the measure 
of an exterior angle of a triangle is greater than 
the measure of either corresponding remote 
interior angle) mZBDC > mZA. By the Angle 
Addition Postulate, mZABC = mZABD + 
mZDBC. Then by the definition of inequality, 
mZABC > mZDBC. By Substitution and the 
Transitive Property of Inequality, mZABC > mZA. 
But this contradicts the given statement that 
mZA > mZABC. In both cases, a contradiction 
was found, and hence our assumption must have 
been false. Therefore, BC > AC. 


33. We know that the other team scored 3 points, and 
Katsu thinks that they made a three point shot. We 
also know that a player can score 3 points by making 
a basket and a foul shot. 

Step 1 Assume that a player for the other team made 
a two-point basket and a foul shot. 

Step 2 The other team’s score before Katsu left was 
26, so their score after a two-point basket and a foul 
shot would be 26 + 3 or 29. 

Step 3 The score is correct when we assume that the 
other team made a two-point basket and a foul shot, 
so Katsu’s assumption may not be correct. The other 
team could have made a three-point basket or a 
two-point basket and a foul shot. 


(35) a. To write an indirect proof, first identify the 
conclusion. Find the negation of the conclusion 
and assume that it is true. Then use the data to 
prove that the assumption is false. 

Step 1 50% is half, and the statement says more 
than half of the teens polled said that they recycle, 
so assume that less than 50% recycle. 

Step 2 The data shows that 51% of teens said that 
they recycle, and 51% > 50%, so the number of 
teens that recycle is not less than half. 

Step 3 This contradicts the data given. Therefore, 
the assumption is false, and the conclusion more 
than half of the teens polled said they recycle must 
be true. 

b. According to the data, 23% of 400 teenagers 
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polled said that they participate in Earth Day. 
Verify that 23% of 400 is 92. 
400 + 23% = 92 
400 + 0.23 4 92 
92 = 92 


G7) Given: AB | line P 


Prove: AB is the shortest segment from A to line Pp: 
Indirect Proof: Step 1 A 
Assume AB is not the 

shortest segment from 

A top. _ 

Step 2 Since AB is not p 
the shortest segment BC 

from A to p, there is a point C such that AC is the 
shortest distance. AABC is a right triangle with 
hypotenuse AC, the longest side of AABC since it 
is across from the largest angle in AABC by the 
Angle-Side Relationships in Triangles Theorem. 
Step 3 This contradicts the fact that AC is the 
shortest side. Therefore, the assumption is false, 
and the conclusion, AB is the shortest side, must 
be true. 


39a.n°+3 39b.Sample answer: 


39c. Sample answer: When 17° + 3 11 
is even, 7 is odd. 


39d. Indirect Proof: Step 1 ani 
Assume that 1 is even. Let 1 = 2k, 
where k is some integer. ies 
13,827 
15,628 
1,000,003 
1,030,304 
145,531,579 
146,363,186 
Step 2 
m+3 = (2k3+4+3 Substitute assumption 
= 8 +3 Simplify. 
= (8k3+2)+1 — Replace 3 with 2 + 1 and group 
the first two terms. 
=2(4+1)+1 _ Distributive Property 


Since k is an integer, 43 + 1 is also an integer. 
Therefore, n° + 3 is odd. 

Step 3 This contradicts the given information that 
n° + 3 is even. Therefore, the assumption is false, so 
the conclusion that n is odd must be true. 


41.Sample answer: AABC is scalene. A 
Given: AABC; AB # BC; BC # AC; 
AB#AC 
Prove: AABC is scalene. B C 
Indirect Proof: 
Step 1 Assume that AABC is not scalene. 
Case 1: AABC is isosceles. 
Step 2 If AABC is isosceles, then AB = BC, 
BC = AC, or AB = AC. 
Step 3 This contradicts the given information, so 
AABC is not isosceles. 


Case 2: AABC is equilateral. 
In order for a triangle to be equilateral, it must also 
be isosceles, and Case 1 proved that AABC is not 
isosceles. Thus, AABC is not equilateral. Therefore, 
AABC is scalene. 43. Neither; sample answer: Since 
the hypothesis is true when the conclusion is false, the 
statement is false. 45.y=2x—7 47.J 
49. Given: RQ bisects ZSRT. R 
Prove: mZSQR > mSRQ 
Proof: 
Statements (Reasons) s a) “ 
1. RQ bisects ZSRT. (Given) 
2. ZSRQ = ZQRT (Def. of bisector) 
3. mZQRS = mZQRT (Def. of = 4) 
4. mZSQR = mZT + mZQRT (Exterior Angles 
Theorem) 
5. mZSQR > mZQRT (Def. of Inequality) 
6. mZSQR > mZSRQ (Substitution) 


61. (12, 23) Baba. 166.4/5 222° “Bone. ‘50 false 


Lesson 5-5 
a) Yes; check each inequality. 
5+7310 5+1037 7+1035 
I> 10y¥ 15>7V i> ae 


Since the sum of each pair of side lengths is greater 
than the third side length, sides with lengths 5 cm, 
7 cm, and 10 cm will form a triangle. 
3. yes;6+ 14> 10,6+ 10> 14,and 10+ 14> 6 
5. Given: XW = YW Y 
Prove: YZ + ZW > XW xX 
Proof: 
Statements (Reasons) 
1. XW = YW (Given) 
2. XW = YW (Def. of = segs.) Ww 
3. YZ + ZW > YW (A Inequal. Thm.) 
4. YZ + ZW > XW (Subst.) 
T.yes 9.no;21+42%79 1.yes 136m<n< 
16m 15.54in.<n<13in. 17.55yd<n< yd 
19. Given: JL = LM J 
Prove: KJ + KL > LM 
Proof: 
Statements (Reasons) K L 
1. JL = LM (Given) 
2. JL = LM (Def. of = segments) M 
3. KJ + KL > JL (A Inequal. Thm.) 
4. K] + KL > LM (Subst.) 


XY + YZ > XZ 
(4x — 1) + (2x +7) >x+13 
6x+6>x+13 
BX 7. 
7 
a Pe 
XY+ XZ > YZ 
(4x —1) + (x + 13) > 2x +7 
5x+12>2x4+7 
3x > —5 
5 


Le 


YZ + XZ > XY 
(24-7) + (x4 19) > 42—=1 
3x + 20 > 4x -1 
21>x 


Since x must be greater than Z greater than 


-2, and less than 21, possible values of x are 


vi 
5 <x < 21. 


23. Given: AABC A 
Prove: AC + BC > AB 
Proof: 

Statements (Reasons) 

1. Construct CD sothatCis 9D C B 

between B and D and 

CD = AC. (Ruler Post.) 

2. CD = AC (Def. of = segments) 

3. ZCAD = ZADC (Isos. A Thm.) 

4.mZCAD = mZADC (Def. of = 4) 

5.mZBAC + mZCAD = mZBAD (Z Add. Post.) 

6.mZBAC + mZADC = mZBAD (Subst.) 

7.mZADC < mZBAD (Def. of inequality) 

8. AB < BD (Thoerem 5.10) 

9. BD = BC + CD (Seg. Add. Post.) 

10. AB < BC + CD (Subst.) 

11. AB < BC + AC (Subst. (Steps 2, 10)) 
25.2<x<10 271<x<11 29.x>0 31. Yes; 
sample answer: The measurements on the drawing 
do not form a triangle. According to the Triangle 
Inequality Theorem, the sum of the lengths of any 
two sides of a triangle is greater than the length of 
the third side. The lengths in the drawing are 1 ft, 


32 ft, and 6 ft. Since 1 + 32 64, the triangle is 


impossible. They should recalculate their 
measurements before they cut the wood. 


3) A triangle 3 feet by 4 feet by x feet is formed. The 
length of the third side x must be less than the 
sum of the lengths of the other two sides. So, 
x<3+4orx < 7. Since the awning drapes 
6 inches or 0.5 feet over the front, the total length 
should be less than 7 + 0.5 or 7.5 feet. She should 
buy no more than 7.5 feet. 

35. Yes; V99 = 9.9 since V100 = 10, V48 = 6.9 
since V49 = 7,and V65 = 8.1 since V64 = 8. 
6.9 + 8.1 > 9.9, so it is possible. 

37. no; V122 = 11.1 since 121 = 11, V5 = 2.1 
since V4 = 2,and V26 = 5.1 since V25 =5. So, 
2A 04 > Ul. 

(39) Use the Distance Formula 


d =\/ (x, —x,)? + (y> — y,)” to find the lengths of 


the sides. 
FG =V[3- (—4)]* +(-3- 3)? X, = —4,% = 3, 
NY; cand 3, Vo =—3 
=V85 Simplify. 
= 9.2 Use a calculator. 
GH=(4-3)?+ [6-(-3)? = = 3,4 =4, 
WY; = =3; Vo = 6 
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= V82 Simplify. 
= 91 Use a calculator. 
FH=\/[4—- (—4)]? +(6— 3)? X,=—-4,%, =4, 
Y= 3, Wy = 6 
=V 73 Simplify. 
x 8.5 Use a calculator. 
FG+GH2FH FG+FH3GH GH+FHS3FG 
924+91385 92485391 914+8529.2 
18.3 > 8.5 17.7 >9.1 17.6 > 9.2 


Since FG + GH > FH, FG + FH > GH, and GH + 

FH > FG, the coordinates are the vertices of a 

triangle. 
41. yes; QR + QS > RS, QR + RS > QS, and QS + RS > 
QR 43. The perimeter is greater than 36 and less 
than 64. Sample answer: From the diagram we know 
that AC = EC and DC = BC, and ZACB = ZECD 
because vertical angles are congruent, so AACB = 
AECD. Using the Triangle Inequality Theorem, the 
minimum value of AB and ED is 2 and the maximum 
value is 16. Therefore, the minimum value of the 
perimeter is greater than 2(2 + 7 + 9) or 36, and the 
maximum value of the perimeter is less than 2(16 + 7 
+9) or 64. 
45. Sample answers: whether or not the side lengths 
actually form a triangle, what the smallest and largest 
angles are, whether the triangle is equilateral, 
isosceles, or scalene 


49.B 51.H 53.y>6o0ry<6 55.132mi<d< 
618 mi 57.15; Alt. Ext. 4 Thm. 58.1 = = 13; 
JK=4 61.x=2;JK=KL=JL=14 63.x=7;SR= 
RT = 24, ST = 19 


Lesson 5-6 


1.mZACB > mZGDE 


@ OR= SR, TR= TR, and mZQRT < mZSRT. By 
the Hinge Theorem, QT < ST. 
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5a.AB = DE, AC =DEF_ 5b. ZD; Sample answer: 
Since EF > BC, according to the converse of the 
Hinge Theorem, 

mZD>mZA T.2<x<B 


9.Given: AD =CB,DC<AB A B 
Prove: mZCBD < mZADB 
Statements (Reasons) 
1. AD = CB (Given) 
2. DB = DB (Reflexive Property) p C 
3. DC < AB (Given) 
4. mZCBD < mZADB (SSS Inequality) 
11.mZMLP < mZTSR 


@ TU = VU, WU = WU, and WT < WV. By the 
Converse of the Hinge Theorem, mZTUW > 
mZVUW. 

15JK>HJ 17.2<x<6 


(19) Two sides of one triangle are congruent to two 
sides of the other triangle and the third side of 
the first triangle is less than the third side of the 
second triangle. So, by the Converse of the Hinge 
Theorem, the included angle of the first triangle is 
less than the included angle of the second triangle. 
0<x+20<41 — Converse of Hinge Theorem 
—20<x< 21 Subtract 20 from each. 
The range of values containing x is —20 < x < 21. 
21. RS; sample answer: The height of the crane is the 
same and the length of the crane arm is fixed, so 
according to the Hinge Theorem, the side opposite the 
smaller angle is shorter. Since 29° < 52°, RS < MN. 
23. Given: LK = JK, RL = RJ, K is the midpoint of QS, 
mZSKL > mZQK]J J R 
Prove: RS > QR 
Statements (Reasons) 
1. LK = JK, RL = RJ, K is the L 
midpoint of QS, mZSKL > 
mZQKJ (Given) 
2. SK = OK (Def. of midpoint) 
3. SL > QJ (Hinge Thm.) 
4. RL = RJ (Def. of = segs.) 
5.SL + RL > RL + RJ (Add. Prop.) 
6. SL + RL > QJ + RJ (Subst.) 
7.RS = SL+ RL, QR = QJ + RJ (Seg. Add. Post.) 
8. RS > QR (Subst.) 
25. Given: XU = VW, VW > XW, XU || VW 
Prove: mZXZU > mZUZV U 
Statements (Reasons) 
1. XU = VW, XU || VW (Given) 
2. ZUXV = ZXVW, ZXUW = 
ZUWV (Alt. Int. 4 Thm.) 
3. AXZU = AVZW (ASA) 
4. XZ = VZ (CPCTC) w 
5. WZ = WZ (Refl. Prop.) 
6. VW > XW (Given) 
7.mZVZW > mZXZW (Converse of Hinge Thm.) 
8. ZVZW = ZXZU, ZXZW = ZVZU (Vert. & are =.) 
9.mZVZW = mZXZU, mZXZW = mZVZU (Def. 
of = 4) 
10. mZXZU > mZUZV (Subst.) 


a. Sample answer: Use a ruler to measure the 
distance from her shoulder to her fist for each 
position. The distance is 1.6 cm for Position 1 and 
2 cm for Position 2. Therefore, the distance from 
her shoulder to her fist is greater in Position 2. 

b. Sample answer: In each position, a triangle 
formed. The distance from her shoulder to her 
elbow and from her elbow to her wrist is the same 
in both triangles. Using the measurements in 
part a and the Converse of the Hinge Theorem, 
you know that the measure of the angle opposite 
the larger side is larger, so the angle formed by 
Anica’s elbow is greater in Position 2. 


29. Given: PR = PQ, SQ > SR p 
Prove: mZ1 < mZ2 
Statements (Reasons) 
1. PR = PQ (Given) 
2. ZPRQ = ZPQR (Isos. 
A Thm.) A Li 3S 0 
3.mZPRQ=mZ1+mZ4, 
mZPQR = mZ2 + mZ3 (Angle Add. Post.) 
4.mZPRQ = mZPQR (Def. of = 4) 
mZ1 + mZ4 = mZ2 + mZ3 (Subst.) 
SQ > SR (Given) 
mZ4 > mZ3 (Angle Side Relationship Thm.) 
mZ4 = mZ3 + x (Def. of inequality) 
9.mZ1 + mZ4—mZ4 = mZ2 + mZ3 — (mZ3 + x) 
(Subt. Prop.) 
10. mZ1 = mZ2 — x (Subst.) 
11. mZ1 + x = mZ2 (Add. Prop.) 
12. mZ1 < mZ2 (Def. of inequality) 


31.CB < AB 33.mZBGC < mZFBA 


oS) oT 


WZ = YZ, ZU = ZU, and mZWZU > mZYZU. 
By the Hinge Theorem, WU > YU. 


37a. B 37b. Z measures: 59, 76, 
45; 90, 90, 90, 90; 105, 
100, 96, 116, 123; Sum 
of 4: 180, 360, 540 

37c. Sample answer: 
The sum of the angles 
of the polygon is equal 
to 180 times two less 
than the number of 
sides of the polygon. 
37d. Inductive; sample 
answer: Since I used a 
pattern to determine 
the relationship, the 
reasoning I used was 
inductive. 

Q 37e. (n — 2)180 


a 
() 


i 
= 


39. A door; as the door opens, the 
door opening increases as the 
angle made by the hinge 
increases. As the door closes, 
the door opening decreases as 
the angle made 

by the hinge decreases. This is similar to the side 

opposite the angle in a triangle, because as the side 

opposite an angle increases the measure of the angle 
also increases. As the side decreases, the angle also 
decreases. 41. Never; from the Converse of the Hinge 

Theorem, ZADB < ZBDC. ZADB < ZBDC forma 

linear pair. So, mZADB + mZBDC = 180. Since, 

mZBDC > mZADB,mZBDC must be greater than 90 

and mZADB must be smaller than 90. So, by the 

definition of obtuse and acute angles, mZBDC is always 

obtuse and mZADB is always acute. 43.2.8 <x < 12 

45.F 47.1.2cem<n<76cm 496m<n<12m 

51.x=8 53. A 

55. 23, ZACB 

57. x = 66 by the 

Consecutive 

10 S 40 J Interior Angles 

Theorem; y = 35 

Q G by the Consecutive 

Interior Angles 
Theorem 
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Chapter5 Study Guide and Review 


1.false; orthocenter 3.true 5. false; median 
7. false; false 9. false; the vertex opposite that 
side 11.5 13.34 15.(2,3) 17.25, ZR, ZT; RT, 
TS,SR 19. The shorter path is for Sarah to get Irene 
and then go to Anna’s house. 21. AFGH is not 
congruent to AMNO. 23.y>4 
25. Let the cost of one DVD be x, and the cost of the 
other DVD be y. 
Given: x + y > 50 
Prove: x > 25 or y > 25 
Indirect proof: Step 1 Assume that x < 25 and 
y = 25. 
Step 2 Ifx < 25 and y < 25, thenx + y < 25+ 25, 
or x + y < 50. This is a contradiction because we 
know that x + y > 50. 
Step 3 Since the assumption that x < 25 andy < 
25 leads to a contradiction of a known fact, the 
assumption must be false. Therefore, the 
conclusion that x > 25 or y > 25 must be true. 
Thus, at least one DVD had to be over $25. 
27.n0o;3+4<8 29,Let x be the length of the third side. 
6.5em<x<14.5cm 31.mZABC > mZDEF 33. Rose 


CHAPTER 6 

Quadrilaterals 

Chapter6 Get Ready 

1.150 3.54 5.137 Zx=1,WX=XY=YW=9 


9. Des Moines to Phoenix = 1153 mi, Des Moines to 
Atlanta = 738 mi, Phoenix to Atlanta = 1591 mi 
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Lesson 6-1 


1.1440 3.mZX = 36,mZY =72,mZZ = 144, 
mZW = 108 
@ (1-2) +180 = (16 —2)+180  n=6 
= 14+ 180 or 2520 Simplify. 
The sum of the interior angle measures is 2520. 
So, the measure of one interior angle is 2520 + 
16 or 157.5. 
7.36 9.68 11.45 13.3240 15.5400 
@ (n-2)-+180=(4—2)-180 n=4 
= 2+ 180 or 360 Simplify. 
The sum of the interior angle measures is 360. 
360 = mZJ + mZK + 


mZL+mZM Sum of interior angle 
measures 
360 = (3x — 6) + (x + 10) + 
x + (2x — 8) Substitution 
360 = 7x — 4 Combine like terms. 
364 = 7x Add 4 to each side. 
52=x Simplify. 
mZJ = 3x —6 mZK=x+10 
= 3(52) — 6 or 150 = 52 + 10 or 62 
mZL=x mZM = 2x — 8 
= 52 = 2(52) — 8 or 96 


19. mZU = 60, mZV = 193, mZW = 76, mZY = 68, 
mZZ =143 21.150 23.144 254.720 25b. Yes, 
120; sample answer: Since the measures of the sides 
of the hexagon are equal, it is regular and the 
measures of the angles are equal. That means each 
angle is 720 +6o0r120. 27.4 29.15 


@ 21+ 424+ 294+ (x +14) + 
x + (x — 10) + (x — 20) = 360 


4x + 76 = 360 
4x = 284 
= 71 


33.37 35.72 37.24 39.51.4,128.6 41.25.7, 154.3 
43. Consider the sum of the measures of the exterior 
angles N for an n-gon. 
N = sum of measures of linear pairs — sum of 
measures of interior angles 

= 180n — 180(n — 2) 

= 180n — 180n + 360 

= 360 

So, the sum of the exterior angle measures is 360 for 
any convex polygon. 45.105, 110, 120, 130, 135, 140, 
160, 170, 180, 190 
@7) a. 60 ft + 8 = 7.5 ft Perimeter + number of sides 
b. (4 —2)°180 =(8—2)°180 n=8 
= 6+ 180 or 1080 Simplify. 
Sample answer: The sum of the interior angle 
measures is 1080. So, the measure of each angle of 
a regular octagon is 1080 + 8 or 135. So if each 
side of the board makes up half of the angle, each 
one measures 135 + 2 or 67.5. 
49. Liam; by the Exterior Angle Sum Theorem, the sum 
of the measures of any convex polygon is 360. 
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51. Always; by the Exterior Ww P Q 
Angle Sum Theorem, mZQPR = 

60 and mZQRP = 60. Since the 

sum of the interior angle Vv R 
measures of a triangle is 180, the 

measure of ZPQR = 180 — 

mZQPR — mZQRP = 180 — 60 — 60 = "60. So; “APOR i is 
an equilateral triangle. 53. The Interior Angles Sum 
Theorem is derived from the pattern between the 
number of sides in a polygon and the number of 
triangles. The formula is the product of the sum of 
the measures of the angles in a triangle, 180, and the 
number of triangles in the polygon. 55.72 57C 
59.ML<JM 61.3 63.2E = ZG; ZEFH = ZGHF; 
ZEHF = ZGFH; EF = GH; EH = GF; FH = HF; AEFH 
= AGHF 65.21 and 45, 24 and 46, 22 and 48, 

23 and 27 


Lesson 6-2 


1a.148 1b.125 104 3.15 5w=5,b=4 

7. Given: CIABCD, ZA is a right angle. 
Prove: ZB, ZC, and ZD are right angles. (Theorem 6.6) 
Proof: By definition of a parallelogram, AB || CD. 
Since ZA is aright angle, AC 1 AB. By the —__ 
Perpendicular Transversal Theorem, AC CD. ZC 
is a right angle, because perpendicular lines form a 
right angle. ZB = ZC and ZA = ZD because opposite 
angles in a parallelogram are congruent. ZC and ZD 
are right angles, since all right angles are congruent. 


@) mZR + mZQ = 180 _ Consecutive angles are supplementary. 
mZR + 128 = 180 Substitution 


mZR=52 — Subtract 128 from each side. 
11.5 
(43) a. JH =FG Opposite sides are congruent. 
JH=FG__ Definition of congruence 
=1in. Substitution 
b.GH =F] Opposite sides are congruent. 
GH = FJ Definition of congruence 


= 3 in. Substitution 


c.ZJFG = ZJHG _ Opposite angles are congruent. 
mZJFG = mZJHG _ Definition of congruence 


= 62 Substitution 
d.mZFJH + mZJHG = 180 _ Consecutive angles are 
supplementary. 


mZFJH + 62 = 180 Substitution 
mZFJH = 118 Subtract 62 from each side. 
15.a=7,b=11 17.x=5,y=17 19.x=58, 
y=63.5 21. (2.5, 2.5) 
23. Given: WXTV and ZYVT are ae a 
Prove: WX = ZY Z 


Proof: W x/ 

Statements (Reasons) 

1. WXTV and ZYVT are 

parallelograms. (Given) : 
2. WX = VT, VT = YZ (Opp. sides of a Hare =.) 
3. WX = ZY (Trans. Prop.) 


25. Given: AACD = ACAB A B 
Prove: DP = PB 


Proof: 

Statements (Reasons) 

1. AACD = ACAB (Given) 

2. ZACD = ZCAB (CPCTC) p C 
3. ZDPC = ZBPA (Vert. & are =.) 

4, AB = CD (CPCTC) 

5. AABP = ACDP (AAS) 

6. DP = PB (CPCTC) 


27. Given: FIWXYZ 
Prove: AWXZ = AYZX (Theorem 6.8) 
Proof: WwW X 


Statements (Reasons) LA 


1. WXYZ (Given) _ 
2. WX = ZY, WZ = XY Z Y 
(Opp. sides of a [are =.) 

3. ZZWX = ZXYZ (Opp. 4 of aH are =.) 


4, AWXZ = AYZX (SAS) A Cc 
29. Given: ACDE is a parallellogram. ea 

Prove: EC bisects AD. be 

(Theorem 6.7) E D 


Proof: It is given that ACDE is a parallelogram. 
Since opposite sides of a parallelogram are congruent, 
EA = DC. By definition of a parallelogram, 
EA || DC. ZAEB = ZDCB and ZEAB = ZCDB 
because alternate interior angles are congruent. 
AEBA = ACBD by ASA. EB = BC and AB = BD 
by CPCTC. By the definition of segment 
bisector, EC bisects AD and AD bisects EC. 

31.3 

3) ZAFB and ZBFC form a linear pair. 
ZAFB + ZBFC = 180 Supplement Theorem 

ZAFB + 49 = 180 Substitution 
ZAFB = 131 Subtract 49 from each side. 


35.29 37. (—1, —1); Sample answer: Opposite sides. 
of a parallelogram are parallel. Since the slope of BC = 


=, the slope of AD must also be =. To locate vertex 


D, start from vertex A and move down 6 and right 2. 
(39) First, use properties involving opposite angles and 
opposite sides of a parallelogram to help prove 
that AYUZ and AVXW are right angles. Then use 
the Hypotenuse-Angle Congruence Theorem to 
prove the triangles are congruent. 
Given: TYWVZ, VX 1 WY, YU 1 VZ 
Prove: AYUZ = AVXW V U Z 
Proof: 
Statements (Reasons) 
1. CYWVZ, VX 1 WY, 
YU 1 VZ (Given) w xX Y 
2. ZZ = ZW (Opp. 4 of a are =.) 
3. WV = ZY (Opp. sides of a Hare =.) 
4. ZVXW and ZYUZ are rt. 4. (_L lines form four 
rt. 4.) 
5. AVXW and AYUZ are rt. As. (Def. of rt. As) 
6. AYUZ = AVXW (HA) 


41.7 
43. 


{/ 


45. Sample answer: In a parallelogram, the opposite 
sides and angles are congruent. Two consecutive 
angles in a parallelogram are supplementary. If one 
angle of a parallelogram is right, then all the angles 
are right. The diagonals of a parallelogram bisect 
each other. 47.13 49.B 51.9 53.18 55.100 
57. not a polyhedron; cylinder 

59. not a polyhedron; cone 


61. diagonal; — 2 


Lesson 6-3 


1. Yes; each pair of opposite angles are congruent. 

3. AP = CP, BP = DP; sample answer: If the diagonals 
of a quadrilateral bisect each other, then the 
quadrilateral is a parallelogram, so if AP = CP and 
BP = DP, then the string forms a parallelogram. 


6) If both pairs of opposite sides are congruent, then 
the quadrilateral is a parallelogram. 
2x +3=x+7 Congruent sides have equal measures. 
X+3=7 Subtract x from each side. 
x=4 Subtract 3 from each side. 


3y —5=y+11  Congruent sides have equal measures. 


2y—5=11 Subtract y from each side. 
2y = 16 Add 5 to each side. 
y=8 Divide each side by 2. 
@) y If the diagonals 
W X|__ bisect each other, 
then itis a 
parallelogram. 
(e) x 
Z Y 
4+ (-3) 
midpoint of WY: (34 = wz us 7 S49) _(- 2, 3) 
3+ (-7) 4+(-3 
midpoint of XZ: aa stl ) re sf 2, 4) 


The midpoint of WY and XZ is ie 5): Since the 


diagonals bisect each other, WXYZ is a 
parallelogram. 


9. Yes; both pairs of opposite sides are congruent. 
11. No; none of the tests for parallelograms are 
fulfilled. 13. Yes; the diagonals bisect each other. 
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Given Given 


Def. of midpoint 


! 


AB = BC = HF = FD 


15. Bis the midpoint | | F is the midpoint 
Given of AC. of HD. 


Def. of 7 


Def. of 7 | 


AB || HF and BC || FD 


Def. of 7 | 


ABFH is a U. 


Opp. sides are || and =. 


17. Given: ABEF is a parallelogram; BCDE is a 


parallelogram. 


Def. of midpoint 


Prove: ACDF is a parallelogram. 


Proof: 
Statements (Reasons) 


1. ABEF is a parallelogram; BCDE is a 


parallelogram. (Given) 
2. AF = BE, BE=CD, 
AF || BE, BE || CD (Def. of D) 


3. AF = CD, AF || CD (Trans. Prop.) 


4. ACDF is a parallelogram. (If one pair of opp. 
sides is = and ||, then the quad. is a 7.) 
Wx=8 y=9 Ax=1,y=7 2x=4,y=3 


25. No; both pairs of opposite 


sides must be congruent. The 


distance between K and L is 


V 53. The distance between 


Land M is V 37. The distance 


between M and J is V50. 


The distance between J and 


Kis V 26. Since, both pairs of 


opposite sides are not 


congruent, JKLM is not a parallelog 


ram. 


27. Yes; a pair of S 


opposite sides must be 


parallel and congruent. 


Slope of QR = é = 


QR || ST. The distance 


between Q and T 


R=v53 = distance 


between S and T, 
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so QR = ST. So, QRST is a parallelogram. 
29. Given: ABCD is a parallelogram. ZA is a right angle. 


Prove: ZB, ZC, and ZD y 
are right angles. B(0,b) Cla, b) 

Proof: 
b 


slope of BC = (2 = °) or 0 
The slope of CD is undefined. ¢ 


slope of AD = (= — a or 0 
The slope of AB is undefined. 
Therefore, BC 1 CD,CD 1 AD, and AB 1 BC. So, 


ZB, ZC, and ZD are right angles. 


(1) a. Use the Segment Addition Postulate to rewrite 


33. 


AC and CF each as the sum of two measures. 
Then use substitution, the Subtraction Property, 
and the Transitive Property to show that BC = DE. 
By proving that BCDE is a parallelogram, you can 
prove that BE || C CD, 

Given: AC = CF, AB = CD = BE, and DF = DE 
Prove: BE || CD 

Proof: We are given that AC = CE, AB = CD = BE, 
and DF = DE. AC = CF by the definition of 
congruence. AC = AB + BC and CF = CD + DF by 
the Segment Addition Postulate and AB + BC = 
CD + DF by substitution. Using substitution 
again, AB + BC = AB + DF, and BC = DF by the 
Subtraction Property. BC = DF by the definition 
of congruence, and BC = DE by the Transitive 
Property. If both pairs of opposite sides of a 
quadrilateral are congruent, then the quadrilateral 
is a parallelogram, so BCDE is a parallelogram. By 
the definition of a parallelogram, BE || CD. 

b. Let x = width of the copy. If AB = 12, then 


CD = BE = 12. So, CF = 12 + 8 or 20. 
CF __ width of copy 


BE ~ width of original 
20 x 


12 35 Substitution 
20(5.5) = 12x Cross multiply. 
110 = 12x Simplify. 
92=%x Divide each side by 12. 


The width of the original object is about 9.2 in. 
Given: AB = DC, AB || DC 


Prove: ABCD isa parallelogram. A 
Proof: 
Statements (Reasons) 
1. AB = DC, AB || DC (Given) OD C 
2. Draw AC. (Two points determine a line.) 

3. Z1 = 22 (If two lines are ||, then alt. int. 4 are =.) 
4. AC = AC (Refl. Prop.) 

5. AABC = ACDA (SAS) 

6. AD = BC (CPCTC) 

7. ABCD is a parallelogram. (If both pairs of opp. 
sides are =, then the quad. is C/.) 


B 


(35) Opposite sides of a parallelogram are parallel and 
congruent. Since the slope of AB is 0, the slope of DC 
must be 0. The y-coordinate of vertex D must be c. The 


length of AB is (a + b) 


—0ora +b. So the length of DC 


must be a + b. If the x-coordinate of D is —b and the 
x-coordinate of C is a, then the length of DC is a — (—b) 
ora + b.So, the coordinates are C(a, c) and D(—, c). 

7) Sample answer: Since the two vertical rails are both 
perpendicular to the ground, he knows that they 
are parallel to each other. If he measures the 
distance between the two rails at the top of the 
steps and at the bottom of the steps, and they are 
equal, then one pair of sides of the quadrilateral 
formed by the handrails is both parallel and 
congruent, so the quadrilateral is a parallelogram. 
Since the quadrilateral is a parallelogram, the two 
hand rails are parallel by definition. 

39a. Sample answer: 


A B M N W X 
D Cc \ Z y 
P O 
39b. Sample answer: 39c. Sample answer: 
The diagonals of a 
rectangle are 
congruent. 
41. Sample answer: 
The theorems are 
converses of each 
other. The hypothesis 
of Theorem 6-3 is 
“a figure is a 
parallelogram,” and the hypothesis of 6-9 is “both 
pairs of opposite sides of a quadrilateral are 
congruent.” The conclusion of Theorem 6-3 is 


“opposite sides are congruent,” and the conclusion of 
6-9 is “the quadrilateral is a parallelogram.” 


43. 


Rectangle 


45. Sample answer: You can show that: both pairs of 
opposite sides are congruent or parallel, both pairs of 
opposite angles are congruent, diagonals bisect each 
other, or one pair of opposite sides is both congruent 
and parallel. 47.4 49.E 51.(4.5,1.5) 53.35 
55. Given: P + W > 2 (P is time spent in the pool; 
W is time spent lifting weights.) 

Prove: P >lorW>1 

Proof: 

Step 1: Assume P < land W <1. 

Step 2:P+W<2 

Step 3: This contradicts the given statement. 

Therefore he did at least one of these activities for 

more than an hour. 


ASA 


Given 
59. not perpendicular 


Lesson 6-4 
1.7 ft 3.33.5 5.11 A a 
7. Given: ABDE is a rectangle; BC = DC. 
Prove: AC = EC C 
Proof: 
Statements (Reasons) __ E D 


1. ABDE is a rectangle; BC = DC. (Given) 
2. ABDE is a parallelogram. (Def. of rectangle) 
3. AB = DE (Opp. sides of a [J are =.) 
4. ZB and ZD are right angles. (Def. of rectangle) 
5. ZB = ZD (Allrt. A are =.) 
6. AABC = AEDC (SAS) 
7. AC = EC (CPCTC) 
9. Yes; AB = 5 = CD and 
BC = 8 = AD. So, ABCD 
is a parallelogram. 
BD = V89 = AC, so the 
diagonals are congruent. 
Thus, ABCD is a rectangle. 


(1) Since all angles in a rectangle are right angles, 
ZABD is a right triangle. 
AD? + AB? = BD? Pythagorean Theorem 
2? + 6* = BD* Substitution 
40 = BD? Simplify. 


6.3 ~ BD _ Take the positive square root of each side. 


BD = 6.3 ft 

13.25 15.43 17.38 19.46 

21. Given: QTVW is a rectangle; OR = ST. 
Prove: ASWQ = ARVT 
Proof: 
Statements (Reasons) 


1. QTVW is a rectangle; W V 


OR = ST. (Given) 

2. QTVW is a parallelogram. (Def. of rectangle) 
3. WQ = VT (Opp sides of a Hare =.) 

4. ZQ and ZT are right angles. (Def. of rectangle) 
5.ZQ = ZT (Alltt. A are =.) 
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ize) 
= 
= 
— 
= 
(=) 
w 
x=) 
i= 
O°) 
@ 
<b) 
= 
Ze) 
i= 
<= 
z=] 
<b) 
= 
Oo 
pst) 
[<b] 
w 


6. QR = ST (Def. of = segs.) 

7. RS = RS (Refl. Prop.) 

8. RS = RS (Def. of = segs.) 

9. QR + RS = RS + ST (Add. prop.) 

10. QS = QR + RS, RT = RS + ST (Seg. Add. Post.) 
11. QS = RT (Subst.) 

12. QS = RT (Def. of = segs.) 

13. ASWQ = ARVT (SAS) 


23. No; JK = V65 = LM, y 

KL= V37 = MJ, so 

JKLM is a parallelogram. J 

KM = V'106; JL = V98. 

KM ¢ JL, so the 

diagonals are not oO x 


congruent. Thus, JKLM 
is not a rectangle. 


25. No; slope of GH = y 
; = slope of JK and H 


slope of HJ = —6 = 
slope of KG. So, 

GH)JK is a parallelogram. 
The product of the 
slopes of consecutive K 
sides # —1,s0 the J 
consecutive sides are 
not perpendicular. 
Thus, GHJK is nota rectangle. 27.40 


(29) A rectangle has four right angles, so mZCDB = 
90. Since a rectangle is a parallelogram, opposite 
sides are parallel. Alternate interior angles of 
parallel lines are congruent. So, 23 = 22 and 
mZ3 = mZ2 = 40.mZ4 = 90 — 40 or 50. Since 
diagonals of a rectangle are congruent and bisect 
each other, the triangle with angles 4, 5, and 6 is 
isosceles with mZ6 = mZ4. 
mZ4+mZ5+mZ6 = 180 Triangle Angle-Sum Theorem 
mZ4+mZ5+mZ4=180 mZ6=mZz4 

50 + mZ5 + 50 = 180 Substitution 
100 + mZ5 = 180 Simplify. 
mZ5 = 80 — Subtract 100 from each side. 


31.100 

33. Given: WXYZ is arectangle with %. ¥ 
diagonals WY and XZ. P< 
Prove: WY = XZ 
Proof: W Z 
Statements (Reasons) 
1. WXYZ is a rectangle with diagonals WY 
and XZ. (Given) 
2. WX = ZY (Opp. sides of a J are =.) 
3. WZ = WZ (Refl. Prop.) 
4. ZXWZ and ZYZW are right angles. (Def. of F) 
5. ZXWZ = ZYZW (Allright 4 are =.) 
6. AXWZ = AYZW (SAS) 
7. WY = XZ (CPCTC) 
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35. ABCD is a parallelogram, A D 
and ZB is a right angle. Since 
ABCD is a parallelogram and 
has one right angle, then it has 
four right angles. So by the 
definition of a rectangle, ABCD is a rectangle. 
37. Sample answer: Since 
RP £ PQandSQ 1 PQ, 
mZP = mZQ = 90. Lines 
that are perpendicular to 
the same line are parallel, 
so RP || SQ. The same 
compass setting was used 
to locate points R and S, 
so RP = SQ. If one pair of opposite sides of a 
quadrilateral is both parallel and congruent, then the 
quadrilateral is a parallelogram. A parallelogram 
with right angles is a rectangle. Thus, PRSQ is a 
rectangle. 39.5 41.No; sample answer: Both pairs 
of opposite sides are congruent, so the sign is a 
parallelogram, but no measure is given that can be 
used to prove that it is a rectangle. 
(@) Draw [J ABCD on the 

coordinate plane. 

Find the slopes of AD and 

AB and show that the lines 

are perpendicular. 

Given: CIABCD and AC = BD 

Prove: CIABCD is a rectangle. 

Proof: 

AC =\/(a+b— 0)? + (c — 0)? 


BD = (b —a)* + (c — 0)? 
But AC = BD and 
\/ (a +b —0)2 + (c — 0)? = V(b — a)? + (c—0)*. 
(a+b—0)? + (c—0)* = (b —a)* + (c —0)2 
(a+b)? +2? =(b—-a)+c* 
a? + 2ab +? +c? = — 2ab + a? + 2 


B Cc 


2ab = —2ab 
4ab =0 
a=O0orb=0 


Because A and B are different points, a # 0. Then 
b = 0. The slope of AD is undefined and the slope 
of AB = 0. Thus, AD | AB. ZDAB is a right angle 
and ABCD is a rectangle. 
45.x=6,y=-—10 47.6 49.Sample answer: All 
rectangles are parallelograms because, by definition, 
both pairs of opposite sides are parallel. 
Parallelograms with right angles are rectangles, so 
some parallelograms are rectangles, but others with 
non-right angles are not. 51.J 53.E 55.7. =8, 
y=22 57.(2.5,0.5) 59.AH and AJ 
61. ZAJK and ZAK] 63.101 


Lesson 6-5 


1.32 

3. Given: ABCD is a rhombus with diagonal DB. 
Prove: AP = CP 
Proof: 


Statements (Reasons) 

1. ABCD is a rhombus with diagonal DB. (Given) 
2. ZABP = ZCBP (Diag. of rhombus bisects Z) 

3. PB = PB (Refl. Prop.) 

4, AB = CB (Def. of rhombus) 

5. AAPB = ACPB (SAS) 

6. AP = CP (CPCTC) 


5. Rectangle, rhombus, square; consecutive sides are 
perpendicular, all sides are congruent. 7.14 9.28 


@ mZABC + mZBCD = 180 Consecutive 4 are supp. 


(2x — 7) + (2x + 3) = 180 Substitution 
4x —4=180 Simplify. 
4x = 184 Add 4 to each side. 
x=46 _ Divide each side by 4. 

mZBCD = 2x +3 Given 

= 2(46) + 30r95 Substitution 

ZDAB = ZBCD Opposite angles are congruent. 

mZDAB = mZBCD _ Definition of congruence 

= 95 Substitution 

13. Given: WZ || XY, WX || ZY, wx 
WZ = ZY 

Prove: WXYZ is a rhombus. 
Proof: 


Statements (Reasons) 

1. WZ || XY, WX || ZY, WZ = ZY (Given) 

2. WXYZ is a CJ. (Both pairs of opp. sides are ||.) 
3. WXYZ is a rhombus. (If one pair of consecutive 
sides of a CJ are =, the (J is a rhombus.) 


15. Given: JKQP is a square. ML bisects JP and KQ. 


Prove: JKLM is a parallelogram. J K 
Proof: 
Statements (Reasons) M L 


1. JKQP is a square. ML bisects JP 
and KQ. (Given) 

2. JKQP is a parallelogram. 

(All squares are parallelograms.) 

3. JM || KL (Def. of Z) 

4. JP = KQ (Opp. Sides of [are =) 

5. JP = KQ (Def of = segs.) 

6. JM = MP, KL = LQ (Def. of bisects) 
7. JP = JM + MP, KQ = KL + LQ (Seg. Add Post.) 
8. JP = 2JM, KQ = 2KL (Subst.) 

9. 2JM = 2KL (Subst.) 

10. JM = KL (Division Prop.) 

11. KL = JM (Def. of = segs.) 

12. JKLM is a parallelogram. (If one pair of opp. 
sides is = and ||, then the quad. is a 7.) 


P Q 


17. Rhombus; Sample answer: The measure of angle 
formed between the two streets is 29, and vertical angles 
are congruent, so the measure of one angle of the 
quadrilateral is 29. Since the crosswalks are the same 
length, the sides of the quadrilateral are congruent. 
Therefore, they forma rhombus. 19. Rhombus; the 
diagonals are perpendicular. 21. None; the diagonals 
are not congruent or perpendicular. 


23) The diagonals of a rhombus are perpendicular, so 
AABP is a right triangle. 
AP? + PB? = AB? Pythagorean Theorem 
AP? + 12? = 15? — Substitution 
AP? + 144 = 225 Simplify. 
AP? = 81 Subtract 144 from each side. 
AP=9 Take the square root of each side. 
25.24 27.6 29.90 31.square 33. rectangle 
35. Given: ABCD is a parallelogram; AC BD. 
Prove: ABCD is a rhombus. A B 
Proof: We are given that ABCD 
is a parallelogram. The diagonals 
of a parallelogram bisect each 
other, so AE = EC. BE = BE D C 
because congruence of segments 
is reflexive. We are also given that AC | BD. Thus, 
ZAEB and ZBEC are right angles by the definition 
of perpendicular lines. Then ZAEB = ZBEC 
because all right angles are congruent. Therefore, 
AAEB = ACEB by SAS. AB = CB by CPCTC. 
Opposite sides of parallelograms are congruent, 
so AB = CD and BC = AD. Then since congruence 
of segments is transitive, AB = CD = BC = AD. 
All four sides of ABCD are congruent, so ABCD is 
a rhombus by definition. 
37. Given: ABCD is a parallelogram; AB = BC. 
Prove: ABCD is a rhombus. 
Proof: Opposite sides of a parallelogram are 
congruent, so BC = AD and B 
AB = CD. We are given that 
AB = BC. So, by the Transitive 
Property, BC = CD. So, BC = 
CD = AB = AD. Thus, ABCD 
is a rhombus by definition. 
39. Sample answer: The diagonals 
bisect each other, so the quadrilateral 
is a parallelogram. Since the 
diagonals of the parallelogram 
are perpendicular to each other, 
the parallelogram is a rhombus. 


41. Given: ABCD is a square. 
Prove: AC | DB 


Proof: 

slope of DB = a3 or —1 
slope of AC = ae or 1 
The slope of AC is the 


negative reciprocal of the slope 
of DB, so they are perpendicular. 


(43) Use the properties of exterior angles to classify the 
quadrilaterals. Sample answer: Since the octagons 
are regular, each side is congruent, and the 
quadrilaterals share common sides with the 
octagons, so the quadrilaterals are either rhombuses 
or squares. The vertices of the quadrilaterals are 
formed by the exterior angles of the sides of the 
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octagons adjacent to the vertices. The sum of the 
measures of the exterior angles of a polygon is 
always 360 and since a regular octagon has 8 
congruent exterior angles, each one measures 360 + 
8 or 45. As shown in the diagram, each angle of the 


quadrilaterals in the pattern measures 45 + 45 or 90. 


Therefore, the quadrilateral is a square. 


459 
45° 


45a. B Q x 
p R 
A Cc u 
w Lty 
S 
Z 
D 


Distance from N to 
Figure | each vertex along 
shorter diagonal 


Distance from N to 
each vertex along 
longer diagonal 
ABCD 
PQRS 
WXYZ 


45c. Sample answer: The shorter diagonal of a kite is 
bisected by the longer diagonal. 47. True; sample 
answer: A rectangle is a quadrilateral with four right 
angles and a square is both a rectangle and a 
rhombus, so a square is always a rectangle. 
Converse: If a quadrilateral is a rectangle then it is a 
square. False; sample answer: A rectangle is a 
quadrilateral with four right angles. It is not 
necessarily a rhombus, so it is not necessarily a square. 
Inverse: If a quadrilateral is not a square, then it is 
not a rectangle. False; sample answer: A quadrilateral 
that has four right angles and two pairs of congruent 
sides is not a square, but it is a rectangle. 
Contrapositive: If a quadrilateral is not a rectangle, 
then it is not a square. True; sample answer: If a 
quadrilateral is not a rectangle, it is also not a square 
by definition. 49.Sample answer: (0, 0), (6, 0), 

(0, 6), (6, 6) ; the diagonals are perpendicular, and 
any four points on the lines equidistant from the 
intersection of the lines will be the vertices of a 
square. 51.B 53.H 55.52 57.38 59. Yes; both 
pairs of opposite sides are congruent. 61. No; the 
Triangle Inequality Theorem states that the sum of 
the lengths of any two sides of a triangle must be 
greater than the length of the third side. Since 22 + 
23 = 45, the sides of Monifa’s backyard cannot be 


22 ft, 23 ftand 45 ft. 63.2 65.2 
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Lesson 6-6 


1.101 3.BC || AD, AB } CD; ABCD isa 
trapezoid. 5.1.2 7.70 9.70 


XZ = YW Diagonals are congruent. 
XZ = YW Definition of congruence. 
18 = YW Substitution 
18 = YP + PW _ Segment Addition Postulate 
18=3+PW Substitution 
15= PW Subtract 3 from each side. 


13. JK || LM, KL } JM; JKLM is a trapezoid, but not 
isosceles since KL = V26 and JM =5. 15. XY || WZ, 
Wx }t YZ; WXYZ is a trapezoid, but not isosceles since 
XZ =V74 and WY = V68. 17.10 19.8 21.17 
(23) The G key represents the midsegment of the 
trapezoid. Use the Trapezoid Midsegment 
Theorem to find the length of the key. 
length of G key = 4 (length of C key + length of 
D key) 
=F(6 +18) 


Substitution 


=4(78) or 3.9 Simplify 
The length of the G key is 3.9 in. 


25.20 27.75 
29. Given: ABCD is a trapezoid; ZD = ZC. 
Prove: Trapezoid ABCD is A B 
isosceles. 


Proof: By the Parallel Postulate, 
we can draw the auxillary line 
EB || AD. ZD = ZBEC, by the 
Corr. 4 Thm. We are given that 
ZD = ZC, so by the Trans. Prop, ZBEC = ZC. So, 
AEBC is isosceles and EB = BC. From the definition 
of a trapezoid, AB || DE. Since both pairs of opposite 
sides are parallel, ABED is a parallelogram. So, 
AD = EB. By the Transitive Property, BC = AD. 
Thus, ABCD is an isosceles trapezoid. 

31. Given: ABCD isa kite with AB = BC and AD = DC. 
Prove: BD | AC A 
Proof: We know that AB = BC 
and AD = DC. So, Band D 
are both equidistant from A 
and C. If a point is equidistant 
from the endpoints of a segment, 
then it is on the perpendicular bisector 
of the segment. The line that contains B and D is 


D E Cc 


D 


® 


the perpendicular bisector of AC, since only one 
line exists through two points. Thus, BD AC. 
33. Given: ABCD is a trapezoid with median EF. 
Prove: EF || AB and EF || DC and 
EF = 5(AB + DC) 


Proof: 
By the definition of the median of a trapezoid, E is 
the midpoint of AD and F is the midpoint of BC. 


Midpoint E is (248, 44 °) ox (4.4). 


2 2’ 2 
: ; -{a+b+at+b+c d+0 
Midpoint F is ( 5) 5 ) or 


(# +2b+c 4) 

2 ary i 
The slope of AB =0, the slope of EF =0,and the 
slope of DC = 0. Thus, EF || AB and EF || DC. 


AB = \/[(a + b) — al? + (d —dy? = VB? orb 
DC=\[(a+b +c) — 0]? + (0 — 0)? 
=V(atb+c)*oratb+c 


EF = (seeteme 5 (g_ gp 


2 2 2 
_ pagh sey a+2b+c 
= (224 e) or 242 


F(AB + DC) =4[b + (a+b +0)] 


= F(a + 2b +c) 
_a+2b+c 
= 2 
= EF 
Thus, $(AB + DC) = EF. 


35.15 37.28 ft 39.70 41.2 43.20 45.10 in. 
47. 105 


(49) ZZWX = ZZYX because one pair of opposite 
sides of a kite is congruent and ZZWX = ZZYX. 
So, mZZYX = mZZWX = 10x. 


mZZWX + mZWXY + 
mZZYX +mZWZY = 360 Polygon Interior 


Angles Sum Theorem 


10x + 120 + 10x + 4x = 360 Substitution 
24x + 120 = 360 Simplify. 
24x = 240 Subtract 120 from 
each side. 
x=10 _ Divide each side by 24. 


So, mZZYX = 10x or 100. 
51. Given: ABCD is an isosceles trapezoid. 

Prove: ZDAC = ZCBD A B 

Proof: 

Statements (Reasons) 

1. ABCD is an isosceles 

trapezoid. (Given) 

2. AD = BC (Def. of isos. trap.) 

3. DC = DC (Refl. Prop.) 

4. AC = BD (Diags. of isos. trap. are =.) 

5. AADC = ABCD (SSS) 

6. ZDAC = ZCBD (CPCTC) 
53. Sometimes; opp 4 are supplementary in an 
isosceles trapezoid. 55. Always; by def. a square is a 
quadrilateral with 4 rt. 4 and 4 = sides. Since by def., 
a rhombus is a quadrilateral with 4 = sides, a square 
is always arhombus. 57.Sometimes; only if the 


D Cc 


parallelogram has 4 rt. 4 and/or congruent 
diagonals, is it a rectangle. 


59. os 


Parallelograms (Opp. sides are ||.) 
, ae /) 


Rhombi 
(4 = sides) 


Rectangles 
(41t 4) 


Hq 


Squares 


Trapezoids 
(exactly 1 pair of || sides) 


Zz 


Isosceles 
Trapezoids 
(Legs are =.) 


Kites (exactly 2 pair of = sides) 


Wy — 4-4 _ 
@1) slope of WX = 3-3) 0 
Ry 22242) 
slope of XY = = han 
yr, —_ 1-3 _1 
slope of YZ = 2 Se 
we —_1-4 _3 
slope of WZ = Cay 72 
Since the figure has no parallel sides, it is just a 
quadrilateral. 
63. Given: isosceles trapezoid y 


ABCD with AD = BC 
Prove: BD = AC 
Proof: 


DB =\/(a— b)? + (0 —c)? 
or \/ (a — b)? +c? 
AC = [(a — b) — 0]? + (c — 0)? or V (a — b)? + 2 


BD = AC and BD = AC 
65. Belinda; mZD = mZB.SomZA +mZB+mZC + 
mZD = 360 or mZA + 100 + 45 + 100 = 360. So, 
mZA = 115. 67. Never; a square has all 4 sides =, 
while a kite does not have any opposite sides 
congruent. 69. A quadrilateral must have exactly 
one pair of sides parallel to be a trapezoid. If the legs 
are congruent, then the trapezoid is an isosceles 
trapezoid. If a quadrilateral has exactly two pairs of 
consecutive congruent sides with the opposite sides 
not congruent, the quadrilateral is a kite. A trapezoid 
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and a kite both have four sides. In a trapezoid and 
isosceles trapezoid, both have exactly one pair of 


parallel sides. 71.76 73.B 75.18 77.9 


79. No; slope of JK = 73 y 


= slope of LM and J 
slope of KL = —6 = 
slope of MJ. So, JKLM 
is a parallelogram. 
The product of the 
slopes of consecutive L Vi 
sides + —1,s0 the fo) x 
consecutive sides are 
not perpendicular. 
Thus, JKLM is not 
a rectangle. 
81. Given: ZCMF = ZEMF, 

ZCFM = ZEFM C 

Prove: ADMC = ADME 


Proof: F 


Statements (Reasons) 
1. ZCMF = ZEMF, 
ZCFM = ZEFM (Given) E 
2. MF = MF, DM = MF 
(Reflexive Property) 
3. ACMF = AEMF (ASA) 
4. CM = EM (CPCTC) 
5. ZDMC and ZCMF are supplementary and 
ZDME and ZEMF are supplementary. 
(Supplement Th.) 
6. ZDMC = ZDME (A suppl. to = & are =.) 
7. ADMC = ADME (SAS) 
83. 1 


Chapter6 Study Guide and Review 


1. false, both pairs of base angles 3. false, 
diagonal 5.true 7. false,is always 9. true 
11.1440 13.720 15.26 17.18 19.115 
21.x =37,y=6 23.yes, Theorem 6.11 


25. Given: CIABCD, AE = CF 
Prove: Quadrilateral EBFD is a parallelogram 
B F Cc 


A E D 


Statements (Reasons) 

1. ABCD, AE = CF (Given) 

2. AE = CF (Def. of = segs) 

3. BC = AD (Opp. sides of a 7 are =) 

4. BC = AD (Def. of = segs) 

5. BC = BF + CF, AD = AE + ED (Seg. Add. Post.) 
6. BF + CF = AE + ED (Subst.) 

7. BF + AE = AE + ED (Subst.) 

8. BF = ED (Subt. Prop.) 

9. BF = ED (Def. of = segs) 
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10. BF || ED (Def. of 2) 
11. Quadrilateral EBFD is a parallelogram. (If one 
pair of opposite sides is parallel and congruent 
then it is a parallelogram.) 
27.x=5,y=12 29.33 31.64 33.6 35.55 
37.35 39. Rectangle, rhombus, square; all sides are 
=, consecutive sides are |. 41.19.2 43a.Sample 
answer: The legs of the trapezoids are part of the 
diagonals of the square. The diagonals of a square 
bisect opposite angles, so each base angle of a 
trapezoid measures 45°. One pair of sides is parallel 
and the base angles are congruent. 43b.16 + 8V2 = 
273th, 


CHAPTER 7 
Proportions and Similarity 


Chapter 7 
1.40r-4 3.-37 5.64 7.64.5 


Get Ready 


Lesson 7-1 


1.23:50 3.30,75,60 5.16 7.8 9.18 
11. Movie A; 1:2 


(13) The ratio of the sides can be written as 9x:7x:5x. 
9x + 7x + 5x = 191.1 Perimeter of a triangle 
21x = 191.1 Combine like terms. 
x=9.1 Divide each side by 21. 
The measures of the sides are 9(9.1) or 
81.9 inches, 7(9.1) or 63.7 inches, and 5(9.1) or 
45.5 inches. 
15.2.2 ft 17.54,108,18 19.75,60,45 21. = 
23.3 25.8 27.3 


@) a 
500 350 
7 +350 = 500-x 
2450 = 500x Simplify. 
49=x Divide each side by 500. 


About 5 13- to 17-year-olds would be vegetarian. 


31.3,—-3.5 33.12.9,—0.2 35.2541 in? 37.48, 96, 
144,72 39a. No; the HDTV aspect ratio is 1.77778 
and the standard aspect ratio is 1.33333. Neither 
television set is a golden rectangle since the ratios of 
the lengths to the widths are not the golden ratio. 
39b. 593 pixels and 367 pixels 
41. Given: p= yl #0d £0 

Prove: ad = bc 

Proof: 

Statements (Reasons) 

1. = 4b #¢0,d #0 (Given) 

2. (bd); = (bd) (Mult. Prop.) 


3. da = bc (Subst. Prop.) 
4. ad = be (Comm. Prop.) 


< 13- to 17-year-old vegetarians 
< 13- to 17-year olds 


Cross Products Property 


1 in. 1 in. 


A Cc 


Triangle 


Leg length 


Perimeter 


c. Sample answer: When the vertex angle of an 
isosceles triangle is held constant and the leg 
length is increased or decreased by a factor, the 
perimeter of the triangle increases or decreases by 
the same factor. 


45.5:2 47.2 = 2. 
factor of 2.5 ? get 


; hg need to multiply . bya 
5 The factor of the other three 


proportions is 2.8. 29, Both are written with 
fractions. A ratio compares two quantities with 
division, while a proportion equates two ratios. First, 
ratios are used to write proportions. Then the cross 
products are used to solve the proportion. 51. F 
53.D 55.2.5 57. Since a square is a parallelogram, 
the diagonals bisect each other. Since a square is a 
rhombus, the diagonals are congruent. Therefore, the 
distance from first base to third base is equal to the 
distance between home plate and second base. Thus, 
the distance from home plate to the center of the 
infield is 127 ft 33 in. divided by 2 or 63 ft 73% in. 
This distance is longer than the distance from home 
plate to the pitcher’s mound so the pitcher’s mound is 
not located in the a of the field. It is about 3 feet 


closer tohome. 59. 3 <x< 12 61. 71, 24, Z11 


63. 22, 26, 29, 24 
65. Given: AABC = ADEF 


ADEF = AGHI 
Prove: AABC = AGHI 
B E H 
ZO Cc Zo. ZO 
A D G 
Proof: 


You are given that AABC = ADEF. Because 
corresponding parts of congruent triangles are 
conpruent, ZA. = 7D, 7B = 2E,4#CS ZF, 
AB = DE, BC = EF, and AC = DF. You are also 


given that ADEF = AGHI. So ZD = ZG, ZE = 
ZH, ZF = ZI, DE = GH, EF = HI, and DF = GI by 
CPCTC. Therefore, ZA = ZG, ZB = ZH, ZC = 
ZI, AB = GH, BC = HI, and AC = GI because 
congruence of angles and segments is transitive. 
Thus, AABC = AGHI by the definition of 
congruent triangles. 


Lesson 7-2 


@) Using the similarity statement, ZA and ZZ are 
corresponding angles, ZB and ZY are corresponding 
angles, and ZC and ZX are corresponding angles. 
So, ZA = ZZ, ZB = ZY,and ZC = ZX. AC and ZX 
are corresponding sides, BC and YX are 


corresponding sides, and AB and ZY are 
me AC _ BC _ AB 
corresponding sides. So, 7X YX ZY" 


ghee QR 5.6 ry 9.2) = ZP, ZF = 
a _ TS _SQ_ TP 
ZS,ZM= ZT; ZH= Vise 7 ~ MP FA = My 

_FG_GD 

11.2D = ZK, ZF = ZM, ZG = ZJ; a = IK 


(43) Two sides and the included angle of ALTK are 
congruent to two sides and the included angle of 
AMTK, so ALTK = AMTK. By CPCTC, the 
triangles have all corresponding angles congruent 
and all corresponding sides congruent. So, ALTK ~ 
AMTK, with a scale factor of 1. 

AD DK 

15. no; Pp WM ML 

The ratio of the longer dimensions of the screens is 

approximately 1.1 and the ratio of the shorter 

dimensions of the screens is approximately 1.1. 


17. Yes; sample answer: 


(49) 7 = — Similarity proportion 
2_ x+3 SB = 2, JH = 3, BPP= x + 3, 
3° 2x42 HT = 2x+2 
2(2x + 2) = 3(x + 3) Cross Products Property 
4x+4=3x+9 Distributive Property 
x+4=9 Subtract 3x from each side. 
x=5 Subtract 4 from each side. 


21.3 23.10.8 25.18.9 27.40m 29.ZA= ZV, 


AB _ BD _ DE _ 
ZBELX LDS 22, 7F S21) = oo = oa = 


FA =? 31. AC, AD 33. ZABH, ZADF 


TV 
(5) ZD= ZP Corresponding angles of similar polygons 
are congruent. 
mZD = mZP _ Definition of congruence 
x+34= 97 Substitution 
x= 63 Subtract 34 from each side. 
ZC = ZR Corresponding angles of similar polygons 
are congruent. 
mZC = mZR Definition of congruence 
83 = 3y — 13 Substitution 
96 = 3y Add 13 to each side. 
32=y Divide each side by 3. 
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‘ ‘ . BC 4 AB : 
37.52 in. by 37 in. 39. no; xy * wx 41. Never; 


sample answer: Parallelograms have both pairs of 
opposite sides parallel. Trapezoids have exactly one 
pair of parallel legs. Therefore, the two figures cannot 
be similar because they can never be the same type 

of figure. 43. Sometimes; sample answer: If 
corresponding angles are congruent and corresponding 
sides are proportional, two isosceles triangles are 
similar. 45. Always; sample answer: Equilateral 
triangles always have three 60° angles, so the angles 
of one equilateral triangle are always congruent to the 
angles of a second equilateral triangle. The three sides 
of an equilateral triangle are always congruent, so the 
ratio of each pair of legs of one triangle to a second 
triangle will always be the same. Therefore, a pair of 
equilateral triangles is always similar. 


(47) Let = new length and w = new width. 


1 
23 _2 Use the lengths and scale 
L 3 factor to write a proportion. 
25 *3=£-+2 Cross Products Property 
Di fie dl-as ! 
gq 3=2e Write 25 as =. 
7= 22 Multiply. 
Z = Divide each side by 7. 
The new length is é inches or 35 inches. 
2 
32 Use the widths and scale 
ww 3 factor to write a proportion. 


12 *3=w-+2_ Cross Products Property 


ee ‘ei ee 
3° 3=2u Write 15 as 3. 
5 = 2w Multiply. 
2 =w Divide each side by 2. 
The new width is ~ inches or 25 inches. 


a _b_~c__at+bt+e _1 
waa 3b 3c)0=OB(at+b+c) 3 
49b. No; the sides are no longer proportional. 51.4 
53. Sample answer: 


55. Sample answer: The figures could be described as 
congruent if they are the same size and shape, similar 
if their corresponding angles are congruent and their 
corresponding sides are proportional, and equal if 
they are the same exact figure. 57.G 59.E 
61. Given: E and C are midpoints of AD and DB. 
AD = DB; ZA = Z1 
Prove: ABCE is an a 


isosceles A 
E C 


trapezoid. 
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Proof: 


E and C are midpoints 


of AD and DB. 
Given 


lf corr. & are =, 
lines are |]. 


| AE = BC 
Def. of = 
ABCE is an isos. one 
trapezoid. 


Def. of isos. trapezoid 


63.x <4 65. The angle bisector of the vertex angle of 
an isosceles triangle is not an altitude of the 
triangle. 67.128 69.68 71.x=2,RT=8,RS=8 


Lesson 7-3 


1. Yes; AYXZ ~ AVWZ by AA Similarity. 3. No; 
corresponding sides are not proportional. 5.C 

7. AQVS ~ ARTS; 20 9. Yes; AXUZ ~ AWUY by 
SSS Similarity. 


CB _ 10 926 16.8 

DB 6 9 9 3 

mZCBA = mZDBF = 38,so ZCBA = ZDBF. Since 
the length of the sides that include the congruent 
angles are proportional, ACBA ~ ADBF by SAS 
Similarity. 


5 BA _ 
or 3 and BE > 


13. No; not enough information to determine. If JH = 3 
or WY = 24, then AJHK ~ AXWY by SSS Similarity. 


15. Yes; sample answer: Since AB = EB and CB = DB, 


AB — EB = i 
CB = DB’ ZABE = ZCBD because vertical angles are 


congruent. Therefore, AABE ~ ACBD by SAS Similarity. 


@ Since RS || PT, ZQRS = ZQPT and ZQSR = 
ZQTP because they are corresponding angles. By 
AA Similarity, AQRS ~ AQPT. 


RS _ QS er Aa 
PT OF Definition of similar polygons 
120 x 
16 = 30 RS = 12, PT = 16, QS= x, QT= 20 
12+20=16-+x Cross Products Property 
240 = 16x Simplify. 
15=x Divide each side by 16. 


Since QS + ST = 20 and QS = 15, then ST = 5. 
19. AHJK ~ ANQP; 15,10 21. AGH] ~ AGDH; 14, 20 
23. about 12.8 ft 


i ¢ => OP BC:OP = FF AB BC 
25. Given: 2B = ZE, QP || BC; QP = EF, == = 5: 


Prove: AABC ~ ADEF A 
ge 
Proof: ’ CE F 


Statements (Reasons) 
1. 7B = ZE, OP || BC; OP = ep &8 aoe 3 (Given) 


2. ZAPQ = ZC, ZAQP = ZB (Corr. & Post) 
3. ZAQP = ZE (Trans. Prop.) 
4. yea — (AA Similarity) 
5. oon oe C (Def. of ~ As) 
6. AB + QP = AQ> BC; AB+ EF = DE = BC (Cross 
products) 
7. QP = EF (Def. of = segs.) 
8. AB + EF = AQ + BC (Subst.) 
9. AQ + BC = DE: BC (Subst.) 
10. AQ = DE (Div. Prop.) 
11. AQ = DE (Def. of = segs.) 
12. AAQP = ADEF (SAS) 
13. ZAPQ = ZF (CPCTC) 
14. ZC = ZF (Trans. Prop.) 
15. AABC ~ ADEF (AA suieeac Lae 
27. Given: AXYZ and AABC 
are a triangles; 
Poa 
AB ae 
Prove: AYXZ ~ ABAC 
Proof: 
Statements (Reasons) 
1. AXYZ and AABC are right triangles. (Given) 
2. ZXYZ and ZABC are right angles. (Def. of rt. A) 
3. — . ZABC (All rt. & are =.) 
4, — a a (Given) 
5. AYXZ ~ ABAC (SAS Similarity) 


29. 20 in. 
61) Use d = f(x. — aay + (Yo - yy" to find the side 
lengths of AXYZ and AWYV. 
XY = [5 — (-1)]? + [3 — (9)? = 6V5 
(X41, V1) = (—1, —9), (Xa, Yo) = (5, 3) 


= /(-1 —5)? + (6-3)? =3V5 


(%1, V1) = (5, 3), (Xp, Yo) = (-1, 6) 


= V1 Cop + [6 = (-9)P = 15 


(X1, V1) = (—1, —9), (Xa, Y2) = (—1, 6) 


= (5-1? + B— (-5)P =2v5 


(X1, ¥4) = (1, —5), (Xo, Yo) = (5, 3) 


= (1-5 + (6-32 =2v5 


(X4, ¥1) = (5, 3), (Xo, Yo) = (1, 5) 


WV =\/(1 — 1)? + [5 — (—5)]2 = 10 


(X41, V4) = (1, —5), (Xo, Yo) = (1, 5) 


Since the perimeter of AXYZ = 6V5 + 3V5 + 15 
or 9/5 + 15 and the perimeter of AWYV = 


(35) Since ZCAB = ZCAB by the Reflexive Property and 


4V5 +2V5 +10 0r6V5 + 10, the ratio of the 
9/5 +15 3(3V5 +5) aa 
6V5+10 23V54+5) 2 
33. ZC = ZC’, since all right angles are congruent. 
Line @ is a transversal of parallel segments BC and 
BC’, so ZABC = ZA'B'C’ since corresponding angles 
of parallel lines are congruent. Therefore, by AA 
Similarity, AABC ~ AA’B’C’. So rae the slope of line 
£through points A and B, is equal to ae, 
of line £ through points A’ and B’. 


perimeters is 


the slope 


ZABC ~ ZADE by the definition of right angles, 
AABC ~ AADE by the AA Similarity Postulate. 


A F Jp) 

} oD 

(5°) 

= 

15cm o. 

100 cm = 

(Fp) 

S 

G, = 

5 cm—} B g9 

D E G o. 

AB _ AD riibonot sie fo 
BC = DE Definition of similar polygons = 
100 _ 100+5 a o 
5 ~~ DE Substitution a 


100 > DE =105+15 Cross Products Property 
100DE = 1575 Simplify. 
DE = 15.75 Divide each side by 100. 
Since the As formed by the laser sources are =, 
DE = GE. So, DG = 15.75 + 15.75 or 31.5. Since 
AD and FG are ||, AF = DG. So, AF = 31.5. The 
laser sources should be placed 31.5 cm apart. 


37. Sample answer: The AA Similarity Postulate, SSS 
Similarity Theorem, and SAS Similarity Theorem are 
all tests that can be used to determine whether two 
triangles are similar. The AA Similarity Postulate is 
used when two pairs of congruent angles on two 
triangles are given. The SSS Similarity Theorem is 
used when the corresponding side lengths of two 
triangles are given. The SAS Similarity Theorem is 
used when two proportional side lengths and the 
included angle on two triangles are given. 39.6 
41.Sample answer: You could consider the amount of 
space that the actual object occupies and compare it 
to the amount of space that is available for the scale 
model or drawing. Then, you could determine the 
amount of detail that you want the scale model or 
drawing to have, and you could use these factors to 
choose an appropriate scale. 43a. _ 


-2°5 

43b.9.5;7.5 45.B 47.2X = ZR, Z2W= ZQ, 
WX _ ZY  WZ_ XY 

LY = £5; ZZ = ZT, OR = TS = OF = RS 

49.12 51.52.3 53.Sample answer: If one pair of 

opposite sides are congruent and parallel, the 

quadrilateral is a parallelogram. 55. not possible 
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57. Given: r || f; 25 = 26 
Prove: ¢ || m t 
7 


Proof: <> 
Statements (Reasons) 

1.1 || t; 25 = 26 (Given) 

2. Z4 and 25 are supplementary. (Consecutive 
Interior Angles Theorem) 

3.mZ4 + mZ5 = 180 (Def. of Suppl. 4) 

4.mZ5 = mZ6 (Def. of = 4) 

5.mZ4 + mZ6 = 180 (Substitution) 

6. Z4 and Z6 are supplementary. (Def. of Suppl. 4) 
7. € || m (If cons. int. & are suppl, then lines are ||.) 


Lesson 7-4 


_ BE _ 
1.10 3. Yes; 42 a= Fc =4, 


7. 2360.3 ft 9.x = 20;y=2 
@ If AB = 12 and AC = 16, then BC = 4. 


so DE || AB. 5.11 


AB _ AE : ee 
Bc = ED Triangle Proportionality Theorem 
ve a Substitute. 
12-5=4-AE Cross Products Property 
60 = 4AE Multiply. 
15 = AE Divide each side by 4. 
ZV _ WY __ 11 ZV , WY 
13.10 15. yes; +> VX YX 5 17. no; Vx tx 


@ mZPHM + mZPH] + mZJHL = 180 _ Definition of a 


straight angle 
44 + mZPH] + 76 = 180 Substitution 
120 + mZPH] = 180 Simplify. 


mZPHJ = 60 — Subtract 120 
from each side. 


By the Triangle Midsegment Theorem, PH || KL. 


ZPHJ = ZJHL Alternate Interior Angles Theorem 
mZPH] = mZJHL _ Definition of congruence 
60 = x Substitution 
21.1.35 23.1.2in. 25x.=18;y=3 20x =48; y= 72 
— —_— —=_ — — 
29. Given: AD || BE || CF, AB = BC G 
Prove: DE = EF 
Proof: AB _ DE 4 5 
From Corollary ve BC 7 EF 
Since AB = BC, AB = BC by B E 
definition of congruence. 
Therefore, AB 1. Cc F 


BC 


By substitution, 1 = 25. Thus, DE = EF. By 


definition of congruence, DE = EF. 


DB _ EC A 
31. Given: —— AD ~ AE 
woe Nee an 
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Proof: 
oe (Reasons) 


DB _ 
1.35 = ie oe 


AD , DB _ AE , EC 
AD + AD a rt € (Add. Prop. ) 
(Subst.) 


AD+DB_ AE — BC. 

“AD 

.AB= a + DB, AC = AE + EC (Seg. Add. Post.) 
AB AC (Subst) 


2. 

3 

4 

aT) AD aE 

6. ZA = ZA (Refl. Prop.) 
7 

8 

9 

9 


. AADE ~ AABC (SAS Similarity) 
. ZADE = ZABC (Def. of ~ polygons) 
. DE || BC (If corr. & are =, then the lines are ||.) 


33. 
@ If CA = 10 and CD = 2, then DA =8. 
CE .. CD eae 
EB DA Triangle Proportionality Theorem 
t-2 2 F 
mA 8 Substitute. 


(t — 2)(8) = (£ + 1)(2) Cross Products Property 
8t —16= 2t+2 Distributive Property 


6t —16= 2 Subtract 2tfrom each side. 
6t = 18 Add 16 to each side. 
t=3 Divide each side by 6. 
If t = 3, then CE = 3 — 2 orl. 
37.8, 7.5 
39. AABC ~ AADE_ SAS Similarity 41.6 
AD _ DE 2 
AB = BC Def. As 
40 _ DE itut 
100 = BC Substitution 
2 _ DE inal 
5 = BC Simplify. 
2BC = DE Multiply. 


@) All the triangles are isosceles. Segment EH is the 
midsegment of triangle ABC. Therefore, segment 
EH is half of the length of AC, which is 35 + 2 or 
17.5 feet. Similarly, FG is the midsegment of triangle 
BEH, so FG = 17.5 + 2 or 8.75 feet. To find DJ, use 
the vertical altitude which is 12 feet. Let the altitude 
from B to the segment AC meet the segment DJ at 
K. Find BC using the Pythagorean Theorem. 

BC? = BK? + KC? 
BC? = 12? + 17.57 

BC = ¥ 12? + 17.57 

BC = 21.22 in. 
Since the width of each piece of siding is the same, 
BJ = SBC, which is about $(21.22) or 15.92 in. 
Now, use the Triangle Proportionality Theorem. 


Ac _ PI 
BC BJ 
35 _ DJ 
21,22 = 15.92 
21.22(DJ) = (15.92)(35) 
21.22(DJ) = 557.2 
DJ = 26.25 in. 


45. Sample answer: 
A B Cc 


47a. Sample answer: 


47b. 


Triangle 


Length 


47c. Sample answer: The proportion of the segments 
created by the angle bisector of a triangle is equal to the 
proportion of their respective consecutive sides. 
49. Always; sample answer: FH is a midsegment. Let 
BC =x, then FH = ae. FHCB is a trapezoid, so 
_1 = if i) aa ee ie: 
DE = 4(BC + FH) = (x + 4x] = fx t fra dx, 
Therefore, DE = SBC. 


By Corollary 7.1, : a o 
53.8 55.G 57. AABE ~ ACDE by AA Similarity; 6.25 


59. AWZT ~ AWXY by AA Similarity; 7.5 
61. QR || TS, QT } RS; QRST is an isosceles trapezoid 


since RS = V26 = QT. 63.6 65.56 67.5 
69.2.1 71.8.7 
Lesson 7-5 


@ The triangles are similar by AA Similarity. 


x 12 ~Axs have corr. medians 
10 «15 proportional to the corr. sides. 
x-15=10-12 Cross Products Property 
15x = 120 Simplify. 
x=8 Divide each side by 15. 


3.35.7 ft 5.20 7.8.5 9.18 
(i) — = 7 b Triangle Angle Bisector Theorem 
15 -b = 27(28 — b) Cross Products Property 
15b = 756 —27b Multiply. 


42b = 756 Add 275 to each side. 
b= 18 Divide each side by 42. 
13.15 
(15) 4 = a ~ As have corr. altitudes 
proportional to the corr. sides. 
z== : Substitute. 
9(5x + 3) = 21(4x — 8) Cross Products Property 
45x + 27 = 84x — 168 _ Distributive Property 
27 = 39x — 168 Subtract 45x from each side. 
195 = 39x Add 168 to each side. 
5 =x Divide each side by 39. 
17.4 
19. Given: AABC ~ ARST A R 
AD is a median of AABC. \ i 
RU is a median of ARST. 
Prove; 22 — 48 C D =B Yes 
Proof: mS 


Statements (Reasons) 

1. AABC ~ ARST: AD is a median of AABC; 
RU is a median of ARST. (Given) 

2. CD = DB; TU = US (Def. of median) 


33 a = = (Def. of ~ As) 

4,CB = CD + DB; TS = TU + US (Seg. Add. Post.) 
5. a = goats (Subst.) 

6A = BE BPD at 

Zs “ = Pe (Subst.) 


8. ZB = ZS (Def. of ~ As) 
9. AABD ~ ARSU (SAS Similarity) 
AD _ AB 


10. RU RS (Def. of ~ As) 
21.3 23.70 | E\ 
25. Given: CD bisects ZACB. se 
By construction, AE || CD. 7 ‘ 
AD _ AC \ 
Prove: = = += \ 
DB BC A DB 
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at 
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ir) 
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Proof: Proof: 


Statements (Reasons) Statements (Reasons) —_ 

1. CD bisects ZACB; By construction, 1. EF = HF; G is the midpoint of EH. (Given) 
AE || CD. Sakae 2. EG = GH (Def. of midpoint) 

2. “= — EC = (A Prop. Thm.) 3. FG = FG (Reflexive Prop.) 


4, AEFG = AHFG (SSS) 
3. Me = Ly (Def. of Z Bisector) \/137 ~ \/340 = 
4. 23 = Z1 (Alt. Int. & Thm.) 47.5 49.V137 = 11.7 51.V340 = 18.4 


5. 22 = ZE (Corr. & Post.) Lesson 7-6 
6. 23 = ZE (Trans. Prop.) 


7. EC = AC (Converse of Isos. A Thm.) Ler eemien 2 


152.5 
8. EC = AC (Def. of = segs.) (3) The ratio comparing the widths is == a7 9-6. 
D_ AC 
9. = BC (Subst.) The ratio comparing the lengths is a = 3.5. 
27. Given: AQTS ~ AXWZ, TT Sample answer: Since — 2 # 4 a con tennis 

TR, WY are Z oo table is not a dilation i a as court. 
Prove: LA = <— RJ SJ RS | 4 

WY — 5. Ki KL= , so ARS] ~ AKL] by SSS 
Por S R QZ Similarity. 7. ciel 1 9 enlargement; 2 
Statements (Reasons) 2 15 48 
1. ASTQ ~ AZWX, TR and WY are angle 11. reduction 13. No; sample answer: Since >= st sf 


bisectors. (Given) 
2. ZSTQ = ZZWX, ZQ = ZX (Def of ~ As) 
3. ZSTR = ZQOTR, ZZWY = ZXWY (Def. 


the design and the actual tattoo are not proportional. 
Therefore, the tattoo is not a dilation of the design. 


Ze) 
= 
= 
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= 
(=) 
w 
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i= 
O°) 
pe 
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= 
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= 
oO 
& 
(<b) 
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Z bisector) 15. ZA = ZA and 
4,mZSTQ = mZSTR + mZQTR, mZZWX = ae = aa =t+ 
mZZWY + mZXWY (Z Add. Post.) so AABC ~ AADE 
5. mZSTQ = 2mZQTR, mZZWX = 2mMZXWY by SAS Similarity. 


(Subst.) 

6. 2mZQTR = 2mZXWY (Subst.) 
7.mZQTR = mZXWY (Div. Prop.) 

8. ZOTR = ZXWY (Def. of = Angles) 


9. eae oe (AA Similarity) 
Ec JK _ KL _ 

10. i= a (Def. of ~ As) DG” GH 
(29) Since the segment from Trevor to Ricardo is an y= = > so 

angle bisector, the segments from Ricardo to AJKL ~ ADGH 

Craig and from Ricardo to Eli are proportional by SSS 

to the segments from Trevor to Craig and from Similarity. 

Trevor to Eli. Since Craig is closer to Trevor than 

Eli is, Craig is also closer to Ricardo than Eli is. xX 


So, Craig will reach Ricardo first. 


31. Chun; by the Angle Bisector Theorem, the correct a = we Definition of similar polygons 
2 § 15 _ _ 
proportion is ¢ = —. 33. PS = 18.4, RS = 24 A= 2 AC = 4, AZ= 12, AY=6 


35. Both theorems have a segment that bisects an angle 
and have proportionate ratios. The Triangle Angle 
Bisector Theorem pertains to one triangle, while 


4-6=AB-12_ Cross Products Property 
24 = 12AB Simplify. 


Theorem 7.9 pertains to similar triangles. Unlike the 2= AB PC eee sine ey 2, 
Triangle Angle Bisector Theorem, which separates the Since AB = 2, the coordinates of B are (0, —2). 
opposite side into segments that have the same ratio )) a. Sample answer: 
as the other two sides, Theorem 7.9 relates the angle AABC: A(0, 0) 
bisector to the measures of the sides. 37.2.2 39.C B(1, 3), C(4, 2) 
M.x=2;y=3 43.KP=5,KM=15, MR = 135, Draw points D and E 
ML = 20, MN = 12, PR = 162 pices 
and AE = 2AC. 
45. Given: EF = HF —_ H Connect the points to 
Gis the midpoint of EH. F G form AADE: A(0, 0), 
Prove: AEFG = AHFG - D(2, 6), E(8, 4). 
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b. Sample answer: AMNP: M(0, 0), N(1, 2), P@, 1) 
Draw points Q and R so that MQ = 3MN and MR = 
3MP. Connect the points to form AMQR: M(0, 0), 
Q(3, 6), RY, 3). 


ATWX: T(0, 0), W(0, 7), X(4, 0) 


Draw points Y and Z so that TY = 0.5TW and TZ = 
0.5TX. Connect the points to form ATYZ: T(0, 0), 
Y(0, 3.5), Z(2, 0). 


d. Sample answer: Multiply the coordinates of the 
given triangle by the scale factor to get the 
coordinates of the dilated triangle. 

AADE: A(0 + 2,0 + 2) or A(0, 0), D(1 + 2,3 + 2) or 
D(2, 6), E(4 + 2,2 + 2) or E(8, 4) 

AMQR: M(0 + 3,0 + 3) or M(0, 0), Q(1 + 3, 2 + 3) or 
Q(3, 6), RB +3, 1+ 3) or RY, 3) 


ATYZ: T(0 + 0.5, 0 + 0.5) or T(0, 0), Y(0 + 0.5, 7 + 0.5) 

or Y(0, 3.5), Z(4 + 0.5, 0 0.5) or Z(2, 0) 
23. No; sample answer: Since the x-coordinates are 
multiplied by 3 and the y-coordinates are multiplied 
by 2, AXYZ is 3 times as wide and only 2 times as tall 
as APOQR. Therefore, the transformation is not a 
dilation. 25.Sample answer: Architectural plans are 
reductions. 27.Sample answer: If a transformation is 
an enlargement, the lengths of the transformed object 
will be greater than the original object, so the scale 
factor will be greater than 1. If a transformation is a 
reduction, the lengths of the transformed object will be 
less than the original object, so the scale factor will be 
less than 1, but greater than 0. If the transformation is 
a congruence transformation, the scale factor is 1, 
because the lengths of the transformed object are equal 


to the lengths of the original object. 29, = 31.E 


AC DE _ 4 AB , AE 
33. yes; BD CE 73 35. no; Cp tCE 37. 117 
39. Given: AABC __ Clb. 
S is the midpoint of AC. 
T is the midpoint of BC. 


Prove: ST || AB 


Proof: 
: : - (b+0 c+0 bc 
Midpoint $ is ( > Fg ) or (4,4). 
: . . fa+b 0+c a+bc 
Midpoint T is ( ae } or ( 5 4). 
= J& 
ar 2 2 _0 
ee = ga 
2 2 2 
7p_O0-0 0 
Slope of AB = 7) =~ or 0. 


ST and AB have the same slope so, ST || AB. 
41.8 43.0.003 45.0.17 


Lesson 7-7 


1.about 117 mi 3a.6in.:50 ft 3b.745 5.380 km 
7.173 km 
‘ replicaheight — 10in. _ 1in. 
@ “‘statueheight 10ft 1ft 
The scale of the replica is 1 inch:1 foot. 
_10in._ 10in., 1ft _ 1 
10 ft 10ft 12in. 12 
The scale factor is 1:12. So, the replica is ay times 
as tall as the actual sculpture. 


11. Sample answer: 1 in. = 12 ft 13. about 2.7h or 2h 
r and 42 min 
15. 1.61 km 


7.5 in. 


(7) a. Scale Model to Rocket 
iin. _ 7in. Write a proportion. 


12ft =x ft 
1+-x=12-+7 Cross Product Property 
x = 84 Simplify. 


The height of the rocket is 84 feet. 


b. Since 12 ft = 144 in., Lin. — lin. 
12 ft 144 in. 


Scale Model to Rocket 
iin. _ xin. Write a proportion. 
144 in. 70 in. 
1-70=144-x Cross Product Property 
70 = 144x Simplify. 
05=x Divide each side by 144. 


The diameter of the model is about 0.5 inch. 


(49) Scale 


Actual Tower to Replica 


3 _ 986 ft Write a proportion. 
1 x ft 
3+*x =1+986 Cross Product Property 
3x = 986 Simplify. 
x = 329 Divide each side by 3. 


The height of the ride is about 329 feet. 
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21. Felix; sample answer: The ratio of the actual high 
23. The first 


drawing will be larger. The second drawing will be z 


school to the replica is a or 50:1. 


the size of the first drawing, so the scale factor is 1:6. 
25. Both can be written as ratios comparing lengths. A 
scale factor must have the same unit of measure for 
both measurements. 27.D 29.C 31.12 33.17.5 
35.29.3 37.3.5 39.105 41.8 43.J/K =\10, 

KL = V10, JL = V20, XY = V10, YZ = V'10, and 

XZ = V20. Each pair of corresponding sides has the 
same measure so they are congruent. AJKL = AXYZ 
by SSS. 45.8 47.48 49.3V77 


Chapter 7 Study Guide and Review 


1.j;ratio 3.g; AA Similarity Postulate 5.d; extremes 
7.b; proportion 9.49 11.10 o0r—10 13.120 in. 

15. No, the polygons are not similar because the 
corresponding sides are not proportional. 17. 16.5 
19. Yes, AABE ~ AADC by the SAS ~ Thm. 21. No, 
the triangles are not similar because not all 
corresponding angles are congruent. 23. 34.2 feet 
25.22.5 27.6 29.633 mi 31.enlargement; 2 


33.10.5 inches 35.95.8 mi 


CHAPTER 8 
Right Angles and Trigonometry 


Chapter8 Get Ready 


1.4/7 3.10V3 5.2 7.10 9.x = 17.2 in., 68.8 in. 
of trim 
11. 


Lesson 8-1 


1.10 3.10V6 0r245 5.x=6,y=3V5 ~6.7;z= 
‘Gea 7.18 ft 11 in. 


@ x=Vva 


Definition of geometric mean 


_ a= 16 and b= 25 
= (4+ 4)- (5-5) Factor. 
=4-5o0r20 Simplify. 


11.12V6 ~29.4 13.3V3~5.2 15. AWXY ~ AXZY ~ 
AWZX 17. AHGF ~ AHIG ~ AGIF 


@ 17=\6-V—6) Geometric Mean (Altitude) 
Theorem 
289 = 6+ (y— 6) Square each side. 
= =y—6 Divide each side by 6. 
sa! =y Add 6 to each side. 
54.2=y Write as a decimal. 
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Geometric Mean (Leg) Theorem 


- al — 541 
= 1/6 - 54 7 y= 54 6 
= V 325 Multiply. 
= 5V13 Simplify. 
= 18.0 Use a calculator. 
Z=vV(y—-6)-y Geometric Mean (Leg) Theorem 


_ 1 ll — ral 
= (54-6). - 544 y = 544 


Subtract. 


= 51.1 Use a Calculator. 
21x = 4.7; y ~18;2 13.1 23.x = 24V2 = 33.9; 


y =8V2 = 11.3;z=32 25.1618 ft 27, or os 


29,1 = 33 ~26;y- S2=3 3.11 33.35 ft 
35.5 37.4 
39. Given: ZPQR is a right angle. 
QS is an altitude of Q 
APOR. 
Prove: APSQ ~ APOR io 
APOR ~ AQSR 
APSQ ~ AQSR PS R 
Proof: 


Statements (Reasons) 
1. ZPQR is a right angle. QS is an altitude of 
APQR. (Given) 
2. QS 1 RP (Definition of altitude) 
3. Z1 and 22 are right angles. (Definition of 
perpendicular lines) 
4, Z1 = ZPQR, 22 = ZPQR (All right 4 are =.) 
5. ZP = ZP, ZR = ZR (Congruence of angles is 
reflexive.) 
6. APSQ ~ APQR, APQR ~ AQSR 
(AA Similarity Statements 4 and 5) 
7. APSQ ~ AQSR (Similarity of triangles is 
transitive.) 

41. Given: ZADC is a right angle. 


earn D 
DB is an altitude of AADC. 
_ AB _ AD a | \ 
Prove: AD AG 


BC _ DC A BoC 


Proof: 

Statements (Reasons) 

1. ZADC is a right angle. DB is an altitude of 

AADC. (Given) 

2. AADC is a right triangle. (Definition of right 

triangle) 

3. AABD ~ AADC, ADBC ~ AADC (If the 

altitude is drawn from the vertex of the rt. Z to 

the hypotenuse of a rt. A, then the 2 As formed 

are similar to the given A and to each other.) 

4, 4B _ AD BC _ DC 
AD AC’DC AC 


@ «- 


(Def. of similar triangles) 


Definition of geometric mean 


7°12 a=7andb=12 


= Vv 84 Multiply. 
Ewa) Simplify. 
The average rate of return is about 9%. 


(45) Sample answer: The geometric mean of two 


consecutive integers is \/ x(x + 1) and the average 
+(x+1) 


of two consecutive integers is 5) 


» Xx+(x4+1 

Veet 22+G*9 
Vergy 2 etl 

2 

Py 2 1 
x FREES 

ex (x4h) 

area 

0#4 


If you set the two ee equal to each other, the 
equation has no solution. So, the statement is never true. 


47. Sometimes; sample answer: When the product of 
the two integers is a perfect square, the geometric 
mean will be a positive integer. 49. Neither; sample 
answer: On the similar triangles created by the 
altitude, the leg that is x units long on the smaller 
triangle corresponds with the leg that is 8 units long 
on the larger triangle, so the correct proportion is 


4 = a and x is about 5.7. 51.Sample answer: 9 and 


4, 8 and 8; In order for two whole numbers to result 
in a whole-number geometric mean, their product 
must be a perfect square. 53.Sample answer: Both 
the arithmetic and the geometric mean calculate a 
value between two given oo Ci arithmetic 


+ : D ond the 


geometric mean of two numbers a and b is Vab. The 
two means will be equal when a = b. 


mean of two numbers a and b is 4 


Justification: 
a+? ab 
3 
(244) = ab 
b)2 
(a + b)? = 4ab 
a? + 2ab + b* = 4ab 
a2 — 2ab + b? =0 
(a—b)?=0 
a—b=0 
a=b 
55. 10 57. C 


AB _ BC _ AC 
59. DF DE EF DF 


AABC ~ ADEE by SSS 


Similarity. 


61. me ZQ and 2M 


30 7 
MN _ 1 _ 
‘OR 7 SO AAMNP 
AORS|! by SAS Similarity. 


63. octagon 65.x =34,y=+5 67. hexagonal 
pyramid; base: ABCDEF, faces: ABCDEF, AGF, FGE, 


BA, AG, FG, EG, DG, CG, and BG; vertices: A, B, C, D, 
E,F,andG_ 69. cone; base: circle Q; vertex: P 
71. “s 73,22 = 


Lesson 8-2 


1.12 


@) The side opposite the right angle is the 
hypotenuse, so c = 16. 


a+b=c2 Pythagorean Theorem 
4274+x%2=16 a=4andb=x 
16+x%=256 Simplify. 

= 240 Subtract 16 from each side. 


240 _ Take the positive square root of each side. 
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x=4V15 — Simplify. 
x=15.5  Useacalculator. 
5.D 7. yes; obtuse 9.20 11.21 ~ 4.6 
262 = 167 + 182 
676 > 256 + 324 
13. aio = 0.6 


(45) 16 and 30 are both multiples of 2: 16 = 2+ 8 and 
30 = 2+ 15. Since 8, 15, 17 is a Pythagorean triple, 
the missing hypotenuse is 2 - 17 or 34. 


17.70 19. about 3 ft 


21. yes; obtuse 23. yes; right 

212 2 7? + 152 20.52 = 4.52 + 202 
441 > 49 + 225 420.25 = 20.25 + 400 

25. yes; acute 27.15 29.4V6 ~9.8 


7.6% = 4,22 + 6.42 
57.76 < 17.64 + 40.96 
a1. ae 29, YZ = V20, XZ = V13; (V29)* < 
(V2 + (Vi)" 33. right; XY = 6, YZ = 10, XZ =8; 
67+ i 


35. Lone or with 
sides of 
measure 4, b, 
and c, where 
C=a +b? 


Prove: AABC is a right ae 

Proof: 

Draw DE on line £ with measure equal to a. At D, 
draw line m 1 DE. Locate point F on m so that 
DF = b. Draw FE and call its measure x. Because 
AFED is a right triangle, a* + b* = x*. But a? + 
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bY? = 7, so x? = c? or x = c. Thus, AABC = AFED 61.1in. = 2 ft;6in. x4in. 63. yes; AA 
by SSS. This means ZC = ZD. Therefore, ZC must 65. Given: FG | €; FH is any F 
be a right angle, making AABC a right triangle. nonperpendicular 
37. Given: In AABC, C P segment from F to &. 
c* > a* + b? where c ; b Prove: FH > FG 
is the length of the al) Ne Proof: 1 
longest side. B C A Statements (Reasons) G H ¢ 
Prove: AABC is an obtuse triangle. 1. FG 1 € (Given) 
Proof: Rb Q 2. Z1 and 22 are right angles. (L lines form 
Statements (Reasons) right angles.) 
1. In AABC, c* > a? + b? where c is the length of the 3. Z1 = 22 (All right angles are congruent.) 
longest side. In APQR, ZR is a right angle. (Given) 4.mZ1 = mZ2 (Definition of congruent angles) 
2.a* + b? = x* (Pythagorean Theorem) 5.mZ1 > mZ3 (Exterior Angle Inequality Thm.) 
3. c? > x (Substitution Property) 6. mZ2 > mZ3 (Substitution Property.) 
4.c > x (A property of square roots) 7.FH > FG (If an Z of a A is > a second Z, then 
Fin 5.mZR = 90 (Definition of a right angle) the side opposite the greater Z is longer than the 
s&s 6. mZC > mZR (Converse of the Hinge Theorem) side opposite the lesser 2.) 
2 7. mZC > 90 (Substitution Property of Equality) 67.50 69.40 71. 75 73.23 75.2 
a 8. ZC is an obtuse angle. (Definition of an obtuse 5 
z angle) Lesson 8-3 
5 | 9. AABC is an obtuse triangle. (Definition of an 1.5V2 322 5.x=14;y=7V3 7. Yes;sample 
= obtuse triangle) ; ' jie 
= 39. P = 36 units; A = 60 square units? 41.15 answer: The height of the triangle is about 35 in., so 
& @) Scale Width to Length since the height of the plaque is less than the 
aS 4 = an. Write a proportion. diameter of the opening, it will fit. 9. ve or 7.5V2 
i) 16+x=9-+41 Cross Product Property @) Ina 45°-45°-90° triangle, the length of the 
Py 16x = 369 Simplify. hypotenuse is /2 times the length of a leg. 
x = 322 Divide each side by 16. h=xv2 Theorem 8.8 
The length of the television is about 23 inches. =18V3-V2 — Substitution 
a2 + b2 = c2 Pythagorean Theorem = 18V6 Wr V3+V2= V6 
(32) $412 = 2 a= 569 and b= 41 13.20V2 15.4%" 17.8VZorll3cm 19.x= 10; 
_ TINS. ., ../I7 _ 14v3_ 
(32 +412 =c Take the positive square root of each side. y= es eee ae ade 23.2 = 3 7 
47.0 ~c Use acalculator. y= 37 25. 16V3 or 27.7 ft 27.22.6 ft 
The screen size is about 47 inches. (29) In a 45°-45°-90° triangle, the length of the 
(45) The side opposite the right angle is the hypotenuse is 2 times the length ofa leg. 
hypotenuse, so c = x. h=xV2 Theorem 8.8 
a2 +b*=c? Pythagorean Theorem 6=xV2_— Substitution 
B+ (x-4P=2x° a=Bandb=x—-4 =x Divide each side by V2. 
64+ x2 — 8x +16 =x? Find 8? and (x — 4)2. v2 
—8x + 80=0 — Simplify. Bg % Rationalize the denominator. 
80 = 8x Add 8xtto each side. v2 v2 
10 =x Divide each side by 8. 6:V2 _ utipty 
47.5 49.5.4 51. Right; sample answer: If you V2-v2 
double or halve the side lengths, all three sides of the “2 =x V2.2 =2 
new triangles are proportional to the sides of the = fee 
original triangle. Using the Side-Side-Side Similarity 3V2 =x Smit 
jf h=xV2_— Theorem 8.8 
Theorem, you know that both of the new triangles eds 
aie ee : y= 6V2 Substitution 
are similar to the original triangle, so they are both 
right. 31.x=5;y=10 33.x=45;y=12V2 
; 4 @) Ina30°-60°-90° triangle, the length of the 
hypotenuse is 2 times the length of the shorter leg. 
h = 2s Theorem 8.9 
4 = 2(25) or 50 Substitution 
53.D 55.250 units 57.6 59.6/5 ~ 13.4 The zip line’s length is 50 feet. 
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37.x = 9V2; y = 6V3;z = 12V3 
39.7.5 ft; 10.6 ft; 13.0 ft 41.(6,9) 43. (4, —2) 


@azs N 


L] 
x Zz 


b. Measure the sides of the triangles to the nearest 
tenth of a centimeter. Find the ratios to the nearest 
tenth of a centimeter. Sample answer: 


Triangle Length 

ABC | AC | 2.4cm | BC | 3.2cm & 1.3 
MNP | MP| 1.7cm | NP | 2.2cm = 1.3 
Xvz_ | XZ | 30cm | YZ | 3.9cm Z 13 


c. Sample answer: In a right triangle with a 50° 
angle, the ratio of the leg opposite the 50° angle to 
the hypotenuse will always be the same, 1.3. 


47. Sample answer: v3w 

Let £ represent the 

length. ¢? + w* = 

(2w)?; 2 = 3w*; im 
L= wvV3. 

49.37.9 51.B 53.(-13,-3) 55.15 ft 57.x = 16.9, 


y = 22.6,z2 25.0 59.36,90,54 61.45, 63, 72 
63. 21, 24, 211 65.22, 26, 29, 28, Z7 67. 12.0 


Lesson 8-4 


16 _ 1D 16 _ V3 
1.59 = 0:80 3.59 = 0.60 5.59 = 0.80 7. 5 x 0.87 


9.27.44 11.about1.2 ft 13.444 15. RS = 6.7; 
mZR = 42; mZT = 48 


opp adj 
sin} = —— cos | = —— 
@ j hyp ; hyp 
— 56 — 33 
65 65 
= 0.86 ~ 0.51 
aor eye ORD 
tan J = adi sin L ip 
aes eee 
33 65 
~ 1.70 ~ 0.51 


adj Opp 


cos L = —— tan L = —— 
hyp adj 
_ 56 _ 33 
~ 65 ~ 56 
0:86 ~ 0.59 
19.2 = 0.99; 5 = = 0.15; a. = 6.46; = = 0.15; = = 
v3 ie SE 
oe 2 2005. 21°82 Soe 2 050 2 = 
84 4V2 WwW? 
V3 =1.73; 3 os V3 _ 987,43 = 0.58 


23. ne) ~087 25.40r0.5 27.40r0.5 2928.7 


31.57.2  33.17.4 
3) Let mZA = 55 and let x be the height of the roller 


coaster. 
sin A = = Definition of sine ratio 
sin 55 = oa Substitution 
98» sin 55 =x Multiply each side by 98. 
80 = x Use a calculator. 


The height of the roller coaster is about 80 feet. 
37.61.4 39.285 41.21.8 43.WX=15.1; 
AZ =98,mZW=33  45.ST = 30.6; mZR = 58; 
mZzT = 32 


@ iL =vl-2-(-2P +4-(C3)P = 


KJ =y[-2=(-) PP +[-3 = C3)F = 
_ opp ges ; 
tan K = —— Definition of tangent ratio 
adj 
= Z Substitution 
mZK = tan~1(Z) x 54.5 Use a calculator. 


49.51.3 51.13.83 in.;7.50in? 53.8.74 ft; 3.41 ft? 
55. 0.92 


67) The triangle is isosceles, so two sides measure 32 
and the two smaller triangles each have a side 
that measures a; Let mZA = 54. 


cos A = —— _ Definition of cosine ratio 
or 
cos 54 = i Substitution 
32+cos54=x Multiply each side by 32. 
18.8 =x Simplify. 
sin A = =EE Definition of sine ratio 
hyp 
sin 54 = = Substitution 
32+-sin54=y Multiply each side by 32. 
25.9 =y Simplify. 
59. x = 9.2; y = 11.7 
61a. A 
3.1. cm 
2.1cm 
B 2.3 cm C 


{7 cnccaenseoeaaa R77 


Ze) 
at 
(a>) 
ir) 
al 
(a>) 
[=> 
> 
=> 
(2) 
= 
ED 
n 
iJ 
=> 
[=5 
Ze) 
S 
Sc 
= 
(=) 
=> 
n 


Selected Answers and Solutions 


Xx 
M 3.6cm 
50 cm 2.4cm 
1.3.cm 
N 2.9m P Y 2.7m Z 


61b. Sample answer: 


Sum of Ratios 


Triangle Squared 


Trigonometric Ratios 


(cos A)? + 
(sin A)? 
(cos C)? + 
(sin C)? 
(cos M)? + 


(sin M)? 
(cos P)? + 
(sin P)2 
(cos X)? + 
(sin X)? 
(cos Z)* + 
(sin 2)? 


61c. Sample answer: The sum of the cosine squared 
and the sine squared of an acute angle of a right 
triangle is1. 61d. (sin X)? + (cos X)* = 1 

61e. Sample answer: 
(sin A)* + (cos A)? 41 


Conjecture 


Yy 2 ne 2 2 . y xX 
(4) + (3) 21. sinA==,cosA=% 
y x2 2 : 2 
3 as 3 =1 — Simplify. 
y+x , 
—-4 1 Combine fractions with like 
r F denominators. 
+1. Pythagorean Theorem 
1 a 
1= Simplify. 


63. Sample answer: Yes; since the values of sine and 
cosine are both calculated by dividing one of the legs 
of a right triangle by the hypotenuse, and the 
hypotenuse is always the longest side of a right 
triangle, the values will always be less than 1. You will 
always be dividing the smaller number by the larger 
number. 65.Sample answer: To find the measure of 
an acute angle of a right triangle, you can find the ratio 
of the leg opposite the angle to the hypotenuse and 
use a calculator to find the inverse sine of the ratio, 
you can find the ratio of the leg adjacent to the angle 
to the hypotenuse and use a calculator to find the 
inverse cosine of the ratio, or you can find the ratio of 
the leg opposite the angle to the leg adjacent to the 
angle and use a calculator to find the inverse tangent 
of the ratio. 67.H 69.E 71.x=7V2;y=14 

73. yes; right 75. yes; obtuse 

17? 2 8? + 15? 35° = 30° + 13? 

289 = 64 + 225 1225 > 900 + 169 
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77.n0; 8.6 >3.2+5.3 79. Be hor5h28 min 
81.x=1y =3 83.260 85.18.9 87.157.1 


Lesson 8-5 
1.27.5 ft 3.14.2 ft 
6) Make a sketch. 


t 


350 m 
A 


Cc 
1.5m ——— 155m — not drawn to scale 


BC ene opposite 
AC ~~ adjacent 


155 mZA = x, BC = 350 — 1.5 or 
348.5, AC = 155 


_ -1f 348.5 
x = tan (ABS Solve for x. 
x = 66.0 Use a calculator. 


The angle of elevation is about 66°. 
7. 14.8° 


@) Make a sketch. 


40°B 
30 SA 


[| 
a 5 D Cc 


tan 30 == + DC tan = 
(5 + DC) tan 30 = x 


opposite 
adjacent 
Solve for x. 


x opposite 
os DC ~ ‘adjacent 

DC tan 40 = x Solve for x. 
DC tan 40 = (5 + DC) tan 30 

Substitution 
DC tan 40 = 5 tan 30 + DC tan 30 
Distributive 
Property 
Subtract DC tan 30 
from each side. 
DC(tan 40 — tan 30) = 5 tan 30 Factor DC. 

5 tan 30 

BOs tan 40 — tan 30 
Divide each side by 
tan 40 — tan 30. 
Use a calculator. 


DC tan 40 — DC tan 30 = 5 tan 30 


DC = 11.0 
_ BC __ opposite 
ana AC AS adjacent 


tan30 =—~ A=30,BC 
16.0 1469 


x, AC = 5 + 11.0 or 


16.0 tan 30 = x Multiply each side by 16.0. 
93=%x Use a calculator. 
The platform is about 9.3 feet high. 
11. about 1309 ft 13.16.6° 15. 240.2 ft 


7) Make a sketch. 


124 ft 


3 ft x 


Not drawn to scale 


BC __ opposite 


ea AC ~ ‘adjacent 
o_ 121 MmZA = 38, BC = 124 — 3 or 121, 
tan 38° = = AC 
_ 121 
a ST Solve for x. 
x = 154.9 Use a calculator. 


You should place the tripod about 154.9 feet from 
the monument. 
19a. 74.8° 19b. 110.1 m 


1) Make two sketches. 


0 03 =) 
tan x° = 85 tan = adj 

x= tan-1(32 Solve for x. 

x = 2.02 Use a calculator. 


José throws at an angle of depression of 2.02’. 


x= 4.71 
Kelsey throws at an angle of elevation of 4.71°. 


Use a Calculator. 


23. Rodrigo; sample answer: Since your horizontal line 
of sight is parallel to the other person’s horizontal line 
of sight, the angles of elevation and depression are 
congruent according to the Alternate Interior Angles 
Theorem. 25. True; sample answer: As a person moves 
closer to an object, the horizontal distance decreases, 
but the height of the object is constant. The tangent ratio 
will increase, and therefore the measure of the angle 
also increases. 27.Sample answer: If you sight 
something with a 45° angle of elevation, you don’t have 
to use trigonometry to determine the height of the 
object. Since the legs of a 45°-45°-90° are congruent, the 
height of the object will be the same as your horizontal 
distance from the object. 29.6500 ft 31.B 


20 _ 15 _ 20 _ 
33.75 =1.33 35. on 0.75 37. = 0.80 


39. Given: CD bisects ZACB. £ 
By construction, AE || CD. —\s 


AD _ AC ‘SC 

Prove: 55 = 3c ‘ 
Proof: \3 
Statements (Reasons) ADB 
1. CD bisects ZACB. By 
construction, AE || CD. (Given) 
2, AD AD _ 

DB 
3. 21 = 22 (Definition of Angle Bisector) 


4, 23 = Z1 (Alternate Interior Angle Theorem) 
5. 22 = ZE (Corresponding Angle Postulate) 


a (Triangle Proportionality Theorem) 


6. 23 = ZE (Transitive Prop. ) 
7. EC = AC (Isosceles A Thm.) 
8. EC = AC (Def. of congruent segments) 


9, = 2 =< c (Substitution) 
41. (7, 2 43. (- —5,6) 45.2 47.2.1 


Lesson 8-6 
1.6.1 
GB) By the Triangle Angle Sum Theorem, the 
remaining angle measures 180 — (60 + 55) or 65. 


ate = sme Law of Sines 
sin 65° _ sin 60° mZA = 65, a= 73, 
73. «#2 mZB = 60, b= x 
x sin 65° = 73 sin 60° Cross Products Property 
— 73 sin 60" Divide each side by sin 65°. 
sin 65 
x = 69.8 Use a calculator. 


5.8.3 7.47.1 ft 9.mZN = 42, MP = 35.8, NP = 24.3 


11.mZD = 73, mZE = 62,mZF ~45 13.4.1 15.22.8 
17.15.1 19.2.0 21.2.8 in. 


(23) a=bt+c2—2becosA Law of Cosines 
x? = 1.22 + 3.02— 2(1.2)(3.0) cos 123° Substitution 
x2 = 10.44 — 7.2 cos 123° Simplify. 

= V 10.44 — 7.2 cos 123° Take the 
square root of 
each side. 
x = 3.8 Use a 
calculator. 


25.98 27.112 29.126.2 ft 31.mZB=34,AB =~ 9.5, 
CA = 6.7 


(3) P=P+@—2klcosJ — LawofCosines 
29.7% = 30.02 + 24.62 — 2(30.0)(24.6) cos J 
j = 29.7, k= 30.0, 
L= 24.6 
882.09 = 1505.16 — 1476 cos J Simplify. 
—623.07 = —1476 cos J Subtract 1505.16 
from each side. 
—623.07 _ Divide each side by 
=1476 8? —1476. 
7 -1{ 623.07 Use the inverse 
a ( 1476 cosine ratio. 
mZ] = 65 Use a calculator. 
— = mn us Law of Sines 
sin 65° _ sin K mZJ = 65, j= 
29.7 ~~ 30.0 29.7, and k = 30.0 
30.0 sin 65° = 29.7 sin K Cross Products Property 
meen = sin K Divide each side by 29.7. 
SS sin-1(300 sin 6s) Use the inverse sine 
29.7 ratio. 
mZK = 66 Use a Calculator. 


By the Triangle Angle-Sum Theorem, mZL = 
180 — (65 + 66) or 49. 


35. mZG = 75, GH = 19.9,GJ = 11.8 37.mZP = 35, 
mZR = 75,RP =14.6 39.mZC = 23, mZD = 67, 
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22) 
oat 
(a>) 
ir) 
al 
(a>) 
[=> 
> 
=> 
(2) 
= 
=D 
wn 
J 
=> 
[=5 
Ze) 
S 
c 
= 
(=) 
=> 
n 


ize) 
i= 
= 
— 
= 
(=) 
w 
x=) 
i= 
O°) 
pe 
<b) 
= 
Ze) 
i= 
<= 
z=] 
<b) 
= 
oO 
& 
(<b) 
w 


mZE~90 41.mZA = 35, AB = 7.5, BC = 9.8 
43. = 96.2 ft 45a.Def. of sine 45b. Mult. Prop. 
45c.Subst. 45d.Div. Prop. 47. 24.3 


a2 = b* +c? — 2becos A Law of Cosines 


x? = 60? + 632 — 2(60)(63) cos 48° Substitution 
x? = 7569 — 7560 cos 48° Simplify. 
x = V 7569 — 7560 cos 48° Take the square 
root of each side. 
x = 50.1 Use a calculator. 
aus = acs B Law of Sines 
sin 37° __ sin 87° mZA = 37°, a= x= 50.1, 
50.1 y mZB = 87°, b=y 
y sin 37° = 50.1 sin 87° Cross Products Property 
y = 2ESNE7 Divide each side by sin 37°. 
y = 83.1 Use a calculator. 


By the Triangle Angle-Sum Theorem, the angle 
opposite side z measures 180 — (37 + 87) or 56. 
sinA _ sin B 


7 P Law of Sines 
sin 37° _ sin 56° mZA = 37°, a= x= 50.1, 
50.1 °° Z mZB = 87°,b=z 


z sin 37° = 50.1 sin 56° Cross Products Property 
> = 50.1 sin 56° 
sin 37° 
Zz = 69.0 Use a calculator. 
perimeter = 60+ 63+ y+z 
= 60 + 63 + 83.1 + 69.0 or 275.1 


Divide each side by sin 37°. 


G) a2 = b2 + c2—2be cos A Law of Cosines 
x? = 82 + 6? — 2(8)(6) cos 71.8° Substitution 
x? = 100 — 96 cos 71.8° Simplify. 
x = V¥100 — 96 cos 71.8° Take the square root 
of each side. 
x = 8Ain. Use a calculator. 
53a. A 
B 
CG 


53b. = ABsinB 53¢.A = 3(BC)(AB sin B) 
63d. 57.2 units? §3e.A =3(BC)(CA sinC) 55.5.6 


57a. Sample E 57b.Sample pB 
answer: 


answer: 
se 10° 
D aS 93 82 


10 


A 100 C 
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59.A 61.325.6 63.269.6 ft 65.45 67. Never; 
sample answer: Since an equilateral triangle has three 
congruent sides and a scalene triangle has three non- 
congruent sides, the ratios of the three pairs of sides 
can never be equal. Therefore, an equilateral triangle 
and a scalene triangle can never be similar. 

69. Q(a, a), P(a,0) 71.V80~8.9 73.8.5 


Lesson 8-7 


1 in. : 60 mi/h 


@yz = (X_ — X4, Yo — Y4) 


= (5 —0,5—0) 


= (5,5) 
7. V 20; = 296.6° 
9. (-1, 6) 


19. t 


Component form of a vector 
(x,, Ys) = (0, 0) and 

(Xo, Yo) = (5, 5) 

Simplify. 


11. = 354.3 mi/h at angle 
of 8.9° east of north 
13. 


L 
fe © 


23. (5,0) 25.(—6,—3) 27. (—3, —6) 
29. V34; ~31.0° 31.750; ~171.9° 
(3) Use the distance formula to find the magnitude. 


I7|= 


(x5 _ %)F + (Yp = 4.) 


Distance Formula 


= (—3- 0)? + (—6—0) (x, ¥,) = (0, 0) and 


= V45 or about 6.7 


(X, Yo) = (-3, -6) 
Simplify. 


Use the inverse tangent function to find 0. 


tand=, 


6 = tan! 8 ~ 63.4° 


tan 0 = opp 
adj 


Def. of inverse tangent 


The direction of 7 is about 180° + 63.4° or 243.4°. 


35. (5, 3) 37. (—1,5) CHAPTER 9 
y Transformations and Symmetry 


a y =e 
a 7 y, 
Le 7 Chapter9 Get Ready 
w+ 3 1.rotation 3.translation 5. (—16, —28) 
~ 7. reduction; 4 
oO x 2 
Lesson 9-1 
1. 3. 
39. (9, 3) G 
y a . 
d D) ‘ 
*ss}_ E’ 

-af SF C’ 
2¢—a if ” 
4 aol 
7 © 
oO x 5 y C 7 y = 
2¢ of A a 
Y xy = 
O x n 
41b. In component form, the vectors representing B = 
Amy’s hikes due east and due south are (2, 0) and B’ aso a 
(0, —3), respectively. So, the resultant vector is (2, 0) 5 . = 
+ (0, —3) or (2, —3). The resultant distance is about Al Zz oa a 
3.6 mi. The direction of 7 is about 90° — 56.3° or 33.7° fot = 
east of south. = 
43. (4,4) 45.(26,5) 47.2.3 ft/s 49.Sometimes; 11. K 2 


sample answer: Parallel vectors can either have the 
same or opposite direction. 
51. k(@ + b) = K((xy, 1) + (Xa, ¥o)) 

= K(x + Xp, Wy + Yr) 

= (k(x1 + Xy), Ky, + Yo) 

= (kx, + kxo, ky, + ky>) 

= (kxy, ky) + (xy, ky) 

= ky Ya) + K(X Yo) 

=ka+kb 
53. The initial point of the resultant starts at the initial 
point of the first vector in both methods. However, in 
the parallelogram method, both vectors start at the 
same initial point, whereas, in the triangle method, 
the resultant connects the initial point of the first 
vector and the terminal point of the second. The 
resultant is the diagonal of the parallelogram formed 
using the parallelogram method. 55.B 57.D 59. 
72.0 61.376.4 ft 63.30 65.30 67.60 69. As 1-4, 
As 5-12, As 13-20 


(13) Draw a line through each vertex that is 
perpendicular to line t. Measure the distance 
from point A to line t. Then locate A’ the same 
distance from line t on the opposite side. Repeat 
to locate points B’, C’, and D’. Then connect 
vertices A’, B’, C’and D’ to form the reflected 
image. t B 


Chapter 8 Study Guide and Review 
1. false, geometric 3.false,sum 5.true 7. true 
9. false, Law of Cosines 11.6 13,8 15. 50 ft 
17.93 = 15.6 
19. yes; acute 
162 = 132 + 152 
256 < 169 + 225 ‘ 
21.184m 23.x=4V2,y=45° 25.73, 0.38 
27. ~ 0.92 29. =, 0.42 31.32.2 33,63.4° and 26.6° 


35. 86.6 feet 37.15.2 39.(—6,—-5) 41. (—8, 1) 


(occa R81 


Ze) 
i= 
= 
a=) 
= 
(=) 
w 
x=) 
i= 
O°) 
2 
<b) 
= 
Ze) 
i= 
<= 
z=] 
<b) 
= 
oO 
pst) 
(<b) 
w 


(25) Multiply the x-coordinate of each vertex by —1. 


(x, y) — (-x,y) 
f=4,6) = f46) 
K(0, 6) — K“(0,6) 
L(O, 2) — L"0,2) 
M(-4,2) = MY%4,2) 


Graph JKLM and its image J’K’L’M’ 
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33. 4 


(5) a. The reflections of the zebras are shown in the 
water. So, the water separates the zebras and their 
reflections. b. The water is a flat surface that 
extends in all directions. It represents a finite plane. 


37. 39. 


hy 
—2x-—3 


i 


[y= 2x-3] | 


@) In the reflection, the x-coordinates stay the same, 
but the y-coordinates are opposites. The equation 


of the reflected image is —y = ox ory = —537. 


45. Jamil; sample answer: When you reflect a point across 
the x-axis, the reflected point is in the same place 
horizontally, but not vertically. When (2, 3) is reflected 
across the x-axis, the coordinates of the reflected point are 
(2, —3) since it is in the same location horizontally, but 
the other side of the x-axis vertically. 47.(a,b) 49.The 


slope of the line connecting the two points is 2. The 
Midpoint Formula can be used to find the midpoint 
between the two points, which is 3, 3). Using the 
point-slope form, the equation of the line is y = 


3x + 4. (The slope of the bisector is 3 because it is 


the negative reciprocal of the slope 3) 51. Construct 


P,Q, R collinear with Q between P and R. Draw line £, 
then construct perpendicular lines from P, Q, and R to 
line £. Show equidistance or similarity of slope. 

53.B 55.E 57.(3,2) 59.about 536 ft 61.AB > FD 
63.mZFBA >mZDBF 65.213 ~ 7.2, 146.3° 

67.2V 122 = 22.1, 275.2° 


Lesson 9-2 
1. Cc’ 3. ; xX 


Xx 
: D’ Ww’ | W— Qt) —12 represents a horizontal change of 12 yards 
D oe 2 Y 
f ‘ a eal 
BZ - 
B 


left and 17 represents a vertical change of 17 
yards up. A vector that indicates a translation 12 
units left and 17 units up is (—12, 17). 
23. (3, —5) 25. They move to the right 13 seats and 
back one row; (13, —1). 
7. (x,y) > (x + 3,y —5) @7) The translation vector (—2, 0) represents a 
horizontal shift 2 units left. The equation of the 
reflected image is y = —[x — (—2) or y = —(x + 2)°. 


Je) 
ro) 
oD 
° 
D 
a. 
> 
= 
(2) 
= 
>) 
a 
re) 
| 
2. 
J) 
= 
i 

11. y’ = 
—| 
n 
29a. A A 
x’ Z’ A l A’ mM A” 
4 
Cc c’| c” 
m 
X Zz B B B 
y v 
OD: me Op rg 
/ it P 
wy W 
an ca 
(45) The vector indicates a translation 2 units left and EF FY F FE |e” Ff” 
5 units up. 
ul ” ty , 
(x, y) —> (x-—2,y+5) q J J 
M(4,-5) — M(2,0) K| kK’ kK” 
N(5,—-8) — N3,-3) 
P(8,-—6) — P6,-1) 


Graph AMNP and its image AM'N'P’. 
M’ 


29c. Distance 
Distance Between Between Parallel 


Corresponding Points (cm) Lines (cm) 


Aand A”, Band B’, Cand C” 
Dand D”, Eand EF’, Fand F’ 
Jand J”, Kand k”, L and L” 


Nu R83 


29d. Sample answer: The composition of two 
reflections in vertical lines can be described by a 
horizontal translation that is twice the distance 
between the two vertical lines. 31. y = m(x-a) + 
2b; 2b — ma _ 33.Sample answer: Both vector 
notation and function notation describe the distance 
a figure is translated in the horizontal and vertical 
directions. Vector notation does not give a rule in 
terms of initial location, but function notation does. 
For example, the translation a units to the right and 
b units up from the point (x, y) would be written 
(a, b) in vector notation and (x, y) — (x +4,y + b) 
in function notation. 35.D 37.F 

39. 41. 


ize) 
cc F 
= 
=) 
= 
(=) 
DY 
x=) 
i= 
0°) 
pe 
<b) 
= 
Ze) 
a 
<= 
i 
<b) 
= 
Oo 
pst) 
(<b) 
w 


47.100 49.80 
7 ~~ ~©51. obtuse; 110 

53. obtuse; 140 
—p 


Lesson 9-3 
1 G 
G’ e 
K 
F H 
H’ 
F’ 

GB) Multiply the x- and y-coordinates by —1. 
(x, y) — (-—x,-y) 
D(-2,6) — D"(2,-6) 
F(2, 8) — F(-2,-8) 
G(2, 3) — G(-2,-3) 


Graph ADFG and its image AD’F'G’. 
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5. Z 7. M P’ 
Y Ae 
J M J 
X *K 
P 
Zz! x’ 
9 Q’ 11. 120°; 360° + 6 petals = 


60° per petal. Two petal 
turns is 2 * 60° or 120°. 

13, 154.2°; 360° + 7 petals = 
51.4° per petal. Three petal 
turns is 3 * 51.4° or 154.2°. 


17. 


o 


19. Pe 21a. 10° 
MW’ 21b. about 1.7 seconds 
M._\P 23. 125° 
Q’ Pp’ 
x 
V Q 

e 
P 


25.y = —x +2; parallel 27.y = —x — 2; collinear 
29. x-intercept: y = 2x + 4; y-intercept: y = 2x + 4 


@1) After 31 seconds, the ride will have rotated 31 * 0.25 
or 7.75 times. So, she will be in the bottom 
position of the ride, with the car having the 
center at (0, —4). After 31 seconds, the car will 
have rotated 31 * 0.5 or 15.5 times. So, she will be 
in the position directly across from her starting 
position. Her position after 31 seconds would be 
(2, —4). 


O (om 


b. Sample answer: Let the x-axis be line 7 and the 
y-axis be line p. Draw ADEF with vertices 

D(-—4, 1), E(—2, 3), and F(0, 1). Reflect ADEF in the 
line 2 to get AD’E’F’ with vertices D'(—4, —1), 


E(—2, —3), and F’(0, —1). Reflect AD’E’F’ in the x- and y-coordinates are negated. Therefore, the 
line p to get AD”E”F” with vertices D’(4, —1), transformations are not equivalent. 39.D 41.J 


E"(2, —3), and F”(0, —1). 43. 50 mi 45. 
shortest distance [ ) 
30m C7 
m 


40m 
47. reflection 49. rotation or reflection 


Lesson 9-4 
Sample answer: Let the line y = —x be line q and 1. 
the line y = 0.5 be line r. Draw AMNP with 
vertices M(0, —4), N(1, 2), and P(3, —5). Reflect 
AMNP in the line q to get AM'N'P’ with vertices 
M'(4, 0), N(2, —1), and P’(5, —3). Reflect AM’N’P’ 
in the line r to get AM”N’P” with vertices M"(4, 1), 
N’(2, 2), and P(5, 4). 


SUOIIN|OS pue sIaMSUY pa}da|9S 


S” 
rotation clockwise 100° about the point where lines m 
Angle of Rotation Angle Between and p intersect. 
Between Figures Intersecting Lines 


AABC and AA’B’C” 90° and m 45° 


@) translation along (2,0) reflection in x-axis 


(x,y) 2 (x+2,y) (wy) — (x,—-y) 


A DEF and AD’E”’P’ 180° n and p 90° R(, —A4) =~ RG, —4) RB, —4) —5 R'"(, 4) 
AMNPand AM’NP’ 90° g and r 45° S(6, —4) — S(8, —4) S(8, -4) — S8,4) 
16,1) |= TU TU,=1) = T71) 


d. Sample answer: The measure of the angle of 
rotation about the point where the lines intersect 
is twice the measure of the angle between the two 
intersecting lines. 


Graph ARST and its image AR”’S”T”. 


35. Sample answer: (—1, 2); 
Since ACC'P is isosceles 
and the vertex angle of the 
triangle is formed by the 
angle of rotation, both 
mZPCC’ and mZPC'C are 
40° because the base angles 
of isosceles triangles are 
congruent. When you construct a 40° angle with a 
vertex at C and a 40° angle with a vertex at C’, the 
intersection of the rays forming the two angles 
intersect at the point of rotation, or (—1, 2). 

37. No; sample answer: When a figure is reflected about 
the x-axis, the x-coordinates of the transformed figure 
remain the same, and the y-coordinates are negated. 
When a figure is rotated 180° about the origin, both the 
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p horizontal 
translation 
4 cm to the 
right. 


70° rotation about the 
point where lines m and 
4 intersect 


D ” 


21.translation 23. reflection 


(25) rotation 90° about origin _ reflection in x-axis 


(x, y) — (-y,x) (x,y) — (x,-y) 
(=2, —5) =e (5, =2) (5, =2) =. (5, 2) 
(0, 1) =~ (=1, 0) (=1, 0) = (=I, 0) 


Graph line y’ through points at (5, —2) and (—1, 0). 
Graph line y” through points at (5, 2) and (—1, 0). 


27. A"(3, 1), B’(2, 3), C’(1, 0) 


(29) A translation occurs from Step 1 to Step 2. A 
rotation 90° counterclockwise occurs from Step 2 
to Step 3. So, the transformations are a translation 
and a 90° rotation. 


31. (x + 5.5, y) reflected in the line that separates 

the left prints from the right prints 33. double 

reflection 35. rotation 180° about the origin and 

reflection in the x-axis 

37.Given: Lines £ and m intersect at point P. A is any 
point not on £ or m. 
Prove: a. If you reflect point A in line m, and then 
reflect its image A’ in line £, A” is the image of A 
after a rotation about point P. 
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b. mZAPA” = 2(mZSPR) 
Proof: We are given £ A 
that line @ and line m 
intersect at point P A" 
and that A is not on 
line @ or line m. Reflect 
A over line m to A’ and 
reflect A’ over line @ 
to A”. By the definition 
of reflection, line m is the perpendicular bisector 
of AA’ at R, and line £ is the perpendicular 
bisector of A’A” at S. AR = A’Rand A’S = A’S by 
the definition of a perpendicular bisector. Through 
any two points there is exactly one line, so we can 
draw auxiliary segments AP, A’P, and A’P. ZARP, 
ZA'RP, ZA’SP and ZA"SP are right angles by the 
definition of perpendicular bisectors. RP = RP 
and SP = SP by the Reflexive Property. AARP = 
AA'RP and AA’SP = AA"SP by the SAS 
Congruence Postulate. Using CPCTC, AP = A’P 
and A’P = A’P, and AP = A’P by the Transitive 
Property. By the definition of a rotation, A” is the 
image of A after a rotation about point P. Also using 
CPCTC, ZAPR = ZA’PR and ZA’PS = ZA"PS. By 
the definition of congruence, mZAPR = mZA’PR 
and mZA’PS = mZA"PS. mZAPR + mZA'PR + 
mZA'PS + mZA"PS = mZAPA” and mZA'PS + 
mZA'PR = mZSPR by the Angle Addition 
Postulate. mZA’PR + mZA’PR + mZA'PS + 
mZA'PS = mZAPA" by Substitution, which 
simplifies to 2(mZA’PR + mZA’PS) = mZAPA". By 
Substitution, 2(mZSPR) = mZAPA”. 
39. Sample answer: No; there are not invariant points 
in a glide reflection because all of the points are 
translated along a vector. Perhaps for compositions of 
transformations, there may be invariant points when 
a figure is rotated and reflected, rotated twice, or 
reflected twice. 41. Yes; sample answer: If a segment 
with endpoints (a, b) and (c, d) is to be reflected about 
the x-axis, the coordinates of the endpoints of the 
reflected image are (a, —b) and (c, —d). If the segment 
is then reflected about the line y = x, the coordinates 
of the endpoints of the final image are (—b, a) and 
(—d, c). If the original image is first reflected about 
y = x, the coordinates of the endpoints of the reflected 
image are (b, a) and (d, c). If the segment is then 
reflected about the x-axis, the coordinates of the 
endpoints of the final image are (b, —a) and (d, —c). 


(4) Sample answer: When two rotations are 
performed on a single image, the order of the 
rotations does not affect the final image when the 
two rotations are centered at the same point. For 
example, if AABC is rotated 45° clockwise about 
the origin and then rotated 60° clockwise about 
the origin, AA”B”C” is the same as if the figure 
were first rotated 60° clockwise about the origin 
and then rotated 45° clockwise about the origin. 
If AABC is rotated 45° clockwise about the origin 


and then rotated 60° clockwise about P(2, 3), 15.no 17. yes; 1 
AA"B"C" is different than if the figure were first 
rotated 60° clockwise about P(2, 3) and then 
rotated 45° clockwise about the origin. So, the =P ---»>--------- > 
order of the rotations sometimes affects the 
location of the final image. 


45.A 47.H ° 
49. Ss’ 19. yes, 3} 120 


1) No; there is no rotation between 0° and 360° that 
maps the shape onto itself. So, the figure does not 
have rotational symmetry. 


23. yes; 8; 45° 


25. yes; 8; 45° 27.both 29. both 


31. no horizontal, infinitely many vertical 


33. 1 horizontal, infinitely many vertical 


(35) Figure ABCD is a square. It has 4 lines of 
symmetry and has order 4 symmetry and 
magnitude 360° + 4 or 90°. So, it has line 
symmetry and rotational symmetry. 
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37. line and rotational 


39. rotational; 2; 180°; 41. rotational; 2; 180° 
line symmetry; y = —x 
Lesson 9-5 [° 


5. yes; 2; 180 


y 


y= _% 


(7) a. There is no plane in which the dome can be 


reflected onto itself horizontally. So, there are no 43. plane and axis; 180 


horizontal planes of symmetry. The dome has 45a. 3 45b. 3 
18 + 2 or 36 vertical planes of symmetry. b. The 
dome has order 36 symmetry and magnitude 45¢. Lines of Order of 
360° + 36 or 10°. Folyoon Symmetry Symmetry 
9.no 11. yes; 6 13. yes; 1 equilateral triangle 
a A 4 square 


-> regular pentagon 


regular hexagon 


45d. Sample answer: A regular polygon with n sides 
has n lines of symmetry and order of symmetry n. 
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47. Sample answer: (—1, 0), 
(2, 3), (4, 1), and (1, —2) 


49. Sample answer: An isosceles triangle 
has line symmetry from the vertex 
angle to the base of the triangle, but it 
does not have rotational symmetry 

because it cannot be rotated from 0° to 360° and map 

onto itself. 51.B 53.H 

55. 


57. (7, —7) 


59. reduction; + 


61. enlargement; 3 


Lesson 9-6 
a een M 


4 


/ 
¥ 


& 


3) The figure increases in size from B to B’, so it is an 


enlargement. 
image length _ QB’ 


preimage length QB 


=Sor 
QB + BB’ = QB’ 
64+x=8 
ra 2 
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11. P 13 x 
\ \ 
/ 2 
\ 
~ 
ge 
~~y 
S 


15. enlargement; 2;4.5 17. reduction; s 3.5 


19. 15x; The insect’s image length in millimeters 
is 3.75 * 10 or 37.5 mm. The scale factor of the 


dilation is =e or 15. 


)) Multiply the x- and y-coordinates of each vertex 
by the scale factor, 0.5. 


(x, y) — (0.5x, 0.5y) 
(=8,0) = J(=—4,0) 
K(-4,4) — K(-2,2) 
30): = ME1,0) 


Graph JKL and its image J’K’L’. 


27b. 


27¢c.no 27d.Sometimes; sample answer: For the order 
of a composition of a dilation centered at the origin and 
a reflection to be unimportant, the line of reflection 
must contain the origin, or must be of the form y = mx. 
29. No; sample answer: The measures of the sides of 
the rectangles are not proportional, so they are not 
similar and cannot be a dilation. 


) a. T = Ph + 2B Surface area of a prism 
= (16)(4) + 2(12) P=16cm,h=4cm, B= 12cm? 


= 88 cm? Simplify. 
V=Bh Volume of a prism 
= (12)(4) B=12cm?,h=4cm 


= 48cm? Simplify. 
b. Multiply the dimensions by the scale factor 2: 
length = 6 + 2 or 12 cm, width = 2+ 2 or 4.cm, 
height = 4+ 2 or 8 cm. 
T=Ph+2B Surface area of a prism 
= (32)(8) + 2(48) P=32cm,h=8cm, B= 48 cm? 


= 352 cm2 Simplify. 
V=Bh Volume of a prism 
= (48)(8) B=48cm?,h=8cm 


= 384 cm? _ Simplify. 
c. Multiply i dimensions by the aoe factor 5 = 
length = 6 += + or 3.cm, width = 2 += + or 1cm, 


height = 4° + or 2 cm. 


T =Ph+2B Surface area of a prism 
= (8)(2) + 2(3) P=8cm,h=2cm,B=3cm 
= 22 cm? Simplify. 
V=Bh Volume of a prism 
= (3)(2) B=3cm’,h=2cm 
= 6cm? Simplify. 
d. surface area of preimage: 88 cm? 
surface area co image with scale factor 2: 352 cm? 
or (88 + 4) cm? 
surface area of image with scale factor 4 5: 22 cm? 
or (s8- 4 cm? 


The surface area is ‘ times greater after dilation 


with scale factor 2, — jas great after dilation with 


scale factor >. 


volume of preimage: 48 cm? 

volume of image with scale factor 2: 384 cm? or 
(48 + 8) cm? 

volume of image with scale factor 5 =:6 cm? or 
eg) om 

The volume is 8 times greater after dilation with 
scale factor 2; A as great after dilation with scale 
factor ;. 


e. The surface area of the preimage would be 
multiplied by r?. The volume of the preimage 
would be multiplied by 7°. 

@) a diameter of image 


~ ‘diameter of preimage 
2mm 


b.A = nr Area of a circle 
=n(0.75)* t=15 2206075 
= 1.77mm?_ Use acalculator. 

A =r Area of a circle 
= 7(1)? f=2 2 oF'1 
~3.14mm-_ Use acalculator. 
35. 37.y =4x —3 

P 


39a. Always; sample answer: Since a dilation of 1 maps 
an image onto itself, all four vertices will remain 
invariant under the dilation. 39b. Always; sample 
answer: Since the rotation is centered at B, point B will 
always remain invariant under the rotation. 

39c. Sometimes: sample answer: If one of the vertices is 
on the x-axis, then that point will remain invariant 
under reflection. If two vertices are on the x-axis, then 
the two vertices located on the x-axis will remain 
invariant under reflection. 39d. Never; when a figure 
is translated, all points move an equal distance. 
Therefore, no points can remain invariant under 
translation. 39e.Sometimes; sample answer: If one of 
the vertices of the triangle is located at the origin, then 
that vertex would remain invariant under the dilation. 
If none of the points on AXYZ are located at the origin, 
then no points will remain invariant under the dilation. 
41. Sample answer: Translations, reflections, and 
rotations produce congruent figures because the sides 
and angles of the preimage are congruent to the 
corresponding sides and angles of the image. Dilations 
produce similar figures, because the angles of the 
preimage and the image are congruent and the sides 
of the preimage are proportional to the corresponding 
sides of the image. A dilation with a scale factor of 1 
produces an equal figure because the image is mapped 
onto its corresponding parts in the preimage. 

43.A 45.D 


47. yes; 1 49. translation along (—1, 8) 
and reflection in the y-axis 
Soo ->  §1.2V51 ft = 14.3 ft 
53.34.6 55. 107.1 
Chapter9 Study Guide and Review 


1. composition of transformations 3. dilation 
5. line of reflection 7.translation 9. reflection 
11. 13. 
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Selected Answers and Solutions 


23. 25. Sample answer: 
translation right and 
down, translation of 
result right and up. 


29. yes; 4; 90° 


27. yes; 2 
center of 
: symmetry 


x A 
Cy son" mee 
> an 


31.4 33. reduction; 8.25; 0.45 


CHAPTER 10 
Circles 


Chapter10 Get Ready 
1.130 3.15.58 5.82.8 7.$5.85 9.8.5ft 11.—-3,4 
Lesson 10-1 
1.ON 3.8cm 5.14in. 7.22 ft; 138.23 ft 
9.4nV13 cm 11.SU 13.8.1cm 
d= 2r Diameter formula 
= 2(14) or 28 in. Substitute and simplify. 
17.3.7cm 19.14.6 21.30.6 23.13 in.; 81.68 in. 
25. 39.47 ft; 19.74 ft 27. 830.23 m; 415.12 m 
a> + b2=c* Pythagorean Theorem 
(6V2)? + (6V2)* = c2 Substitution 
144 = c* Simplify. 
12=c _ Take the positive square root of 
each side. 


The diameter is 127 feet. 


C= Td Circumference formula 
=7(12) — Substitution 
=12nft Simplify. 
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31.107 in. 33.14m7 yd 35a.31.42 ft 35b. 4 ft 
37. 22.80 ft; 71.63 ft 39.0.25x;0.79x 41.neither 
(43) The radius is 3 units, or 3 - 25 = 75 feet. 


Cc =2rr Circumference formula 
=2n(75) — Substitution 
= 1507 Simplify. 


= 471.2 ft Use a calculator. 
45a.Sample answer: 45b. 


Circle Circumference 
Radius (cm) (cm) 


45c. They all have the same shape—circular. 
45d. The ratio of their circumferences is also 2. 


45e.(C,)=2(C,) 45f.4in. 


G7) a C= 2tr Circumference formula 
= 27(30) Substitution 
= 607 Simplify. 


C=2nr — Circumference formula 
= 2n(5) Substitution 
=107 _ Simplify. 
607 — 10m = 5070 = 157.1 mi 
b.Ifr =5,C = 107; ifr = 10, C = 207; ifr = 15, 
C = 30m, and so on. So, as r increases by 5, 
C increases by 107 or by about 31.4 miles. 
49a. 8r and 61r; Twice the radius of the circle, 2r is the 
side length of the square, so the perimeter of the square 
is 4(2r) or 8r. The regular hexagon is made up of six 
equilateral triangles with side length 1, so the perimeter 
of the hexagon is 6(r) or 6r. 49b. less; greater; 6r < C 
<8r 49c.3d < C < 4d; The circumference of the circle 
is between 3 and 4 times its diameter. 49d. These 
limits will approach a value of wd, implying that C = td. 
51. Always; a radius is a segment drawn between the 
center of the circle and a point on the circle. A segment 
drawn from the center to a point inside the circle will 
always have a length less than the radius of the circle. 


81 8nrV3 
53, 8% or 55.40.8 57.J 59. 
va 8 pm) 
B 


61. 63.no 65.no 


67. True; sample answer: Since the hypothesis is true 
and the conclusion is true, then the statement is true 
for the conditions. 69.90 71.20 


Lesson 10-2 
1.170 3.majorarc;270 5.semicircle; 180 7.147 
9.123 11.13.74 cm 
(43) 65 +70+x=360 Sum of central angles 
135 + x = 360 Simplify. 
x = 225 Subtract 135 from each side. 


15.40 17.minorarc;125 19. major arc; 305 
21.semicircle; 180 23. major arc; 270 25a. 280.8; 36 
25b. major arc; minor arc 25c. No; no categories 
share the same percentage of the circle. 27.60 
29.300 31.180 33.220 35.120 


@ ¢=35:°20 


= 12. dae 
= 360 27(4.5) Substitution. 
= 8.80 cm Use a calculator. 


39.17.02in. 41.12.04m 43. The length of the arc 


Arc length equation 


would double. 45.40.84in. 47.9.50 ft 49,142 
@1) a. mAB = mZACB AB is a minor arc. 
= 180 — (22 + 22) Angle Addition Postulate 


= 180 — 44 0r 136 _— Simplify. 
Arc length equation 


= san 27(62) Substitution. 
= 147.17 ft 


@ a J 


Use a calculator. 
tan ZJML = 2 
mZJML = tan“) 


x 67.4° 
ie mjL = mZJML = 674° 
M 5 L 
b K tan ZKML = - 
= —1(_5_ 
5 mZKML = tan~(>,) 
zz 22.6° 
M 12 L 


mKL = mZKML ~ 22.6° 
c.mZJMK = mZJML — mZKML 
~ 67.4 — 22.6 
z= 44.8° 
mK = mZJMK ~ 44.8° 


d. 7 =f (x_ — x4)? + (Yo — y,)? Distance Formula 
= (5 — 0)? + (12 — 0)? (x,, Y4) = (0, 0) and 
(Xp, Yo) = (5, 12) 
= 15 Simplify. 
= x ry 1 
L= 360 2ur Arc length equation 
_ 674 ae 
73 60° Tia Substitution 


Use a calculator. 


— x r, 1 
e. £ 360 2ur Arc length equation 
_ 44.8 eu cas 
=n 27(13) Substitution 


= 10.16 units Use a calculator. 


55. Selena; the circles are not congruent because they 
do not have congruent radii. So, the arcs are not 
congruent. 57. Never; obtuse angles intersect arcs 
between 90° and 180° 59. mLM = 150, mMN = 90, 
mNL=120 61.175 63.B 65.H 67.J 69.6.2 


71. 73.x= 2; y = 10; 
= * 75. 10, —10 
77. 46.1, -46.1 
Lesson 10-3 


a) ST is a minor arc, SO mST = 93. RS and ST are 


congruent chords, so the corresponding arcs RS 
and ST are congruent. 
RS = ST_ Corresponding arcs are congruent. 
mRS = mST _ Definition of congruent arcs 
x= 93 Substitution 


3.3 5.3.32 7.21 9.127 11.7 
(43) KL and AJ are congruent chords in 1 congruent 


15. 
@ DE+EC=DC 


circles, so the corresponding arcs KL and AJ are 
congruent. 

KL = Aj 
mKL = mAJ 

5x = 3x + 54 

2x = 54 

x = 27 

122.5° 17.5.34 


Corresponding arcs are congruent. 
Definition of congruent arcs 
Substitution 
Subtract 3x from each side. 
Divide each side by 2. 
19. 6.71 
Segment Addition Postulate 
15+ EC=88 — Substitution 

EC = 73 — Subtract 15 from each side. 
EC? + EB? = CB? Pythagorean Theorem 
73? + EB? = 88% _—_ Substitution 

EB* = 2415 Subtract 73? from each side. 
EB = 49.14 _ the positive square root of each side. 


p= SAB DC . AB, so DC bisects AB. 


2EB = AB Multiply each side by 2. 
2(49.14) = Substitution 
98.3 = AB Simplify. 


23. 4 


25. 


27. 
29. 


Proof: 

Because all radii are congruent, QP = PR = SP = 
PT. You are given that QR = ST, so APQR = 
APST by SSS. Thus, ZOPR = ZSPT by CPCTC. 
Since the central angles have the same measure, 
their intercepted arcs have the same measure and 
are therefore congruent. 

Thus, OR = oT. 

Each arc is 90°, and each chord is 2.12 ft. 


Given: OL, LX 1 FG, LY 1 JH, oo G 
ei 
Prove: FG = JH H 
Proof: 37 
LiG=EA (All radiiofa@are=.) J 
2. LX 1 FG, LY 1 JH, LX = LY (Given) 
4. AXGL = AYHL (HL) 
5. XG = YH (CPCTC) 


LX = LY F 
Statements (Reasons) 
3. ZLXG and ZLYH are right A. (Def. of 1 lines) 
ye RL R91 
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6. XG = YH (Def. of = segments) 
7. 2(XG) = 2(YH) (Multiplication Property) 


8. LX bisects FG; LY bisects JH. (A radius | toa 
chord bisects the chord.) 
9. FG = 2(XG), JH = 2(YH) (Def. of seg. bisector) 
10. FG = JH (Substitution) 
11. FG = JH (Def. of = segments) 

@ Since AB | CE and DF 1 CE, CE bisects AB 


and DF. 

Since AB = DF, AB = DF. 

CB = SAB Definition of bisector 

CB = DF Substitution 

CB = DE Definition of bisector 

9x =2x+14 Substitution 

7x = 14 Subtract 2x from each side. 
a2 Divide each side by 7. 


33.5 35. About 17.3; P and Q are equidistant from 
the endpoints of AB so they both lie on the 
perpendicular bisector of AB, so PQ is the 
perpendicular bisector of AB. Hence, both segments 
of AB are 5. Since PS is perpendicular to chord AB, 
ZPSA is a right angle. So, APSA is a right triangle. 


By the Pythagorean Theorem, PS = \/ (PA)? — (AS)?. 


By substitution, PS = V 11? — 5¢ or V6. 
Similarly, AASQ is a right triangle with 


SQ = (AQ)? — (AS)? = V 92 — 5? or V56. 

Since PQ = PS + SQ, PQ = V96 + 56 or about 17.3. 

37a. Given: CD is the perpendicular Cc 
bisector of chord AB in ©X. 
Prove: CD contains point X. 
Proof: 
Suppose X is not on CD. Draw 
XE and radii XA and XB. Since ; i 
CD is the perpendicular bisector en 
of AB, E is the midpoint of AB and D 
AE = EB. Also, XA = XB, since all radii of a © 
are =. XE = XE by the Reflexive Property. So, 
AAXE = ABXE by SSS. By CPCTC, ZXEA = 
ZXEB. Since they also form a linear pair ZXEA 
and ZXEB are right angles. So, XE | AB. By 
definition XE is the perpendicular bisector of AB. 
But CD is also the perpendicular bisector of AB. 
This contradicts the uniqueness of a 
perpendicular bisector of a segment. Thus, the _ 
assumption is false, and center X must be on CD. 


37b. Given: In ©X, X is on CD and Vaan 
EG bisects CD at O. 
Prove: Point O is point X. 
Proof: 
Since point X is on CD and Cet 
C and D are on ©X, CDisa 


diameter of OX. Since FG 

bisects CD at O, O is the —o. 

of CD. Since the midpoint of a diameter is the 
center of a circle, O, is the center of the circle. 
Therefore, point O is point X. 
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39. No; sample answer: In a circle with a radius of 12, 
an arc with a measure of 60 determines a chord of 
length 12. (the triangle related to a central angle of 60 
is equilateral.) If the measure of the arc is tripled to 
180, then the chord determined by the arc is a 
diameter and has a lenth of 2(12) or 24, which is not 
three times as long as the original chord. 
41.F 43.E 45.170 47.275 in. 
49. yes; obtuse 51.411 

31? 4 207 + 21? 

961 > 400 + 441 


Lesson 10-4 


1.30 3.66 5.54 
7. Given: RT bisects SU. 


Prove: ARVS = AUVT " : 
Proof: 

Statements (Reasons) 

1. RT bisects SU. (Given) U T 


2. SV = VU (Def. of f segment bisector) 


3. ZSRT intercepts ST. ZSUT intercepts ST. (Def. of 
intercepted arc) 
4. ZSRT = ZSUT (Inscribed 4 of same arc are =.) 
5. ZRVS = ZUVT (Vertical 4 are =.) 
6. ARVS = AUVT (AAS) 

9.25 11.162 


(13) mNP+ mPQ + mQN = 360 Addition Theorem 
120 + 100 + mQN = 360 Substitution 
220 + mQN = = 360 Simplify. 
mZQN = 140 Subtract 220 from each side. 


mZP = smQN ZP intercepts QN. 


= $140) or 70 Substitution 
15.140 17.32 19.20 


21. Given: mZT = 5mZs R S 
Prove: mTUR = 2mURS U 
Proof: 


mZT =+mZS means 
‘ T 

that mZS = 2mZT. Since 

mZS = smTUR and mZT = SmURS, the equation 

becomes SmTUR = 2(4m ORs). Multiplying each 


side of the equation by 2 results in mTUR = 2mUIRS. 
23.30 25.12.75 27.135 29.106 
31. Given: Quadrilateral ABCD is inscribed in ©O. 
Prove: ZA and ZC are supplementary. 


ZBand ZD are supplementary. 4 
Proof: By arc addition and the ea . 
oa 


definitions of arc measure and 

the sum of central angles, 

mDCB + mDAB = 360. Since 

mZA = rot mZC +mZA = 3(mDCB rs 


mZC = smDAB and 


os: 


mDAB), but mDCB + mDAB = 360, so mZC + 
mZA = 7-(360) or 180. This makes ZC and ZA 


supplementary. Because the sum of the measures 
of the interior angles of a quadrilateral is 360, 
mZA + mZC + mZB + mZD = 360. But mZA + 
mZC = 180,so mZB + mZD = 180, making them 
supplementary also. 


(3) Since all the sides of the sign are congruent, all 
the corresponding arcs are congruent. 
8mOQR = 360, so mOR = a or 45. 
mZRLQ = 3mQR 


= 5(45) or 22.5 
35. 135 


37. Proof: 
Statements (Reasons) 


1. mZABC = mZABD + mZDBC (Z Addition 
Postulate) 

2. mZABD = $mAD 
mZDBC = smDC (The measure of an inscribed 


Z whose side is a diameter is half the measure 
of the intercepted arc (Case 1).) 


3. mZABC = 4mAD + 3mDC (Substitution) 
4.mZABC = $(mAD + mDC) (Factor) 
5. 
6. 


mAD + mDC = mAC (Arc Addition Postulate) 
mZABC = amAC (Substitution) 


(9) Use the Inscribed Angle Theorem to find the 
measures of ZFAE and ZCBD. Then use the 
definition of congruent arcs and the 
Multiplication Property of Equality to help prove 
that the angles are congruent. 


Given: ZFAE and ZCBD are inscribed; EF = DC 
Prove: ZFAE = ZCBD B 
Proof: A 

Statements (Reasons) 

1. ZFAE and ZCBD are 

inscribed; EF = DC (Given) F 

2. mZFAE = +mEF; mZCBD = D 


4mDC (Measure of an inscribed 


Z = half measure of intercepted arc.) 
3. mEF = mDC (Def. of = arcs) 
4. 4mEF = 3mDC (Mult. Prop.) 
5. mZFAE = mZCBD (Substitution) 
6. ZEAE = ZCBD (Def. of = 4) 
4a. B 41b. Sample answer: mZA = 


30, mZD = 30; mAC = 60, 
A mBD = 60; The arcs are 
congruent because they 
have equal measures. 
- 41c. Sample answer: Ina 
circle, two parallel chords cut congruent arcs. 


41d.70;70 43. Always; rectangles have right angles 
at each vertex, therefore opposite angles will be 
inscribed in a semicircle. 45.Sometimes; a rhombus 
can be inscribed in a circle as long as it is a square. 
Since the opposite angles of rhombi that are not 
squares are not supplementary, they can not be 


inscribed ina circle. 47. a 51.A 53.d=17in., 
r= 8.5in.,C =177 or about 53.4in. 55.48 57.24 
59.107 61.144 63.54 65.5 


Lesson 10-5 


1.no common tangent 
@ (c?+ GE 2 Fre 
367 + 157 2 (24 + 15)? 
1521 = 1521 
AFFG is a right triangle with right angle EGF. 
So FG is perpendicular to radius EG at point G. 
Therefore, by Theorem 10.10, FG is tangent to OE. 
5.16 7.x = 250; y = 275; 1550 ft 


9. 11. 13. yes; 625 = 


625 


@ xv’ +¥222x7? 
82 + 522 (345)? 
89 # 64 
Since AXYZ is not a right triangle, XY is not 
perpendicular to radius YZ. So, XY is not tangent 
to OZ. 


— =—=>=_—_— = 
(7) QP is tangent to ON at P.So, QP 1 PN and 

APON is a right triangle. 

QP? + PN? = QN? Pythagorean Theorem 


2474+107=x* QP=24, PN=10,and QN=x 
576+100=x? — Multiply. 
676=x> Simplify. 
26=x Take the positive square root of each 
side. 


19.9 21.4 23a.37.95in. 23b.37.95in. 25.8;52cm 
27. 8.06 
29. Given: Quadrilateral ABCD is circumscribed 
about OP. 
Prove: AB + CD = AD + BC 
Statements (Reasons) 
1. Quadrilateral ABCD is circumscribed about ©P. 
(Given) 
2. Sides AB, BC, CD, and DA are tangent to ©P at 
points H, G, F, and E, respectively. (Def. of 
circumscribed) 
3. EA = AH; HB = BG; GC = CF; FD = DE (Two 
segments tangent to a circle from the same 
exterior point are =.) 
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Selected Answers and Solutions 


4. AB = AH + HB, BC = BG + GC, CD = CF + FD, 
DA = DE + EA (Segment Addition) 

5.AB + CD =AH + HB +CF+FD;DA+BC= 
DE + EA + BG + GC (Substitution) 

6. AB + CD = AH + BG + GC + FD; DA + BC = 
FD + AH + BG + GC (Substitution) 

7.AB + CD=FD+ AH + BG+GC 
(Commutative Prop. of Add.) 

8. AB + CD = DA + BC (Substitution) 


Ammonia 
Tank 


40007 + x? = (4000 + 435)? Pythagorean Theorem 
x? = 3,669,225 
x = 1916 mi 


4000 mi 


Take the positive square 

root of each side. 

33. Proof: Assume that £ is not tangent to ©S. Since & 
intersects ©S at T, it must intersect the circle in 
another place. Call this point Q. Then ST = SQ. 
ASTQ is isosceles, so ZT = ZQ. Since ST 1 £, ZT 
and ZQ are right angles. This contradicts that a 
triangle can only have one right angle. 

35. Sample answer: Using P 


the Pythagorean Theorem, Va Q 


22 + x? = 102, so x = 9.8. 
Since PQST is a rectangle, 
PQ=x=98. 

39. No; sample answer: From a 
point outside the circle, two 
tangents can be drawn. From 

a point on the circle, one 
tangent can be drawn. From 
a point inside the circle, no 
tangents can be drawn 
because a line would intersect 
the circle in two points. 


41. 6V2 or about 8.5 in. 


37. Sample answer: 
circumscribed 


inscribed 


43.D 45.61 47.71 49.109 51. Yes; AAEC ~ 
ABDC by AA Similarity. 53.110 55.58 


Lesson 10-6 
1.110 3.73 5.248 


@) Draw and label 
a diagram. C 


B 


mZB = >(mCDA —mCA) Theorem 10.14 
= 31(360 — 165) — 165] Substitution 
= (195 — 165) or 15 Simply 
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Subtract 4000? from each side. 


9.71.5 
@ si= F(mRQ + mNP) Theorem 10.12 


51s F(mRQ + 74) Substitution 
102 = mRO + 74 Multiply each side by 2. 
28 = mROQ Subtract 74 from each side. 
13.144 15.125 17a.100 17b.20 19.74 21.185 
23.22 25.168 


@7) 3= S16x — 6) — (4x + 8)] Theorem 10.14 


6 = (5x — 6) — (4x + 8) Multiply each side by 2. 
6=x-14 Simplify. 
20=x Add 14 to each side. 


29a.145 29b. 30 
31. Statements (Reasons) 


—— > 

1. FM is a tangent to the circle and FL is a secant 
to the circle. ee 

2. mZFLH = mH, ‘eee mbH (The meas. 


of an eb Z =+ the measure of its 
intercepted arc.) 
3. mZLHM = mZFLH + mZF (Exterior 4 Th.) 


4. mbH = smHG + mZF (Substitution) 


5. mbH - 4mHG = mZF (Subtraction Prop.) 


6. 3(mLH - mHG) = mZF (Distributive Prop.) 


33a. Proof: By Theorem 10.10, OA 1 AB. 

So, ZFAE is a right Z with measure 90, and FCA isa 
semicircle with measure of 180. Since ZCAE is acute, 
C is in the interior of ZFAE. By the Angle and Arc 
Addition Postulates, mZFAE = mZFAC + mZCAE 
and mECA = mEC + mCA. By substitution, 

90 = ee oa ee and 180 = mEC + mCA. 

So, 90 => + mEC Cry ymCA by sae on Prop., and 
mZEAC i nlCae = 3" mEC +5 1 inCA by 
substitution. mZFAC = + mEC since ZEAC is 
inscribed, so ea aie yields 5 + mFC + 
mZCAE = + mFC +4 5 mCA. 

By Subt. Prop., mZCAE = = 7 mca, 33b. Use same 
reasoning to prove mZCAB = => +mCDA 

(35) a. Sample answer: 


B B B 


A CA CA 
D D 
b. Sample answer: 


=e) 


Circle 1 


c. As the measure of CD gets closer to 0, the 


measure of x approaches half of mAB; ZAEB 
becomes an inscribed angle. 

d. Theorem 10.12 states that if two chords 
intersect in the interior of a circle, then the 
measure of an angle formed is one half the sum of 
the measure of the arcs intercepted by the angle 
and its vertical angle. Use this theorem to write 
an equation relating x, mAB, and mCD. Then let 
mCD = 0 and simplify. The result is Theorem 
10.6, the Inscribed Angle Theorem. 


i= 3(mAB + mCD) 
x= F(mAB + 0) 
x= dm AB 

37.15 


39a. mZG < 90; mZG < 90 for all values except 


when JG | GH at G, then mZG = 90. 39b. mKH = 
56; mH] = 124; Because a diameter is involved the 
intercepted arcs measure (180 — x) and x degrees. 


a = 34 leads to the answer. 


Hence, solving 
41.Sample answer: Using Theorem 10.14, 60° = 
$1(360° — x) — x] or 120°; repeat for 50° to get 130°. 


The third arc can be found by adding 50° and 60° and 
subtracting from 360° to get 110°. 43.J 45.B 47.8 


49. Given: MHT is a semicircle. 


RH 1 TM. (> : 
_ IR _ TH 
Prove: RH = HM Pr ay) 
Proof: H 


Statements (Reasons) 

1. MHT is a semicircle; RH | TM. (Given) 
2. ZTHM is a right angle. (If an inscribed Z 
intercepts a semicircle, the Z is a rt. Z.) 

3. ZTRH is a right angle. (Def. of lines) 
4. ZTHM = ZTRH (All rt. angles are =.) 
5. ZT = ZT (Reflexive Prop.) 
6. ATRH ~ ATHM (AA Sim.) 


TR _ TH 2 
7. Ry = HM (Def. of ~ As) 


51.54.5° 53.—4,-9 55.0,-—5 57.—-6 
Lesson 10-7 
1.2 3.5 


6) Let T be the endpoint of QT, the diameter that 
passes through point S. 
PS+SR=QS-+ST_ Theorem 10.15 

10-10=6-ST Substitution 
100 = 6ST Simplify. 
+ =6T Divide each side by 6. 
So, the diameter of the circle is 6 + = or 
centimeters. 


68 
3 


Circumference formula 
Substitution 


x 71.21cm_ Use a calculator. 


7.5 9.14 11.3.1 


@ cD?=CcB-CA Theorem 10.17 


127 = x» (x + 12) Substitution 
144 = x? 4+ 12x Simplify. 
O=x*+12x—144 144 from each side. 
—b+v/p2 — 
—— PEN E — tee Quadratic Formula 
12 + 12? — 4(1)(-144) a=1, b= 12, 
a 2(1) c=—-144 
_ —12+V720 Disregard the 
~ 2 negative solution. 
=7A Use a calculator. 


15.13 in. 17.7.1 194=15;b211.3 21.c = 22.8; 
d= 16.9 


23) Inscribed angles that intercept the same arc are 
congruent. Use this theorem to find two pairs of 
congruent angles. Then use AA Similarity to 
show that two triangles in the figure are similar. 
Finally, use the definition of similar triangles to 
write a proportion. Find the cross products. 
Proof: 

Statements (Reasons) 

1. AC and DE intersect at B. (Given) 

2. ZA = ZD, ZE = ZC (Inscribed 4 that intercept 
the same arc are =.) 

3. AABE ~ ADBC (AA Similarity) 


22) 
ot 
(a>) 
ir) 
al 
(a>) 
[=> 
> 
=> 
(2) 
= 
=D 
wn 
i) 
=> 
[=5 
Ze) 
S 
c 
= 
(=) 
=> 
n 


AB _ EB s 
4.55 = BC (Def. of ~ As) 
5. AB + BC = EB BD (Cross products) 
25. Proof: 


Statements (Reasons) 
1. tangent JK and secant JM (Given) 


2.mZKML = SmKL (The measure of an inscribed 


Z equals half the measure of its intercept arc.) 


3. mZJKL = 1mKL (The measure of an Z formed 
by a secant and a tangent = half the measure of 
its intercepted arc.) 

4. mZKML = mZJKL (Substitution) 

5. ZKML = mZJKL (Definition of = 4) 

6. Z] = ZJ (Reflexive Property) 

7. AJMK ~ AJKL (AA Similarity) 


8. = (Definition of ~ As) 


9. JK? = JL + JM (Cross products) 
27.Sample answer: When two secants intersect in 
the exterior of a circle, the product equation equates 
the product of the exterior segment measure and the 
whole segment measure for each secant. When a 
secant and a tangent intersect, the product involving 
the tangent segment becomes (measure of tangent 
segments)? because the exterior segments and the 
whole segments are the same segment. 
29. Sometimes; they are equal when the chords are 
perpendicular. 31.Sample answer: The product of 
the parts on one intersecting chord equals the 
product of the parts of the other chord. 33.G 35.E 


ea a R95 


ize) 
= 
= 
— 
= 
(=) 
Ww 
z=) 
i= 
O°) 
@ 
<b) 
= 
Ze) 
i= 
<= 
z=] 
<b) 
= 
Oo 
pst) 
[<b] 
w 


AO OX 


= fgg) eee 
45.y =2x+8 = Gis 49.y = ax +1 
Lesson 10-8 
1. (x — 9)? + y? =25 


B) r=(/ (xy — x1)? + (Yo — y,)* _ Distance Formula 


= (2-0)? + (2-0)? 


=V8 Simplify. 

(x —h)2+ (y—k2 =r Equation of a circle 
(x — 0)? + (y — 0)? = (V8)* h=0,k=0,and 
r=V8 

Simplify. 


(x4, y,) = (0, 0) and 
(Xs Yo) = (2, 2) 


x2 + y? =8 
5. (x — 2)? + (y—1)* =4 
7. (3, —2);4 9, (2, —1); (x — 2)*+ 
(y + 1)? = 40 
y 11. (1, 2), (—1, 0) 
13. x7 + y? = 16 
7) | 15. (x + 2)? + y? = 64 
17. (x + 3)? + (y-6)2 =9 
19. (x +5)? + (y+1)?=9 


The third ring has a radius of 15 + 15 + 15 or 

45 miles. 

(x—h)2+(y—k2=r? —— Equation of acircle 

(x — 0)2 + (y—0)2= 452. h=0,k=0,andr= 45 
x? 4+ y* = 2025 Simplify 


23. (0,0); 6 


(25) Write equation in standard form. 


x? + y? + 8x — 4y = —4 Original equation 
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x* + 8x + y* —4y = —4 Isolate and group 
like terms. 


x? + 8x+16+y?—4y+4=—4-+ 20 Complete the 


squares. 
(x + 4)? + (y — 2)* = 16 Factor and 
— ee be simplify. _ 
[x — (-4)]° + (y— 2)" =4 Write + 4 as 


(—4) and 16 as 42. 
Soh = —4,k=2,andr = 4. The center is at (—4, 2) 
and the radius is 4. 


y 


29. (=? =1), (21) 


y 
Ate BO, 6) 31. (—2, —4), (2, 0) 


35. (x — 3)? +? =25 


| 
37a. x2 + y2 = 810,000 37b. 3000 ft 

39a. (x + 4)? + (y—5)*=36 39b. The circle 

represents the boundary 
of the delivery region. 
All homes within the 
circle get free delivery. 
Consuela’s home at 

(0, 0) is located outside 
the circle, so she cannot 
get free delivery. 


@) The radius of a circle centered at the origin and 
containing the point (0, —3) is 3 units. Therefore, 
the equation of the circle is (x — 0)? + (y — 0)? = 
32 or x? + y* = 9. The point (1, 2\/2) lies on the 
circle, since evaluating x? + y? = 9 for x = 1 and 
y = 2/2 results in a true equation. 

12 + (2/2)2 =9 

14+8=9 
9=9V 

43. (x +5)? + (y—2)?=36 45.(x—8)? + (y—2)?= 
16; the first circle has its center at (5, —7). If the circle is 
shifted 3 units right and 9 units up, the new center is at 
(8, 2), so the new equation becomes (x — 8)? + 
(y—2)*=16. 47a.4 47b-c. Method 1: Draw a circle 
of radius 200 centered on each station. Method 2: Use 
the Pythagorean Theorem to identify pairs of stations 

that are more than 200 miles apart. Using Method 2, 

plot the points representing the stations on a graph. 

Stations that are more than 4 units apart on the graph 

will be more than 200 miles apart and will thus be able 


to use the same frequency. Assign station A to the first 
frequency. Station B is within 4 units of station A, so it 
must be assigned the second frequency. Station C is 
within 4 units of both stations A and B, so it must be 
assigned a third frequency. Station D is also within 

4 units of stations A, B, and C, so it must be assigned 

a fourth frequency. Station E is V29 or about 5.4 units 
away from station A, so it can share the first frequency. 
Station F is V29 or about 5.4 units away from station B, 
so it can share the second frequency. Station G is V32 or 
about 5.7 units away from station C, so it can share the 
third frequency. Therefore, the least number of 
frequencies that can be assigned is 4. 49. (—6.4, 4.8) 
51.A 53.Step1 55.3 57.5.6 59.53 61.28.3 ft 

63. 32 cm; 64 cm? 


Chapter10 Study Guide and Review 


1.false, chord 3.true 5.true 7. false, two 

9. false, congruent 11.DMorDP 13.13.69 cm; 
6.84cm 15.34.54 ft; 17.27 ft 17.163 19a. 100.8 
19b.18 19¢.minorarc 21.131 23.50.4 25.56 
27. 


29.97 31.214 33.4 35.(x+2)*+(y—4)*= 

25 37. The radius of the circle is 19 + 15 or 

34 inches, and (, k) is (0, 0). Therefore the equation is 
(x — 0)? + (y — 0)? = 34? or x? + y* = 342. 


CHAPTER 11 
Areas of Polygons and Circles 


Chapter11 Get Ready 
1.5 3.20 511ft 7.123 9.78 11.11 13.3V2cm 


Lesson 11-1 


1.56 in., 180 in? 3.64 cm, 207.8 cm? 5.43.5 in., 20 in? 
7.28.5 in., 33.8 in? 9.11 cm 


(i) Perimeter = 21 + 17 + 214+ 17 or 76 ft 
Use the Pythagorean Theorem to find the height. 
82 + h2 = 177 Pythagorean Theorem 
64 + h2 = 289 Simplify. 
h? = 225 Subtract 64 from each side. 
h=15 _ Take the positive square root of each side. 
A =bh Area of a parallelogram 
= 21(15) or 315 ft? b=21andh=15 
13.69.9 m, 129.9 m2 15.174.4 m, 1520 m2. 17.727.5 ft? 
19.338.4 cm2 21.480 m2 


3) 394 mi 


158 mi 


6 ___ adjacent 
cos 26° = 158 alia hypotenuse 
158 cos 26° = h Multiply each side by 158. 


142=h Use a calculator. 


Az=bh Area of a parallelogram 
= 394(142) or 55,948 mi? b = 394 and h= 142 
2.b=12cm;h=3cm 27.b=11m;h=8m 
29. 1 pint yellow, 3 pints of blue 31. 9.19 in.; 4.79 in? 


(3) Graph the parallelogram then measure the length 
of the base and the height and calculate the area. 


SUOIIN|OS pue sIaMSUY pa}da19S 


Xx 


A=bh Area of a parallelogram 
= 6(6) or 36 units? b=6andh=6 
35a. 10.9 units? 


35b. \/s(s — a)(s — b)(s —c) = Soh 


15(15 — 5)(15 — 12)(15 — 13) = 5(5)(12) 


4/15(10)(3)(2) = 30 


V900 = 30 
30 = 30 

37. 15 units”; Sample answer: I inscribed the triangle 
in a 6-by-6 square. I found the area of the square and 
subtracted the areas of the three right triangles inside 
the square that were positioned around the given 
triangle. The area of the given triangle is the difference, 
or 15 units*. 39,Sample answer: The area will not 
change as K moves along line p. Since lines m and p are 
parallel, the perpendicular distance between them is 
constant. That means that no matter where K is on 
line p, the perpendicular distance to line p, or the height 
of the triangle, is always the same. Since point J and L 
are not moving, the distance between them, or the length 
of the base, is constant. Since the height of the triangle 
and the base of the triangle are both constant, the area 
will always be the same. 41.Sample answer: To find 
the area of the parallelogram, you can measure the 
height PT and then measure one of the bases PQ 
or SR and multiply the height by the base to get the 
area. You can also measure the height SW and measure 
one of the bases QR or PS and then multiply the height 
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by the base to get the area. It doesn’t matter which side 
you choose to use as the base, as long as you use the 
height that is perpendicular to that base to calculate the 
area. 43.6 45.B 47.x7+y?=36 49.(x—1)?+ 
(y+4)?=17 51.5.6 53.Sample answer: if each pair 
of opposite sides are parallel, the quadrilateral is a 
parallelogram. 55.9 57.12 


Lesson 11-2 

1.132 ft? 3.178.5 m2 5.8cm 7.6.3 ft 9.678.5 ft? 
11.136 in? 13.137.5 ft? 

(45) A= Fad, Area of a kite 


= $(4.8)(10.2) d, = 4.8 and d, = 10.2 


= 24.48 Simplify. 
The area is about 24.5 square microns. 
17. 784 ft? 
(49) Let x represent the length of one diagonal. Then the 
length of the other diagonal is 3x. 


A= Fad, Area of a rhombus 
168 = F(0)(3x) A= 168, d, = x,and d, = 3x 
168=3x2 Simply 
112 = x2 Multiply each side by 2. 
V112 a Take the positive square root of each side. 


So the lengths of the diagonals are V112 or 
about 10.6 centimeters and 3(V112) or about 
31.7 centimeters. 

21.4m 23.The area of AHJF = 54,(34,) and the 


area of AHGF = 54,(4 dy). Therefore, the area of 
AHJF = Fa idy, and the area of AHGF = + d,d,. The 
area of kite FGH] is equal to the area of AHJF + the 
area of AHGF or Fad, + 4d dy, After simplification, 
the area of kite FGH] is equal to Faid,, 25a. 24 in? 


each of yellow, red, orange, green, and blue; 20 in? of 
purple 25b. Yes; her kite has an area of 140 in?, 
which is less than 200 in*. 27.18 sq. units 29. The 


area of a trapezoid is Fh(b, + b,).So, A = F(x + y(x + y) 
or Fe + xy + y’). The area of Al = FY), 

A2 = S22), and A3 = F(X). The area of 
A1l+A2+A3= ay + 52 + ayy. Set the area of the 
trapezoid equal to the combined areas of the triangles 
to get 5? + 2xy +’) = sty + s2 + Sry. Multiply 
by 2 on each side: x? + 2xy + y* = 2xy + z*. When 
simplified, x* + y? = 27. 
(1) The length of the base of the triangle is = = 8 or 


2. Use trigonometry to find the height of the 
triangle (and trapezoid). 


tan 30 = oie eal 
adjacent 

v3 _2 

3 h 
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6 
a 

V3 
h =2V3 


Use the Pythagorean Theorem to find the 
hypotenuse of the triangle. 


a* +2 =? 

22 + (2v3)? = 2 
44+12=c? 

16 = c? 

4=c 


Find the perimeter and area of the trapezoid. 
perimeter = 12+8+4+4 


= 28 in. 
28 
ar ft 
= 2.3 ft 
area = $b, + by)h 
= 38 + 12)(2 v3) 
= 20 V 3in? 
=o ° a = : DB = 
20 V3 
=Ty ft 
=~ 0.2 ft? 
33a. 2cm ii 
al 
|+———12 cm ——+| 
33b. os N hig 
al | 
/-———12 cm ——>| [+12 cm ——>| 
= = 
4cm A 
7 eel 
|«——12 cm ——>| |+——12 cm ——+| 
33c. 33d. P 
26.8 
26.4 
26 iJ e 
25.6 
25.2 


2 4 6 8 10 12 
Length of x (cm) 

33e. Sample answer: Based on the graph, the 
perimeter will be minimized when x = 6. This 
value is significant because when x = 6, the figure is 
arhombus. 39.7.2 37.Sometimes; sample answer: 
If the areas are equal, it means that the products of 
the diagonals are equal. The only time that the 


perimeters will be equal is when the diagonals are 
also equal, or when the two rhombi are congruent. 
39.A 41.J 43.175 units? 45.x? + y* = 1600 
47.x=9;y=9V3 49.always 51.never 

53. 18.8 in.; 28.3 in? 55. 36.4 ft; 105.7 ft? 


Lesson 11-3 
1. 1385.4 yd? 


@ A=nP Neaofacircle 
74=7r? A=74 
23.55 = 12 _ Divide each side by 7. 
4.85 =r Take the positive square root of each side. 


So, the diameter is 2 - 4.85 or about 9.7 millimeters. 
5.4.5 in? 7a.10.6in* 7b.$48 9.78.5 yd? 
11.14.2in? 13.78.5 ft? 15.10.9mm_ 17.8.1 ft 


(49) A=s°09 


Area of a sector 


_72, Dy pes an 
=a n(8)* x=72andr=8 
= 40.2cm? Use a calculator. 


21.322 m2 23.284 in2 25a.1.7cm2 each 25b. about 
319.4 mg 27.13 29.9.8 


G1) a. C=7d_ Circumference of a circle 
25=T7d C=2.5 
0.8 ft ~d _ Divide each side by x. 
b. age = diameter + growth factor 
= 0.8 - 4.5 or 3.6 yr 


33.53.5 m2 35.10.7 cm? 37.7.9 in2 39.30 mm2 


G) The area equals the area of the large semicircle with 
a radius of 6 in. plus the area of a small semicircle 
minus 2 times the area of a small semicircle. The 
radius of each small semicircles is 2 in. 


A= $n(6? + 4x0) — 222) 


= 18% + 27 — 47 
= 167 
= 50.3 in? 
_ xm oof (x x 
43a. A = 360 T [sin (5) cos (5)| 
43b. 43c. 
Area and Central Angles 


Area of Segment 


0 10 20 30 40 50 60 70 80 90 
Central Angle Measure 


43d. Sample answer: From the graph, it looks like the 
area would be about 15.5 when x is 63°. Using the 
formula, the area is 15.0 when x is 63°. The values are 
very close because I used the formula to create the 
graph. 45.449.0cm? 47.Sample answer: You can 
find the shaded area of the circle by subtracting x 
from 360° and using the resulting measure in the 
formula for the area of a sector. You could also find 
the shaded area by finding the area of the entire 
circle, finding the area of the unshaded sector using 
the formula for the area of a sector, and subtracting 
the area of the unshaded sector from the area of the 
entire circle. The method in which you find the ratio 
of the area of a sector to the area of the whole circle is 
more efficient. It requires less steps, is faster, and 
there is a lower probability for error. 49.Sample 
answer: If the radius of the circle doubles, the area will 
not double. If the radius of the circle doubles, the area 
will be four times as great. Since the radius is squared, 
if you multiply the radius by 2, you multiply the area 
by 22, or 4. If the arc length of a sector is doubled, the 
area of the sector is doubled. Since the arc length is not 
raised to a power, if the arc length is doubled, the area 
would also be twice as large. 51.x = 56; mZMTQ = 
117; mZPTM = 63 53.E 55. 13.2 cm, 26.4 cm 

57. 178.2 ft? 59.7 61.31 


Lesson 11-4 


1. center: point F, radius: FD, apothem: FG, 
central angle: ZCFD, 90° 3.162 in? 5.239 ft? 


@) a. The blue area equals the area of the center circle 
with a radius of 3 ft plus 2 times the quantity of 
the area a rectangle 19 ft by 12 ft minus the area of 
a semicircle with a radius of 6 ft. 

Area 


= Area of circle +2-+ Area of rectangle — 


Area of semicircle 
2 


= as +2. (cw — ly 


2 

= 7(3)2 + 2| (1942) = 576) | 
= 97 + 2(228 — 187) 
= 9m + 456 — 367 
= 456 — 277 
ee O71 tt 
b. The red area equals the area of the center circle 
with a radius of 6 ft minus the center circle with a 
radius of 3 ft plus 2 times the area of a circle with 
a radius of 6 ft. 
Area 
= Area of large circle — Area of small circle 

+2- Area of circle 
= Tr? _ Tr? + 2+ Tr 
= 7(6)? — 1(3)? + 20(6)? 
= 367 — 90 + 727 
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9. center: point R, radius: RL, apothem: RS, central 
angle: ZKRL, 60° 11.59.4cm? 13.584.2 in? 


(5) The figure can be separated into a rectangle with a 


17.55.6in? 19.42.11 yd* 21a.29.7 in., 52.3 in? 21b. 16 
23.1.9in2 25a.50.9 ft? 25b.4 boxes 27.58.1 mm; 
232.4 mm? 
(29) To find the area of the shaded region, find the 
area of the rectangle 8 units by 4 units minus the 
area of the semicircle with a radius of 2 units 


and 2 units and height 2 units. 


Area of figure 
= Area of rectangle — Area of semicircle 


1 1 
= lw - ant _ sh(b, + by) 


8(4) — $m(2)? — F(2)(4 + 2) 


= 32 —2T7 —6 
= 26-2 
~ 19.7 units? 


31.24 units 33.0.43 in?; 0.56 in’; 0.62 in’; 0.65 in?; 
Sample answer: When the perimeter of a regular 
polygon is constant, as the number of sides increases, 
the area of the polygon increases. 


of a regular hexagon is 120°, so the segments from 
the center to each vertex form 60° angles. The 
triangles formed by the segments from the center 

to each vertex are equilateral, so each side of the 
hexagon is 11 in. The perimeter of the hexagon is 

66 in. Using trigonometry, the length of the apothem 
is about 9.5 in. Putting the values into the formula 
for the area of a regular polygon and simplifying, 


the area is about 313.5 in2. 
37. Sample answer: ‘ 
E 2cm 


39. Sample answer: You can decompose the figure 


into shapes of which you know the area formulas. 
Then, you can sum all of the areas to find the total 
area of the figure. 41.F 43.D 45. 254.5 cm? 
47.490.9 mm2 49.272 in? 51.semicircle; 180 

53. major arc; 270 55. 30 
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length of 12 cm and a width of 10 cm and a triangle 
with a base of 12 cm and a height of 16 cm — 10 cm 


or 6 cm. 

Area of figure = Area of rectangle + Area of triangle 
= lw + Soh 
= 12(10) + $(12)(6) 
= 120 + 36 or 156 cm? 


minus the area of the trapezoid with bases 4 units 


— Area of trapezoid 


35. Chloe; sample answer: The measure of each angle 


Lesson 11-5 
1.9 yd? 3. 2; 35 5.5.28 in? 
@) The scale factor between the parallelograms is 


£3 nd ee 
15 OF 57 80 the ratio of their areas is ( 1 orz: 
area of 
small figure _ 1 Write a 
area Of ~ 4 proportion. 
large figure 
60 if a 
arent =] Substitution 
large figure 
60 - 4 = area of large figure - 1 Cross multiply. 
240 = area of large figure Simplify. 


So the area of the large parallelogram is 240 ft. 
9.672cm? 11.4;17.5 13.5;36 15a.4 in. 


15b. Larger; sample answer: The area of a circular pie 
pan with an 8 in. diameter is about 50 in’. The area of 
the larger pan is 52.6 in’, and the area of the smaller 
pan is 41.6 in’. The area of the larger pan is closer to 
the area of the circle, so Kaitlyn should choose the 
larger pan to make the recipe. 17a. If the area is 
doubled, the radius changes from 24 in. to 33.9 in. 
17h. If the area is tripled, the radius changes from 

24 in. to41.6in. 17c. If the area changes by a factor 
of x, then the radius changes from 24 in. to 24./x in. 


(49) Area of AJKL = Soh 


= 5(5)(6) or 15 square units 
The scale factor between the triangles is 2, so the 


ratio of their areas is 3S or =. 


3 9 
areaof AJKL _ 25 
area of AJ'K’'L’ 9 Write a proportion. 
15 25 7 
AJKL 9 Area of AJKL = 15 


15+ 9 = area of AJ’K’L’: 25 Cross multiply. 
5.4 = area of AJ’K'L’ Divide each 
side by 25. 
So the area of AJ’K’L’ is 5.4 units?. 
21. area of ABCD = 18; area of A’B’C’D’ = 56.2 

a. Sample answer: The graph is misleading 
because the tennis balls used to illustrate the 
number of participants are similar circles. When 
the diameter of the tennis ball increases, the area 
of the tennis ball also increases. For example, the 
diameter of the tennis ball representing 1995 is 
about 2.6 and the diameter of the tennis ball 
representing 2000 is about 3. So, the rate of 


26 
3000 — 1995 OF about 


8%. The area of the circle representing 1995 is 
(1.3)? and the area of the circle representing 
2000 is 77(1.5). So, the rate of increase in the areas 
ie 2.257% — 1.697% 
2000 — 1995 
ball increases at a greater rate than the diameter 


of the tennis ball, so it looks like the number of 
participants in high school tennis is increasing 
more than it actually is. 


increase in the diameters is 


or about 35%. The area of the tennis 


b. Sample answer: If you use a figure with a 
constant width to represent the participation in 
each year and only change the height, the graph 
would not be misleading. For example, use 
rectangles of equal width and height that varies. 
25. Neither; sample answer: In order to find the area 
of the enlarged circle, you can multiply the radius 
by the scale factor and substitute it into the area 
formula, or you can multiply the area formula by 
the scale factor squared. The formula for the area 
of the enlargment is A = 7(kr)? or A = k?rr7?. 
27. Pentarged = QVR_ 29. Sample answer: If you know 
the area of the original polygon and the scale factor 
of the enlargement, you can find the area of the 
enlarged polygon by multiplying the original area 
by the scale factor squared. 31.J 33.E 
35. 66.3 cm? _37.37.4in? 39.1425 41.both 43.LP 


Chapter11 Study Guide and Review 


1. false; height 3.false;radius 5.true 7. false; 
height of a parallelogram 9. false;base 11.P = 50cm; 
A=60cm? 13.P=13.2mm;A=6mm? 15.132 ft? 
17.96 cm? 19.336cm? 21.1.5m? 23.59 in? 


25.166.3ft2 27.65.0m2 29,~ 695 in2 31.5;8 


33. area of ARST = 18 square units; area of AR’S’T’ = 
4.5 square units 35. 16.4 miles 


CHAPTER 12 
Extending Surface Area and Volume 


Chapter12 Get Ready 

1.true 3.true 5.true 7.168in? 9.176in* 11.415 
Lesson 12-1 

1. Sample answer: 3. ° 


5a. slice vertically 5b.slice horizontally 5c. slice at 
anangle 7. triangle 


@) Sample answer: First mark 
the corner of the solid. Then 
draw 4 units down, 1 unit to 
the left, and 3 units to the 
right. Draw a triangle for 
the top of the solid. Draw 
segments 4 units down 
from each vertex for the 


vertical edges. Connect the appropriate vertices. 
Use a dashed line for the hidden edge. 


11. 13. 


(45) a. The cross section is a four-sided figure with 
opposite sides parallel and congruent and with 
all angles right angles. So, the cross section is a 
rectangle. 
b. To make the cross section of a triangle, cut off 
the corner of the clay through one of the vertices 
to the opposite face of the figure. 

17.hexagon 19. trapezoid 

21. Make a vertical cut. 23. Make an angled cut. 

25. Sample answer: 27. Sample answer: 


| > 


29a—b.Sample answer: = 29¢. Sample answer: The 
first drawing shows a 
view of the object 
from the bottom. The 
second drawing 
shows a view of the 


object from the top. 


(1) Top view: There are two rows and 3 columns when 
viewed from above. Use dark segments to indicate 
that there are different heights. Left view: The figure 
is 3 units high and two units wide. Front view: The 
first column is 3 units high, the second is 2 units 
high, and the third is 1 unit high. Right view: The 
figure is 3 units high and 2 units wide. Use dark 


segments 

to indicate 

fee EER ES Hoy FH 

are two 

breaks in top left front —_right 

this surface. view view view view 
33a. Sample answer: 33b. Make a horizontal cut 

through the bottom part 


of the figure or make a 
vertical cut through the 
left side of the figure. 
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33c. The front view of the solid is the cross section 
when a vertical cut is made lengthwise. The 

right view of the solid is the cross section when 

a vertical cut is made through the right side of 
the figure. 35. Sample answer: A cone is sliced at 
an angle through its lateral side and base. 


37. Sample answer: 


top left front right 
view view view’ view 


39. The cross sdecton is a triangle. There are six 
different ways to slice the pyramid so that two equal 
parts are formed because the figure has six planes of 
symmetry. In each case, the cross section is an 
isosceles triangle. Only the side lengths of the 
triangles change. 41a. inner side of deck = 
circumference of pool = 81.64 + 7 ~ 26 ft; outer side 
of deck = 26 + 3+ 3 = 32 ft; outer perimeter of deck = 
4x 32=128ft 41b.area of deck = (2 x 3 x 32) + (2 x 


3 x 26) = 348 square feet 43.E 45. 3. 9 
47. about 3.6 yd? 49. 28.9 in.; 66.5 in? 


Lesson 12-2 
11125 oy 3. = 208 6 = 336. 5.1.2 653.5 yd"; 
S22 1715.3 yd? 
S = 2nrh + 2m? Surface area of a cylinder 
286.3 = 27(3.4)h + 277(3.4)2 Replace Swith 286.3 and r 


with 3.4. 
286.3 = 21.4h + 72.6 Use a calculator to simplify. 
213.7 = 21.4h Subtract 72.6 from each side. 
10.0 =h Divide each side by 21.4. 


The height of the can is about 10.0 cm. 
Q) Find the missing side length of the base. 


c2 = 42 + 32 Pythagorean Theorem 
c* = 25 Simplify. 
c=5 Take the square root of each side. 
L=Ph Lateral area of a prism 
=(4+3+45)2 Substitution 
= 24 Simplify. 
The lateral area is 24 ft?. 
S=Ph+2B Surface area of a prism 
=(44+345)(2)+ (4 say 3) Substitution 
= 244 12 or 36 Simplify. 


The surface area is 36 ft2. 
11.Sample answer: L = 64 in’; S = 88 in? 
13.L = 11.2 m?;S = 13.6 m2 15.L = 1032 cm?; 
S = 1932 cm? (18 x 25 base); L = 1332 cm2; S = 
1932 cm? (25 x 12 base); L = 1500 cm?; S = 1932 cm? 
(18 x 12base) 17. L = 1484.8 cm?; § = 1745.2 cm? 
19. L = 282.7 mm2; S = 339.3 mm? 21.L = 155.8 in?: 
S =~ 2564in? 23.425 m2 25.r=9.2cm 
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S = 2mrh + 2nr 
256m = 2mr(8) + 201? 


Surface area of a cylinder 
Replace S with 2567 and h 
with 8. 
128 = 8r +r? Divide each side by 27. 
0=7r?2+8r—128 — Subtract 128 from each side. 
=(r+16)(r—8) Factor. 
r+16=0 orr—8=0 Zero Product Property 
r=-16 r=8 


Since the radius cannot be negative, r = 8. So, the 
diameter is 8 * 2 or 16 millimeters. 


29a. First, find the area of the sector and double it. 
Then find 73% of the the lateral area of the cylinder. 
Next, find the areas of the two rectangles formed by 
the radius and height when a portion is cut. Last, 
find the sum of all the areas. 29b. 283.7 in? 

31.L = 1392.0 cm2; S = 2032 cm? 33. about 299.1 cm? 


(35) The composite figure has trapezoid bases. The 
trapezoids have bases 20 cm and 13 cm and a 
height of 21 cm. To find the length of the fourth 
side of the trapezoid x, use the Pythagorean 


Theorem. 
13cm 


Ll 
13cm 7cm 


x? = 212+ 7? Pythagorean Theorem 


x? = 490 Simplify. 
x = 22.136 Take the square root of each side. 
S=Ph+2B Surface area of a prism 


= (21 + 13 + 22.136 + 20)(28) + 


2 $(21)(20 +13)| Substitution 


= 2131.8 + 693 or 2824.8 cm? _ Simplify. 


37.1059.3 cm* 39, Derek; sample answer: 

S = 2nr?+ 2nrh, so the surface area of the cylinder is 
2n(6)? + 27(6)(5) or 13207cm? 41. To find the 
surface area of any solid figure, find the area of the 
base (or bases) and add to the area of the lateral faces 
of the figure. The lateral faces and bases of a 
rectangular prism are rectangles. Since the bases of a 
cylinder are circles, the lateral faces of a cylinder is a 


Bg + 36h; the area of an equilateral 


v3 


triangle of side £ is eo and the perimeter of the 


rectangle. 43. 


triangle is 3£. So, the 7 surface area is 3p 4 
3th. 45.A 47.H 


49° 2° 2° 2°). *% . * 51. One 9-inch cake; 
“7. 7 4. 7 2 ° 2°) Nine minicakes have the 
same top area as one 
9-inch cake, but nine 
minicakes cost 9($4) or 
$36 while the 9-inch 
cake is only $15, so the 
9-inch cake is a better 
buy. 
53. 2.5 in. 


59. 20.5 


Lesson 12-3 


1.L = 384 cm?2;S = 640 cm? 3.L = 207.8 m2; 
S = 332.6 m2? 5.L = 188.5 m2; S = 267.0 m2 


1 
@ = re 


Lateral area of a regular pyramid 


=4(8)(5)  P=2+40r8,0=5 
= 20 m2 Simplify. 
s= + Pe +B Surface area of a regular pyramid 
=20+4 FPl=20,B=4 
=24m? __ Simplify. 


9.L = 178.2 cm?; S = 302.9 cm? 11.L ~ 966.0 in2; S = 
1686.0 in? 13.139,440 ft? 15.L = 357.6 cm2; S = 
470.7 cm? 17.L = 241.1 ft? S = 446.1 ft? 


(9) Use the Pythagorean Theorem to find the slant 
height é. 


l 
20 yd a 
82.5 yd 
c=a*+ B2 Pythagorean Theorem 


0? = 207 + 82.57 a= 20,b=825,c=0 


£? = 7206.25 Simplify. 
&= 7206.25 Take the square root of each side. 
L= spe Lateral area of a regular pyramid 


= $(660)(V7206.25) P= 154+ 4 or 660, ¢ = 6 


~ 28,013.6 yd? Use a calculator. 


21.34 23.5mm 25.16cm 27. 2667 ft” 
29a. nonregular pyramid with a square base 
29b. Sample answer: 31. Sample answer: 


A & 


3) The lateral area of a cone is L = Tré. The radius is 


half the diameter, or 7.5 mm. Find the slant 
height £. 


32° 
7.5mm 
£ 
it 
ain. 32° = PPO 
hypotenuse 
eT es 
sin 32° = 7 
7.5 
= ——+~ or about 14.15 mm 
sin 32 


L = 1(7.5)(14.15) or about 333.5 mm?. 
The surface area of a cone is S = L + mr. 
S = 333.5 + 1(7.5)* or about 510.2 mm2. 


35a. Sample answer: 35b. 


Slant Height 
(units) 


Lateral Area 
(units)? 


35c. The lateral area is tripled. 35d. The lateral area is 
multiplied by 3? or 9. 37. Always; if the heights and 
radii are the same, the surface area of the cylinder will 
be greater since it has two circular bases and additional 
lateral area. 39.Sample answer: a square pyramid with 
a base edge of 5 units and a slant height of 7.5 units 

41. Use the apothem, the height, and the Pythagorean 
Theorem to find the slant height ¢ of the pyramid. Then 
use the central angle of the n-gon and the apothem to 
find the length of one side of the n-gon. Then find the 


perimeter. Finally, use S = 7Pe + B to find the surface 
area. The area of the base B is $Pa. 43.3299 mm? 45.D 
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Selected Answers and Solutions 


55.57 m, 120 m2 
57. 183.1 in., 1887 in? 


Lesson 12-4 
1.108 cm? 3.26.95 m? 5.206.4 ft? 7.1025.4cm? 9.D 


V=Bh Volume of a prism 
= 38.5(14) B= a(tt)(7) or 38.5, = 14 
= 539m __ Simplify. 
13.58.14 ft? 15.1534.25 in? 
(7) V=n7rh Volume of a cylinder 


= 71(6)7(3.6) Replace rwith 12 ~ 2 or 6 and Awith 3.6. 
= 407.2cm? Use a calculator. 
19. 2686.1 mm? 21.521.5 cm? 23.3934.9 cm? 
25.35.1cm 27a.0.0019 Ib/in? 27b. The plant 
should grow well in this soil since the bulk density of 
0.0019 Ib/in? is close to the desired bulk density of 
0.0018 Ib/in®. 27¢.8.31b 29.120 m3 
1) Find the volume of the cylinder with a height of 
11.5 cm and a radius of 8.5 + 2 or 4.25 cm. Subtract 
from that the volume of the cylinder with a height 
of 11.5 cm and a radius of 6.5 + 2 or 3.25 cm. Add 
the volume of the bottom cylinder that has a height 
of 1 cm and a radius of 6.5 + 2 or 3.25 cm. 


Volume = Volume of large cylinder — 
Volume of small cylinder + 
Volume of bottom 
= Tr 7h, — Trrh, + 71,7h, 
= 77(4.25)?(11.5) — 7(3.25)°(11.5) + 
nB2570) 4=425,5=3.25,4,=105,4,=1 
~ 304.1 cm? Use a calculator. 
33.678.6 in? 35.3,190,680.0 cm? 37. 11+ in. 
Each triangular prism has a 
base area of $(8)(5.5) 


or 22 cm? and a height of 

10 cm. The volume of each 
triangular prism is 22 - 10 or 
220 cm?. So, the volume of five 
triangular prisms is 220 - 5 or 
1100 cm?. 


6m 


41a. 
6m 
ls 2) 
a 
10m a 
1 


41b. Greater than; a square with a side length of 6 m 
has an area of 36 m2. A circle with a diameter of 6m 
has an area of 97 or 28.3 m*. Since the heights are the 
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same, the volume of the square prism is greater 
assuming x > 1. 41¢. Multiplying the radius by x; 
since the volume is represented by 7177h, multiplying 
the height by x makes the volume x times greater. 
Multiplying the radius by x makes the volume x* 
times greater. 43.Sample answer: The can holds 
1(2)*(5) or 207 in? of liquid. Therefore, the container 
holds 607 in?. 43a. base 3 in. by 5 in., height 47 

in. 43b. base 5 in. per side, height Tin. 43c. base 
with legs measuring 3 in. and 4 in., Reight 107 in. 

45. Sample answer: 


2cm 


47. Sample answer: Both formulas involve multiplying 
the area of the base by the height. The base of a prism 
is a polygon, so the expression representing the area 
varies, depending on the type of polygon it is. The 
base of a cylinder is a circle, so its area is 7177. 

49.F 51.C 53.126 cm?; 175 cm? 55, 205 in? 
57.114cm 59.9.3in. 61.378 m? 


Lesson 12-5 

1.75 in? 3.62.4m° 5.51.3in® 7.28.1 mm? 

9. 513,333.3 ft8 
=! 

@ v= 5Bh 
= $(36.9)(8.6) B= 5+ 9+8.20r36.9,h= 86 
= 105.8 mm? Simplify. 

13.233.8 cm? 15.35.6cm? 17.235.6 in? 
19. 1473.1 cm? 21.1072.3 in? 

@v= nr7h Volume of a cone 
= 4n(4)7(14) 
= 234.6 cm? Use a calculator. 

25. 32.2 ft8 27.3190.6 m°> 29. about 13,333 BTUs 
31a. The volume is doubled. 31b. The volume is 


multiplied by 27 or 4. 31¢. The volume is multiplied 
by 23 or 8. 


(3) V= $nr7h 


Volume of a pyramid 


Replace rwith 5 or 4 and hwith 14. 


Volume of a cone 


1967 = 4nr?(12) Replace Vwith 1967 and A with 12. 
196% = 412 Simplify. 
49 = r? Divide each side by 47. 
7=7 Take the square root of each side. 


The radius of the cone is 7 inches, so the diameter 
is 7 - 2 or 14 inches. 
35a. Sample answer: 


10cm \ 10cm 


4cm 3cm 
6cm 8cm 


35b. The volumes are the same. The volume of a 
pyramid equals one third times the base area times 
the height. So, if the base areas of two pyramids are 
equal and their heights are equal, then their volumes 
are equal. 365c. If the base area is multiplied by 5, the 
volume is multiplied by 5. If the height is multiplied 
by 5, the volume is multiplied by 5. If both the base 
area and the height are multiplied by 5, the volume is 
multiplied by 5+ 5 or 25. 37. Cornelio; Alexandra 
incorrectly used the slant height. 39.Sample 
answer: A square pyramid with a base area of 16 and 
a height of 12, a prism with a square base of area 16 
and height of 4; if a pyramid and prism have the 
same base, then in order to have the same volume, the 
height of the pyramid must be 3 times as great as the 
height of the prism. 41.A 43.F 45.1008.0 in? 
47.426,437.6 m? 49.30.4cm? 51. 26.6 ft? 


Lesson 12-6 


1.1017.9 m2 3,452.4 yd> 5.4188.8 ft® 7.3619.1 m3 
9.277.0 in? 11.113.1 cm? 13.680.9 in? 15.128 ft2 
17.530.1 mm? 


— 4,3 
(19) V= ahr 

= $n(1)? 

= 4.2cm> Use a calculator. 


21.2712.3 cm? 23.179.8 in? 25.77.9 m? 
27.860,289.5 ft? 


Volume of a sphere 


=2 
r=50r1 


(29) Surface area = 4 - Area of sphere + 


Lateral area of cylinder + 
Area of circle 


= F (4?) + 2nrh + Tr? 


= F(4m)(4)? + 21 (4)(5) + 0(4)? 
= 276.5 in? 

Volume = Volume of hemisphere + 
Volume of cylinder 

nr) + wh 


1/4 
~ N3 
—1/4,.43 2 
=4an 4) + n(4) (5) 
~ 385.4 in? 


31a. 594.6 cm?; 1282.8 cm? 31b. 148.7 cm?; 
160.4cm? 33.DC 35.AB 37.05 

39a.Vr2— x? 39b. V7? —x 2) yor nyr? — nyx? 
39c. The volume of the disc from the cylinder is nr“y 
or myr. The volume of the disc from the two cones is 
nx?y or myx’. Subtract the volumes of the discs from 
the cylinder and cone to get nyr? — nyx*, which is the 
expression for the volume of the disc from the sphere 
at height x. 39d. Cavalieri’s Principle 39e. The 
volume of the cylinder is nr?(2r) or 2nr>. The volume 


of one cone is anr°(1/) or anr3, so the volume of the 
3 


double napped cone is 2 + snr or our, Therefore, 


the volume of the hollowed out cylinder, and thus 
the sphere, is 2nr? — oar? or Snr’. 

(41) Vertical: There is an infinite number of vertical planes 
that produce reflection symmetry. When any vertical 
plane intersects the hemisphere through a diameter, 
both sides of the hemisphere are mirror images. 
Horizontal: There are no horizontal planes that 
produce reflection symmetry. When any horizontal 
plane intersects the hemisphere, the part on top 
will always be slightly smaller than the bottom. 
Rotation: There is an infinite number of angles of 
rotation. When the axis of rotation passes through 
the center of the sphere perpendicular to its base, 
the hemisphere can be mapped onto itself by a 
rotation of any angle between 0° and 360° 
in the axis. 

@ The surface area is divided by 37 or 9. The volume 

- divided by 3° or 27. 45. 587.7 in? 


great not great 


circles as 
€& = 


49.68.6 51.H 53.58.9 ft? 55, 232.4 m? 

57. 154.2 units? _59. 80.2 units? 61.21 units? 63. D, 
B,andG_ 65. EF and AB do not intersect. AB lies in 
plane P, but only E lies in plane P. 


Lesson 12-7 


—_ —_ 
1.DH, FJ 3. AJKQ, ALMP 
6) Figure x does not go through the poles of the 
sphere. So, figure x is not a great circle and so not 
a line in spherical geometry. 
7. The points on any great circle or arc of a great circle 
can be put into one-to-one correspondence. with real 
numbers. 9.Sample answers: WZ and XY, RY or 
TZ, ARST or AMPL 11a.AD and FC’ 11b. Sample 
answers: BG and AH 11¢. Sample answers: ABCD 
and AABF 11d.QDand BL 11e.Mj 11f.MB 
and KF 13.no 


(45) Every great circle (line) is finite and returns to its 
original starting point. Thus, there exists no great 
circle that goes on infinitely in two directions. 


17. Yes; If three points are collinear, any one of the 
three points is peiwesn the other two. 19. 14.0 in.; 


since 100 degrees is => 18 > of 360 degrees, = x 


circumference of the great circle ~ 14.0. 

21a. about 913 mi; the cities are 13.2° apart on the 
same great circle, so 13.2 x 27 X 3963 give the 
distance between them. 21b. Yes; sample answer: 
Since the cities lie on a great circle, the distance 
between the cities can be expressed as the major arc 
or the minor arc. The sum of the two values is the 
circumference of Earth. 21¢. No; sample answer: 
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Since lines of latitude do not go through opposite 
poles of the sphere, they are not great circles. 
Therefore, the distance cannot be calculated in the 
same way. 21d.Sample answer: Infinite locations. If 
Phoenix were a point on the sphere, then there are 
infinite points that are equidistant from 

that point. 

(23) a. No; if CD were perpendicular to DA, then DA 
would be parallel to CB. This is not possible, 
since there are no parallel lines in spherical 
geometry. b.DA < CB because CB appears to lie 
ona great circle. . No; since there are no 
parallel lines in spherical geometry, the sides of a 
figure cannot be parallel. So, a rectangle, as 
defined in Euclidean geometry, cannot exist in 
non-Euclidean geometry. 

25. Sample answer: In plane geometry, the sum of the 

measures of the angles of a triangle is 180. In spherical 

geometry, the sum of the measures of the angles of a 

triangle is greater than 180. In hyperbolic geometry, the 

sum of the measures of the angles of a triangle is less 
than 180. 27.Sometimes; sample answer: Since small 
circles cannot go through opposite poles, it is possible 
for them to be parallel, such as lines of latitude. It is also 
possible for them to intersect when two small circles 
can be drawn through three points, where they have 
one point in common and two points that occur on one 
small circle and not the other. 


—— LeaN 
Ce om 


29. False; sample answer; Spherical geometry is non- 
Euclidean, so it cannot be a subset of Euclidean 
geometry. 31.C 33.Sample answer: BC 35.735.4 m3 
37.1074.5cm? 39.78.5m> 41.0.1m° 43.2.7 cm? 
45. 322.3 m? 


Lesson 12-8 


1.similar; 4:3 3.4:25 5,220,893.2 cm 
7.neither 9.similar; 6:5 
@ height of large cylinder 35 7 


height of small cylinder — 25 sal 


The scale factor is 7 if the scale factor is then 
3 3 
the ratio of volumes is & = z or BLU So, the ratio 
bs 58 125 
of the volumes is 343:125. 


13.5:1 15a.10:13 15b. 419.6 cm3 
(7) scale factor = aaa Write a ratio comparing the lengths. 
= 312i. 96 ft = 26 - 12 or 312 in. 
14 in. 
- a Simplify, 


The scale factor is 156:7. 
19.4.1 in. 21.2439.6 cm? 23. about 5.08 to 1 
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area ofsmallertent 9 


a Write a ratio comparing the 
area of larger tent 12.25 floor areas. 
= ace Write as cam 
3.52 P 


The scale factor is 3:3.5. 


ratio of diameters — . = = < scale factor 
6°3.5=d-+3_ Find the cross products. 
7=d Solve for a. 
So, the diameter of the larger tent is 7 feet. 
V= 3( nr’) Volume of a hemisphere 
= +(4 Tr 35°) Radius = 5 or 3.5 
= 89.8 Use a calculator. 

The volume of the larger tent is about 89.8 ft°. 
27. Laura; because she compared corresponding parts 
of the similar figures. Paloma incorrectly compared the 
diameter of X to the radius of Y. 29. Since the scale 
factor is 15:9 or 5:3, the ratio of the surface areas is 
25:9 and the ratio of the volumes is 125:27. So, the 


surface area of the larger prism is a or about 2.8 times 


the surface area of the smaller prism. The volume of 


the larger prism is 2 or about 4.6 times the volume 


the smaller prism. 31.14cm 33.B 35.V85 =9.2km 
37.yes 39.yes 41.5 43.6 45.0.31 47.0.93 


Chapter12 Study Guide and Review 


1. false, Spherical geometry 3. false, right cone 
5.true 7.true 9.true 11.triangle 13. rectangle 
15. Sample answer: 160 ft*; 202 ft? 17.113.1 cm?; 
169.6 cm? 19.354.4 cm?; 432.9 cm? 21.972 cm? 
23.3.6 cm? 25.91,636,272 ft? 27.1017.9 m? 

—=—_ =— 
29.1708.6 in? 31.FG, DJ 33. ACBD 35.KC 
37.no 39.congruent 41. neither 


CHAPTER 13 
Probability and Measurement 


Chapter13 Get Ready 
7 11 3 1 ° i 9 
1.3 3.135 5.3 7. 144 9. 5 or 50% 11. 3 or 33% 
1 S i ° 
13. = or 20% 15. 20 or 55% 


Lesson 13-1 
1.5,5 0,0 Outcomes | Safe | Out | 
SO 0/8 [sate [ss [s.0 | 
fout | 8 | 0,0 | 
Outcomes 
First Bat rN vex 
Second Bat Ss o 6S O 


Sample Space S,S s,0O 0,S 0, O 


3. v,C — B,U,V,C 
uy, NC— B, U, V, NC 
NV, C— B, U, NV, C 
v,C —  B,S,V,C 
s< V, NC— B, S, V, NC 
Black NV, C— B,S, NV, C 
v,C — B,R,V,C 
Rr Vv, NC— B, R, V, NC 
NV, C— B, R, NV, C 
Vv,C — B,P,V,C 
— V, NC— B, P, V, NC 
Nv, C— B, P, NV, C 
Outcomes V.c —LUv,c 
u<Y, NC— I, U, V, NC 
NV, C— I, U, NV, C 
v,c —1,S,V,C 
s< v, NC— I, S, V, NC 
Ivory Nv, C— I, S, NV, C 
v,c —1,R,V,C 
R— Vv, NC—— I, R, V, NC 
NV, C— I, R, NV,C 
v,c —H1,P,V,C 
P< V, NC— i, P, V, NC 
NV, C— I, P, NV, C 
G) Possible Outcomes 
= Appetizers x Soups x Salads x Entrees x 
Desserts 
=8x4x6x 12 x 9 or 20,736 
7.5,5 N,N | Outcomes _| Smithsonian | Natural 
S/N N,S Smithsonian $,S S,N 
Natural N,S N,N 
Outcomes 
First Class Ss N 
Second Class Ss N Ss N 
| | | 
Sample Space S,S S,N N,S N,N 
9.M,5 T,5 Outcomes 
Me 16 Monday 
Thursday 
Day M T 
Hour 5 6 5 6 
| | | | 
Sample Space M,5 M,6 T,5 T,6 
11.0,0 A,A 
O,A A,O 


Acrylic 


Outcomes 
First Project oO A 


Second Project O A oO A 
| | | | 
Sample Space O,O 0,A A,O A,A 
13.S = sedan, T = truck, V = van, L = leather, 
F = fabric, P = CD player, NP = no CD player, 
R = sunroof, NR = no sunroof 
Sample Space 


R —QS,L,P,R 
P ie 
: — NR— §,L,P,NR 
R —  S,L,NP,R 
NP 
ae S, L, NP, NR 


Ss 
R —S,F,P,R 
7 _ F, P, 
F <a Se 
R — S,F,NP,R 
NP 
ig S, F, NP, NR 
a —  T,L,P,R 
‘ NR— T,L, P, NR 
np F —T,L,NP,R 
— T,L, NP, NR 
Outcomes af NR +. _ - Fi 
R —T,F,P, 
P 
F < ia TPR 
R —T,F,NP,R 
NP NR— T, F, NP, NR 
” R —V.L,P,R 
L < ig VENA 
R — V,L,NP,R 
i NP NR— V,L, NP, NR 


R — V,F,P,R 


P 
cnet 
F 
R — V,F,NP,R 
NP< NR— V,F, NP, NR 


(45) Possible Outcomes = Secretary x Treasurer x 
Vice President x President 
=3x4x5x2or120 
17.240 19.H = rhombus, P = parallelogram, 
R = rectangle, S = square, T = trapezoid; H, P; H, R; 
H, S; H, T; H, H; S, P; S, R; S, S; S, T; S, H 


Outcomes Rhombus 


Parallelogram H,P 


Rectangle H,R 


Square H,S 


Trapezoid H, T 
Rhombus H, H 


H,P H,R H,S H,TH,H S,P S,R S,S S,T S,H 


21. Sample answer: 6 different ways: 
A(x + 6) + 2(3) + 2(x + 4); 
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Ze) 
i= 
= 
— 
= 
[=) 
w 
z=) 
i= 
O°) 
pe 
<b) 
= 
Ze) 
i= 
<= 
z=) 
<b) 
= 
oO 
pst 
{<b) 
w 


2(x + 11) + 2(x + 8) + 2(x); 

2(x + 4) + 2(x + 9) + 2(x + 6); 

2(x) + 2(3) + 4(x + 8); 

2(x) + 2(% + 8) +.2(3) + 2(x + 8); 

2(x) + 2(3) + 2(4) + 2(x + 6) + 2(x + 6) 


(23) a. The rolls that result in a sum of 8 are 2 and 6,3 
and 5, 4 and 4,5 and 3, 6 and 2. So, there are 5 
outcomes. 

b. The rolls that result in an odd sum are shown. 
1,2 1,4 1,6 


y y 


PNRPNE 


x 


Ow ON 
He 2 HR OD 


y 7 


6,3 6,5 
So, there are 18 outcomes. 


25. n° — 3n? + 2n; Sample answer: There are n objects 
in the box when you remove the first object, so after 
you remove one object, there are n — 1 possible 
outcomes. After you remove the second object, there 
are n — 2 possible outcomes. The number of possible 
outcomes is the product of the number of outcomes 
of each experiment or n(n — 1)(n — 2). 

27. Sample answer: You can list the possible outcomes 
for one stage of an experiment in the columns and 
the possible outcomes for the other stage of the 
experiment in the rows. Since a table is two 
dimensional, it would be impossible to list the 
possible outcomes for three or more stages of an 
experiment. Therefore, tables can only be used to 
represent the sample space for a two-stage experiment. 
29. P = nk; Sample answer: The total number of 
possible outcomes is the product of the number of 
outcomes for each of the stages 1 through k. Since 
there are k stages, you are multiplying n by itself k 
times whichis". 31.B 33.G 35.130 m high, 

245 m wide, and 465 mlong 37.Sample answer: FC 
39. 1429.4 ft”, 1737.3 ft? 41.1710.6 m*, 3421.2 m? 
43.line 45.12.5 47.12 49.32 


2 
3 
4 
5 
6 


, 


Lesson 13-2 
1 1 1 
1. 20 3. 420 5. 124, 750 


@) The number of possible outcomes is 50!. The 
number of favorable outcomes is (50 — 2)! or 48!. 


P(Alfonso 14, Colin 23) 
_ 48! Number of favorable outcomes 
50! 1 Number of possible outcomes 
ABT 
= __ ! ivi tors. 
50.49 AB Expand 48! and divide out common factors 
al —— 
= 5450 Simplify. 
1 
9. 15,120 


(1) There is a total of 10 letters. Of these letters, B 
occurs 2 times, A occurs 2 times, and L occurs 
2 times. So, the number of distinguishable 
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permutations of these letters is 


10! _- 3,628,800 
eo = 3 or 453,600 Use a calculator. 
There is only 1 favorable arrangement— 
BASKETBALL. So, the probability that a 


permutation of these et selected at random 


spells basketball is —~—— 


ro 600° 
1 1 1 1 1 
13. 7 15. 10,626 17a. 56 17b. 40,320 17¢. 545 


174.2 19a.720 19b.5040 


1) Find the number of ways to choose the second 
letter times the number of ways to choose the third 
letter times the number of ways to choose the last 
two numbers. 


possible license plates = 5C,*° 3C, * 49Cy ° 49Cy 
=2+3-+10-10 or 600 


he Sample answer: A bag contains seven 


261 
marbles that are red, orange, yellow, green, blue, 


purple, and black. The probability that the orange, 
blue, and black marbles will be chosen if three marbles 
are drawn at random can be calculated using a 
combination. 
27. C(n,n —r) = C(n,r) 
n! oe n! 
[n—(n—n]\(n—1)! (n—n)tr! 
n! ie n!} 
r(n—r)! (n—n)!r! 
n! n!\ 
(n—nir! (n—n)tr! i 
29.C 31.J 33.16 35.2 37.45 39.3 41.1 43.5 


Lesson 13-3 

1 oO, fo} i 
1.5, 0.5, or 50% 3, 13 x 0.39, or about 39% 5. 3’ 
0.125, 0r 12.5% 7.—, 0.72, or 72% 92 9 0.11, or 11% 


a 
11.4, 0.17, or about 17% 


(43) You need to find the ratio of the area of the shaded 
region to the area of the entire region. The area of 
shaded region equals the area of the large 
semicircle minus the area of the small semicircle 
plus the area of the small semicircle. So, the area of 
the shaded region equals the area of the large 
semicircle. Since the area of the large semicircle 
equals half the total area, P(landing in shaded 
region) = > 0.5, or 50%. 


(15) P(pointer = on yellow) = 360 Of about 12.2% 


17.69.4%  19.62.2% 
a point between 10 and 20 23. * 0.5, or 50% 


25.53.5% 27.Sample answer: The probability that a 
randomly chosen point will lie in the shaded region is 
ratio of the area of the sector to the area of the circle. 


21. ee answer: 


P(point lies in sector) = erat seoor sector 
area of circle 
at, apy? 
_x 2 360° 
360 m7 
eo 
360 360 v 


29. 0.24 or 24% 31.0.33 or 33% 


3) volume of shallow region = Bh = (7 + 20) + 20 
or 2800 ft? 


volume of incline region = Bh = $(25)(7 + 20) + 20 
or 6750 ft3 


volume of deep region = Bh = (20 + 30) + 20 
or 12,000 ft3 


P(bear swims in the incline region) 
volume of incline region 

~ volume of pool 

= 6750 
2800 + 6750 + 12,000 


= 0.31 or 31% 


35. 14.3% 37. No; sample answer: Athletic events 
should not be considered random because there are 
other factors involved, such as pressure and ability, 
that have an impact on the success of the event. 

39. Sample answer: The probability of a randomly 
chosen point lying in the shaded region of the square 
on the left is found by subtracting the area of the 
unshaded square from the area of the larger square 
and finding the ratio of the difference of the areas to 
the area of the larger square. The probability is 
rave or 43.75%. The probability of a randomly 
chosen point lying in the shaded region of the square 
on the right is the ratio of the area of the shaded 


square to the area of the larger square, which is ioe 


or 43.75%. Therefore, the probability of a randomly 
chosen point lying in the shaded area of either square 
isthesame. 41.F 43.C 


45.D,D GG 
D,G G,D 


Outcomes | Drums | Guitar | 
| Drums | 0.0 | 06 | 


Outcomes 
First Lesson D G 
G D G 
| | | 
D,G G,D G,G 


Second Lesson D 
Sample Space D,D 


47.45 49. Square; each angle intercepts a semicircle, 
making them 90° angles. Each side is a chord of 
congruent arcs, so the chords are congruent. 
51.57.1_m* 53.66.3 cm? 


Lesson 13-4 

1. Sample answer: Use a spinner 0.9 
that is divided into two sectors, 0.8 
one containing 80% or 288° and 0.7 


the other containing 20% or 72°. 
Do 20 trials and record the results 
in a frequency table. 


Probability 


Outcome | Frequency 


03 
A 0.2 
below anA 0.1 | 
Total 0 


A BelowanA 


The probability of Clara getting 
an A on her next quiz is 0.85. The 
probability of earning any other grade is 1 — 0.85 
or 0.15. 3a.36 3b.Sample answer: Use a random 
number generator to generate integers 1 through 25 
where 1—16 represents 25 points, 17—24 represents 
50 points, and 25 represents 100 points. Do 50 trials 
and record the results in a frequency table. 

The average value is 35.5. 
3c. Sample answer: The 
expected value and average 
value are very close. 


Quiz Grades 


Outcome | Frequency 


G) Sample answer: Use a : 


spinner that is divided into 0.9 
two sectors, one containing 08 
95% or 342° and the other 07 


containing 5% or 18°. 
Sale: 95% of 360 = 342° 
No Sale: 5% of 360 = 18° 


Probability 
a 


Do 50 trials and record the 
results in a frequency table. ? 
02 
Outcome | Frequency i 
sale 
0 
no sale Sale No Sale 
Total Sale Outcome 


Based on the simulation, the experimental 
probability of Ian selling a game is 0.92. The 
experimental probability of not selling a game is 
1 — 0.92 or 0.08. 
7. Sample answer: Use a 
spinner that is divided into 
8 equal sectors, each 45°. 
Do 50 trials and record the 
results in a frequency table. 


Outcome | Frequency 
Category 1 


Category 2 


Category 3 
Category 4 


Category 5 
Category 6 


Category 7 


Category 8 
Total 
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o 
w 


S 
N 
a 


o 
Nu 


0.15 


S 


Probability 


1 2 3 4 5 6 7 8 
Categories 


The probability of landing on Categories 1 and 
2 is 0.06, Category 3 is 0.12, Category 4 is 0.26, 
Category 5 is 0.08, Category 6 is 0.18, Category 7 
is 0.14, and Category 8 is 0.1. 


9. Sample answer: Use a 


Outcome | Frequency 
random number generator : 
to generate integers 1 through elu 
20, where 1-12 represents double 
a single, 13-17 represents triple 
a double, 18-19 represents home run 


a triple, and 20 represents Total 
a home run. Do 20 trials and 
record the results in a frequency table. 


a The probability of 
os the baseball player 
zp 05 hitting a single is 
= oa 0.65, a double is 
s a3 0.2, a triple is 0.1, 
= and a home run is 
~ 0.05. 


Single Double Triple Home Run 
Base Hits 


11. Sample answer: Use 


Outcome | Frequency 
a random number generator 


to generate integers 1 through ous 
20, where 1-7 represents blue, red 
8-13 represents red, 14-16 black 


represents white, 17-19 
represents black, and 20 
represents all other colors. 


white 


other 


Do 50 trials and record the Total 
results in a frequency table. 


The probability 0.35 


of a customer 03 

buying a blue 3025 

car is 0.34, buying = 

a red car is 0.28, 3 m2 

buyingablack £°!9 

car is 0.14, buying 0.1 

a white car is 0.2, 0.05 

and any other 0 

color is 0.04. Blue Red Black White Other 


Colors 
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(13) Calculate the geometric probability of landing on 
each color. 


_ _area of red 
P(red) = area of circle 


_ 70.5) 
m5) 
= 0.01 
The blue and white areas are equal. Their total 
area is the area of the large circle minus the area 
of the red circle or 7(5)? — 7(0.5)2 or about 
77.8 square units. So, the blue area and the white 
area are each about 38.9 square units. 
area of blue 

ee area of circle 

_ 38.9 

(5)? 

= 0.495 
P(white) = P(blue) = 0.495 
E(Y) = 25 + 0.495 + 50 + 0.495 + 0.01 + 100 
E(Y) = 38.125 
Sample answer: Assign the integers 1-1000 to 
accurately represent the probability data. Blue = 
integers 1495, White = integers 496-990, Red = 
integers 991-1000. Use the calculator to generate 
500 trials of random integers from 1 to 1000. 
Record the results in a frequency table. 


Outcome 


Frequency 


Then calculate the average value of the outcomes. 
0 29 21 = 
5 * 100 + £5 ° 25 + <5 50 = 35.5 


Average value = 35.5; the expected value is 
greater than the average value. 


15a.0.75 15b. Sample answer: 
Use a random number 
generator to generate integers 
1 through 20, where 1-7 
represents 0 points, 8-19 
represents 1 point, and 20 
represents 3 points. Do 50 trials and record the results 
in a frequency table; average value = 0.76. 


Outcome | Frequency 


15c. Sample answer: the two values are almost equal. 


17a. There is a - or 17b.Sample answer: 


16.7% probability 

of throwing a strike 

in each box. 

17¢. Sample answer: 
Some of the values are 
higher or lower, but 
most are very 

close to 16.7%. 


Strike Area | Accuracy (%) 


19a. Sample answer: 


Sum of 
Die Roll 


19b. Sample answer: 


Sum of Output from 
Random Number Generator 


a 
iD) 


B&B] MD) cwo};o;N]| | Nc 


4 
4 


5 
7 
5) 
3 


Sum of Output from 


Random Number Generator 


= 
i) 


HID) w]ol;wN | | N} oo 


4 
ae 


a re re ra ee ere er ere ee 
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19d. Sample answer: 
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Dice-5 Rolls 
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Dice-10 Rolls 

i 

6 

5 

4 

3 

2 

1 

0 

2 3 4 5 6 7 8 9 10 11 12 

Dice — 20 Rolls 

7 

6 

5 

4 

3 

2 

] 
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19e. Sample answer: The bar graph has more data 
points at the middle sums as more trials are added. 
19f. Sample answer: 


Random Number Generator 


nyo WwW FP uo DB “N 


! 


23 4 5 6 7 8 9 10 11 12 


19g. Sample answer: They both have the most data 
points at the middle sums. 19h.Sample answer: The 
expected value in both experiments is 7 because it is 
the sum that occurs most frequently. 


1) Sometimes; sample answer: Flipping a coin can be 
used to simulate and experiment with two 
possible outcomes when both of the outcomes are 
equally likely. For example, if there is an equal 
number of boys and girls in a class, then flipping 
a coin can be used to simulate choosing one 
person from the class. If the probabilities of the 
occurrence of the two outcomes are different, 
flipping a coin is not an appropriate simulation. 
For example, if 55% of the class is girls and 45% is 
boys, then flipping a coin cannot be used to 
simulate choosing one person from the class. 

23. Sample answer: We assume that the object lands 
within the target area, and that it is equally likely that 
the object will land anywhere in the region. These 

are needed because in the real world it will not be 
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equally likely to land anywhere in the region. 

25. Sample answer: Expectation, or expected value, 
deals with all possible events, while probability 
typically deals with only one event. Probability is the 
likelihood that an event will happen, is between 0 
and 1 inclusive, and is typically expressed as a 
decimal, fraction, or percent. Expectation is the 
weighted average of all possible events and can take 
on any value, even a value that is not a possible 
outcome. For example, the likelihood of rolling a “1” 
with a six-sided die is 1 out of every 6 rolls. So, the 
probability is + or about 17%. When the same die is 
rolled, the expectation is 3.5, which isn’t even a 
possible outcome. 27.H 29.B 31. 7 0.57, or 57% 
33. 50.3 ft? 35. 1017.9 in” 


Lesson 13-5 


1. The outcome of Jeremy taking the SAT in no way 
changes the probability of the outcome of his ACT 
test. Therefore, these ce events are independent. 


4 51 
8. ay or 3.7 x 10- 5. F or 0.20 
@) These events are dependent since the card is not 
replaced. 


P(A and A) = P(A) + P(A|A) _ Probability of dependent 
events 


4 3 After first ace is drawn, 
= 50° 5] 51 cards remain, and 3 
of those are aces. 
eee 
= 5659 or 1 Multiply. 
The ae is sr or about 0.5%. 


9. aed 37 or about 3% 11. 356 306 about 0.3% 


: = 
13. a or about 12% 15.4 or 25% a 6 or 17% 
(19) P(own MP3 player | own CD player) 


P(own MP3 player and CD player) 


7 0.28 P(own CD player) 
~ 0.43 
= 0.65 
21a. 18t Serve 2nd Serve 
Serve ————————_ P( Serve) = 0.4 
0.4 


Outcomes < 
0. 


6 / Serve — P(Fault, Serve) = 0.6 - 0.7 or 0.42 


Fault — P(Fault, Fault) = 0.6 - 0.3 or 0.18 
21b. 0.18 or 18% 21¢.Sample answer: I would use a 
random number generator to generate integers 1 
through 50. The integers 1—9 will represent a double 
fault, and the integers 10—50 will represent the other 
possible outcomes. The simulation will consist of 

50 trials. 


R112 | Selected Answers and Solutions 


23. Good Econ. __ 0.3 ($4M) or 
0.3~ Profit: $4M ~~ $1.2M 


Expand 
Cost:$1M 0.7~_ Bad Econ. 0.7 ($1M) or 
Profit: $1M ~_ $0.7M 
Good Econ. _ 0.3 ($2M) or 
Don’t 0.37 Profit:$2M — $0.6M 
Expand 
Cost: $0 0.7_ Bad Econ. __ 0.7 ($0.5M) or 
Profit: $0.5M $0.35M 


Sample answer: The expected value of choosing to 
expand is $1.2M + $0.7M or $1.9M, and the expected 
value of choosing not to expand is $0.95M. When we 
subtract the costs of expanding and of not expanding, 
we find the net expected value of expanding is $1.9M 
— $1M or $0.9M and the net expected value of not 
expanding is $0.95M — $0 or $0.95M. Since $0.9M < 
$0.95M, you should not expand the business. 

25. A and B are independent events. 

27. In order for the events to be independent, two 
things must be true: 1) the chance that a person 
smokes is the same as the chance that a person 
smokes given that the person’s parent smokes, and 2) 
the chance that a person’s parent smokes is the same 
as the chance that a person’s parent smokes given that 
the person smokes. 29.J 31.B 33.0.25 35.0.07 
37.neither 39a.5026.5 ft 39b. 500-600 ft 

39c. 3142 ft; 3770 ft 41.12 43.216 


Lesson 13-6 

1. not mutually exclusive 3. z or about 67% 

5. The probability of missing the spare is “ or 80%. 
7.17.3% 


@) Since rolling two fours is both getting doubles 
and getting a sum of 8, the events are not 
mutually exclusive. 


P(doubles or a sum of 8) 


= P(doubles) + P(a sum of 8) — 
P(doubles and a sum of 8) 


6,5 1 


0, 
=2 6 0 or about 27.8% 


11. ee: exclusive; 100% 13. mutually 


eae 9 or about 22. - 15. rs or about 43.8% 


17.2 yor about 75% 19.2 gor about 87.5% 


) Find the probability that the first worker is paid 
by the hour plus the probability that that the 
second worker is paid by the hour. The 
probability that a worker is not paid by the hour 
is 1 — 0.71 or 0.29. 


P(first paid) + P(second paid) 


= P(first paid) + P(second not paid) + 
P(second paid) + P(first not paid) 


= 0.71(0.29) + 0.71(0.29) 
= 0.21 + 0.21 or 0.42 
The probability is about 0.42 or 42%. 


1 5 ec 0 
23. 73 r 7.7% 25, 73 0f 23.1% 


27a.71.3% 27b.11.3% 27¢.36.2%  27d.3.8% 

29. 0.74; sample answer: There are three outcomes in 
which the values of two or more of the dice are less 
than or equal to 4 and one outcome where the values 
of all three of the dice are less than or equal to 4. You 
have to find the probability of each of the four 
scenarios and add them together. 31. Not mutually 
exclusive; sample answer: If a triangle is equilateral, 
it is also equiangular. The two can never be mutually 
exclusive. 33.Sample answer: If you pull a card 
from a deck, it can be either a 3 or a 5. The two events 
are mutually exclusive. If you pull a card from a 
deck, it can be a 3 and it can be red. The two events 
are not mutually exclusive. 35.D 37.J 


39. dependent; 591 OF 0.5% 


41.Sample answer: 
Use a random number 
generator to generate 
integers 1 through 20 in 
which 1-7 represent football, sobeer 
8-13 represent basketball, volleyball 
14-17 represent soccer, and Total 
18-20 represent volleyball. 

Do 20 trials, and record the results in 

a frequency table. 


Outcome | Frequency 
football 
basketball 


04 Cs probability 
035 that an athlete 

ae plays only 
= football is 0.35, 
3° only basketball is 
°° 0.2 0.30, only soccer 
* 0.15 is 0.25, and only 

0.1 | | volleyball is 0.1. 

‘ Football Basketball Soccer Volleyball 
Sport 
43. 
eP 


Chapter 13 Study Guide and Review 


1.true 3.true 5.true /7.true 9. false, simulation 
11.5, NB; S, B; S, EB; M, NB; M, B; M, EB; L, NB; L, 
LB; L, EB 


Outcomes | No Butter | Butter | Extra Butter 


Medium N, NB M, B M, EB 

Large L, NB L,B L, EB 
Sample 
Space 


NB— S, NB 
s<8 — SB 
EB—S, Ee 
NB— M, NB 
u<—e —M,B 
EB— M, EB 
NB— L, NB 
i<s 1,8 
EB— L,EB 


13.4 15.35,960 172.5 17b.2 19, Sample 


answer: Use a spinner that is divided into 4 sectors, 
108°, 79.2°, 82.8°, and 90°. Perform 50 trials and 
record the results in a frequency table. The results 
can be used to determine the probability of when a 


Outcomes 


particular book will be purchased. 21. 2 23. 37% 
25.5 
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Glossary/Glosario 


ga MultilingualeGlossary 


Go to connectED.mcgraw-hill.com for a glossary of terms in these additional languages: 


Arabic Chinese Hmong 
Bengali English Korean 
Brazilian Portuguese Haitian Creole Russian 


English 


Spanish Vietnamese 
Tagalog 
Urdu 
Espanol 


—_—__fy—__— 


acute angle (p. 38) An angle with a degree measure less 


than 90. 
Lo. 
] 
] 


0<mZA < 90 


acute triangle (p. 237) A triangle in which all of the angles are 
acute angles. 


three acute angles 


adjacent angles (p. 46) Two angles that lie in the same plane, 
have a common vertex and a common side, but no common 
interior points. 


adjacent arcs (p. 708) Arcs in a circle that have exactly one 
point in common. 


algebraic proof (p. 136) A proof that is made up of a series of 
algebraic statements. The properties of equality provide 
justification for many statements in algebraic proofs. 


alternate exterior angles (p. 174) In the figure, transversal f 
intersects lines € and m. 25 and 23, and 76 and 24 are 
alternate exterior angles. 


on 
for) 
fo 


Angulo agudo Angulo cuya medida en grados es menos de 90. 


0<mZA < 90 


triangulo acutangulo Triangulo cuyos angulos son todos 
agudos. 


tres angulos agudos 


angulos adyacentes Dos angulos que yacen sobre el mismo 
plano, tienen el mismo vértice y un lado en comin, pero 
ningUin punto interior en comun. 


arcos adyacentes Arcos en un circulo que tienen un solo 
punto en comin. 


demostracion algebraica Demostraci6n que se realiza con 
una serie de enunciados algebraicos. Las propiedades de la 
igualdad proveen justificacion para muchas enunciados en 
demostraciones algebraicas. 


angulos alternos externos En la figura, la transversal t 
interseca las rectas 2 y m. 25 y 23, y Z6 y Z4 son angulos 
alternos externos. 
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alternate interior angles (p. 174) In the figure at the bottom of 
page R115, transversal ¢ intersects lines @ and m. 21 and 
Z7, and Z2 and Z8 are alternate interior angles. 


altitude 1. (p. 337) In a triangle, a segment from a vertex of 
the triangle to the line containing the opposite side and 
perpendicular to that side. 2. (p. 846) In a prism or cylinder, a 
segment perpendicular to the bases with an endpoint in each 
plane. 3. (p. 854) In a pyramid or cone, the segment that has 
the vertex as one endpoint and is perpendicular to the base. 


ambiguous case of the Law of Sines (p. 598) Given the 
measures of two sides and a nonincluded angle, there exist 
two possible triangles. 


angle (p. 36) The intersection of two noncollinear rays at a 
common endpoint. The rays are called sides and the common 
endpoint is called the vertex. 


angle bisector (p. 39) A ray that divides an angle into two 


congruent angles. 


Ww 


R 
PWis the bisector of ZP. 


angle of depression (p. 580) The angle between the line of 
sight and the horizontal when an observer looks downward. 


angle of elevation (p. 580) The angle between the line of sight 
and the horizontal when an observer looks upward. 


angle of rotation (p. 640) The angle through which a preimage 
is rotated to form the image. 


apothem (p. 807) A segment that is drawn from the center of 
a regular polygon perpendicular to a side of the polygon. 


apothem 


arc (p. 706) A part of a circle that is defined by two endpoints. 


area (p. 58) The number of square units needed to cover a 
surface. 


auxiliary line (p. 246) An extra line or segment drawn in a 
figure to help complete a proof. 


axiom (p. 127) A statement that is accepted as true. 
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angulos alternos internos En la figura anterior, la transversal t 
interseca las rectas 2 y m. Z1 y Z7, y Z2 y Z8 son angulos 
alternos internos. 


altura 1. En un triangulo, segmento trazado desde uno de 
los vértices del triangulo hasta el lado opuesto y que es 
perpendicular a dicho lado. 2. En un prisma o un cilindro, 
segmento perpendicular a las bases con un extremo en cada 
plano. 3. En una piramide o un cono, segmento que tiene un 
extremo en el vértice y que es perpendicular a la base. 


caso ambiguo de la ley de los senos Dadas las medidas de 
dos lados y de un angulo no incluido, existen dos triangulos 
posibles. 


angulo La interseccién de dos rayos no colineales en un 
extremo comun. Las rayos se llaman /ados y el punto comuin 
se llama vértice. 


bisectriz de un angulo Rayo que divide un angulo en dos 


angulos congruentes. 


W 


R 
PWes la bisectriz del ZR 


Angulo de depresién Angulo formado por la horizontal y la 
linea de visidn de un observador que mira hacia abajo. 


Angulo de elevacién Angulo formado por la horizontal y la 
linea de visidn de un observador que mira hacia arriba. 


Angulo de rotacién Angulo a través del cual se rota una 
preimagen para formar la imagen. 


apotema Segmento trazado desde el centro de un poligono 
regular hasta uno de sus lados y que es perpendicular a 
dicho lado. 


apotema 


arco Parte d e un circulo definida por dos extremos. 


area Numero de unidades cuadradas para cubrir una 
superficie. 


linea auxiliar Recta o segmento de recta adicional que es 
traza en una figura para ayudar a completar una 
demostracion. 


axioma Enunciado que se acepta como verdadero. 


axis 1. (p. 848) In a cylinder, the segment with endpoints that 
are the centers of the bases. 2. (p. 856) In a cone, the 
segment with endpoints that are the vertex and the center of 
the base. 


axis symmetry (p. 665) Symmetry in a three-dimensional 


figure that occurs if the figure can be mapped onto itself by a 
rotation between 0° and 360° in a line. 


— axis of 


symmetry 


y 


base angle of an isosceles triangle (p. 285) See isosceles 
triangle and isosceles trapezoid. 


base edges (p. 846) The intersection of the lateral faces and 


bases in a solid figure. 


base 
edge 


base of parallelogram (p. 779) Any side of a parallelogram. 


base of a polyhedron (p. 67) The two parallel congruent faces 
of a polyhedron. 


between (p. 15) For any two points A and B on a line, there is 
another point C between A and B if and only if A, B, and C are 
collinear and AC + CB = AB. 

betweenness of points (p. 15) See between. 


biconditional (p. 116) The conjunction of a conditional 
statement and its converse. 


eje 1. En un cilindro, el segmento cuyos extremos son el 
centro de las bases. 2. En un cono, el segmento cuyos 
extremos son el vértice y el centro de la base. 


eje simetria Simetria que ocurre en una figura tridimensional 
si la figura se puede aplicar sobre si misma, mientras se gira 
entre 0° y 360° sobre una recta. 


<—— eje de 
simetria 


angulo de la base de un triangulo isésceles Ver tridngulo 
isdsceles y trapecio isdsceles. 


aristas de las bases Interseccién de las base con las caras 
laterales en una figura solida. 


Gg 


arista 
de la base 


base de un paralelogramo Cualquier lado de un paralelogramo. 


base de poliedro Las dos caras paralelas y congruentes de un 
poliedro. 


entre Para cualquier par de puntos A y B de una recta, existe 
un punto C ubicado entre Ay Bsi y solo si A, By Cson 
colineales y AC + CB = AB. 


intermediacion de puntos Ver entre. 


bicondicional Conjuncién entre un enunciado condicional y su 
reciproco. 


_—_—_fq—____ 


center of circle (p. 697) The central point where radii form a 
locus of points called a circle. 


center of dilation (p. 511) The center point from which 
dilations are performed. 


center of rotation (p. 640) A fixed point around which shapes 
move in a circular motion to a new position. 


center of symmetry (p. 664) See point of symmetry. 


central angle (p. 706) An angle that intersects a circle in two 
points and has its vertex at the center of the circle. 


centro de un circulo Punto central desde el cual los radios 
forman un lugar geométrico de puntos llamado circulo. 


centro de la homotecia Punto fijo en torno al cual se realizan 
las homotecias. 


centro de rotacion Punto fijo alrededor del cual gira una figura 
hasta alcanzar una posicion dada. 


centro de la simetria Vea e/ punto de simetria. 


Angulo central Angulo que interseca un circulo en dos puntos 
y cuyo vértice esta en el centro del circulo. 


() aoa R117 


&> 
i=} 
n 
n 
3) 
5] 
S 
&> 
i=] 
n 
3) 
=4 
(=) 


Glossary/Glosario 


central angle of a regular polygon (p. 807) An angle that has 
its vertex at the center of a polygon and with sides that pass 
through consecutive vertices of the polygon. 


centroid (p. 335) The point of concurrency of the medians of 
a triangle. 


chord 1. (p. 697) For a given circle, a segment with endpoints 
that are on the circle. 2. (p. 880) For a given sphere, a 
segment with endpoints that are on the sphere. 


chord segments (p. 750) Segments that form when two 
chords intersect inside a circle. 


circle (p. 697) The locus of all points in a plane equidistant 
from a given point called the center of the circle. 


P is the center of the circle. 


circular permutation (p. 925) A permutation of objects that are 
arranged in a circle or loop. 


circumcenter (p. 325) The point of concurrency of the 
perpendicular bisectors of a triangle. 


circumference (pp. 58, 699) The distance around a circle. 
circumscribed (p. 700) A circle is circumscribed about a 
polygon if the circle contains all the vertices of the polygon. 


4 B 


D C 
©E is circumscribed about 


quadrilateral ABCD. 


collinear (p.5) Points that lie on the same line. 
<< a 
P, Q, and RF are collinear. 


combination (p. 926) An arrangement or listing in which order 
is not important. 


common tangent (p. 732) A line or segment that is tangent to 
two circles in the same plane. 


complement (p. 959) The complement of an event A consists 
of all the outcomes in the sample space that are not included 
as outcomes of event A. 


complementary angles (p. 47) Two angles with measures that 
have a sum of 90. 
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angulo central de un poligono regular Angulo cuyo vértice 
esta en el centro del poligono y cuyos lados pasan por 
vértices consecutivas del poligono. 


baricentro Punto de interseccién de las medianas de un 
triangulo. 


cuerda 1. Para cualquier circulo, segmento cuyos extremos 
estan en el circulo. 2. Para cualquier esfera, segmento cuyos 
extremos estan en la esfera. 


segmentos de cuerda Segmentos que se forman cuando dos 
cuerdas se intersecan dentro de un circulo. 


circulo Lugar geométrico formado por todos los puntos en un 
plano, equidistantes de un punto dado llamado centro del circulo. 


Pes el centro del circulo. 


permutacion circular Permutacion de objetos que se arreglan 
en un circulo o un bucle. 


circuncentro Punto de interseccion de las mediatrices de un 
triangulo. 


circunferencia Distancia alrededor de un circulo. 


circunscrito Un poligono esta circunscrito a un circulo si todos 
sus vértices estan contenidos en el circulo. 


: B 
D C 


©E esta circunscrito al 
cuadrilatero ABCD. 


colineal Puntos que yacen sobre la misma recta. 


ee 


P Q 
P Qy Rson colineales. 


combinacion Arreglo o lista en que el orden no es importante. 

tangente comuin Recta o segmento de recta tangente a dos 
circulos en el mismo plano. 

complemento El complemento de un evento A consiste en 
todos los resultados en el espacio muestral que no se 


incluyen como resultados del evento A. 


angulos complementarios Dos angulos cuyas medidas 
suman 90. 


component form (p. 602) A vector expressed as an ordered 
pair, (change in x, change in y). 


composite figure (p. 809) A figure that can be separated into 
regions that are basic figures. 


composite solid (p. 852) A three-dimensional figure that is 
composed of simpler figures. 


composition of reflections (p. 652) Successive reflections in 
parallel lines. 


composition of transformations (p. 651) The resulting 
transformation when a transformation is applied to a figure 
and then another transformation is applied to its image. 


compound event (p. 947) An event that consists of two or 
more simple events. 


compound statement (p. 99) A statement formed by joining 
two or more statements. 


concave polygon (p. 56) A polygon for which there is a line 
containing a side of the polygon that also contains a point in 
the interior of the polygon. 


concentric circles (p. 698) Coplanar circles with the same center. 


conclusion (p. 107) In a conditional statement, the statement 
that immediately follows the word then. 


concurrent lines (p. 325) Three or more lines that intersect at 
a common point. 


conditional probability (p. 949) The probability of an event 
under the condition that some preceding event has occurred. 

conditional statement (p. 107) A statement that can be written 
in if-then form. 

cone (p. 67) A solid with a circular base, a vertex not 
contained in the same plane as the base, and a lateral 
surface area composed of all points in the segments 


connecting the vertex to the edge of the base. 


vertex ~/ 


base 
congruence transformations (p. 296) A mapping for which a 
geometric figure and its image are congruent. 
congruent (pp. 16, 255) Having the same measure. 


congruent arcs (p. 707) Arcs in the same circle or in 
congruent circles that have the same measure. 


componente Vector expresado en forma de par ordenado, 
(cambio en x, cambio en y). 


figura compuesta Figura que se puede separar en regiones 
formas de figuras basicas. 


solido compuesto Figura tridimensional formada por figuras 
mas simples. 


composicidn de reflexiones Reflexiones sucesivas en rectas 
paralelas. 


composicion de transformaciones Transformaci6n que resulta 
cuando se aplica una transformacion a una figura y luego se 
le aplica otra transformacion a su imagen. 


evento compuesto Evento que consiste de dos o mas eventos 
simples. 


enunciado compuesto Enunciado formado por la union de dos 
0 mas enunciados. 


poligono concavo Poligono para el cual existe una recta que 
contiene un lado del poligono y un punto en el interior del 
poligono. 


circulos concéntricos Circulos coplanarios con el mismo centro. 


conclusion Parte de un enunciado condicional que esta escrito 
justo después de la palabra entonces. 


rectas concurrentes Tres 0 mas rectas que se intersecan en 
un punto comtn. 


probabilidad condicional La probabilidad de un 
acontecimiento bajo condicién que ha ocurrido un cierto 
acontecimiento precedente. 


enunciado condicional Enunciado escrito en la forma 
si-entonces. 


cono Solido de base circular cuyo vértice no yace en el mismo 
plano que la base y cuya area de superficie lateral esta 
formada por todos los puntos en los segmentos que conectan 
el vértice con el bonde de la base. 


vértice ~/ 
base 
transformaciones de congruencia Aplicacion en la cual una 
figura geométrica y su imagen son congruentes. 


congruente Que tienen la misma medida. 


arcos congruentes Arcos que tienen la misma medida y que 
pertenecen al mismo circulo o a circulos congruentes. 


ya 
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congruent polygons (p. 255) Polygons in which all matching 
parts are congruent. 


congruent solids (p. 896) Two solids with the same shape, 
size and scale factor of 1:1. 


conic section (p. 764) Any figure that can be obtained by 
slicing a cone. 


conjecture (p.91) An educated guess based on known 
information. 


conjunction (p. 99) A compound statement formed by joining 
two or more statements with the word and. 


consecutive interior angles (p. 174) In the figure, transversal t 
intersects lines & and m. There are two pairs of consecutive 
interior angles: Z8 and 21, and Z7 and 22. 


construction (p. 17) A method of creating geometric figures 
without the benefit of measuring tools. Generally, only a 
pencil, straightedge, and compass are used. 


contrapositive (p. 109) The statement formed by negating 
both the hypothesis and conclusion of the converse of a 
conditional statement. 


converse (p. 109) The statement formed by exchanging the 
hypothesis and conclusion of a conditional statement. 


convex polygon (p. 56) A polygon for which there is no line 
that contains both a side of the polygon and a point in the 
interior of the polygon. 


coordinate proofs (p. 303) Proofs that use figures in the 
coordinate plane and algebra to prove geometric concepts. 


coplanar (p. 5) Points that lie in the same plane. 


corner view (p. 839) The view from a corner of a three- 
dimensional figure, also called the isometric view. 


corollary (p. 249) A statement that can be easily proved using 
a theorem is called a corollary of that theorem. 
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poligonos congruentes Poligonos cuyas partes 
correspondientes son todas congruentes. 


solidos congruentes Dos solidos con la misma forma, tamafio 
y factor de escala de 1:1. 


seccion conica Cualquier figura obtenida mediante el corte de 
un cono doble. 


conjetura Juicio basado en informacién conocida. 


conjuncion Enunciado compuesto que se obtiene al unir dos o 
mas enunciados con la palabra y. 


angulos internos consecutivos En la figura, la transversal t 
interseca las rectas @ y m. La figura presenta dos pares de 
angulos internos consecutivos; 78 y Z1; y Z7 y 22. 


construcciodn Método para dibujar figuras geométricas sin el 
uso de instrumentos de medicién. En general, solo requiere 
de un lapiz, una regla y un compas. 


antitesis Enunciado formado por la negacién tanto de la 
hipdtesis como de la conclusién del reciproco de un 
enunciado condicional. 


reciproco Enunciado que se obtiene al intercambiar la 
hipotesis y la conclusion de un enunciado condicional dado. 


poligono convexo Poligono para el cual no existe recta alguna 
que contenga un lado del poligono y un punto en el interior 
del poligono. 


demostraciones en coordinadas Demostraciones que usan 
figuras en el plano de coordinados y algebra para demostrar 
conceptos geométricos. 


coplanar Puntos que yacen en el mismo plano. 


vista de esquina Vista desde una de las esquinas de una 
figura tridimensional. También se conoce como vista en 
perspectiva. 


corolario Un enunciado que se puede demostrar facilmente 
usando un teorema se conoce como corolario de dicho 
teorema. 


corresponding angles (p. 174) In the figure, transversal t 
intersects lines 2 and m. There are four pairs of 
corresponding angles: 25 and 21, Z8 and 24, 26 and 22, 
and Z7 and 23. 


3 


corresponding parts (p. 255) Matching parts of congruent 
polygons. 


cosecant (p. 578) The reciprocal of the sine of an angle ina 
right triangle. 


cosine (p. 568) For an acute angle of a right triangle, the ratio 
of the measure of the leg adjacent to the acute angle to the 
measure of the hypotenuse. 


cotangent (p. 578) The ratio of the adjacent to the opposite 
side of a right triangle. 


counterexample (p. 94) An example used to show that a given 
statement is not always true. 


cross products (p. 462) In the proportion 5 = 5 where b + 0 


and d + 0, the cross products are ad and be. The proportion 
is true if and only if the cross products are equal. 


cross section (p. 840) The intersection of a solid and a plane. 
cylinder (p. 67) A figure with bases that are formed by 


congruent circles in parallel planes. 


base 


base 


angulos correspondientes En la figura, la transversal t 
interseca las rectas @ y m. La figura muestra cuatro pares de 
angulos correspondientes: 25 y 21, Z8y 24, Z6y 22; y 
Z1y 23. 


2 


partes correspondientes Partes que coinciden de poligonos 
congruentes. 


cosecante Reciproco del seno de un angulo en un triangulo 
rectangulo. 


coseno Para cualquier angulo agudo de un triangulo 
rectangulo, razon de la medida del cateto adyacente al 
angulo agudo a la medida de la hipotenusa. 


cotangente Razon de la medida del cateto adyacente a la 
medida de cateto opuesto de un triangulo rectangulo. 


contraejemplo Ejemplo que se usa para demostrar que un 
enunciado dado no siempre es verdadero. 


productos cruzados En la proporcion : = 5 donde b + 0 


y d # 0, los productos cruzados son ad y be. La proporcién 
es verdadera si y sdlo si los productos cruzados son iguales. 


seccion transversal Intersecci6n de un solido con un plano. 
cilindro Figura cuyas bases son circulos congruentes ubicados 


en planos paralelos. 


base 


base 


—___—fi]}-—___— 


deductive argument (p. 129) A proof formed by a group of 
algebraic steps used to solve a problem. 


deductive reasoning (p. 117) A system of reasoning that uses 
facts, rules, definitions, or properties to reach logical 
conclusions. 


degree (p. 37) A unit of measure used in measuring angles 
and arcs. An arc of a circle with a measure of 1° is 


1 sc 
360 of the entire circle. 


dependent events (p. 947) Two or more events in which the 
outcome of one event affects the outcome of the other 
events. 


argumento deductivo Demostracién que consta de un conjunto 
de pasos algebraicos que se usan para resolver un problema. 


razonamiento deductivo Sistema de razonamiento que 
emplea hechos, reglas, definiciones o propiedades para 
obtener conclusiones ldgicas. 


grado Unidad de medida que se usa para medir angulos y 
arcos. El arco de un circulo que mide 1° equivale a 


1 i 
360 del circulo completo. 


eventos dependientes Dos 0 mas eventos en que el resultado 
de un evento afecta el resultado de los otros eventos. 


ya } 
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diagonal (p. 393) In a polygon, a segment that connects 
nonconsecutive vertices of the polygon. 


p..2 


S R 
SQis a diagonal. 


diameter 1. (p. 697) In a circle, a chord that passes through 
the center of the circle. 2. (p. 880) In a sphere, a Segment 


are on the sphere. 


dilation (pp. 511, 674) A transformation that enlarges or 
reduces the original figure proportionally. A dilation with 
center C and positive scale factor k, k # 1, is a function that 
maps a point Pin a figure to its image such that 


the same point, or _ 
e if point Pis not the center of dilation, then P' lies on CP 
and CP'= k(CP). 


If k < 0, P'is the point on the ray opposite CP such that 
CP' = |k\(CP). 


direct isometry (p. 298) An isometry in which the image of a 
figure is found by moving the figure intact within the plane. 


direction (p. 600) The measure of the angle that a vector 
forms with the positive x-axis or any other horizontal line. 


directrix (p. 765) The fixed line in a parabola that is 
equidistant from the locus of all points in a plane. 


disjunction (p. 100) A compound statement formed by joining 
two or more statements with the word or. 


distance between two points (p. 25) The length of the 
segment between two points. 


edge (p. 964) A line that connects two nodes in a network. 


edge of a polyhedron (p. 67) A line segment where the faces 
of a polyhedron intersect. 


efficient route (p. 965) The path in a network with the least 
weight. 


enlargement (p. 511) An image that is larger that the original 
figure. 


equiangular polygon (p. 57) A polygon with all congruent 
angles. 
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that contains the center of the sphere, and has endpoints that 


e if point Pand C coincide, then the image and preimage are 


diagonal Recta que conecta vértices no consecutivos de un 
poligono. 


—_* 
S R 


SQes una diagonal. 


diametro 1. En un circulo cuerda que pasa por el centro. 
2. En una estera segmento que incluye el centro de la esfera 
y cuyos extremos estan ubicados en la esfera. 


homotecia Transformacion que amplia o disminuye 
proporcionalmente el tamafo de una figura. Una homotecia 
con centro C y factor de escala positivo k, k # 1, es una 
funcion que aplica un punto Pa su imagen, de modo que si el 
punto P coincide con el punto C, entonces la imagen y la 
preimagen son el mismo punto, o si el punto Pno es el 
centro de la homotecia, entonces P' yace sobre CP y CcP'= 
k(CP). Si k < 0, P’es el punto sobre el rayo opuesto a CP, 
tal que CP’ = |k|(CP). 


isometria directa lsometria en la cual se obtiene la imagen de 
una figura, al mover la figura intacta dentro del plano. 


direccién Medida del angulo que forma un vector con el eje x 
positivo o con cualquier otra recta horizontal. 


directriz Linea fija en una parabola que esta equidistante del 
lugar geométrico de todos los puntos en un plano. 


disyuncién Enunciado compuesto que se forma al unir dos 0 
mas enunciados con la palabra o. 


distancia entre dos puntos Longitud del segmento entre dos 
puntos. 


arista Recta que conecta dos nodos en una red. 


arista de un poliedro Segmento de recta donde se intersecan 
las caras de un poliedro. 


ruta eficiente Ruta en una red con el menor peso. 


ampliacion Imagen que es mas grande que la figura original. 


poligono equiangular Poligono cuyos angulos son todos 
congruentes. 


equiangular triangle (p. 237) A triangle with all angles 
congruent. 


equidistant (p. 218) The distance between two lines measured 
along a perpendicular line is always the same. 

equilateral polygon (p.57) A polygon with all congruent sides. 

equilateral triangle (p. 238) A triangle with all sides congruent. 


equivalent vectors (p. 601) Vectors that have the same 
magnitude and direction. 

Euclidean geometry (p. 889) A geometrical system in which a 
plane is a flat surface made up of points that extend infinitely 
in all directions. 

expected value (p. 941) Also mathematical expectation, is the 
average value of a random variable that one expects after 
repeating an experiment or simulation an infinite number of times. 

extended ratios (p. 461) Ratios that are used to compare three 
or more quantities. 


exterior (p. 36) A point is in the exterior of an angle if it is 
neither on the angle nor in the interior of the angle. 


X 


Ld Z 
Ais in the exterior of 2X YZ. 


exterior angle (p. 248) An angle formed by one side of a 
triangle and the extension of another side. 


1 
21 is an exterior angle. 


exterior angles (p. 174) An angle that lies in the region that is 
not between two transversals that intersect the same line. 


external secant segment (p. 752) A secant segment that lies 
in the exterior of the circle. 


BC and CD are 
external secant segments. 


extremes (p. 462) In ; = £ the numbers a and d. 


£ 
d’ 


triangulo equiangular Triangulo cuyos angulos son todos 
congruentes. 


equidistante La distancia entre dos rectas que siempre permanece 
constante cuando se mide a lo largo de una perpendicular. 


poligono equilatero Poligono cuyos lados son todos congruentes. 
triangulo equilatero Triangulo cuyos lados son todos congruentes. 


vectores iguales Vectores con la misma magnitud y direccién. 


geometria euclidiana Sistema en el cual un plano es una 
superficie plana formada por puntos que se extienden 
infinitamente en todas las direcciones. 

valor esperado También expectativa matematica, el valor promedio 
de una variable aleatoria que uno espera después de repetir un 
experimento o un simulacro un numero infinito de veces. 

razones extendmientes Razones que se utilizan para 
comparar tres o mas cantidades. 


exterior Un punto yace en el exterior de un angulo si no se 
ubica ni en el angulo ni en el interior del angulo. 


Xx 


¥ Zz 
Aesta en el exterior del 2 XYZ. 


Angulo externo Angulo formado por un lado de un triangulo y 
la prolongacion de otro de sus lados. 


1 
Z1 es un angulo externo. 


angulos externos Un angulo que esta en la region que no esta 
entre dos transversals que cruzan la misma linea. 


segmento secante externo Segmento secante que yace en el 
exterior del circulo. 


BCyCDson 
segmentos secantes externos. 
extremos Los niimeros ay den ; = 5 
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face of a polyhedron (p. 67) A flat surface of a polyhedron. 


factorial (p. 922) The product of the integers less than or 
equal to a positive integer n, written as n! 


finite plane (p. 10) A plane that has boundaries or does not 
extend indefinitely. 


flow proof (p. 248) A proof that organizes statements in logical 
order, starting with the given statements. Each statement is 
written in a box with the reason verifying the statement 
written below the box. Arrows are used to indicate the order 
of the statements. 


focus (p. 765) The fixed point in a parabola that is equidistant 
from the locus of all points in a plane. 


formal proof (p. 137) A two-column proof containing 
statements and reasons. 


fractal (p. 509) A figure generated by repeating a special 
sequence of steps infinitely often. Fractals often exhibit self- 
similarity. 


frustum (p. 861) The part of a solid that remains after the top 
portion has been cut by a plane parallel to the base. 


Fundamental Counting Principle (p. 917) A method used to 
determine the number of possible outcomes in a sample 
space by multiplying the number of possible outcomes from 
each stage or event. 


cara de un poliedro Superficie plana de un poliedro. 


factorial Producto de los enteros menores 0 iguales a un 
numero positivo n, escrito como n! 


plano finito Plano que tiene limites 0 que no se extiende 
indefinidamente. 


demostracion de flujo Demostracién que organiza los 
enunciados en orden ldgico, comenzando con los enunciados 
dados. Cada enunciado se escribe en una casilla y debajo de 
cada casilla se escribe el argumento que verifica dicho 
enunciado. El orden de los enunciados se indica con flechas. 


foco Punto fijo en una parabola que esta equidistante del lugar 
geométrico de todos los puntos en un plano. 


demonstracion formal Demonstracién en dos columnas que 
contiene enunciados y razonamientos. 


fractal Figura que se obtiene mediante la repeticidn infinita de 
una sucesi6n particular de pasos. Los fractales a menudo 
exhiben autosemejanza. 


tronco Parte de un solido que queda después de que la parte 
superior ha sido cortada por un plano paralelo a la base. 


principio fundamental de contar Método para determinar el 
numero de resultados posibles en un espacio muestral 
multiplicando el numero de resultados posibles de cada etapa 
0 evento. 


SS — 


geometric mean (p. 537) For any positive numbers 
aand b, the positive number x such that ~ = > 

geometric probability (p. 931) Using the principles of length 
and area to find the probability of an event. 


glide reflection (p. 651) The composition of a translation 
followed by a reflection in a line parallel to the translation 
vector. 


great circle (p. 881) A circle formed when a plane intersects a 
sphere with its center at the center of the sphere. 


circle 
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media geométrica Para todo numero positivo ay b, existe un 
numero positivo x tal que 7 =-, 


probabilidad geométrica Uso de los principios de longitud y 
area para calcular la probabilidad de un evento. 


reflexidn del deslizamiento Composicion de una traslacion 
seguida por una reflexion en una recta paralela al vector de la 
traslaci6n. 


circulo mayor Circulo que se forma cuando un plano interseca 
una esfera y cuyo centro es el mismo que el centro de la esfera. 


gran 
circulo 


fy —___— 


height of a parallelogram (p. 779) The length of an altitude of 
a parallelogram. 


A B 


D Cc 
his the height of parallelogram ABCD. 


height of a trapezoid (p. 789) The perpendicular distance 
between the bases of a trapezoid. 


A B 
D Cc 


his the height of 
trapezoid ABCD. 


height of a triangle (p. 781) The length of an altitude drawn to 
a given base of a triangle. 


B Cc 
his the height of 
triangle ABC. 


hemisphere (p. 881) One of the two congruent parts into 
which a great circle separates a sphere. 


hypothesis (p. 107) In a conditional statement, the statement 
that immediately follows the word /f. 


altura de un paralelogramo Longitud del segmento perpendicular 
que va desde la base hasta el vértice opuesto a ella. 


A B 


D Cc 
hes la altura del paralelogramo ABCD. 


altura de un trapecio Distancia perpendicular entre las bases 
de un trapecio. 


D Cc 
hes la altura del 
trapecio ABCD. 


altura de un triangulo Longitud de una altura trazada a una 
base dada de un triangulo. 


A 


C 
hes la altura de 
triangulo ABC. 


hemisferio Una de las dos partes congruentes en las cuales 
un circulo mayor divide una esfera. 


hipdtesis Enunciado escrito inmediatamente después de la 
palabra sien un enunciado condicional. 


| 


if-then statement (p. 107) A compound statement 
of the form “if p, then g,” where p and q are statements. 


image (p. 296) A figure that results from the transformation of 
a geometric figure. 


incenter (p. 328) The point of concurrency of the angle 
bisectors of a triangle. 


included angle (p. 266) In a triangle, the angle formed by two 
sides is the included angle for those two sides. 


included side (p. 275) The side of a polygon that is a side of 
each of two angles. 


enunciado si-entonces Enunciado compuesto de la forma “si 
p, entonces g,” donde py q son enunciados. 


imagen Figura que resulta de la transformacion de una figura 
geométrica. 


incentro Punto de interseccion de las bisectrices interiores de 
un triangulo. 


angulo incluido En un triangulo, el angulo formado por dos 
lados es el angulo incluido de esos dos lados. 


lado incluido Lado de un poligono comin a dos de sus 
angulos. 
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independent events (p. 947) Two or more events in which the 
outcome of one event does not affect the outcome of the 
other events. 


indirect isometry (p. 298) An isometry that cannot be 
performed by maintaining the orientation of the points, as ina 
direct isometry. 


indirect proof (p. 355) In an indirect proof, one assumes that 
the statement to be proved is false. One then uses logical 
reasoning to deduce that a statement contradicts a postulate, 
theorem, or one of the assumptions. Once a contradiction is 
obtained, one concludes that the statement assumed false 
must in fact be true. 


indirect reasoning (p. 355) Reasoning that assumes that the 
conclusion is false and then shows that this assumption leads 
to a contradiction of the hypothesis like a postulate, theorem, 
or corollary. Then, since the assumption has been proved 
false, the conclusion must be true. 


inductive reasoning (p. 91) Reasoning that uses a number of 
specific examples to arrive at a plausible generalization or 
prediction. Conclusions arrived at by inductive reasoning lack 
the logical certainty of those arrived at by deductive 
reasoning. 


informal proof (p. 129) A paragraph proof. 


inscribed (p. 700) A polygon is inscribed in a circle if each of 
its vertices lie on the circle. 


ALMN is inscribed in OP. 


N M 


inscribed angle (p. 723) An angle that has a vertex on a circle 
and sides that contain chords of the circle. 


J 


K 
a 
In ©A, ZJKL is an 
inscribed angle. 


intercepted arc (p. 723) An angle intercepts an arc if and only 
if each of the following conditions are met. 
1. The endpoints of the arc lie on the angle. 
2. All points of the arc except the endpoints are in the interior 
of the circle. 
3. Each side of the angle has an endpoint of the arc. 
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eventos independientes El resultado de un evento no afecta 
el resultado del otro evento. 


isometria indirecta Tipo de isometria que no se puede obtener 
manteniendo la orientacion de los puntos, como ocurre con la 
isometria directa. 


demostracion indirecta En una demostracion indirecta, se 
supone que el enunciado a demostrar es falso. Después, se 
deduce légicamente que existe un enunciado que contradice 
un postulado, un teorema o una de las conjeturas. Una vez 
hallada una contradicci6én, se concluye que el enunciado que 
se suponia falso debe ser, en realidad, verdadero. 


razonamiento indirecto Razonamiento en que primero se 
supone que la conclusion es falsa y luego se demuestra que 
esta conjetura lleva a una contradiccion de la hipdtesis como 
un postulado, un teorema o un corolario. Finalmente, como se 
ha demostrado que la conjetura es falsa, la conclusién debe 
ser verdadera. 


razonamiento inductivo Razonamiento que usa varios 
ejemplos especificos para lograr una generalizacién o una 
prediccién pausible. Las conclusiones obtenidas por 
razonamiento inductivo carecen de la certeza ldgica de 
aquellas obtenidas por razonamiento deductivo. 


demostracion informal Demostraci6n en forma de parrafo. 


inscrito Un poligono esta inscrito en un circulo si todos sus 
vértices yacen en el circulo. 


ALMN esta inscrito en OP. 


N M 


Angulo inscrito Angulo cuyo vértice esté en un circulo y cuyos 
lados contienen cuerdas del circulo. 


J 


K 
Se 
En@A, ZJKL es 
un angulo inscrito. 


arco intersecado Un angulo interseca un arco si y solo si se 
cumple cada una de las siguientes condiciones. 
1. Los extremos del arco yacen en el angulo. 
2. Todos los puntos del arco, excepto los extremos, 
yacen en el interior del circulo. 
3. Cada lado del angulo tiene un extremo del arco. 


interior (p. 36) A point is in the interior of an angle if it does 
not lie on the angle itself and it lies on a segment with 
endpoints that are on the sides of the angle. 


J 


Me 


hi K 


M is in the interior of ZUKL. 


interior angles (p. 174) Angles that lie between two 
transversals that intersect the same line. 


intersection (p. 6) A set of points common to two or more 
geometric figures. 


inverse (p. 109) The statement formed by negating both the 
hypothesis and conclusion of a conditional statement. 


inverse cosine (p. 571) The inverse function of cosine, or 
cos~'. If the cosine of an acute ZA is equal to x, then 
cos—' xis equal to the measure of ZA. 


inverse sine (p. 571) The inverse function of sine, or sin—". If 
the sine of an acute ZA is equal to x, then sin~' xis equal to 
the measure of ZA. 


inverse tangent (p. 571) The inverse function of tangent, or 
tan—". If the tangent of an acute ZA is equal to x, then 
tan—' xis equal to the measure of ZA. 


irrational number (p. 26) A number that cannot be expressed 
as a terminating or repeating decimal. 


irregular figure (p.57) A polygon with sides and angles that 
are not all congruent. 


isometric view (p. 839) Corner views of three-dimensional 
objects on two-dimensional paper. 


isometry (p. 296) A mapping for which the original figure and 
its image are congruent. 


isosceles trapezoid (p. 439) A trapezoid in which the legs are 
congruent, both pairs of base angles are congruent, and the 
diagonals are congruent. 


W Xx 


interior Un punto se encuenta en el interior de un angulo si no 
yace en el angulo como tal y si esta en un segmento cuyos 
extremos estan en los lados del angulo. 


J 


Me 


. K 


M esta en el interior del ZUKL. 


Angulos interiores Angulos que yacen entre dos transversales 
que intersecan la misma recta. 


interseccién Conjunto de puntos comunes a dos 0 mas figuras 
geoméetricas. 


inverso Enunciado que se obtiene al negar tanto la hipdtesis 
como la conclusién de un enunciado condicional. 


inverso del coseno Funcién inversa del coseno, 0 cos~'. Si el 
coseno de un ZA agudo es igual a x, entonces cos~! x es 
igual a la medida del ZA. 


inverso del seno Funcién inversa del seno, o sin—'. Si el seno 
de un ZA agudo es igual a x, entonces sin—' x es igual a la 
medida del A. 


inverse del tangente Funci6n inversa de la tangente, o tan—'. 
Si la tangente de un ZA agudo es igual a x, entonces 
tan—' x es igual a la medida del ZA. 


numero irracional Numero que no se puede expresar como un 
decimal terminal o periddico. 


figura irregular Poligono cuyos lados y angulos no son todo 
congruentes. 


vista isométrica Vistas de las esquinas de sdlidos geométricos 
tridimensionales sobre un papel bidimensional. 


isometria Aplicacién en la cual la figura original y su imagen 
son congruentes. 


trapecio isosceles Trapecio cuyos catetos son congruentes, 
ambos pares de angulos de las bases son congruentes y las 
diagonales son congruentes. 


W x 
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isosceles triangle (pp. 238, 285) A triangle with at least two 
sides congruent. The congruent sides are called /egs. The 
angles opposite the legs are base angles. The angle formed 
by the two legs is the vertex angle. The side opposite the 
vertex angle is the base. 


vertex angle 


base angles 


base 


iteration (p. 509) A process of repeating the same procedure 
over and over again. 


joint frequencies (p. 954) In a two-way frequency table, the 
frequencies reported in the cells in the interior of the table. 


kite (p. 442) A quadrilateral with exactly two distinct pairs of 
adjacent congruent sides. 


lateral area (p. 846) For prisms, pyramids, cylinders, and 
cones, the area of the faces of the figure not including the 
bases. 


lateral edges 1. (p. 846) In a prism, the intersection of two 
adjacent lateral faces. 2. (p. 854) In a pyramid, lateral edges 
are the edges of the lateral faces that join the vertex to 
vertices of the base. 


lateral faces 1. (p. 846) In a prism, the faces that are not 


latitude (p. 895) A measure of distance north or south of the 
equator. 


Law of Cosines (p. 589) Let AABC be any triangle with a, b, 
and c representing the measures of sides opposite the angles 
with measures A, B, and C respectively. Then the following 
equations are true. 


a = b? + c* — 2bccosA 
b? = a2 + c* — 2accos B 
c? = a + b* — 2abcosC 
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bases. 2. (p. 854) In a pyramid, faces that intersect at the vertex. 


triangulo isosceles Triangulo que tiene por lo menos dos lados 
congruentes. Los lados congruentes se llaman catetos. Los 
angulos opuestos a los catetos son los angulos de Ia base. El 
angulo formado por los dos catetos es el angulo del vértice. 
El lado opuesto al angulo del vértice es la base. 


angulo del vértice 


cateto cateto 


angulos de la base 


base 


iteracion Proceso de repetir el mismo procedimiento una y 
otra vez. 


on) oo 


frecuencias conjuntas En una tabla de double entrada o de 
frecuencias, las frecuencias reportadas en las celdas en el 
interior de la tabla. 


oo 


cometa Cuadrilatero que tiene exactamente dos pares 
differentes de lados congruentes y adyacentes. 


_—_jq—_____ 


area lateral En prismas, piramides, cilindros y conos, es el 
area de la caras de la figura sin incluir el area de las bases. 


aristas laterales 1. En un prisma, la interseccion de dos caras 
laterales adyacentes. 2. En una piramide, las aristas de las 
caras laterales que unen el vértice de la piramide con los 
vértices de la base. 


caras laterales 1. En un prisma, las caras que no forman las 
bases. 2. En una piramide, las caras que se intersecan en el vértice. 


latitud Medida de la distancia al norte o al sur del ecuador. 


ley de los cosenos Sea AABC cualquier triangulo donde a, b 
y c son las medidas de los lados opuestos a los angulos que 
miden A, By C respectivamente. Entonces las siguientes 
ecuaciones son verdaderas. 


a = b? + c* — 2becosA 
b? = a + c* — 2ac cos B 
c? = a@ + b* — 2abcosC 


Law of Detachment (p. 117) If p — qis a true conditional and 
pis true, then q is also true. 


Law of Large Numbers (p. 942) Law that states that as the 
number of trials of a random process increases, the average 
value will approach the expected value. 


Law of Sines (p. 588) Let AABC be any triangle with a, b, and 
c representing the measures of sides opposite the angles 
with measures A, B, and C respectively. 


sinA _ sinB _ sinc 
Then, qo 5 = eo 


Law of Syllogism (p. 119) If o — qand g — rare true 
conditionals, then p — ris also true. 


legs of a right triangle (p. 26) The shorter sides of a right 
triangle. 


legs of a trapezoid (p. 439) The nonparallel sides of a 
trapezoid. 


legs of an isosceles triangle (p. 285) The two congruent sides 
of an isosceles triangle. 


line (p.5) A basic undefined term of geometry. A line is made 
up of points and has no thickness or width. In a figure, a line 
is shown with an arrowhead at each end. Lines are usually 
named by lowercase script letters or by writing capital letters 
for two points on the line, with a double arrow over the pair 
of letters. 


line of reflection (p. 623) A line in which each point on the 
preimage and its corresponding point on the image are the 
same distance from this line. 


line of symmetry (p. 663) A line that can be drawn through a 
plane figure so that the figure on one side is the reflection 
image of the figure on the opposite side. 


ACis a line of symmetry. 


line segment (p. 14) A measurable part of a line that consists 
of two points, called endpoints, and all of the points 
between them. 


linear pair (p. 46) A pair of adjacent angles whose non- 
common sides are opposite rays. 


Q 


P S R 
ZPSQ and ZQSR are a linear pair. 


ley de indiferencia Si p — qes un enunciado condicional 
verdadero y p es verdadero, entonces q también es verdadero. 


ley de los grandes nimeros Ley que establece que a medida 
que aumenta el numero de ensayos de un proceso aleatorio, 
el valor promedio se aproximara al valor esperado. 


ley de los senos Sea AABC cualquier triangulo donde a, by c 
representan las medidas de los lados opuestos a los angulos 
que miden A, By C respectivamente. 

scnA _ scnB _ scnC 


Entonces, ar eae 


ley del silogismo Si p — qy qg — rson enunciados 
condicionales verdaderos, entonces p — rtambién es 
verdadero. 


catetos de un triangulo rectangulo Lados mas cortos de un 
triangulo rectangulo. 


catetos de un trapecio Los lados no paralelos de un trapecio. 


catetos de un triangulo isosceles Las dos lados congruentes 
de un triangulo isdsceles. 


recta Término geometrico basico no definido. Una recta esta 
formada por puntos y carece de grosor o ancho. En una 
figura, una recta se representa con una flecha en cada 
extremo. Generalmente se designan con letras minusculas 0 
con las dos letras mayUsculas de dos puntos sobre la recta y 
una flecha doble sobre el par de letras. 


linea de reflexion Una linea en la cual cada punto en el 
preimage y el su corresponder senalan en la imagen es la 
misma distancia de esta linea. 


eje de simetria Recta que se traza a través de una figura 
plana, de modo que un lado de la figura es la imagen 
reflejada del lado opuesto. 


AC es un eje de simetria. 


segmento de recta Seccién medible de una recta que consta 


de dos puntos, llamados extremos, y todos los puntos entre <P) 
ellos. D 
n 
= 
par lineal Par de angulos adyacentes cuyos lados no comunes < 
forman rayos opuestos. 2 
n 
fet) 
= 
Q o 

P S R 


ZPSQy ZQSR forman un par lineal. 
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locus (p. 11) The set of points that satisfy a given condition. 
logically equivalent (p. 110) Statements that have the same 
truth values. 


longitude (p. 895) A measure of distance east or west of the 
Prime Meridian. 


magnitude (p. 600) The length of a vector. 


magnitude of symmetry (p. 664) The smallest angle through 
which a figure can be rotated so that it maps onto itself. 


major arc (p. 707) An arc with a measure greater than 180. 


ACBis a major arc. 


marginal frequencies (p. 954) In a two-way frequency table, 
the accumulated frequencies reported in the Totals row and 
Totals column. 


matrix logic (p. 353) A rectangular array in which learned 
Clues are recorded in order to solve a logic or reasoning 
problem. 

means (p. 462) In 7 = 5 the numbers band c. 

median (p. 335) In a triangle, a line segment with endpoints 
that are a vertex of a triangle and the midpoint of the side 
opposite the vertex. 


meridians (p. 895) Imaginary vertical lines drawn around the 
Earth through the North and South Poles. 


midpoint (p. 27) The point on a segment exactly halfway 
between the endpoints of the segment. 


midsegment of trapezoid (p. 441) A segment that connects 
the midpoints of the legs of a trapezoid. 


midsegment of triangle (p. 491) A segment with endpoints 
that are the midpoints of two sides of a triangle. 


minor arc (p. 707) An arc with a measure less than 180. 


AB is a minor arc. 
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lugar geométrico Conjunto de puntos que satisfacen una 
condicion dada. 


logicamente equivalentes Enunciados que poseen los mismos 
valores verdaderos. 


longitud Medida de la distancia del este o al oeste del Primer 
Meridiano. 


—_ 


magnitud Longitud de un vector. 


magnitud de la simetria El angulo mas pequeno con el cual 
una figura puede serrotada de modo que traz sobre si mismo. 


arco mayor Arco que mide mas de 180. ACB es un arco 
mayor. 


frecuencias marginales En una tabla de double entrada o de 
frecuencias, las frecuencias acumuladas que se reportan en 
la hilera de los totales y en la columna de los totales. 


ldgica matricial Arreglo rectangular en que las claves 
aprendidas se escriben en orden para resolver un problema 
de ldgica o razonamiento. 

medias Los numeros by cen la proporcién 5 = 5 

mediana En un triangulo, Segmento de recta de cuyos 
extremos son un vértice del triangulo y el punto medio del 
lado opuesto a dicho vértice. 


meridianos Lineas verticales imaginarias dibujadas alrededor 
de la Tierra que von del polo norte al polo sur. 


punto medio Punto en un segmento que yace exactamente en 
la mitad, entre los extremos del segmento. 


segmento medio de un trapecio Segmento que conecta los 
puntos medios de los catetos de un trapecio. 


segmento medio de un triangulo Segmento cuyas extremos 
son los puntos medianos de dos lados de un triangulo. 


arco menor Arco que mide menos de 180. AB es un arco 
menor. 


multi-stage experiments (p. 916) Experiments with more than 
two stages. 


mutually exclusive (p. 956) Two events that have no outcomes 
in common. 


experimentos multietapicos Experimentos con mas de dos 


etapas. 


mutuamente exclusivos Eventos que no tienen resultados en 


comun. 


—__————_fy}—__ 


negation (p. 99) If a statement is represented by p, then not p 
is the negation of the statement. 


net (p. 76) A two-dimensional figure that when folded forms 
the surfaces of a three-dimensional object. 


network (p. 964) A graph of interconnected vertices. 

n-gon (p. 57) A polygon with n sides. 

node (p. 964) A collection of vertices. 

non-Euclidean geometry (p. 890) The study of geometrical 


systems that are not in accordance with the Parallel Postulate 
of Euclidean geometry. 


negacion Si p representa un enunciado, entonces no pes la 
negacion del enunciado. 


red Figura bidimensional que al ser plegada forma las 
superficies de un objeto tridimensional. 


red Grafico de vértices interconectados. 
enagono Poligono con n lados. 
nodo Coleccidn de vértices. 


geometria no euclidiana El estudio de sistemas geométricos 
que no satisfacen el postulado de las paralelas de la 
geometria euclidiana. 


or; 


oblique cone (p. 856) A cone that is not a right cone. 


2 


oblique cylinder (p. 848) A cylinder that is not a right cylinder. 


oblique prism (p. 846) A prism in which the lateral edges are 
not perpendicular to the bases. 


e 


a 


oblique solid (p. 838) A solid with base(s) that are not 
perpendicular to the edges connecting the two bases or 
vertex. 


obtuse angle (p. 38) An angle with degree measure greater 
than 90 and less than 180. 


90 < mZA < 180 


cono oblicuo Cono que no es un cono recto. 


2 ae, 


cilindro oblicuo Cilindro que no es un cilindro recto. 


prisma oblicuo Prisma cuyas aristas laterales no son 
perpendiculares a las bases. 


sOlido oblicuo Sdlido con base o bases que no son 
perpendiculares a las aristas, las cuales conectan las dos 
bases o vértice. 


Angulo obtuso Angulo que mide mas de 90 y menos de 180. 


A 
90 < mZA < 180 
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obtuse triangle (p. 237) A triangle with an obtuse angle. 


ago 
17° 
43° 
one obtuse angle 


— = ; 
opposite rays (p. 36) Two rays BA and BC such that Bis 
between A and C. 


<e———_e—_0—_> 


A B Cc 


opposite vectors (p. 601) Vectors that have the same 
magnitude but opposite direction. 


map onto itself as it rotates from 0° to 360°. 
used to locate points in space. 


of a triangle. 
orthographic drawing (p. 75) The two-dimensional top view, 


left view, front view, and right view of a three-dimensional 
object. 


point, called the focus, and a given line, called the directrix. 
of a paragraph that explains why a conjecture for a given 
situation is true. 


parallel lines (p. 173) Coplanar lines that do not intersect. 


A 
a ae 
Ca 
res D 
AB || CD 
parallel planes (p. 173) Planes that do not intersect. 


parallel vectors (p. 601) Vectors that have the same or 
opposite direction. 


parallelogram (p. 403) A quadrilateral with parallel opposite 
sides. Any side of a parallelogram may be called a base. 


A B 


ff 


D Cc 
AB || DC; AD || BC 
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order of symmetry (p. 664) The number of times a figure can 


ordered triple (p. 556) Three numbers given in a specific order 


orthocenter (p. 337) The point of concurrency of the altitudes 


paragraph proof (p. 129) An informal proof written in the form 


triangulo obtusangulo Triangulo con un angulo obtuso. 


— 
17° 
43° 


un angulo obtuso 


—_—> = 
rayos opuestos Dos rayos BA y BC donde Besta entre Ay C. 


<—_e—_—_—_—_e_—_> 


A B Cc 


vectores opuestos Vectores que tienen la misma magnitud 
pero enfrente de la direccidn. 


orden de la simetria Numero de veces que una figura se 
puede aplicar sobre si misma mientras gira de 0° a 360°. 


triple ordenado Tres numeros dados en un orden especifico 
que sirven para ubicar puntos en el espacio. 


ortocentro Punto de intersecci6n de las alturas de un 
triangulo. 


proyeccion ortogonal Vista bidimensional superior, del lado 
izquierda, frontal y del lado derecho de un objeto 
tridimensional. 


_—_—_—_fy-—_____ 


parabola (p. 764) The graph of a quadratic function. The set of 
all points in a plane that are the same distance from a given 


parabola La grafica de una funcion cuadratica. Conjunto de todos 
los puntos de un plano que estan a la misma distancia de un 
punto dado, llamado foco, y de una recta dada, llamada directriz. 


demostracion de parrafo Demostracion informal escrita en 
parrafo que explica por qué una conjetura para una situacion 
dada es verdadera. 


rectas paralelas Rectas coplanares que no se intersecan. 


A 
oo ee 
ee, 
D 
AB || CD 
planos paralelos Planos que no se intersecan. 


vectores paralelos Vectores con la misma direccién o 
direccion opuesta. 


paralelogramo Cuadrilatero cuyos lados opuestos son 
paralelos y cuya base puede ser cualquier de sus lados. 


A B 


ff 


D Cc 
AB || DC; AD || BC 


parallelogram method (p. 601) A method used to find the 
resultant of two vectors in which you place the vectors at the 
same initial point, complete a parallelogram, and draw the 
diagonal. 


parallels (p. 895) Imaginary horizontal lines parallel to the equator. 


perimeter (p. 58) The sum of the lengths of the sides of a 
polygon. 


permutation (p. 922) An arrangement of objects in which order 
is important. 


perpendicular bisector (p. 324) In a triangle, a line, segment, 
or ray that passes through the midpoint of a side and is 
perpendicular to that side. 


A perpendicular 
bisector 


B D Cc 
Dis the midpoint of BC. 


perpendicular lines (p. 48) Lines that form right angles. 


Mm 


line 771 L line 2 


pi (7) (p. 699) An irrational number represented by the ratio of 
the circumference of a circle to the diameter of the circle. 


plane (p. 5) A basic undefined term of geometry. A plane is a 
flat surface made up of points that has no depth and extends 
indefinitely in all directions. In a figure, a plane is often 
represented by a shaded, slanted four-sided figure. Planes 
are usually named by a capital script letter or by three 
noncollinear points on the plane. 


plane Euclidean geometry (p. 889) Geometry based on 
Euclid’s axioms dealing with a system of points, lines, and 
planes. 


plane symmetry (p. 665) Symmetry in a three- dimensional 
figure that occurs if the figure can be mapped onto itself by a 
reflection in a plane. 


Platonic solids (p. 68) The five regular polyhedra: tetrahedron, 
hexahedron, octahedron, dodecahedron, or icosahedron. 


point (p. 5) A basic undefined term of geometry. A point is a 
location. In a figure, points are represented by a dot. Points 
are named by capital letters. 


point of concurrency (p. 325) The point of intersection of 
concurrent lines. 


meétodo del paralelogramo Método que se usa para hallar la 
resultante de dos vectores en que se dibujan los vectores con 
el mismo punto de origen, se completa un paralelogramo y se 
traza la diagonal. 


paralelos Rectas horizontales imaginarias paralelas al ecuador. 


perimetro Suma de la longitud de los lados de un poligono. 


permutacidn Disposicion de objetos en la cual el orden es 
importante. 


mediatriz Recta, segmento de recta o rayo perpendicular que 
corta un lado del triangulo en su punto medio. 


mediatriz 


B D Cc 
Des el punto medio de BC. 


rectas perpendiculares Rectas que forman angulos rectos. 


m 


recta 771 L recta 71 


pi (7) Numero irracional representado por la razon de la 
circunferencia de un circulo al diametro del mismo. 


plano Término geométrico basico no definido. Superficie plana 
sin espesor formada por puntos y que se extiende hasta el 
infinito en todas direcciones. En una figura, los planos a 
menudo se representan con una figura inclinada y sombreada 
y se designan con una letra mayuscula 0 con tres puntos no 
colineales del plano. 


geometria del plano euclidiano Geometria basada en los 
axiomas de Euclides, los cuales abarcan un sistema de 
puntos, rectas y planos. 


simetria plana Simetria en una figura tridimensional que 
ocurre si la figura se puede aplicar sobre si misma mediante 
una reflexion en el plano. 


solidos platénicos Los cinco poliedros regulares siguientes: 
tetraedro, hexaedro, octaedro, dodecaedro e icosaedro. 


punto Término geométrico basico no definido. Un punto 
representa un lugar o ubicacidn. En una figura, se representa 
con una marca puntual y se designan con letras maylisculas. 


punto de concurrencia Punto de intersecci6n de rectas 
concurrentes. 
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point of symmetry (p. 664) A figure that can be mapped onto 
itself by a rotation of 180°. 


Ris a point of symmetry. 


point of tangency (p. 732) For a line that intersects a circle in 
only one point, the point at which they intersect. 


point-slope form (p. 198) An equation of the form 
Y — Ys, = m(x — x,), where (x,, y,) are the coordinates of 
any point on the line and m is the slope of the line. 


poles (p. 881) The endpoints of the diameter of a great circle. 


polygon (p. 56) A closed figure formed by a finite number of 
coplanar segments called sides such that the following 
conditions are met: 


1. The sides that have a common endpoint are noncollinear. 


2. Each side intersects exactly two other sides, but only at 
their endpoints, called the vertices. 


polyhedrons (p. 67) Closed three-dimensional figures made up 
of flat polygonal regions. The flat regions formed by the 
polygons and their interiors are called faces. Pairs of faces 
intersect in segments called edges. Points where three or 
more edges intersect are called vertices. 


population density (p. 797) A measurement of population per 
unit of area. 


postulate (p. 127) A statement that describes a fundamental 
relationship between the basic terms of geometry. Postulates 
are accepted as true without proof. 


preimage (p. 296) The graph of an object before a 
transformation. 


principle of superposition (p. 682) Two figures are congruent 
if and only if there is a rigid motion or a series of rigid 
motions that maps one figure exactly onto the other. 


prism (p. 67) A solid with the following characteristics: 


1. Two faces, called bases, are formed by congruent 
polygons that lie in parallel planes. 


2. The faces that are not bases, called /ateral faces, are 
formed by parallelograms. 
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punto de simetria Una figura que se puede traz sobre si 
mismo por una rotacién de 180°. 


Res un punto de simetria. 


punto de tangencia Punto de interseccidn de una recta en un 
circulo en un solo punto. 


forma punto-pendiente Ecuacién de la forma 
y— ¥, = mx — x,), donde (x,, y,) representan las 
coordenadas de un punto cualquiera sobre la recta y m 
representa la pendiente de la recta. 


postes Las extremos del diametro de un circulo mayor. 


poligono Figura cerrada formada por un numero finito de 
segmentos coplanares llamados /ados, tal que satisface las 
siguientes condiciones: 


1. Los lados que tienen un extremo comun son no colineales. 


2. Cada lado interseca exactamente dos lados mas, pero sdlo 
en sus extremos, llamados vértices. 


poliedros Figuras tridimensionales cerrada formadas por 
regiones poligonales planas. Las regiones planas definidas 
por un poligono y sus interiores se llaman caras. Cada 
interseccion entre dos caras se llama arista. Los puntos 
donde se intersecan tres 0 mas aristas se llaman vértices. 


densidad demografica Medida de la poblacién por unidad 
de area. 


postulado Enunciado que describe una relacién fundamental 
entre los términos geométricos basicos. Los postulados se 
aceptan como verdaderos sin necesidad de demostracion. 


preimagen Grafica de una figura antes de una transformacion. 


principio de superposicion Dos figuras son congruentes si y 
s6lo si existe un movimiento rigido o una serie de 
movimientos rigidos que aplican una de las figuras 
exactamente sobre la otra. 


prisma S6lido con las siguientes caracteristicas: 


1. Dos caras llamadas bases, formadas por poligonos 
congruentes que yacen en planos paralelos. 


2. Las caras que no son las bases, llamadas caras /aterales, 
son paralelogramos. 


3. The intersections of two adjacent lateral faces are called 
lateral edges and are parallel segments. 


base 


lateral 
lateral edge fans 


triangular prism 


probability model (p. 939) A mathematical model used to 
match a random phenomenon. 


probability tree (p. 949) An organized table of line segments 
(branches) that shows the probability of each outcome. 


proof (p. 128) A logical argument in which each statement you 
make is supported by a statement that is accepted as true. 


proof by contradiction (p. 355) An indirect proof in which one 
assumes that the statement to be proved is false. One then 
uses logical reasoning to deduce a statement that contradicts 
a postulate, theorem, or one of the assumptions. Once a 
contradiction is obtained, one concludes that the statement 
assumed false must in fact be true. 


proportion (p. 462) An equation of the form 2 = £ that states 
: bod 
that two ratios are equal. 


pyramid (p. 67) A solid with the following characteristics: 


1. All of the faces, except one face, intersect at a point called 
the vertex. 


2. The face that does not contain the vertex is called the 
base and is a polygonal region. 


3. The faces meeting at the vertex are called /ateral faces 
and are triangular regions. 


vertex A 


lateral 
face 


base 


rectangular pyramid 


Pythagorean triple (p. 548) A group of three whole numbers 
that satisfies the equation a2 + b* = c?, where cis the 
greatest number. 


3. Las intersecciones de dos caras laterales adyacentes se 
llaman aristas laterales y son segmentos paralelos. 


base 


' cara lateral 
arista lateral 


prisma triangular 


modelo de probabilidad Modelo matematico que se usa para 
relacionar un fendmeno aleatorio. 


arbol de la probabilidad Tabla organizada de segmentos de 
recta (ramas) que muestra la probabilidad de cada resultado. 


demostracion Argumento ldgico en el cual cada enunciado 
que se hace esta respaldado por un enunciado que se acepta 
como verdadero. 


demostracion por contradiccién Demostracién indirecta en la 
Cual se supone que el enunciado a demostrarse es falso. 
Luego, se usa el razonamiento ldgico para inferir un 
enunciado que contradiga el postulado, teorema o una de las 
conjeturas. Una vez que se obtiene una contradiccién, se 
concluye que el enunciado que se supuso falso es, en 
realidad, verdadero. 


4 


proporcion Ecuacion de la forma ; 


5 que establece que 
dos razones son iguales. 


piramide Sdlido con las siguientes caracteristicas: 


1. Todas las caras, excepto una, se intersecan en un punto 
llamado vértice. 


2. La cara sin el vértice se llama base y es una region 
poligonal. 


3. Las caras que se encuentran en los vértices se llaman 
caras laterales y son regiones triangulares. 


AA 


vértice 


cara 
lateral 


base 


piramide rectangular 


triplete pitagorico Grupo de tres numeros enteros que 
satisfacen la ecuacién a2 + b? = c?, donde ces el numero 
mayor. 
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radius 1. (p. 697) In a circle, any segment with endpoints that 
are the center of the circle and a point on the circle. 
2. (p. 880) In a sphere, any segment with endpoints that are 
the center and a point on the sphere. 


radius of a regular polygon (p. 807) The radius of a circle 
circumscribed about a polygon. 


random variable (p. 941) A variable that can assume a set of 
values, each with fixed probabilities. 


rate of change (p. 189) Describes how a quantity is changing 
over time. 


ratio (p. 461) A comparison of two quantities using division. 


ray (p. 36) Pa is a ray if it is the set of points consisting of PQ 
and all points S for which Q is between P and S. 


o—e__e—_>> 


P Qs 


rectangle (p. 423) A quadrilateral with four right angles. 


Pa 


reduction (p.511) An image that is smaller than the original 
figure. 


reflection (pp. 296, 623) A transformation representing the flip 
of a figure over a point, line or plane. A reflection in a line is a 
function that maps a point to its image such that 


e if the point is on the line, then the image and preimage are 
the same point, or 


e if the point is not on the line, the line is the perpendicular 
bisector of the segment joining the two points. 


regular polygon (p. 57) A convex polygon in which all of the 
sides are congruent and all of the angles are congruent. 


regular polyhedron (p. 68) A polyhedron in which all of the 
faces are regular congruent polygons. 
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radio 1. En un circulo, cualquier segmento cuyos extremos 
son en el centro y un punto del circulo. 2. En una esfera, 
cualquier segmento cuyos extremos son el centro y un punto 
de la esfera. 


radio de un poligono regular Radio de un circulo circunscrito 
alrededor de un poligono. 


variable aleatoria Variable que puede tomar un conjunto de 
valores, cada uno con probabilidades fijas. 


tasa de cambio Describe como cambia una cantidad a través 
del tiempo. 


razon Comparacion de dos cantidades mediante division. 


rayo Pa es un rayo si se el conjunto de puntos formado 
por PQ y todos los puntos S para los cuales Q se ubica entre 
PyS. 


o—e__e—_> 


P Qs 


rectangulo Cuadrilatero con cuatro angulos rectos. 


as 


reduccion Imagen mas pequefia que la figura original. 


reflexion Transformacion en la cual una figura se “voltea” a 
través de un punto, una recta o un plano. Una reflexion en 
una recta es una funcidn que aplica un punto a su imagen, de 
modo que si el punto yace sobre la recta, entonces la imagen 
y la preimagen son el mismo punto, o si el punto no yace 
sobre la recta, la recta es la mediatriz del segmento que une 
los dos puntos. 


poligono regular Poligono convexo cuyos los lados y angulos 
son congruentes. 


poliedro regular Poliedro cuyas caras son poligonos regulares 
congruentes. 


regular prism (p. 67) A right prism with bases that are regular 
polygons. 


regular pyramid (p. 854) A pyramid with a base that is a 
regular polygon. 


regular tessellation (p. 660) A tessellation formed by only one 
type of regular polygon. 


related conditionals (p. 109) Statements that are based ona 
given conditional statement. 


relative frequency (p. 954) In a frequency table, the ratio of 
the number of observations in a category to the total number 
of observations. 


remote interior angles (p. 248) The angles of a triangle that 
are not adjacent to a given exterior angle. 


resultant (p. 601) The sum of two vectors. 


rhombus (p. 430) A quadrilateral with all four sides congruent. 


right angle (p. 38) An angle with a degree measure of 90. 


A 
mZA = 90 


right cone (p. 856) A cone with an axis that is also an altitude. 


right cylinder (p. 848) A cylinder with an axis that is also an 
altitude. 


right prism (p. 846) A prism with lateral edges that are also 
altitudes. 


right solid (p. 837) A solid with base(s) that are perpendicular 
to the edges connecting them or connecting the base and the 
vertex of the solid. 

right triangle (p. 237) A triangle with a right angle. The side 


opposite the right angle is called the hypotenuse. The other 
two sides are called /egs. 


hypotenuse —» leg 


A leg 


prisma regular Prisma recto cuyas bases son poligonos 
regulares. 


piramide regular Piramide cuya base es un poligono regular. 


teselado regular Teselado formado por un solo tipo de 
poligono regular. 


condicionales relacionados Enunciados que se basan en un 
enunciado condicional dado. 


frecuencia relativa En una tabla de frecuencias, la razon del 
numero de observaciones en una categoria al numero total 
de observaciones. 


Angulos internos no adyacentes Angulos de un triangulo que 
no son adyacentes a un angulo exterior dado. 


resultante Suma de dos vectores. 


rombo Cuadrilatero con cuatro lados congruentes. 


Angulo recto Angulo que mide 90. 


A 
mZA = 90 


cono recto Cono cuyo eje es también su altura. 


cilindro recto Cilindro cuyo eje es también su altura. 


prisma recto Prisma cuyas aristas laterales también son su 
altura. 


sOlido recto Sdlido con base o bases perpendiculares a las 
aristas, conectandolas entre si o conectando la base y el 
vértice del sdlido. 


triangulo rectangulo Triangulo con un angulo recto. El lado 
opuesto al angulo recto se conoce como hipotenusa. Los 
otros dos lados se llaman catetos. 


Cc 
hipotenusa —y cateto 


A cateto ’ 
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rotation (pp. 296, 640) A transformation that turns every point 
of a preimage through a specified angle and direction about a 
fixed point, called the center of rotation. A rotation about a 
fixed point through an angle of x° is a function that maps 
a point to its image such that 


e if the point is the center of rotation, then the image and 
preimage are the same point, or 


e if the point is not the center of rotation, then the image and 
preimage are the same distance from the center of rotation 
and the measure of the angle of rotation formed by the 
preimage, center of rotation, and image points is x. 


rotational symmetry (p. 664) If a figure can be rotated less 
than 360° about a point so that the image and the preimage 
are indistinguishable, the figure has rotational symmetry. 


rotacion Transformacion en la cual se hace girar cada punto 
de la preimagen a través de un angulo y una direccién 
determinadas alrededor de un punto llamado centro de 
rotacion. La rotacion de x° es una funci6én que aplica un 
punto a su imagen, de modo que si el punto es el centro de 
rotacion, entonces la imagen y la preimagen estan a la 
misma distancia del centro de rotacién y la medida del 
angulo formado por los puntos de la preimagen, centro de 
rotacion e imagen es x. 


simetria rotacional Si una imagen se puede girar menos de 360° 
alrededor de un punto, de modo que la imagen y la preimagen 
sean idénticas, entonces la figura tiene simetria rotacional. 


oo 5 


sample space (p. 915) The set of all possible outcomes of an 
experiment. 


scalar (p. 606) A constant multiplied by a vector. 
scalar multiplication (p. 606) Multiplication of a vector by a scalar. 


scale factor (p. 470) The ratio of the lengths of two 
corresponding sides of two similar polygons or two similar solids. 


scale factor of dilation (p. 511) The ratio of a length on an 
image to a corresponding length on the preimage. 


scalene triangle (p. 238) A triangle with no two sides congruent. 


secant (p. 741) Any line that intersects a circle in exactly two 


points. 
a 


D 
CDis a secant of OP. 


secant segment (p. 752) A segment of a secant line that has 
exactly one endpoint on the circle. 


sector of a circle (p. 799) A region of a circle bounded by a 
central angle and its intercepted arc. 


The shaded region is 
a sector of OA. 
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espacio muestral El conjunto de todos los resultados posibles 
de un experimento. 


escalar Constante multiplicada por un vector. 
multiplicacion escalar Multiplicacion de un vector por un escalar. 


factor de escala Razon entre las longitudes de dos lados 
correspondientes de dos poligonos 0 sdlidos semejantes. 


factor de escala de homotecia Razon de una longitud en la 
imagen a una longitud correspondiente en la preimagen. 


triangulo escaleno Triangulo que no tiene dos lados congruentes. 


secante Cualquier recta que interseca un circulo exactamente 


en dos puntos. 
Ce 


D 
CD es una secante de OP 


segmento secante Segmento de una recta secante que tiene 
exactamente un extremo en el circulo. 


sector circular Regidn de un circulo limitada por un angulo 
central y su arco de interseccion. 


La regidn sombreada 
es un sector de OA. 


segment (p. 14) See /ine segment. 


segment bisector (p. 29) A segment, line, or plane that 
intersects a segment at its midpoint. 


segment of a circle (p. 803) The region of a circle bounded by 
an arc and a chord. 


The shaded region is 
a segment of OA. 


self-similar (p. 509) If any parts of a fractal image are replicas 
of the entire image, the image is self-similar. 
semicircle (p. 707) An arc that measures 180. 


semi-regular tessellation (p. 660) A uniform tessellation 
formed using two or more regular polygons. 


sides of an angle (p. 36) The rays of an angle. 


Sierpinski Triangle (p. 509) A self-similar fractal described by 
Waclaw Sierpinski. The figure was named for him. 


similar solids (p. 896) Solids that have exactly the same 
shape, but not necessarily the same size. 


similarity ratio (p. 470) The scale factor between two similar 
polygons 


similarity transformation (p. 511) When a figure and its 
transformation image are similar. 


simulation (p. 939) A probability model used to recreate a 
situation again and again so the likelihood of various 
outcomes can be estimated. 


sine (p. 568) For an acute angle of a right triangle, the ratio of 
the measure of the leg opposite the acute angle to the 
measure of the hypotenuse. 


skew lines (p. 173) Lines that do not intersect and are not 
coplanar. 


slant height (p. 854) The height of the lateral side of a 
pyramid or cone. 


segmento Ver segmento de recta. 


bisector del segmento Segmento, recta o plano que interseca 
un segmento en su punto medio. 


segmento de un circulo Regidn de un circulo limitada por un 
arco y una cuerda. 


La regidn sombreada es 
un segmento de ©A. 


autosemejante Si cualquier parte de una imagen fractal es 
una réplica de la imagen completa, entonces la imagen es 
autosemejante. 


semicirculo Arco que mide 180. 


teselado semiregular Teselado uniforme compuesto por dos o 
mas poligonos regulares. 


lados de un angulo Los rayos de un angulo. 
triangulo de Sierpinski Fractal autosemejante descrito por el 


matematico Waclaw Sierpinski. La figura se nombrdé en su 
honor. 


sdlidos semejantes Sdlidos que tienen exactamente la misma 
forma, pero no necesariamente el mismo tamano. 


razon de semejanza Factor de escala entre dos poligonos 
semejantes. 


transformacién de semejanza cuando una figura y su imagen 
transformada son semejantes. 


simulacro Modelo de la probabilidad que se usa para 
reconstruir una situacién repetidas veces y asi poder estimar 
la probabilidad de varios resultados. 


seno Para un angulo agudo de un triangulo rectangulo, razon 
entre la medida del cateto opuesto al Angulo agudo a la 
medida de la hipotenusa. 


rectas alabeadas Rectas que no se intersecan y que no son 
coplanares. 


altura oblicua Altura de la cara lateral de una piramide o un 
cono. 


| ya } 
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slope (p. 188) For a (nonvertical) line containing two points 
(X, ¥;) and (X,, Yo), the number m given by the formula 


Y2~ M1 where Xp $M. 
1 


n= 
Xo — X. 


slope-intercept form (p. 198) A linear equation of the form 
y = mx + b.The graph of such an equation has slope m and 
y-intercept b. 


solid of revolution (p. 647) A three-dimensional figure 
obtained by rotating a plane figure about a line. 


solving a triangle (p. 591) Finding the measures of all of the 
angles and sides of a triangle. 


space (p. 7) A boundless three-dimensional set of all points. 


sphere (p. 67) In space, the set of all points that are 
a given distance from a given point, called the center. 


Cis the center of the sphere. 


spherical geometry (p. 889) The branch of geometry that 
deals with a system of points, great circles (lines), and 
spheres (planes). 


square (p. 431) A quadrilateral with four right angles and four 
congruent sides. 


standard position (p. 602) When the initial point of a vector is 
at the origin. 


statement (p. 99) Any sentence that is either true or false, but 
not both. 


supplementary angles (p. 47) Two angles with measures that 
have a sum of 180. 


surface area (p. 69) The sum of the areas of all faces and side 
surfaces of a three-dimensional figure. 


symmetry (p. 663) A figure has symmetry if there exists a 
rigid motion—reflection, translation, rotation, or glide 
reflection—that maps the figure onto itself. 
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pendiente Para una recta (no vertical) que contiene dos puntos 
(X4, 4) ¥ (Xp; Yo); tel numero m viene dado por la formula 
Yo- Vy 


m= 
Xo — Xy 


donde x, # X,. 


forma pendiente-interseccion Ecuacién lineal de la forma 
y = mx + bdonde, la pendiente es my la interseccion y 
es Db. 


sOlido de revolucion Figura tridimensional que se obtiene al 
rotar una figura plana alrededor de una recta. 


resolver un triangulo Calcular las medidas de todos los 
angulos y todos los lados de un triangulo. 


espacio Conjunto tridimensional no acotado de todos los 
puntos. 


esfera En el espacio, conjunto de todos los puntos a cierta 
distancia de un punto dado llamado centro. 


we 


Ces el centro de la esfera. 


geometria esférica Rama de la geometria que estudia los 
sistemas de puntos, los circulos mayores (rectas) y las 
esferas (planos). 


cuadrado Cuadrilatero con cuatro angulos rectos y cuatro 
lados congruentes. 


posicion estandar Cuando el punto inicial de un vector es el 
origen. 


enunciado Cualquier suposicién que puede ser falsa o 
verdadera, pero no ambas. 


angulos suplementarios Dos angulos cuya suma es igual 
a 180. 


area de superficie Suma de las areas de todas las caras y 
superficies laterales de una figura tridimensional. 


simetria Una figura tiene simetria si existe un movimiento 
rigido (reflexion, translacion, rotacion, o reflexion con 
deslizamiento) que aplica la figura sobre si misma. 


—_—{y—__— 


tangent 1. (p. 568) For an acute angle of a right triangle, the 
ratio of the measure of the leg opposite the acute angle to the 
measure of the leg adjacent to the acute angle. 2. (p. 732) A 
line in the plane of a circle that intersects the circle in exactly 
one point. The point of intersection is called the point of 
tangency. 3. (p. 880) A line that intersects a sphere in exactly 
one point. 


tangent segment (p. 752) A segment of a tangent with one 
endpoint on a circle that is both the exterior and whole 
segment. 


tessellation (p. 660) A pattern that covers a plane by 
transforming the same figure or set of figures so that there 
are no overlapping or empty spaces. 


theorem (p. 129) A statement or conjecture that can be proven 
true by undefined terms, definitions, and postulates. 


topographic map (p. 845) A representation of a three- 
dimensional surface on a flat piece of paper. 


traceable network (p. 964) A network in which all of the 
nodes are connected and each edge is used once when the 
network is used. 


transformation (p. 511) In a plane, a mapping for which each 
point has exactly one image point and each image point has 
exactly one preimage point. 


translation (pp. 296, 632) A transformation that moves a figure 
the same distance in the same direction. A translation is a 
function that maps each point to its image along a vector 
such that each segment joining a point and its image has the 
same length as the vector, and this segment is also parallel to 
the vector. 


translation vector (p. 632) The vector in which a translation 
maps each point to its image. 


Z 
Ry? 


Point R’, is a translation of point 
R along translation vector m. 


tangente 1. Para un angulo agudo de un triangulo rectangulo, 
razon de la medida del cateto opuesto al angulo agudo a la 
medida del cateto adyacente al angulo agudo. 2. Recta en el 
plano de un circulo que interseca el circulo en exactamente 
un punto. El punto de interseccién se conoce como punto de 
tangencia. 3. Recta que interseca una esfera en exatamente 
un punto. 


segmento tangente Segmento de la tangente con un extremo 
en un circulo que es tanto el segmento externo como el 
segmento completo. 


teselado Patron con que se cubre un plano aplicando la 
misma figura 0 conjunto de figuras, sin que haya traslapes ni 
espacios vacios. 


teorema Enunciado o conjetura que se puede demostrar como 
verdadera mediante términos geométricos basicos, 
definiciones y postulados. 


mapa topografico Representacion de una superficie 
tridimensional sobre una hoja del papel. 


red detectable Red en la cual todos los nodos estén 
conectados y cada arista se utiliza una vez al usarse la red. 


transformacion En un plano, aplicacion para la cual cada 
punto del plano tiene un unico punto de la imagen y cada 
punto de la imagen tiene un unico punto de la preimagen. 


traslacion Transformacion que mueve una figura la misma 
distancia en la misma direcci6n. Una traslacién es una 
funci6n que aplica cada punto a su imagen a lo largo de un 
vector, de modo que cada segmento que une un punto a su 
imagen tiene la misma longitud que el vector y este 
segmento es también paralelo al vector. 


vector de traslacion Vector en el cual una traslacion aplica 
cada punto a su imagen. 


ad 
Ry 


El punta R’, es la traslacion 
del punto R a lo largo del vector m 
de traslaci6n. 
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transversal (p. 174) A line that intersects two or more lines in 
a plane at different points. 


£ t 


m 


Line tis a transversal. 


trapezoid (p. 439) A quadrilateral with exactly one pair of 
parallel sides. The parallel sides of a trapezoid are called 
bases. The nonparallel sides are called /egs. The pairs of 
angles with their vertices at the endpoints of the same base 
are Called base angles. 


tree diagram (p. 915) An organized table of line segments 
(branches) which shows possible experiment outcomes. 


triangle method (p. 602) A method used to find the resultant 
of two vectors in which the second vector is connected to the 
terminal point of the first and the resultant is drawn from the 
initial point of the first vector to the terminal point of the 
second vector. 


trigonometric ratio (p. 568) A ratio of the lengths of sides of a 
right triangle. 


trigonometry (p. 568) The study of the properties of triangles 
and trigonometric functions and their applications. 


truth table (p. 101) A table used as a convenient method for 
organizing the truth values of statements. 


truth value (p. 99) The truth or falsity of a statement. 


two-column proof (p. 137) A formal proof that contains 
statements and reasons organized in two columns. Each step 
is called a statement, and the properties that justify each step 
are called reasons. 


two-stage experiment (p. 916) An experiment with two stages 
or events. 


two-way frequency table (p. 954) A table used to show the 
frequencies or relative frequencies of data from a survey or 
experiment classified according to two variables, with the 
rows indicating one variable and the columns indicating the 
other. 
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transversal Recta que interseca dos o mas rectas en el 
diferentes puntos del mismo plano. 


£ t 


m™ 


La recta tes una transversal. 


trapecio Cuadrilatero con solo un par de lados paralelos. Los 
lados paralelos del trapecio se llaman bases. Los lados no 
paralelos se llaman catetos. Los pares de angulos cuyos 
vértices coinciden en los extremos de la misma base son los 
dngulos de la base. 


angulos 
de la base 


cateto 


P base A 


diagrama del arbol Tabla organizada de segmentos de recta 
(ramas) que muestra los resultados posibles de un experimento. 


método del triangulo Método para calcular la resultante de 
dos vectores en cual el segundo vector esta conectado al 
extremo del primer y la resultante se traza desde el punto 
inicial del primer vector al extremo del segundo vector. 


razon trigonomeétrica Razon de las longitudes de los lados de 
un triangulo rectangulo. 


trigonometria Estudio de las propiedades de los triangulos, de 
las funciones trigonométricas y sus aplicaciones. 


tabla de validez Tabla que se utiliza para organizar de una 
manera conveniente los valores de verdaderos de los 
enunciados. 


valor de verdad Condicién de un enunciado de ser verdadero 
0 falso. 


demostracion de dos columnas Demonstraci6n formal que 
contiene enunciados y razones organizadas en dos columnas. 
Cada paso se llama enunciado y las propiedades que |o 
justifican son las razones. 


experimento de dos pasos Experimento que consta de dos 
pasos 0 eventos. 


tabla de doble entrada o de frecuencias Tabla que se usa 
para mostrar las frecuencias o frecuencias relativas de los 
datos de una encuesta o experimento clasificado de acuerdo 
con dos variables, en la cual las hileras indican una variable y 
las columnas indican la otra variable. 


fy —____— 


undefined term (p. 5) Words, usually readily understood, that 
are not formally explained by means of more basic words and 
concepts. The basic undefined terms of geometry are point, 
line, and plane. 


uniform tessellations (p. 660) Tessellations containing the 
same arrangement of shapes and angles at each vertex. 


término geométrico basico no definido Palabras que por lo 


general se entienden facilmente y que no se explican 
formalmente mediante palabras 0 conceptos mas basicos. 
Los términos geométricos basicos no definidos son el punto, 
la recta y el plano. 


teselado uniforme Teselados con el mismo patron de formas 


y angulos en cada vértice. 


vector (p. 600) A directed segment representing a quantity 
that has both magnitude, or length, and direction. 


vertex angle of an isosceles triangle (p. 285) See isosceles 
triangle. 


vertex-edge graphs (p. 964) A collection of nodes connected 
by edges. 


vertex of an angle (pp. 36,67) The common endpoint of an 
angle. 


vertex of a polygon (p. 56) The vertex of each angle of a 
polygon. 


vertex of a polyhedron (p. 67) The intersection of three edges 
of a polyhedron. 


vertical angles (p. 46) Two nonadjacent angles formed by two 
intersecting lines. 


Z1 and Z3 are vertical angles. 
Z2 and Z4 are vertical angles. 


volume (p. 69) A measure of the amount of space enclosed by 
a three-dimensional figure. 


vector Segmento dirigido que representa una cantidad, la cual 


posee tanto magnitud o longitud como direccion. 


angulo del vértice un triangulo isosceles Ver tridngulo 
isosceles. 


graficas de vértice-arista Coleccién de nodos conectados por 
aristas. 


vértice de un angulo Extremo comun de un angulo. 
vertice de un poligono Vértice de cada angulo de un poligono. 
vértice de un poliedro Intersecci6n de las aristas de un 


poliedro. 


angulos opuestos por el vértice Dos angulos no adyacentes 
formados por dos rectas que se intersecan. 


Z1y Z3 son angulos opuestos por el vértice. 
Z2y Z4 son angulos opuestos por el vértice. 


volumen La medida de la cantidad de espacio contiene una 
figura tridimensional. 


weight (p. 946) The value assigned to an edge ina 
vertex-edge graph. 


weight of a path (p. 946) The sum of the weights of the edges 
along a path. 


weighted vertex-edge graphs (p. 946) A collection of nodes 
connected by edges in which each edge has an assigned 
value. 


peso Valor asignado a una arista en una grafica de 
vértice-arista. 


peso de una ruta Suma de los pesos de las aristas a lo largo 
de una ruta. 


graficas ponderadas de vértice-arista Coleccion de nodos 


conectados por aristas en que cada arista tiene un valor 
asignado. 
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30°-60°-90° Triangle Theorem, 560 
45°-45°-90° Triangle Theorem, 558 
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AA (Angle-Angle) Similarity Postulate. 
See Angle-Angle (AA) Similarity 
Postulate 

AAS (Angle-Angle-Side) Congruence 
Theorem. See Angle-Angle-Side 
(AAS) Congruence Theorem 

Absolute error, 22, 24 

Absolute value, 743 

Accuracy, 22-24 


Activities. See Geometry Labs; Graphing 
Technology Labs; Spreadsheet Labs; 
TI-Nspire™ Technology Labs 

Acute angles, 38, 41-43, 237, 238, 558 

Acute triangles, 237-238 

Addition 

angle, 151-152 

arc, 708 

area, 779 

Associative Property, 138 

Commutative Property, 138 

finding area, 810 

to find measurements, 15 

Rules for Probability, 957-958 

segment, 144-145 

of vectors, 601, 603, 609 
Addition Property 

of equality, 136 

of inequality, 344 

Adjacent angles, 46-48, 50-51 

Adjacent arcs, 708 

Algebraic conjectures, 91-92 

Algebraic expressions, P10 

Algebraic proofs, 136-137, 163 

Algebraic vectors, 603 

Alternate exterior angles, 174—176, 
180, 181, 208 

Alternate Exterior Angles 
Converse, 208 


Alternate Exterior Angles 
Theorem, 181 
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Alternate interior angles, 174-176, 
181, 208, 580 


Alternate Interior Angles 
Converse, 208 


Alternate Interior Angles Theorem, 181, 
580 
Altitudes 
of cones, 856 
of prisms, 846 
of pyramids, 854 
of right triangles, 537-539 
of triangles, 334, 337-339, 538, 559, 
781, 809 
Ambiguous case, 598-599 
Angle Addition Postulate, 151-152 


Angle-Angle (AA) Similarity Postulate, 
478, 482, 490, 568 
Angle-Angle-Side (AAS) Congruence 
Theorem, 276, 588 


Angle bisectors, 40, 323, 326-327, 
339 
Angle Bisector Theorem, 327 
Angles, 36-44 
acute, 38, 41-43, 237, 238 
adjacent, 46-48, 50-51 
alternate exterior, 174-176, 181, 208 
alternate interior, 174-176, 181, 208, 580 
base, 285, 439-440 
bisectors of, 40, 323, 326-327, 339 
central, 706, 799, 807 
complementary, 47-48, 50-51, 
151-152, 558 
congruent, 39, 50, 57, 153, 180, 208, 
285-286, 394, 469 
consecutive interior, 174-176, 181, 208 
copying, 39 
corresponding, 174-176, 180, 181, 
207, 255, 469-470 
of depression, 580-586, 610 
of elevation, 580-586, 610 
exterior, 174-176, 180, 181, 208, 245, 
248-249, 344, 345-346, 348, 
396-398, 402 
exterior of, 36 
formed by two parallel lines and a 
transversal, 179, 180-185 
of incidence, 52 
included, 266-267, 589 


inscribed, 723-729 
interior, 174-176, 181, 208, 245, 246, 
248, 393-395, 402 
interior of, 36-37, 39, 46 
linear pairs, 46-47, 50, 152 
measures of, 933 
measuring, 38, 40, 66 
obtuse, 38, 41-43, 238 
pairs, 174-176, 180, 208 
and parallel lines, 179, 180-185 
of reflection, 52 
relationships, 151-158 
remote interior, 248, 345 
right, 38, 41-43, 155, 238, 283-284, 
304, 423, 424 
of rotation, 640 
sides of, 36-37, 41, 46 
straight, 38 
supplementary, 47-48, 51, 151-152 
theorems about, 153, 154, 155, 181, 
208, 246-247, 248-249, 257, 258, 
276, 285-286, 327, 345-346, 348, 
393-395, 396-397, 479, 482, 504, 
558, 560, 580, 588, 589 
of triangles, 237, 245, 246-253, 310 
vertical, 46-47, 154-155 
vertices of, 36-37, 40-41, 46 
Angle-Side-Angle (ASA) Congruence 
Postulate, 275 
Angle-side inequalities, 345-346 
Angle-side relationships, 346-347 
Angle-Side Relationships in Triangles 
Theorem, 346 


Animations. See ConnectED 
Apothem, 806, 807, 808 


Applications. See also Real-World 
Careers; Real-World Examples; Real- 
World Links 
P3, P7, P9, P21, 2, 3, 6, 7, 8, 9, 10, 11, 
12, 16, 18, 19, 20, 21, 23, 24, 27, 29, 
30, 31, 32, 33, 34, 35, 37, 40, 41, 42, 
43, 44, 45, 47, 48, 49, 50, 51, 52, 53, 
54, 61, 62, 63, 64, 70, 71, 72, 74, 77, 
79, 80, 81, 82, 83, 88, 89, 93, 95, 96, 
97, 98, 102, 103, 104, 105, 106, 110, 
111, 112, 113, 115, 119, 122, 123, 
124, 125, 128, 130, 131, 132, 133, 
134, 135, 137, 139, 140, 141, 143, 
146, 147, 148, 149, 150, 152, 156, 


157, 158, 159, 161, 162, 163, 164, 
165, 170, 171, 175, 176, 177, 178, 
181, 183, 184, 185, 186, 190, 192 
193, 194, 195, 196, 197, 201, 202, 
203, 204, 205, 210, 211, 212, 214, 
216, 220, 221, 222, 223, 224, 226, 
227, 228, 229, 234, 235, 239, 240, 
241, 242, 243, 244, 247, 249, 250, 
251, 252, 254, 257, 258, 260, 261 
262, 263, 267, 268, 269, 270, 271 
272, 274, 277, 279, 280, 281, 282, 
287, 288, 289, 290, 291, 292, 293, 
297, 300, 301, 302, 305, 306, 307, 
308, 309, 311, 312, 313, 314, 315, 
320, 321, 326, 329, 330, 331, 332, 
333, 336, 339, 340, 341, 343, 347, 
348, 349, 351, 352, 354, 356, 358, 
359, 360, 361, 362, 366, 367, 368, 
369, 370, 373, 374, 376, 377, 378, 
380, 382, 383, 384, 385, 390, 391 
394, 395, 397, 398, 399, 400, 401 
404, 405, 407, 408, 409, 410, 411, 
414, 417, 418, 419, 420, 421, 422, 
423, 424, 425, 426, 427, 428, 429, 
431, 433, 435, 436, 437, 438, 440, 
445, 446, 447, 448, 450, 451, 452, 
453, 458, 459, 461, 463, 464, 465, 
466, 467, 473, 474, 475, 476, 477, 
482, 483, 484, 485, 486, 487, 493, 
495, 496, 497, 498, 499, 500, 503, 
504, 505, 506, 507, 508, 512, 514, 
515, 516, 517, 518, 519, 520, 521 
522, 523, 525, 526, 527, 528, 529, 
535, 540, 541, 542, 543, 545, 552, 
553, 554, 555, 561, 562, 563, 564, 
565, 566, 570, 573, 574, 575, 577, 
578, 580, 581, 582, 583, 584, 585, 
586, 587, 590, 591, 592, 593, 594, 
595, 596, 597, 604, 605, 606, 607, 
608, 609, 611, 612, 613, 615, 620, 
621, 624, 627, 628, 629, 630, 631 
634, 635, 636, 637, 638, 643, 644, 
645, 646, 647, 649, 654, 655, 656, 
657, 659, 663, 664, 665, 666, 667, 
668, 669, 675, 677, 678, 679, 680, 
681, 685, 686, 687, 688, 689, 694, 
695, 699, 701, 702, 703, 704, 710, 
711, 712, 714, 715, 716, 717, 718, 
719, 720, 721, 722, 725, 726, 727, 
728, 729, 730, 731, 734, 735, 736, 
737, 738, 739, 744, 745, 746, 747, 
748, 749, 751, 753, 754, 756, 759, 
760, 761, 763, 767, 768, 769, 770, 
771, 776, 777, 782, 783, 784, 786, 
789, 792, 793, 794, 796, 798, 799, 
800, 801, 802, 805, 808, 810, 811, 
812, 813, 820, 821, 822, 823, 824, 
826, 827, 828, 829, 834, 835, 840, 
841, 842, 844, 849, 850, 851, 852, 


853, 857, 859, 860, 861, 867, 868, 
869, 870, 872, 875, 876, 877, 879, 
883, 884, 885, 886, 887, 888, 890, 
891, 892, 894, 898, 899, 900, 901 
902, 904, 905, 906, 907, 912, 913, 
916, 917, 918, 919, 920, 921, 922, 
924, 925, 926, 927, 928, 929, 930, 
932, 933, 934, 935, 936, 937, 938, 
939, 940, 941, 942, 943, 944, 946, 
948, 949, 951, 952, 953, 954, 955, 
956, 957, 958, 959, 960, 961, 962, 
963, 965, 967, 968, 969 


Arc Addition Postulate, 708 
Arcs, 706-713, 715-720 


adding, 708 
adjacent, 708 
bisecting, 716 
congruent, 707, 716 
intercepted, 723 
length of, 709 
major, 707 
measure of, 707 
minor, 707, 715 
naming, 707 
semi circle, 707 


Area, 2, 58-60 


of circles, 58, 798-803, 825, 883 

of composite figures, 809-810 

on coordinate plane, 60, 816-817 

cross-sectional, 864 

of cylinders, 848 

geometric probability to find, 932-933 

of a hemisphere, 881 

of kites, 787-788, 791-795 

models, 948 

of parallelograms, 779-780, 792 

of polygons, 792 

probability ratio, 932 

of rectangles, 58 

of regular polygons, 806, 807-809, 
816-817, 825 

of rhombi, 787-788, 791-795 

of a sector, 799, 825 

of similar polygons, 818-824 

of similar solids, 898 

of squares, 58 

of trapezoids, 787-788, 789-790, 
792-795 

of triangles, 58, 781, 792 

units of, 780 


Area Addition Postulate, 779 
Area Congruence Postulate, 781 


Areas of Similar Polygons 
Theorem, 818 


Argument, 119 


ASA (Angle-Side-Angle) Congruence 
Postulate. See Angle-Side-Angle 
(ASA) Congruence Postulate 


Assessment. See also Chapter Test; 
Guided Practice; Mid-Chapter Quizzes; 
Prerequisite Skills; Quick Checks; 
Spiral Review; Standardized Test 
Practice 

Extended Response, 54, 87, 106, 108, 
169, 224, 233, 272, 319, 351, 389, 
438, 455, 457, 487, 533, 608, 619, 
681, 693, 756, 775, 824, 833, 844, 
911, 937, 973 

Gridded Response, 12, 34, 74, 87, 98, 
134, 159, 169, 205, 231, 233, 244, 
263, 309, 319, 343, 389, 411, 448, 
457, 467, 533, 577, 619, 669, 693, 
705, 714, 749, 775, 786, 833, 887, 
911, 953, 973 

Multiple Choice, 12, 21, 35, 44, 54, 64, 
74, 85, 86, 98, 106, 115, 125, 134, 
143, 150, 159, 167, 168, 178, 186, 
196, 205, 214, 224, 232, 244, 254, 
263, 272, 282, 385, 386, 293, 302, 
309, 318, 333, 343, 351, 362, 370, 
380, 388, 401, 411, 421, 429, 438, 
448, 455, 456, 467, 477, 487, 499, 
508, 517, 523, 531, 532, 545, 555, 
566, 577, 587, 597, 608, 617, 618, 
631, 638, 646, 659, 669, 681, 691, 
692, 705, 714, 722, 730, 739, 749, 
756, 763, 773, 774, 786, 796, 804, 
815, 824, 831, 832, 844, 853, 862, 
870, 879, 887, 894, 902, 910, 921, 
930, 937, 946, 953, 963, 971, 972 

Practice Test, 83, 165, 229, 315, 385, 
453, 529, 615, 689, 771, 829, 902, 
969 

SAT/ACT, 12, 21, 35, 44, 54, 64, 74, 98, 
106, 108, 115, 125, 134, 143, 150, 
159, 178, 186, 196, 205, 214, 224, 
244, 254, 263, 272, 282, 293, 302, 
309, 333, 343, 351, 362, 370, 380, 
401, 411, 421, 429, 438, 448, 467, 
477, 487, 499, 508, 517, 523, 545, 
555, 566, 577, 587, 597, 608, 631, 
638, 646, 659, 669, 681, 705, 714, 
722, 730, 739, 749, 756, 763, 786, 
796, 804, 815, 824, 844, 853, 862, 
870, 879, 887, 894, 902, 921, 930, 
937, 946, 953, 963 

Short Response, 21, 44, 87, 115, 125, 
143, 150, 169, 178, 186, 196, 233, 
254, 282, 293, 302, 317, 319, 333, 


(loc R145 


362, 370, 380, 389, 401, 421, 429, 
457, 477, 499, 508, 517, 523, 533, 
545, 555, 566, 587, 597, 619, 631, 
638, 646, 659, 691, 693, 722, 730, 
739, 763, 775, 796, 804, 815, 833, 
853, 862, 870, 879, 894, 902, 909, 
911, 921, 930, 946, 963, 973 


of gravity, 336 

of polygons, 806 

of regular polygons, 807 
of rotation, 640 

of spheres, 880-881 

of symmetry, 664 


equations of, 757-763 

graphing, 708, 758 

great, 881, 889 

inscribed, 740 

intersections of, 698-699, 761 
intersections inside or outside of, 


. 741-744 
Associative Property Contimeters, 14 missing measures, 799 
of addition, 138 Central angles, 799 pairs, 698 


of circles, 706 

Auxiliary line, 246 of regular polygons, 807 

Axes Centroid, 335-336, 337, 339 
of a cone, 856 Centroid Theorem, 335-336 


of a cylinder, 848 Challenge. See Higher-Order-Thinking 
of symmetry, 663 Problems 
Axiom, 127 Changing dimensions, 62, 73, 476, 486, 
Axis symmetry, 665 he 813, 822, 860, 867, 868, 878, 
Gianined Circumcenter, 325-326, 339 
{fi _ ; . Circumcenter Theorem, 325-326 
Algebraic Expressions, P10 et { 58 609-702. 857 
. . ircumference, 58, 699-702, 857, 
Base angles, 285, 439-440 Changing Units of Measure Between 881.883 
Systems, P6—P7 ; a ; 
Base edges, 846, 854 Changing Units of Measure Within Circumscribed circles, 740 
Bases, 846, 858 Systems, P4—P5 Circumscribed figures, 700 
of parallelograms, 779 Linear Equations, P11—P12 Circumscribed polygons, 735 
of polyhedrons, 67-68 Linear Inequalities, P13-P14 Classifying 
of trapezoids, 439 Ordered Pairs, P15—P16 angles, 36-44, 46-54 
of triangles, 781-782 
Bernoulli, Jakob, 942 
Betweenness of points, 15-16 


of multiplication, 138 sectors of, 799-801 
segments of, 697 

semicircles, 707 

similar, 698, 820 

small, 893 

special segments in, 697, 750-756 
standard form of, 757 

tangent to, 732-738 


Circular permutations, 925 


Simple Probability, P8-P9 quadrilaterals, 393, 403-448 
Square Roots and Simplifying Radicals, triangles, 237-245, 305, 310, 551 

ace . Collinear points, 5,7, 15, 36 
Systems of Linear Equations, P17—P18 Collinear rays, 36 


Biconditional statements, 116 
Check for Reasonableness. See 


Bisecting arcs, 716 


Bisectors 

of angles, 40, 323, 326-327, 339, 
504, 740 

of arcs, 716 

constructing, 30, 40, 323 


perpendicular, 206, 323, 324-325, 339 


of segments, 29-30, 206 
of triangles, 323, 324-333 


Buffon’s Needle, 703 


- 


Calculator. See Graphing Technology 
Labs; TI-Nspire™ Technology Labs 


Careers. See Real-World Careers 
Cavalieri’s Principle, 864, 873, 874 


Centers 
of circles, 697-698, 718, 757-758 
of dilation, 511, 513 
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Study Tips 

Chords, 697, 715-722, 723 
congruent, 715 
diameter perpendicular to, 717 
equidistant from center, 717 
intersecting, 741, 742, 750 
radius perpendicular to, 716 
segments of, 750 
of spheres, 880 


Circle Graphs, 708, 710-712 


Circles, 697-705 
area of, 58, 798-803, 825, 881 
centers of, 697-698, 718, 757-758 
central angles of, 706 
circumference, 58, 699-702, 857, 

881, 883 

circumscribed, 740, 807 
concentric, 698, 748 
congruent, 698 
degrees of, 706 


Combinations, 926 
Common Core State Standards, 


Mathematical Content, P8, 5, 13, 14, 


25, 36, 46, 55, 56, 65, 67, 75, 127, 
136, 144, 151, 173, 179, 180, 187, 
188, 198, 206, 207, 215, 237, 245, 
246, 255, 264, 273, 275, 283, 285, 
294, 296, 303, 323, 324, 334, 335, 
344, 355, 363, 364, 371, 393, 403, 
412, 413, 423, 430, 439, 461, 469, 
478, 488, 490, 501, 511, 518, 537, 
546, 547, 558, 567, 568, 578, 580, 
588, 598, 600, 623, 632, 639, 640, 
647, 650, 651, 663, 670, 672, 674, 
682, 697, 706, 715, 723, 732, 740, 
741, 750, 757, 764, 779, 787, 789, 
797, 798, 807, 818, 839, 846, 854, 
863, 873, 880, 915, 922, 931, 939, 
947, 954, 956 


Common Core State Standards, 


Mathematical Practice, 
Sense-Making, 19, 29, 72, 133, 142, 
177, 211, 222, 223, 247, 261, 269, 


289, 329, 330, 340, 348, 349, 367, 
368, 378, 444, 445, 505, 522, 549, 
553, 562, 575, 595, 606, 637, 642, 
655, 678, 702, 733, 736, 737, 794, 
802, 811, 812, 814, 850, 851, 857, 
859, 866, 867, 876, 885, 900, 901 
916, 928, 935 

Perseverance, 34, 199, 239, 397, 463, 
552, 675, 679, 813, 847, 919 

Reasoning, 20, 30, 31, 51, 53, 61, 62, 
103, 104, 105, 124, 195, 212, 213 
301, 308, 336, 360, 369, 410, 419, 
466, 476, 486, 516, 544, 576, 586, 
712, 762, 891, 918, 934, 936, 951 

Arguments, 10, 11, 52, 92, 111, 112, 
113, 119, 121, 123, 130, 131, 132, 
137, 139, 140, 141, 147, 148, 156, 
157, 158, 184, 260, 262, 270, 271, 
279, 306, 307, 331, 332, 341, 342, 
350, 357, 359, 376, 377, 400, 407, 
409, 418, 420, 435, 437, 446, 447, 
473, 475, 497, 506, 507, 514, 543, 
554, 645, 658, 680, 704, 713, 720, 
721, 726, 729, 747, 748, 785, 803, 
843, 861, 878, 893, 920, 929, 945, 
952 

Critique, 43, 73, 95, 96, 114, 122, 149, 
204, 253, 281, 361, 428, 498, 565, 
596, 668, 755, 795, 823, 869, 962 

Modeling, 9, 32, 183, 193, 194, 202, 
203, 221, 280, 398, 399, 408, 427, 
436, 464, 465, 484, 485, 496, 515, 
520, 521, 541, 542, 563, 564, 583, 
584, 585, 593, 605, 636, 644, 656, 
657, 667, 701, 703, 711, 719, 761 
801, 822, 868, 877, 892, 927, 943, 
944, 961 

Tools, 33, 42, 97, 185, 265, 571, 574, 
627, 629, 635, 643, 677, 738, 841 
842, 860, 886 

Precision, 7, 41, 63, 70, 176, 182, 240 
241, 242, 243, 292, 379, 607, 630, 
698, 710, 780, 809, 852, 882, 884, 
923 

Structure, 18, 71, 220, 299, 300, 483, 
592, 594, 628, 727, 728, 746, 754, 
760, 783, 784, 793, 821 

Regularity, 250, 251, 252, 259, 290, 
291, 406, 426, 474, 519, 666, 899 


Common tangent, 732 


Commutative Property 
of addition, 138 
of multiplication, 138 


Comparison Property, 344 
Compass, 17, 39, 40, 55 
Complement, 959-960 


Complementary angles, 47-48, 50-51, 
151-152, 558, 576 


Complementary events, 959 
Complement Theorem, 152 
Completing the square, 759 
Component form, 602 
Composite events, 947 


Composite figures, 852,919 
area of, 809-810 


Composition of lsometries 
Theorem, 652 


Compound events, 947 
Compound statement, 99-105 
Concave polygons, 56-57 
Concentric circles, 698, 748 


Concept Summary 

areas of polygons, 792 

circle and angle relationships, 745 

Classifying slopes, 189 

compositions of translations, 654 

lateral and surface areas of solids, 858 

negation, conjunction, disjunction, 100 

parallelograms, 431 

probability rules, 959 

prove that a quadrilateral is a 
parallelogram, 415 

proving triangles congruent, 278 

reflection in the coordinate plane, 626 

solving a triangle, 592 

special segments and points in 
triangles, 339 

triangle similarity, 481 

types of dilations, 511 

volumes of solids, 875 


Conclusion, 107-108, 111-112, 119 


Concurrent lines, 325 
altitudes of triangles, 334, 337-339 
angle bisectors of triangles, 339 
medians of triangles, 334, 335, 339 
perpendicular bisectors of 
triangles, 339 
points of concurrency, 325, 327, 
335-336, 337-338, 339, 740 
Conditional probability, 949-950, 959 
Conditional statements, 107-114, 116, 
118-120, 137, 160 
if-then form, 107-108, 111-112 


Conditions for Rhombi and Squares 
Theorems, 432 


Cones, 67 
altitude of, 856 
axis of, 856 
lateral area of, 856-857, 858 
oblique, 856-858 
right, 856-857 
surface area of, 69, 856-858 
vertex of, 856 
volume of, 69, 874-877, 903 


Congruence 
transformations, 294—295, 296-301, 
623 


Congruent 

angles, 39, 50, 57, 153, 180, 208, 
285-286, 394, 469 

arcs, 716 

chords, 715 

faces, 68 

isosceles triangles, 854 

lateral edges, 854 

polygons, 68, 255-256 

segments, 16-17, 19-20, 145-146, 
285-286 

tangents, 734 

triangles, 255-262, 288, 294-295 

properties of, 258 

proving, 257, 264-272, 275-282 


Congruent arcs, 707 


Congruent Complements 
Theorem, 153-154 


Congruent solids, 896 


Congruent Supplements Theorem, 
153-154 
Congruent triangles 
Angle-Angle-Side (AAS) Congruence 
Theorem, 276, 278 
Angle-Side-Angle (ASA) Congruence 
Postulate, 275, 278 
Hypotenuse-Angle (HA) Congruence 
Theorem, 284 
Hypotenuse-Leg (HL) Congruence 
Theorem, 284 
Leg-Angle (LA) Congruence 
Theorem, 284 
Leg-Leg (LL) Congruence 
Theorem, 284 
Side-Angle-Side (SAS) Congruence 
Postulate, 266, 278 
Side-Side-Side (SSS) Congruence 
Postulate, 264, 278 


Conics, 764 


(\ occa R147 


Conic Sections, 764 


Conjectures, making, 91-97, 187, 283, 
295, 363, 468, 567, 639, 650, 662, 
787, 788, 871 


Conjunction, 99-103 


ConnectED 
Animations, 2, 13, 37, 39, 40, 55, 75, 
88, 109, 120, 170, 189, 207, 215, 
234, 245, 267, 273, 278, 283, 303, 
320, 323, 334, 390, 423, 431, 458, 
470, 494, 534, 546, 556, 639, 660, 

740, 806, 834, 888, 964 

Chapter Readiness Quiz, 3, 89, 171, 
235, 321, 391, 459, 535, 621, 695, 
777, 835, 913 

Graphing Calculator, 65, 179, 363, 412, 
468, 567, 578, 650, 871 

Personal Tutor, P4@—P20, 6, 7, 14, 15, 
16, 17, 22, 25, 26, 27, 28, 29, 37, 38, 
40, 46, 47, 48, 49, 50, 57, 58, 59, 60, 
65, 68, 69, 70, 91, 92, 93, 94, 99, 
100, 101, 102, 107, 108, 109, 110 
116, 117, 118, 119, 120, 128, 129, 
136, 137, 138, 145, 146, 151, 152, 
154, 155, 173, 174, 175, 179, 180, 
181, 182, 188, 189, 190, 191, 192, 
198, 199, 200, 201, 208, 209, 210, 
216, 217, 218, 237, 238, 239, 247, 
249, 256, 257, 264, 265, 267, 276, 
277, 285, 287, 288, 294, 296, 297, 
298, 303, 304, 305, 325, 326, 327, 
335, 336, 338, 345, 346, 347, 355, 
356, 357, 363, 364, 365, 366, 371 
373, 374, 375, 394, 395, 396, 397, 
402, 404, 405, 406, 412, 414, 415, 
416, 423, 424, 425, 431, 432, 433, 
434, 440, 442, 443, 461, 462, 463, 
468, 469, 470, 471, 472, 478, 480, 
481, 482, 490, 491, 492, 493, 494, 
502, 503, 504, 512, 513, 518, 519, 
537, 538, 539, 540, 548, 549, 551 
558, 559, 560, 561, 567, 569, 570, 
571, 572, 578, 580, 581, 582, 588, 
589, 590, 591, 600, 601, 602, 603, 
604, 623, 624, 625, 626, 632, 633, 
634, 640, 641, 642, 650, 651, 652, 
653, 654, 663, 664, 665, 674, 675, 
676, 697, 698, 699, 700, 706, 707, 
708, 709, 715, 716, 717, 718, 724, 
725, 726, 732, 733, 734, 735, 742, 
743, 744, 750, 751, 752, 753, 757, 
758, 759, 780, 781, 782, 787, 789, 
790-792, 797, 798, 799, 807, 808, 
809, 810, 818, 819, 820, 839, 840, 
847, 848, 849, 855, 856, 857, 858, 
863, 864, 865, 871, 873, 874, 875, 
881, 882, 883, 889, 890, 897, 898, 
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915, 916, 917, 922, 923, 924, 925, 
926, 931, 932, 933, 939, 940, 941 
942, 947, 948, 949, 950, 954, 956, 
957, 958, 959, 960 

Self-Check Practice, 3, 8, 18, 30, 41, 
50, 61, 70, 83, 87, 89, 94, 103, 111 
121, 130, 139, 147, 156, 165, 169, 
175, 183, 192, 202, 210, 220, 229, 
233, 235, 240, 250, 258, 268, 278, 
289, 299, 306, 315, 319, 321, 329, 
339, 348, 358, 366, 375, 385, 389, 
391, 397, 407, 417, 426, 435, 444, 
453, 457, 459, 464, 472, 483, 495, 
504, 514, 520, 529, 533, 535, 541 
551, 562, 573, 583, 592, 605, 615, 
619, 621, 627, 635, 643, 655, 666, 
677, 689, 693, 695, 701, 710, 718, 
727, 735, 745, 753, 760, 771, 775, 
777, 783, 793, 800, 811, 821, 829, 
833, 835, 841, 849, 859, 866, 876, 
884, 891, 899, 907, 911, 913, 918, 
927, 934, 943, 951, 961, 969, 973 


Connections. See Applications 


Consecutive interior angles, 174—176, 
181, 208 


Consecutive Interior Angles 
Converse, 208 


Consecutive Interior Angles 
Theorem, 181 


Constructions, 17 

altitude of a triangle, 334 

bisect an angle, 40 

bisect a segment, 30 

circle through three noncollinear 
points, 718 

congruent triangles using sides, 266 

congruent triangles using two angles 
and included side, 275 

congruent triangles using two sides and 

the included angle, 267 

copy an angle, 39 

copy a segment, 17 

median of a triangle, 334 

parallel line through a point not on a 
line, 207 

perpendicular through a point not on a 
line, 55 

perpendicular through a point on a 
line, 55, 222 

proving, 273 

trisect a segment, 494 

using a reflective device, 670-671 

using paper folding, 245, 323 

using string, 334 


Contours, 845 
Contractions. See Dilations 
Contrapositive, 109-110 


Converse, 109-110, 116 
of Alternate Exterior Angles 
Theorem, 208 
of Alternate Interior Angles 
Theorem, 208 
of Angle Bisector Theorem, 327 
of Consecutive Inferior Angles 
Theorem, 208 
of Hinge Theorem, 371 
of Isosceles Triangle Theorem, 285 
of Perpendicular Bisector 
Theorem, 324 
of Perpendicular Transversal 
Theorem, 208 
of Pythagorean Theorem, 550 
of Triangle Proportionality 
Theorem, 491 
Convex, 56-57 
Convex polygon, 56, 223, 393 
Coordinate geometry, 33, 60, 61, 62, 
217, 221, 222, 229, 242, 254, 263, 
274, 299, 300, 331, 332, 333, 338, 
339, 340, 350, 351, 352, 362, 406, 
407, 408, 409, 416, 418, 419, 421, 
422, 425, 426, 427, 434, 435, 436, 
438, 440, 444, 445, 447, 448, 452, 
475, 477, 485, 498, 499, 553, 564, 
575, 576, 587, 596, 631, 668, 678, 
679, 713, 749, 756, 785, 794, 796, 
802, 822, 828, 887, 921, 935, 936 
Coordinate graph. See Coordinate plane 
Coordinate grid. See Coordinate plane 


Coordinate plane, 5, 7, 556 
areas of regular polygons on, 816-817 
centroid, 336-337 
coordinate proof, 303, 304 
dilations in the, 676 
distance in, 26, 217 
midpoint on, 27-28 
orthocenter, 338 
parallelograms on, 416 
perimeter and area on, 60 
rotations in the, 641 
translations in the, 633 
Coordinate proofs, 303-309, 310, 
416-417 


Coordinates. See also Ordered pairs in 
space, 556-557 


Coplanar points, 5, 7,698 


Corollaries, 249 
Congruent Parts of Parallel Lines, 493 
Equilateral Triangle, 286 
Proportional Parts of Parallel Lines, 492 
Triangle Angle-Sum, 249 
Corresponding Angles Postulate, 
180, 181 
Corresponding parts, 255-256 
angles, 174-176, 180, 181, 207, 255, 
469-470 
sides, 255, 469-471 
vertices, 255 


Cosecant 

graphing, 578 
Cosine ratio, 568-576, 592 

law of, 589-597 
Cosines, Law of, 589-597 
Cotangent 

graphing, 578 
Counterexamples, 94, 109, 117 


CPCTC (corresponding parts of 
congruent triangles are 
congruent), 256 


Critical Thinking. See Higher-Order- 
Thinking Problems 


Cross-Curriculum. See Applications 
Cross products, 462-463 
Cross Products Property, 462—463 
Cross section, 840 
Cubes, 68 
Cylinders, 67-68 
area of, 848 
axis of, 848 
lateral area of, 848, 849-850, 858 
oblique, 848 
right, 848 
surface area of, 69, 848, 849-850, 
858, 903 


volume of, 69, 864, 867, 868, 875, 903 


os 


Data. See also Graphs 
making conjectures from, 93 
organizing, 970 

Decagons, 5/7 


Decision making, P9, 936, 944, 945, 
952 


Deductive argument, 129 


Deductive reasoning, 117-124 
Law of Detachment, 117-121 
Law of Syllogism, 119-121 
Defined terms, 7 
Definition, 7 
Degrees, 37, 706 
Denominators, rationalizing, P20, 559 
Density 
BTUs, 877 
population, 797 
soil, 868 
Dependent events, 947, 949-950, 959 
Depression, angles of, 580-586, 610 
Descartes, René, 417 
Design, 465, 852, 868, 886 
Detachment, Law of, 117-121 
Diagnose readiness. 
See Prerequisite Skills 
Diagonals, 791 
of parallelograms, 405 
of polygons, 393 
of rectangles, 423-424 
of rhombi, 430, 432 
of squares, 558 
of trapezoids, 439, 440 
Diagonals of a Rectangle Theorem, 
423-424 
Diagonals of a Rhombus Theorem, 430 
Diagrams, 49, 232, 271, 373, 859, 878 
tree, 915-916 
Venn, 101-103, 114, 119, 447, 950, 
957-958, 971 
Diameter, 697-700 
perpendicular to a chord, 717 
of spheres, 880 
Dilations, 301, 511-517, 672-673, 
674-681, 684 
centers of, 511, 513 
in the coordinate plane, 676 
isometry, 675 
scale factor of, 511-512, 675 
types of, 511 
Dimensional analysis, P5, P7, 795, 885, 
899, 900, 901 
Direction of vectors, 600, 602, 604 
Directrix, 765 
Disjunction statements, 100-103 
Distance, 25-26 
minimize using a reflection, 624 
between parallel lines, 218, 221 
between a point and a line, 215-217 


Distance Formula, 25-26, 60, 219, 441, 
556-557, 600, 757 


Distributive Property, 136 
Division 
by a negative, P14 
ratios, 461 
by zero, 189 
Division Property of Equality, 136 
Dodecagons, 57 
Dodecahedrons, 68 
Drawings, 751,908 
geometric figures, 7 
justifying, 350 
one-point perspective, 10 
orthographic, 75, 840-841 
perspective, 842 
scale, 518-523, 524, 555 
segments, 717, 751 
shortest distance, 216 


three-dimensional, 7 
two-point perspective, 10 


-- 
Edges 


connecting nodes, 964—965 

of polyhedrons, 67-68, 846, 854 
Elevation, angle of, 580-586, 610 
Elimination method, P18 
Ellipse, 764 
Endpoints, 27-28, 36, 56, 334 
Enlargement, 511-516, 675-676 
Equations 

of circles, 757-763 

of horizontal lines, 200 

linear, P11-P12, 201 

of lines, 198-205 

multi-step, P11 

of nonvertical lines, 198 

of parallel lines, 200 

of perpendicular lines, 200 

point-slope form, 198-199, 202, 206 

slope-intercept form, 198-204 

solving, 16, 136-137 

systems of, P17—P18 

of vertical lines, 200 

writing, 16, 48, 198-204, 865 
Equiangular polygon, 57 
Equiangular triangles, 237-238 
Equidistant, 218, 718 
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Equilateral polygon, 57 


Equilateral triangles, 238-242, 
286-288, 310 


Equivalence relation, 142, 476 
Equivalent proportions, 463 
Eratosthenes, 581 


Error Analysis. See Higher-Order- 
Thinking Problems 


Essential Questions, 20, 24, 133, 142, 
177, 213, 281, 292, 350, 369, 420, 
428, 476, 565, 596, 668, 680, 704, 
738, 795, 814, 861, 869, 936, 945 


Estimation, 368, 503, 575, 675, 848, 933 
Euclid, 708 

Euclidean geometry, 889-893 
Euclidean solids, 69 

Euler, Leonhard, 957 

Euler’s Formula, 73 

Events, P8, 915. See also Probability 
Expected value, 941-942 
Experimental probability, P9 
Experiments, P8, 915 


Expressions 
algebraic, P10 
radical, P19 
Extended ratios, 461-462 


Extended Response, 54, 87, 106, 169, 
224, 233, 265, 268, 272, 319, 351, 
389, 438, 457, 487, 533, 608, 619, 
681, 693, 756, 775, 824, 833, 844, 
911, 937, 973 


Exterior Angle Inequality 
Theorem, 345-346, 348 


Exterior angles, 174-176, 180, 181, 
208, 245, 248-249, 344, 345-346, 
348, 396-398, 402 


Exterior Angle Theorem, 248-249, 344 
Exterior of angles, 36 

External secant segments, 752 

Extra Practice, R1-R13 

Extremes, 462, 537 


| 


Faces 
congruent, 68 
lateral, 846, 854 
of polyhedrons, 67-68 
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Factorials, 922 
Fermat, Pierre de, 337 
Fibonacci Sequence, 468 


Financial literacy, 12, 193, 201, 282, 
543 


Finite plane, 10 

Flip. See Reflections 

Flow proofs, 248, 418, 421 
Focus, 765 


Foldables® Study Organizer 
areas of polygons and circles, 778, 825 
circles, 696, 766 
congruent triangles, 236, 310 
parallel and perpendicular lines, 
172, 225 
probability and measurement, 914, 966 
proportions and similarity, 460, 524 
quadrilaterals, 392, 449 
reasoning and proof, 90, 160 
relationships in triangles, 322, 381 
right angles and trigonometry, 536, 610 
surface area and volume, 836, 903 
tools of geometry, 4, 78 
transformations and symmetry, 
622, 684 
Formal proofs, 137 


Formulas 

area 

of circles, 58, 616, 798, 881 

of cylinders, 848, 858 

of kites, 791, 792 

of parallelograms, 792 

of rectangles, 58, 616 

of regular polygons, 808 

of rhombi, 791, 792 

of a sector, 799 

of squares, 58 

of trapezoids, 789, 792 

of triangles, 58, 616, 792 
circumference, 58, 616, 798, 883 
conditional probability, 949 
distance, 25-26, 60, 219, 441, 

556-557, 600, 757 
lateral area 

of cones, 857, 858 

of cylinders, 858 

of prisms, 846, 858 

of pyramids, 858 

of regular pyramids, 855 
midpoint, 27, 206, 304, 556-557 


perimeter 
of rectangles, 58 
of squares, 58 
of triangles, 58 
slope, 188-189 
standardized tests, 616 
surface area 
of cones, 69, 857, 858 
of cylinders, 69, 858 
of prisms, 69, 858 
of pyramids, 69, 858 
of spheres, 69, 880-882 
volume 
of cones, 69, 874, 875 
of cylinders, 69, 616, 864, 875 
of prisms, 69, 616, 863, 875 
of pyramids, 69, 873, 875 
of spheres, 69, 882, 883 
Fractals, 509-510 
Fractal trees, 509 
Frustum, 861 
Function notation, 301 
Functions 
cosine, 568-576, 592 
sine, 568-576, 592 
tangent, 568-576, 592 
Fundamental Counting Principle, 917 


+ 


Galileo, 491 
Gauss, Johann Carl Friedrich, 256 
Geometric conjectures, 92 
Geometric figures, 206 
drawing, 7 
Geometric Mean (Altitude) Theorem, 
539 
Geometric Mean (Leg) Theorem, 539 
Geometric means, 537-545, 610 
Pythagorean Theorem, 547 
right triangles in, 537-539 
Geometric models, 939-940 
Geometric probability, 931-937 
angle measures to find, 933 
area to find, 932-933 
lengths to find, 931 
Geometric proofs, 138, 357 
Geometry Labs 
Adding Vectors, 609 


The Ambiguous Case, 598-599 

Angles of Triangles, 245 

Biconditional Statements, 116 

Congruence in Right Triangles, 
283-284 

Constructing Bisectors, 323 

Constructing Medians and 
Altitudes, 334 

Constructing Perpendiculars, 55 

Coordinates in Space, 556-557 

Describing What You See, 13 

Equations of Perpendicular Bisectors, 
206 

Establishing Triangle Congruence and 
Similarity, 682-683 

Exploring Constructions with a 
Reflective Device, 670-671 

Fractals, 509-510 

Graph Theory, 964-965 

Inscribed and Circumscribed 
Circles, 740 

Investigating Areas of Regular 
Polygons, 806 

Locus and Spheres, 888 

Matrix Logic, 353-354 

Navigational Coordinates, 895 

Necessary and Sufficient 
Conditions, 126 

Orthographic Drawings and Nets, 75-77 

Parabolas, 764-765 

Population Density, 797 

Proof Without Words, 546 

Proofs of Perpendicular and Parallel 
Lines, 488-489 

Proving Constructions, 273 

Regular Polygons on the Coordinate 
Plane, 816-817 

Rotations, 639 

Solids of Revolution, 647-648 

Solids Formed by Translations, 
837-838 

Tessellations, 660-662 

Topographic Maps, 845 

Two-Way Frequency Tables, 954-955 

Geometry Software Labs 

Angles and Parallel Lines, 179 

Compositions of Transformations, 650 

Parallelograms, 412 

Triangle Inequality, 363 

Two-Dimensional Figures, 65-66 


Germain, Sophie, 102 


Get Ready for the Chapter. 
See Prerequisite Skills 


Get Ready for the Lesson. 
See Prerequisite Skills 
Glide reflections, 301, 651, 654-655 
graphing, 651 
symmetry, 663 
Goldbach’s Conjecture, 97 
Golden rectangle, 465 
Graphing Technology Labs 
Angle of Polygons, 402 
Areas of Trapezoids, Rhombi, and 
Kites, 787-788 
Changing Dimensions, 871 
Congruence Transformations, 294-295 
Dilations, 672-673 
Fibonacci Sequence and Ratios, 468 
Investigating Slope, 187 
Parallelograms, 412 
Secant, Cosecant, and Cotangent, 578 
Triangle Inequality, 363 
Trigonometry, 567 
Volume and Changing Dimensions, 871 
Graphing Calculator. See ConnectED 
Graphs. See also Data 
circles, 708 
of circles, 758 
compositions of isometries, 652 
cosecant, 578 
cotangent, 578 
glide reflections, 651 
of a line, 188-193 
parallelograms, 412 
polygons, 65-66 
secant, 578 
slope of, 187 
tessellations, 662 
transformations, 294-295 
Graph theory, 964-965 
edges, 964-965 
efficient route, 965 
network, 964—965 
nodes, 964-965 
traceable network, 964-965 
weight, 965 
weighted vertex-edge graphs, 965 
weight of a path, 965 
Great circle, 881, 889 
Gridded Response, 12, 35, 74, 87, 98, 
134, 159, 169, 205, 230, 231, 233, 
244, 263, 309, 319, 343, 389, 411, 
442, 448, 457, 467, 533, 577, 619, 
669, 693, 705, 714, 749, 775, 786, 
833, 887, 911, 951, 953, 973 


Guided Practice, 6, 7, 14, 15, 16, 17, 22, 
23, 25, 26, 27, 28, 29, 37, 38, 40, 47, 
48, 49, 50, 57, 58, 59, 60, 68, 69, 70, 
92, 93, 94, 99, 100, 101, 102, 107, 
108, 109, 110, 117, 118, 119, 120, 
128, 129, 137, 138, 145, 146, 151 
152, 154, 155, 174, 175, 180, 181 
182, 189, 190, 191, 192, 198, 199, 
200, 201, 209, 210, 216, 218, 219, 
238, 239, 247, 249, 256, 257, 258, 
264, 265, 267, 268, 276, 277, 278, 
286, 287, 288, 297, 298, 303, 304, 
305, 325, 326, 327, 328, 335, 336, 
337, 338, 345, 346, 347, 355, 356, 
357, 358, 364, 365, 366, 372, 373, 
374, 375, 394, 395, 396, 397, 404, 
405, 406, 414, 415, 416, 417, 423, 
424, 425, 431, 432, 433, 434, 440, 
441, 442, 443, 461, 462, 463, 469, 
470, 471, 472, 478, 480, 481, 482, 
490, 491, 492, 493, 494, 502, 503, 
504, 512, 513, 518, 519, 537, 538, 
540, 548, 549, 550, 551, 559, 560, 
561, 569, 570, 571, 572, 581, 582, 
588, 589, 590, 591, 600, 601, 602, 
603, 604, 623, 624, 625, 626, 632, 
633, 634, 641, 642, 651, 652, 653, 
654, 663, 664, 665, 674, 676, 697, 
698, 699, 700, 706, 707, 708, 709, 
715, 716, 717, 718, 724, 725, 726, 
732, 733, 734, 735, 742, 743, 744, 
750, 751, 752, 753, 757, 758, 759, 
780, 782, 789, 790, 791, 792, 798, 
799, 800, 807, 808, 809, 810, 819, 
820, 839, 840, 847, 848, 849, 855, 
856, 857, 858, 863, 864, 865, 874, 
875, 880, 881, 882, 883, 889, 890, 
897, 898, 915, 916, 917, 922, 923, 
924, 926, 931, 932, 933, 940, 941 
942, 947, 948, 949, 950, 956, 957, 
958, 959, 960 


+H 


HA (Hypotenuse-Angle) Congruence 
Theorem. See Hypotenuse-Angle (HA) 
Congruence Theorem, 284 


Hands-On. See Algebra Labs; Algebra 
Tiles; Manipulatives 
Heights 
of a parallelogram, 779 
of prisms, 846 
of pyramids, 854, 882 
slant, 69, 854 
of trapezoids, 789 
of a triangle, 781-782 
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Hemispheres 
surface area of, 881, 884 
volume of, 882, 884 


Heptagons, 57 

Heron of Alexandria, 791 
Heron’s Formula, 785 
Hexagons, 57 


Higher-Order-Thinking Problems 
Challenge, 11, 20, 34, 43, 53, 63, 73, 
97, 105, 114, 124, 133, 142, 149, 
158, 177, 185, 195, 204, 213, 223, 
243, 253, 262, 271, 281, 292, 301, 
308, 332, 342, 350, 361, 369, 379, 
400, 410, 420, 428, 437, 447, 466, 
476, 486, 498, 507, 516, 522, 544, 
546, 554, 565, 576, 586, 596, 599, 
607, 630, 637, 645, 658, 668, 680, 
704, 713, 721, 729, 738, 748, 755, 
762, 785, 786, 795, 803, 814, 823, 
843, 852, 861, 869, 878, 886, 893, 

901, 920, 929, 936, 952, 962 


Error Analysis, 11, 24, 73, 97, 114, 133, 


149, 195, 204, 213, 223, 243, 253, 
262, 271, 281, 292, 332, 342, 361 
400, 428, 437, 447, 466, 498, 507, 
522, 544, 565, 586, 596, 630, 658, 
668, 713, 755, 795, 803, 814, 823, 
852, 869, 878, 901, 962 
Open Ended, 11, 20, 34, 43, 53, 63, 73 
97, 105, 114, 124, 133, 142, 149, 
158, 177, 185, 204, 213, 223, 243, 
253, 271, 281, 292, 301, 308, 332, 
342, 350, 361, 369, 379, 400, 410, 
420, 428, 437, 447, 466, 476, 486, 
498, 507, 516, 522, 544, 554, 565, 
596, 599, 630, 637, 645, 658, 668, 
680, 713, 721, 729, 738, 748, 755, 
762, 785, 795, 814, 823, 843, 852, 
861, 869, 878, 886, 893, 901, 920, 
929, 936, 945, 952, 962, 965 
Reasoning, 11, 20, 34, 43, 53, 63, 73, 
97, 105, 114, 124, 133, 142, 149, 
158, 177, 185, 195, 204, 213, 223, 
243, 253, 262, 271, 281, 292, 301 
308, 332, 342, 350, 369, 379, 400, 
410, 420, 428, 437, 447, 466, 467, 
476, 486, 498, 507, 516, 522, 544, 
554, 565, 576, 586, 596, 607, 630, 
637, 645, 658, 668, 680, 704, 713, 
721, 729, 738, 748, 755, 762, 785, 
795, 803, 823, 837, 838, 843, 852, 
861, 869, 878, 886, 893, 901, 920, 
929, 936, 945, 952, 962, 964 
Which One Doesn’t Belong?, 63, 466 
Writing in Math, 11, 20, 24, 34, 43, 53, 
63, 73, 97, 105, 114, 124, 133, 142 
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149, 158, 177, 185, 195, 204, 213, 
223, 243, 253, 262, 271, 281, 292, 
301, 308, 332, 342, 350, 361, 369, 
379, 400, 410, 420, 428, 437, 447, 
466, 476, 486, 498, 507, 516, 522, 
544, 546, 554, 557, 565, 576, 586, 
596, 607, 630, 637, 639, 645, 658, 
662, 668, 680, 704, 713, 721, 729, 
738, 748, 755, 762, 785, 795, 803, 
814, 823, 843, 852, 861, 869, 878, 
886, 893, 901, 920, 929, 936, 945, 
952, 955, 962, 965 


Hinge Theorem, 371-375 


History, Math, 68, 102, 200, 256, 337, 
417, 491, 581, 633, 708, 791, 898, 
942, 957 


HL (Hypotenuse-Leg) Congruence. See 
Hypotenuse-Leg (HL) Congruence 
Theorem, 284 


Horizontal lines, 580 
equations of, 200 
reflection in, 624 


H.0.T. Problems. See Higher-Order- 
Thinking Problems 


Hyperbolic geometry, 893 


Hypotenuse, 26, 537-538, 547-555, 
558-559 


Hypotenuse-Angle (HA) Congruence 
Theorem, 284 


Hypotenuse-Leg (HL) Congruence 
Theorem, 284 


Hypothesis, 107-108, 111-112, 119 


- 


Icosahedrons, 68 


If-then statements. See Conditional 
statements 


Image, 296-301, 511, 623, 675 
Incenter, 328, 339 

Incenter Theorem, 328 

Inches, 15, 72 

Included angle, 266-267, 589 
Included side, 275-278 
Independent events, 947-948, 959 


Indirect measurement, 482, 540, 
590, 755 


Indirect proofs, 355-362, 721, 738 
Indirect reasoning, 355 
Inductive reasoning, 91-97, 117, 160 


Inequalities, 344 
Addition Property, 344 
Comparison Property, 344 
linear, P13—-P14 
in one triangle, 344-350 
properties of, 344 
Pythagorean, 550 
Subtraction Property, 344 
symbols for, 346, 365 
systems of, 936 
Transitive Property, 344 
and triangles, 344-350, 363, 
364-370, 371-380, 381, 551 
in two triangles, 371-380 
Informal proofs, 129, 886 
Inscribed angles, 723-729 
Inscribed Angle Theorem, 723-724 
Inscribed circles, 740 
Inscribed figures, 700 
Inscribed triangles, 726 
Intercepted arcs, 723 
Interdisciplinary connections. See also 
Applications 
archaeology, 433, 770, 805, 829, 875 
art, 72, 112, 453, 493, 496, 562, 685, 
689, 729, 776, 808, 842, 919, 958 
astronomy, 8, 272, 274, 593, 829 
earth science, 842 
geography, 34, 158, 164, 305, 314, 370, 
385, 892 
meteorology, 739, 872 
music, 112, 158, 202, 238, 321, 422, 
440, 445, 916, 943, 957, 962 
science, 88, 112, 113, 137, 140, 141, 
727, 744, 751, 753, 877 
weather, 111, 644, 760, 784, 796 


Interior 
of angles, 36-37 


Interior angles, 174-176, 181, 208 
remote, 248 
sum of, 
of a polygon, 393-395, 402 
of a triangle, 245, 246 
Internet Connections. 
See ConnectED 


Intersections 
of chords, 741, 742, 750 
of circle and line, 759 
of circles, 698-699, 761 
of lines, 6-7, 13, 46, 127, 654, 
741-744 


of planes, 13, 127 
of spheres, 888 
of Venn diagram, 101 
Invariant points, 625 
Inverse, 109-110 
Inverse cosine, 571 
Inverse sine, 571 
Inverse tangent, 571 
Investigations. See Geometry Labs; 
Graphing Technology Labs; TI-Nspire™ 
Technology Labs 
Irrational number, 26, 59, 554, 699 
Irregular polygons, 57 
Isosceles trapezoids, 439-440 
Isosceles Trapezoids Theorem, 439 
Isosceles triangles, 238-243, 285-287 
legs of, 285 
Isosceles Triangle Theorem, 285-286 
Isometric view, 839-841 
Isometries, 296, 298, 624 
compositions of, 652 
Isometry dilation, 675 
Iteration, 509-510 


EL 


Joint frequencies, 954 


Ke 


Key Concepts 

angle pair relationships, 47 

angles, 78 

angles, arcs, chords, and inscribed 
angles, 766 

angles of elevation and 
depression, 610 

angles of polygons, 449 

angles of triangles, 310 

arc length, 709 

arcs and arc measure, 707 

area of a circle, 798 

area of a parallelogram, 779, 825 

area of a regular polygon, 808 

area of a rhombus or kite, 791 

area of a sector, 799 

area of a trapezoid, 789 

area of a triangle, 781, 825 


area probability ratio, 932 
areas of a cylinder, 848 
areas of circles and sectors, 825 
areas of regular polygons and 
composite figures, 825 
areas of similar figures, 825 
betweenness of points, 15 
biconditional statement, 116 
calculating expected value, 941 
Cavalieri’s Principle, 864 
circle and angle relationships, 745 
circle pairs, 698 
circles and circumference, 766 
circular permutations, 925 
circumference, 699 
Classifications of triangles by 
angles, 237 
Classifications of triangles by sides, 238 
Classify angles, 38 
Classifying triangles, 310 
combinations, 926, 966 
common Pythagorean triples, 548 
compositions of transformations, 684 
conditional probability, 950 
conditional statement, 107, 160 
congruent and similar solids, 903 
congruent segments, 16 
congruent solids, 896 
congruent triangles, 310 
cross products property, 462 
deductive reasoning, 160 
definition of congruent polygons, 255 
definition of inequality, 344 
designing a simulation, 939 
dilation, 674, 684 
dilations in the coordinate plane, 676 
distance, 225 
distance and midpoint formulas in 
space, 556 
distance and midpoints, 78 
distance between a point and a 
line, 215 
distance between parallel lines, 218 
distance formula in coordinate 
plane, 26 
distance formula on a number line, 25 
equation of a circle, 757 
equivalent proportions, 463 
factorial, 922 
Fundamental Counting Principle, 917 
geometric mean, 537, 610 
geometric probability, 966 
glide reflection, 651 


horizontal and vertical line 
equations, 200 

how to write an indirect proof, 355 

indirect proof, 381 

inductive reasoning and logic, 160 

interpreting diagrams, 49 

intersections of lines and planes, 127 

inverse trigonometric ratios, 571 

isosceles triangles, 310 

lateral and surface area of a cone, 857 

lateral area of a prism, 846 

lateral area of a regular pyramid, 854 

law of detachment, 118 

law of syllogism, 119 

laws of sines and cosines, 610 

length probability ratio, 931 

lines in plane and spherical 
geometry, 889 

line symmetry, 663 

logically equivalent statements, 110 

midpoint formula in a number line, 27 

midpoint formula on coordinate 
plane, 27 

models, 524 

nonvertical line equations, 198 

orthocenter, 337 

parallel and skew, 173 

parallelograms and triangles, 825 

perimeter, circumference, and area, 58 

permutations, 923, 966 

permutations with repetition, 924 

perpendicular lines, 48 

placing triangles on a coordinate 
plane, 303 

platonic solids, 68 

points, lines, and planes, 78 

polygons, 56 

probabilities of compound events, 966 

probability of events that are not 
mutually exclusive, 958 

probability of mutually exclusive 
events, 957 

probability of the complement of an 
event, 959 

probability of two dependent 
events, 949 

probability of two independent 
events, 948 

proof process, 129, 160 

properties of inequality for real 
numbers, 344 

properties of parallelograms, 449 

properties of real numbers, 136 
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properties of rectangles, rhombi, 
squares, and trapezoids, 449 

proportional parts, 524 

proportions, 524 

proving lines parallel, 225 

Pythagorean Theorem, 610 

radius and diameter relationships, 698 

reciprocal trigonometric ratios, 578 

reflection in a line, 623 

reflection in the line y = x, 626 

reflection in the x- or y-axis, 625 

reflections, translations, and rotations, 
296, 684 

related conditionals, 109 

representations of three-dimensional 
figures, 903 

representing sample spaces, 966 

rotation, 640 

rotational symmetry, 664 

rotations in the coordinate plane, 641 

scale drawing, 524 

similarity transformations, 524 

similar polygons, 469 

similar polygons and triangles, 524 

similar solids, 896 

simulations, 966 

slope, 225 

slope of a line, 188 

special angle pairs, 46 

special right triangles, 610 

special segments in triangles, 381 

special segments, 766 

special segments in a circle, 697 

standard form equation of a circle, 757 

sum of central angles, 706 

surface area and volume, 69 

surface area of a prism, 847 

surface area of a regular pyramid, 855 

surface area of a sphere, 880 

surface area of prisms and 
cylinders, 903 

surface area of pyramids and 
cones, 903 

surface areas and volumes of 
spheres, 903 

symmetry, 684 

tangents, secants, and angle measures, 
766 

tests for parallelograms, 449 

three-dimensional symmetry, 665 

transformations and coordinate 
proofs, 310 

translation, 632 
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translation in the coordinate plane, 633 
transversal angle pair 
relationships, 174 
transversals, 225 
trapezoids, rhombi, and kites, 825 
triangle inequalities, 381 
trigonometric ratios, 568 
trigonometry, 610 
types of dilations, 511 
types of solids, 67 
undefined terms, 5 
vector addition, 601 
vector operations, 603 
vectors, 610 
volume of a cone, 874 
volume of a cylinder, 864 
volume of a prism, 863 
volume of a pyramid, 873 
volume of a sphere, 882 
volumes of prisms and cylinders, 903 
volumes of pyramids and cones, 903 


Kites, 443-447 
area of, 787-788, 791-795 


Kite Theorem, 443 
Klein, Felix, 633 


a 


LA (Leg-Angle) Congruence 
Theorem. See Leg-Angle (LA) 
Congruence Theorem, 284 


Labs. See Geometry Labs; Graphing 
Technology Labs; TI-Nspire™ 
Technology Labs 


Lateral area, 846 
of cones, 856-857, 858 
of cylinders, 848, 849-850, 858 
of prisms, 846-847, 849-850, 858 
of pyramids, 854-856, 858 
of regular pyramids, 854-856 


Lateral edges, 846, 854 
Lateral faces, 846, 854 
Latitude, 895 

Law of Cosines, 589-597 
Law of Cosines Theorem, 589 
Law of Detachment, 117-121 
Law of Large Numbers, 942 


Law of Sines, 588-597 
ambiguous case of, 599 


Law of Sines Theorem, 588 
Law of Syllogism, 119-121 


Leg-Angle Congruence Theorem 
(LA), 284 


Leg-Leg Congruence Theorem 
(LL), 284 


Legs 
of right triangles, 538, 547-555 
of trapezoids, 439 


Length 
of arcs, 709 
in metric units, P4—P5, P6—P7, 14 
probability ratio, 931 
in standard units, P4—-P5, P6—P7, 15 
units of, 780 


Linear equations, P11-P12 
point-slope form, 198-199, 202, 206 
slope-intercept form, 198-204 
writing, 198-204, 865 


Linear inequalities, P13-P14 
Linear measure, 14-21 
Linear pair, 46—47, 50 
Linear Pair Theorem, 152 


Lines, 2, 5-11, 13, 127-128, 215-217. 

See also Functions; Slopes 

auxiliary, 246 

concurrent, 325 

coplanar, 7 

equations of, 198-205 

graphing, 192 

horizontal, 200, 580, 624 

parallel, 173, 179, 180-186, 191, 200, 
207-214, 218, 491, 492, 493, 653 

perpendicular, 48-50, 55, 182, 191, 
200, 215-217 

of reflection, 296, 623-631 

secants, 742-743, 752, 753 

skew, 173-177 

slope of, 187, 188-196 

of symmetry, 663, 666, 668 

tangent, 732-739, 743-744 

transversals, 174-176, 493, 494 

vertical, 200, 624 

Line segments, 14—20, 25 

altitudes, 334, 337-339, 537-539, 781, 
809, 846, 854, 856 

bisecting, 29-30, 206 

chords, 697, 715-722, 723, 742, 
750, 880 

diameters, 697-700, 717, 880 


edges, 67-68, 846, 854, 964-965 
medians, 334, 335, 339 
midpoint of, 27 
missing measures, 29 
radii, 697-702, 716, 757, 807, 857, 
880-882 
slant height, 69, 854-860 
LL (Leg-Leg) Congruence Theorem. 
See Leg-Leg Congruence Theorem 
(LL), 284 
Locus, 332 
of points a given distance from a 
point, 888 
of points in a plane equidistant from a 
given point, 697 
of points in a plane equidistant from a 
fixed point and a fixed line, 765 
of points in a plane equidistant from the 
endpoints of a segment, 324 
of points in a plane equidistant from 
two parallel lines, 218 
of points that satisfy an equation, 11 
Logic Puzzles. See Matrix logic 
Logically equivalent statements, 110 
Logical reasoning, 99-105, 166, 168, 
353-354 
compound statement, 99-105 
conditional statements, 107-114, 116, 
118-120, 137, 160 
conjectures, 91, 92, 97 
conjunction statements, 99-103 
contrapositive, 109-110 
converses, 109-110, 116 
counterexamples, 94, 109, 117 
deductive reasoning, 117-124 
disjunction statements, 100-103 
flow proofs, 248, 418, 421 
inductive reasoning, 91-97, 117, 160 
inverses, 109-110 
Law of Detachment, 117-121 
Law of Syllogism, 119-121 
logical proofs, 129, 137 
negation, 99-105 
paragraph proofs, 129-130, 163, 418, 
657, 658, 720, 728, 822 
truth tables,101, 103-105, 109 
truth values, 99-101, 103-105, 
108-111 
two-column proofs, 137-141, 150, 164, 
221, 422, 712, 720, 721, 727, 728, 
729, 747, 749 
Venn diagrams, 101-105, 114, 119, 
447, 950, 957-958, 971 
Longitude, 895 


oe 


Magnifications. See Dilations 


Magnitudes 
of symmetry, 664, 667 
of vectors, 600-607 


Major arcs, 707 
Marginal frequencies, 954 


Materials 
brass fasteners, 598 
compass, 17, 39, 40, 55 
dental floss, 764 
dollar bill, 15 
isometric dot paper, 839-841 
modeling compound, 764 
note card, 598-599 
reflective device, 670-671 
string, 334 
tracing paper, 341, 546, 639, 682-683 
wax paper, 764 
Mathematical expectation, 941 
Math History Link, 68, 102, 200, 256, 
337, 417, 491, 581, 633, 708, 791, 
898, 942, 957 
Bernoulli, Jakob, 942 
Descartes, René, 417 
Eratosthenes, 581 
Euclid, 708 
Euler, Leonhard, 957 
Fermat, Pierre de, 337 
Galileo, 491 
Gauss, Johann Carl Friedrich, 256 
Germain, Sophie, 102 
Heron of Alexandria, 791 
Klein, Felix, 633 
Monge, Gaspard, 200 
Plato, 68 
Riemann, Georg F.B., 898 
Math Online. See ConnectED 
Matrix logic, 353-354 
Means, 27, 462, 537 
arithmetic, 544 
geometric, 537-545, 547, 610 
Measurement. See a/so Customary 
system; Metric system 
absolute error, 22, 24 
of angles, 38, 40, 66 
of arc lengths, 709 
area, 2, 58-60, 779-780, 781, 
787-788, 789-790, 791-793, 
798-803, 806, 807-809, 818-824, 


825, 848, 851, 864, 881, 898, 
932-933, 948 
centimeters, 14 
circumference, 58, 699-702, 857, 
881, 883 
customary system, P4—P5, P6—P7 
by adding, 15 
by subtracting, 16 
by writing and solving equations, 16 
indirect, 482, 540, 590, 755 
lateral area, 846-847, 848, 849-850, 
854-857, 858 
length, P4—P5, P6-P7, 14, 709, 716, 
780, 926, 931 
metric system, P4—P5, P6-P7, 14 
millimeters, 14 
perimeter, 2, 24, 58-60, 66, 471-472, 
780, 781 
precision, 22-24 
protractors, 17, 37, 151 
relative error, 23-24 
rulers, 14-15, 144 
surface area, 69-74, 847, 848, 
849-850, 855-858, 880, 881, 
884-885, 903 
volume, 24, 69-73, 863, 864, 865, 866, 
867, 868, 871, 873, 874-878, 882, 
883, 884, 885, 903, 936 
Medians, 334, 335, 339 
Mental Math, 59, 137, 848 
Meridians, 895 
Metric system, P4—P5, P6—P7, 14 
Mid-Chapter Quizzes, 45, 135, 197, 
274, 352, 422, 500, 579, 649, 731, 
805, 872, 938 
Midpoint Formula, 27, 206, 304, 
556-557 
Midpoints, 27-34 
Midpoint Theorem, 129 
Midsegment 
of a trapezoid, 441 
of a triangle, 491 
Millimeters, 14 
Minor arcs, 707,715 
Minutes, 895 
Monge, Gaspard, 200 
Multiple Choice, 61, 83, 86, 121, 135, 
165, 168, 232, 315, 318, 366, 385, 
388, 453, 456, 483, 550, 552, 615, 


618, 643, 689, 771, 832, 866, 910, 
972 
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Multiple representations, 11, 20, 34, 
43, 53, 63, 73, 114, 141, 149, 158, 
185, 204, 213, 222, 243, 253, 261, 
292, 301, 341, 350, 369, 379, 400, 
410, 420, 428, 437, 447, 466, 476, 
486, 498, 516, 522, 544, 554, 565, 
576, 586, 596, 630, 637, 645, 668, 
680, 703, 729, 748, 762, 785, 795, 
803, 814, 823, 843, 852, 861, 869, 
878, 893, 901, 920, 929, 945 


Multiplication 
of a vector by a scalar, 603 
Rules for Probability, 948-949 


Multiplication Property of Equality, 136 
Multi-stage experiment, 916 
Multi-step equations, P11-P12 
Multi-step problems, 830, 832 
Mutually exclusive events, 956-963 


{oF 


Navigational coordinates, 895 
Necessary conditions, 126 
Negation, 99-105 

Negative slope, 189 

Nets, 76-77, 846, 857 
Networks, 964-965 

n-gon, 57 

Nodes, 964—965 

Nonagons, 57 

Noncollinear points, 5-6, 56 
Noncollinear rays, 36 
Noncoplanar points, 5 


Non-Euclidean geometry, 890 
hyperbolic geometry, 893 
spherical geometry, 889-894 


Non-examples, 175, 530 
Nonvertical line equations, 198-205 


Note taking. See Foldables® Study 
Organizer 


Not mutually exclusive events, 
958-959 
Number lines 
distance on, 25 
midpoint on, 27, 30-32 
Numbers 
figural, 92, 96, 510 
Pythagorean triples, 548-549 
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real, 344, 556 
triangular, 510 


Number theory, 357 


- 


Oblique cones, 856 
Oblique cylinders, 848 
Oblique prisms, 846 
Oblique solids, 838 
volume of, 865 
Obtuse angles, 38, 41-43, 238 
Obtuse triangles, 237-238 
Octagons, 57 
Octahedrons, 68 
One-point perspective drawings, 10 


Open Ended. See Higher-Order-Thinking 
Problems 


Opposite rays, 36, 46 

Ordered pairs, P15—-P16 

Ordered triple, 556 

Order of operations, P10, P12 

Order of symmetry, 664, 667 

Origin, P15, 676, 757 

Orthocenter, 337-338, 339 
Orthographic drawings, 75, 840-841 


Outcomes, P8, 915-917. See also 
Probability 


oe 
Pairs 


angles, 174-176, 180, 208 
linear, 46—47, 50 
ordered, P15—-P16 
Paper folding, 245, 323, 341, 764 
Parabolas, 764—765 


Paragraph proofs, 129-130, 163, 418, 
657, 658, 720, 728, 822 

Parallel lines, 173 
angles and, 179, 180-186 
congruent parts of, 493 
distance between, 218, 221 
equations of, 200 
proportional parts of, 492 
proving, 207-214, 491 
reflections in, 652, 653 
slope of, 191 


proof, 488-489 
and systems of linear equations, 204 
and a transversal, 179, 180-185, 208 
Parallel Lines Postulate, 191 
Parallelogram method, 601 
Parallelograms, 403-411, 431 
angles of, 403 
area of, 779-780, 792 
bases of, 779 
conditions for, 413-414 
on a coordinate plane, 416 
diagonals of, 405, 423-424, 430, 558, 
791 
graphing, 412 
height of, 779 
identifying, 414 
missing measures, 415 
perimeter of, 780 
properties of, 403-405, 449 
proving relationships, 414 
rectangles, 24, 58, 68, 423-429, 449, 
465, 616 
rhombi, 430-438, 449, 787-788, 
791-795, 825 
sides of, 403 
squares, 58, 431-438, 449, 558 
tests for, 413-420, 449 
Parallel planes, 173-177 
Parallel Postulate, 208 
Parallels, 895 
Parallel vectors, 601 
Pascal’s Triangle, 510 
Paths, 965 
Patterns 
Fibonacci sequence, 468 
figural, 92, 96, 510 
making conjectures from, 91-92, 
94-96 
Pentagonal prisms, 67 
Pentagonal pyramids, 67, 854 
Pentagons, 57 
inscribed in a circle, 807 
Perimeter, 2, 58-60, 66, 472 
on coordinate planes, 60, 816-817 
of parallelograms, 780 
of rectangles, 24, 58 
of similar polygons, 471-472 
of squares, 58 
of triangles, 58, 781 


Perimeters of Similar Polygons 
Theorem, 471 


Permutations, 922-925 
with repetition, 924 
Perpendicular bisector, 206, 323, 
324-325, 339, 671 
of triangles, 339 
Perpendicular Bisector Theorem, 
324-325 
Perpendicular lines, 48-50, 55 
between a point and a line, 215-217 
equations of, 200 
slope of, 191 
proof, 488-489 
transversal of two parallel lines, 182 
Perpendicular Lines Postulate, 191 
Perpendicular Transversal 
Converse, 208 
Perpendicular Transversal 
Theorem, 182 
Personal Tutor. See ConnectED 
Perspective drawing, 842 
Pi (m), 58, 699, 703, 704 
Pisano, Leonardo (Fibonacci), 468 
Planar networks, 890 
Planes, 2, 5-11, 13, 127-128 
intersecting, 127 
lines in, 889 
parallel, 173 
perpendicular, 223 
Plane symmetry, 665 
Plato, 68 


Platonic solids, 68, 76 
cube, 68 
dodecahedrons, 68, 76 
icosahedrons, 68, 76 
octahedrons, 68, 76 
tetrahedrons, 68, 76 


Point of concurrency 
centroids, 335-336, 339 
circumcenter, 325-326, 339 
incenter, 328, 339, 740 
orthocenter, 337-338, 339 
Points, 2, 5-11, 13, 127-128, 199, 
215-217 
betweenness, 15-16 
centroids, 335-336, 339 
circumcenter, 325-336, 339 
collinear, 5, 7, 15, 36 
of concurrency, 325, 326, 335-336, 
337-338, 339, 740 
coplanar, 5, 7, 698 


distance to lines, 215-217 
endpoints, 27—28, 36, 56, 334 
incenter, 328, 339, 740 
invariant, 625 
locus of, 11, 218, 324, 697, 765, 888 
midpoints, 27-28, 78 129, 206, 304, 
416, 556-557 
noncollinear, 5-6, 56 
noncoplanar, 5 
ordered pairs, P15-P16 
orthocenter, 337-339 
of symmetry, 664 
of tangency, 732 
vanishing, 10, 842 
vertices, 36-37, 40-41, 46, 56, 67-68, 
237, 304, 854, 856 
Point-slope form, 198-199, 202, 206 
Poles, 881 


Polygon Exterior Angles Sum 
Theorem, 396-397 


Polygon Interior Angles Sum Theorem, 
393-395 


Polygons, 2, 56-63 
angles of, 393-401, 402, 807 
centers of, 806, 807 
circumscribed, 735 
classifying, 57 
concave, 56-57 
congruent, 68, 255-256 
convex, 56-57, 223, 393 
decagons, 57 
decomposing into triangles, 807 
diagonals of, 393 
dodecagons, 57 
exterior angles of, 396-397, 399 
graphing, 65-66 
heptagons, 57 
hexagons, 57 
inscribed, 725, 814 
interior angles of, 393-395, 398-399 
irregular, 57 
missing measures, 394-399, 402 
nonagons, 57 
octagons, 57 
pentagons, 57, 807 
quadrilaterals, 57, 434, 787-788, 
792, 893 
reflection of, 623 
regular, 57, 68, 394-395, 806, 
807-809, 825 
segments of, 807 
sides of, 56, 65 


similar, 469-477, 524, 818-824 
triangles, 26, 57, 58, 237-245, 
246-254, 255-263, 264-272, 
275-282, 283-284, 285-293, 
294-295, 303-309, 310, 323, 
324-333, 334, 335, 337-339, 345, 
346, 347, 363, 364-370, 381, 432, 
471, 478-487, 490-495, 501-508, 
509, 510, 524, 537-542, 542, 
547-555, 558-566, 568-577, 
588-597, 601, 610, 726, 740, 
781-782, 792, 807, 809, 854 
vertices of, 393-400 
Polyhedrons, 67-74 
bases of, 67-68 
edges of, 67-68 
faces of, 67-68 
regular, 68 
vertices of, 67-68 
Positive slope, 189 
Postulates, 127-133 
angle addition, 151-152 
angle-angle (AA) similarity, 478, 482, 
490, 568 
angle-side-angle (ASA) 
congruence, 275 
arc addition, 708 
area addition, 779 
area congruence, 781 
converse of corresponding angles, 207 
corresponding angles, 180 
parallel, 208 
perpendicular, 215 
points, lines, and planes, 127 
protractor, 151 
ruler, 144 
segment addition, 144-145 
side-angle-side (SAS) congruence, 266 
side-side-side (SSS) Congruence, 264 
slopes of parallel lines, 191 
slopes of perpendicular lines, 191 


Pre-AP. See Standardized Test Practice 
Precision, 22-24 

Predictions, 463 

Preimage, 296-301, 511, 623, 640, 675 
Preparing for Geometry. See Chapter 0 


Preparing for Standardized Tests. See 
Standardized Test Practice 


Prerequisite Skills 
Get Ready for the Chapter, P2, 3, 89, 
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171, 235, 321, 391, 459, 535, 621, work backward, 129 zero product, 782 


695, 777, 835, 913 write an equation, 48 Properties of Angle Congruence 
Skills Review, 12, 21, 35, 44, 54, 64, Product Property, P19 Theorem, 153 
74, 98, 106, 115, 125, 134, 143, 150, . ; 
159, 178, 186, 196, 205, 214, 224, Proof by negation. See Indirect proof Properties of Segment Congruence 
244, 254, 263, 272, 282, 293, 302, Proofs Theorem, 80 
309, 333, 343, 351, 362, 370, 380, algebraic, 136-137, 163 Properties of Similarity Theorem, 481 
401, 411, 421, 429, 438, 448, 467, by contradiction, 355 Properties of Similar Solids 
a a ie ae 7 coordinate, 303-309, 310, 416-417 Theorem, 897 
638, 646, 659, 669, 681, 705, 71 4, direct, 355 Properties of Triangle Congruence 
722, 730, 739, 749, 756, 763, 786, flow, 248, 418, 421 Theorem, 258 
796, 804, 815, 824, 844, 853, 862, formal, 137 Proportional parts, 492, 524 
870, 879, 887, 894, 902, 921, 930, geometric, 138, 357 : 
937, 946, 953, 963 indirect, 355-362, 721, 738 seen me 477 
Principle of superposition, 682-683 informal, 129, 886 : 
Prisms, 67, 665 paragraph, 129-130, 163, 418, 657, Protractor, 17, 37 
altitudes of, 846 658, 720, 728, 822 Protractor Postulate, 151 
heights of, 846 two-column, 137-141, 150, 164, 221, Pyramids, 24, 67, 583, 840 
lateral area of, 846-847, 849-850, 858 422,712, 720, 721, 727, 728, 729, altitudes of, 854 
oblique, 838, 846 at, ae height of, 854, 882 
pentagonal, 67 pie ea 778, 781, 789, 798, lateral area of, 854-856, 858 
rectangular, 24, 67-68, 69, 850, 863 — pentagonal, 67, 854 
right, 837, 846, 847 Properties rectangular, 67 
surface area of, 69, 846, 847, 849-850, addition, 136, 344 regular, 854-856, 859-861 
858, 903 of angle congruence, 153 surface area of, 69, 854-856, 858, 
triangular, 67, 850 associative, 138 859-861 
volume of, 69, 863, 866, 868, 875, 903 commutative, 138 triangular, 67-68 
Probability, P8—P9 comparison, 344 vertices of, 854 
combinations, 926 of congruent triangles, 258 volume of, 69, 873, 875-876, 903 
permutations, 922-925 pides padlels abe208 Pythagorean Inequality Theorem, 550 
rules of, 959-960 etic Pythagorean Theorem, 26, 142, 546, 
simple, P8-P9 seh oa 547-555, 558-559, 617, 757 
oe multiplication, 
eschewed of parallelograms, 403-405, 449 Pythagorean triples, 548-549 
Probability tree, 949 product, P19 
Problem-solving. See a/so Conjectures, of quadrilaterals, 449 Ty 


making; Problem-Solving Tips; Real- 


quotient, P19 
World Examples 


of real numbers, 136, 344 Quadratic techniques, apply, 759, 764 

Mesh lace at of rectangles, 423-424, 449 ee 

ee ee reflexive, 136, 138, 145, 153, 257, Soe 

using similar triangles, 503 258, 481 Quadrilaterals, 57, 434, 726, 893 
Problem-Solving Tips of rhombi, 430, 432, 449 missing measures, 792 

sense-making, 247 of segment congruence, 145 parallelograms, 403-411, 431 

determine reasonable answers, 482 of similarity, 481 properties of, 447 

draw a diagram, 373 of similar solids, 897 rectangles, 24, 58, 423-429 

draw a graph, 201 of squares, 432, 449 rhombi, 430-438, 787-788, 791-795 

Ques and. Cheeicioat substitution, 136, 145 a. 

make aicrawind 7) subtraction, 136, 344 eee 

make a graph, 434 symmetric, 136, 138, 145, 153, pee pel 1BI- 188, 

make a model, 865 258, 481 

solve a simpler problem, 733 transitive, 136, 138, 145-146, 153, Quick Checks, 3, 89,171, 235, 321, 391, 

use a simulation, 940 258, 344, 481 459, 535, 621, 695, 777, 835, 913 

use estimation, 675 of triangle congruence, 258 Quotient Property, P19 
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Radial symmetry, 664 
Radical expressions, P19 
Radii, 697-702, 757, 857 
perpendicular to a chord, 716 
of regular polygons, 807 
of spheres, 880-882 


Random variables, 941 
Rate of change, 189-190 


Ratios, 461-466 
cosine, 568-576, 592 
extended, 461-462 
and Fibonacci sequence, 468 
golden, 465 
length probability, 931 
proportions, 462-467, 469-476 
scale factors, 470-472, 502, 511-512, 
514, 517, 675, 676, 819 
sine, 568-577, 592 
tangent, 568-576, 592 
using similar solids to write, 898 
Rays, 36-39 
collinear, 36 
noncollinear, 36 
opposite, 36, 46 
Reading Math 
3-4-5 right triangle, 549 
abbreviations and symbols, 153 
and, 948 
apothem, 808 
circum-, 326 
complement, 959 
conditional probability, 950 
contradiction, 356 
coordinate function notation, 625 
diameter and radius, 698 
double primes, 652 
exactly one, 6 
flowchart proof, 248 
height, 865 
height of a triangle, 337 
horizontal and vertical translations, 633 
if and then, 108 
incenter, 328 
inverse trigonometric ratios, 571 
linear, 201 
midsegment, 441 
multiple inequality symbols, 365 
not false, 108 
or, 957 


perpendicular, 155, 182 

Pi (m7), 58 

proportion, 462 

ratios, 819 

rhombi, 431 

same-side interior angles, 174 
similar circles, 820 
similarity symbol, 470 
simple closed curves, 57 
solving a triangle, 591 
straight angle, 38 
substitution property, 145 
symbols, 68, 265, 441 

tree diagram notation, 916 


Real numbers 
ordered triple, 556 
properties of inequality for, 344 


Real-World Careers 
architectural engineer, 864 
athletic trainer, 502 
coach, 404 
craft artists, 790 
drafter, 6 
event planner, 540 
flight attendant, 190 
hair stylist, 93 
historical researcher, 707 
interior design, 347 
landscape architect, 216 
lighting technicians, 267 
personal trainer, 249 
photographer, 624 
statistician, 925 


Real-World Examples, 6, 17, 27, 37, 47, 
70, 93, 110, 117, 128, 137, 146, 152, 
173, 181, 190, 201, 210, 216, 238, 
247, 249, 257, 267, 277, 288, 297, 
305, 326, 336, 347, 356, 366, 373, 
395, 404, 414, 423, 424, 433, 440, 
461, 463, 470, 482, 493, 494, 503, 
512, 519, 540, 561, 570, 590, 604, 
624, 634, 654, 663, 675, 699, 708, 
715, 717, 726, 735, 744, 751, 759, 
781, 789, 798, 799, 808, 820, 840, 
849, 857, 875, 883, 890, 898, 916, 
917, 932, 933, 956, 957, 958, 960 


Real-World Links, 17, 23, 110, 119, 
146, 154, 181, 238, 247, 257, 288, 
297, 305, 326, 356, 366, 373, 395, 
414, 424, 425, 433, 440, 443, 463, 
493, 503, 512, 519, 570, 582, 590, 
604, 634, 654, 665, 699, 717, 726, 
744, 751, 759, 781, 799, 810, 820, 


840, 875, 883, 917, 924, 932, 933, 
941, 949, 958, 960 
Reasonableness, check for. 
See Study Tips 
Reasoning. See also Higher-Order- 
Thinking Problems 
deductive, 117-124 
indirect, 355 
inductive, 91-97, 117, 160 


Rectangles, 423-429 
area of, 58 
diagonals of, 423-424 
golden, 465 
perimeter of, 24, 58 
properties of, 423-424, 449 
proving relationships, 424 


Rectangular prisms, 67-68, 850 
surface area of, 69, 847 
volume of, 24, 863 


Rectangular pyramids, 67 
Rectangular solids, 556 
Reduction, 511-516, 675-676 


Reflections, 296-302, 623-631, 684 
angles of, 52 
characteristics of, 624 
glide, 301, 651, 654-655, 663 
in horizontal lines, 624 
in intersecting lines, 653, 654 
line of, 296, 623-631 
in the line y = x, 626 
minimizing distance, 624 
in parallel lines, 652, 653 
of a polygon, 623 
symmetry of, 663 
on triangles, 295 
in two lines, 654 
in vertical lines, 624 
in the x-axis, 625-626 
in the y-axis, 625-626 
Reflections in Intersecting Lines 
Theorem, 653 


Reflections in Parallel Lines 
Theorem, 652 


Reflection symmetry, 663 
Reflective device, 670-671 


Reflexive Property 
of congruence, 145, 153 
of equality, 136, 138 
of similarity, 481 
of triangle congruence, 258 
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Regular polygons, 57 
area of, 806, 807-809 
centers of, 806, 807 


Regular polyhedron, 68 


Regular pyramids, 854-856, 859-861 
lateral area of, 854-856 
surface area of, 855-856, 859-861 


Regular tessellations, 660-662 


Related conditionals, 110 
contrapositives, 109-110 
converses, 109-110, 116 
inverses, 109-110 

Relative error, 23-24 

Relative frequency, 954 

Remote interior angles, 248, 345 

Resultant vectors, 601 

Review. See Guided Practice; 

ConnectED; Prerequisite Skills; Spiral 
Review; Standardized Test Practice; 
Study Guide and Review; Vocabulary 
Check 

Review Vocabulary 
acute angle, 238 
altitude of a triangle, 538, 781 
arc, 799 
central angle, 799 
complementary angles, 152 
coordinate proof, 416 
coplanar, 698 
diagonal, 791 
equilateral triangle, 286 
exterior angle, 396 
linear pair, 152 
obtuse angle, 238 
perpendicular lines, 626 
prism, 665 
rationalizing the denominator, 559 
regular polygon, 395 
remote interior angle, 345 
right angle, 238 
supplementary angles, 152 
triangle inequality theorem, 551 
trigonometric ratios, 856 
vertical angles, 154 

Rhombi, 430-438 
area of, 787-788, 791-795 
conditions for, 432 
diagonals of, 430 
properties of, 430 432 

Riemann, Georg F.B., 898 
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Right angles, 38, 41-43, 284, 423, 424 
Right Angle Theorems, 155 
Right cones, 856 
Right cylinders, 848 
Right prisms, 846 
Right solids, 837 
Right triangles, 237-238 
30°-60°-90°, 559-564 
45°-45°-90°, 558-564 
altitudes of, 537-539 
congruence, 283-284 
congruent, 283-284 
to find distance, 26 
geometric means in, 537-539 
Hypotenuse-Angle Congruence Theorem 
(HA), 284 
Hypotenuse-Leg Congruence Theorem 
(HL), 284 
hypotenuse of, 537-539, 547-555, 
558-560 
Leg-Angle Congruence Theorem 
(LA), 284 
Leg-Leg Congruence Theorem 
(LL), 284 
legs of, 538, 547-555 
missing measures, 249, 548, 559, 571 
Pythagorean Theorem, 26, 142, 546, 
547-555, 558-559, 617, 757 
similar, 538, 568 
solving, 572-573, 575 
special, 558-566, 569, 610 
Rigid transformations, 296 
Rise. See Slopes 
Roots. See Square roots 
Rotational symmetry, 664 
Rotations, 296-300, 639, 640-646, 
654, 663 
180°, 641 
270°, 641 
90°, 641 
centers of, 640 
symmetry, 663, 664, 667-668 
on triangles, 295 
Ruler, 14-15 
Ruler Postulate, 144 
Run. See Slopes 
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Sample spaces, 915-921 


SAS (Side-Angle-Side) Congruence 
Postulate. See Side-Angle-Side (SAS) 
Congruence Postulate 


SAS Inequality Theorem. See Hinge 
Theorem 

SAS (Side-Angle-Aide) Similarity 
Theorem. See Side-Angle-Side (SAS) 
Similarity Theorem 

Scale, 518-522 

Scale drawings, 518-522 


Scale factor, 470-472, 502, 819 
of dilation, 511-512, 675 
negative, 676 


Scale models, 518-522, 820 
Scalene triangles, 238-241 
Scaling, 674 
Secant, 741-744 
graphing, 578 
Secants 
intersecting, 742-743, 752 
intersecting with a tangent, 744, 753 


Secant segments, 752 
Seconds, 895 


Sectors 
area of, 799-802 
of a circle, 799 


Segment Addition Postulate, 144-145 


Segments 

adding measures, 144-145 

altitudes, 334, 337-339, 538-539, 559, 
781, 809, 846, 854, 856 

apothem, 806, 807, 808 

bisecting, 494 

bisectors of, 29-30, 206 

chords, 697, 715-722, 723, 742, 750, 
880 

of a circle, 697 

congruent, 16-17, 19-20, 145-146, 
285-286 

diameters, 697-700, 717, 880 

edges, 67-68, 846, 854, 964-965 

hypotenuse, 26, 537-538, 547-555, 
558-559 

intersecting inside a circle, 750 

intersecting outside a circle, 752 

legs, 439, 538, 548-555 

medians, 334, 335, 339 

midpoint of, 27 

radii, 697-702, 716, 757, 807, 857, 
880-882 


relationships, 144-150 
Ruler Postulate, 144 
slant height, 69, 854-860 


Segments of Chords Theorem, 750 
Segments of Secants Theorem, 752 
Self-similarity, 509 

Semicircles, 707 

Semi-regular tessellations, 660-662 


Sense-Making. See Check for 
Reasonableness; Reasoning 
Sequences 
Fibonacci, 468 
Short Response, 21, 44, 64, 87, 115, 
125, 143, 150, 169, 178, 186, 196, 
233, 254, 282, 293, 302, 316, 319, 
333, 362, 370, 380, 389, 401, 421, 
429, 457, 477, 499, 508, 517, 523, 
533, 545, 555, 566, 587, 597, 619, 
631, 638, 646, 659, 693, 722, 730, 
739, 763, 775, 796, 804, 815, 833, 
853, 862, 870, 879, 894, 902, 909, 
911, 921, 930, 946, 963, 973 
Side-Angle-Side (SAS) Similarity 
Theorem, 479, 482 
Side-Angle-Side (SAS) Similarity, 
479-480 
Sides 
of angles, 36-37, 41, 46 
corresponding, 255, 469-471, 480 
of parallelograms, 403 
of polygons, 56, 65 
segments as sides, 37 
sides, 480 
of triangles, 238, 347, 364 
Side-Side-Side (SSS) Congruence 
Postulate, 264 
Side-Side-Side (SSS) Similarity 
Theorem, 479, 482 
Sierpinski Triangle, 509 
Significant digits, 23, 24 
Similar figures 
area of, 818-824 
missing measures, 819 
Similarity 
establishing, 684 
ratios, 469-477 
statements, 469 
transformations, 511-517, 524 
Similar polygons, 469-477, 524 
area of, 818-824 


missing measures, 471 
perimeter of, 471-472 


Similar Right Triangles Theorem, 538 
Similar solids, 896-902 


Similar triangles, 478-487, 541 
identifying, 471 
parts of, 481, 501-508 
Simplest form 
of ratios, 461 


Simulations, 939-946 
designing 
using a geometric model, 939 
using random numbers, 940 
summarizing data from, 940 
Sine ratio, 568-576, 592 
Sines, Law of, 588-597 
Sketches, 17 
Skew lines, 173-177 
Slant height, 69, 854-860 
Slide. See Translations 
Slope-intercept form, 198-204 


Slopes, 187, 188-196, 225 

negative, 189 

of parallel lines, 191 
proof, 488-489 

of perpendicular lines, 191 
proof, 488-489 

positive, 189 

undefined, 189 

zero, 189 


Small circle, 893 


Solids 

cones, 67, 69, 856, 857-858, 
874-877, 903 

congruent, 896 

cross sections of, 840 

cylinders, 67-68, 69, 848, 849-850, 
858, 864, 867, 868, 875, 903 

formed by translations, 837-838 

frustums, 861 

lateral area, 846-850, 854-858 

nets of, 76-77, 846, 857 

of revolution, 647-648 

orthographic drawings, 75, 840-841 

perspective view, 10 

Platonic, 68, 76 

polyhedrons, 67-74 

prisms, 24, 67, 69, 665, 837, 839, 
846-847, 849-850, 858, 863, 866, 
868, 875, 903 


pyramids, 24, 67-68, 69, 583, 840, 
854-856, 858, 859-861, 873 
875-876, 882 

reflection symmetry, 663 

representations of, 839-844 

similar, 896-902 

spheres, 67, 69, 880-881, 882, 
883-885, 888, 889, 903 

surface area, 69-74, 846-853, 
854-862, 880, 881, 882, 883-884, 
903 

volume, 24, 69-73, 863-870, 871, 
873-879, 882-885, 903, 936 

Solving a right triangle, 572-573, 575 
Solving a triangle, 591-592 


Solving equations 
justifying each step, 136-137 
Space, 7 
Special Segments of Similar Triangles 
Theorem, 501 
Spheres, 67 
centers of, 880-881 
chords of, 880 
diameters of, 880 
sets of points on, 889 
surface area of, 69, 880-884, 903 
that intersect, 888 
volume of, 69, 882-885, 903 


Spherical geometry, 889-894 


Spiral Review, 12, 21, 35, 44, 54, 64, 
74, 98, 106, 115, 125, 134, 143, 150, 
159, 178, 186, 196, 205, 214, 224, 
244, 254, 263, 272, 282, 293, 302, 
309, 333, 343, 351, 362, 370, 380, 
401, 411, 421, 429, 438, 448, 467, 
477, 487, 499, 508, 517, 523, 545, 
555, 566, 577, 587, 597, 608, 631, 
638, 646, 659, 669, 681, 705, 714, 
722, 730, 739, 749, 756, 763, 786, 
796, 804, 815, 824, 844, 853, 862, 
870, 879, 887, 894, 902, 921, 930, 
937, 946, 953, 963 


Spreadsheet Labs, 

Angles of Polygons, 402 

Two-Way Frequency Tables, 954-955 
Square roots, P19-P20 
Squares, 431-438 

area of, 58 

conditions for, 430, 432 

diagonals of, 558 

perimeter of, 58 

properties of, 432, 449 
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SSS (Side-Side-Side) Congurence 
Postulate. See Side-Side-Side (SSS) 
Congruence Postulate 

SSS (Side-Side-Side) Inequality 
Theorem. See Side-Side-Side (SSS) 
Inequality Theorem 

SSS (Side-Side-Side) Similarity 
Theorem. See Side-Side-Side (SSS) 
Similarity Theorem 

Standard form 

of a circle equation, 757 

Standardized Test Practice, 
84-87, 166-169, 230-233, 316-319, 
386-389, 454-457, 530-533, 
616-619, 690-693, 772-775, 
830-833, 908-911, 970-973. See 
also Extended Response; Gridded 
Response; Short Response; Worked- 
Out Examples 

Standard position, 600 


Statements, 99 
biconditional, 116 
compound, 99-105 
conditional, 107-114, 116, 118-120, 
137, 160 
congruence, 256 
disjunction, 100-103 
similarity, 469 
Straight angles, 38 
Straightedge, 17 
String, 334 
Study Guide and Review, 78-82, 
160-164, 225-228, 310-314, 
381-384, 449-452, 524-528, 
610-614, 684-688, 766-770, 
825-828, 903-906, 966-968 
Study Organizer. See Foldables® Study 
Organizer 
Study Tips 
270° rotation, 642 
360° rotation, 641 
absolute value, 743 
accuracy, 23 
additional information, 50 
additional planes, 6 
alternative method, 27, 572, 709, 742, 
855 
altitudes of isosceles triangles, 559 
ambiguous case, 589 
angle-angle-angle, 277 
angle bisector, 327 
angle relationships, 181 
arc bisectors, 716 
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argument, 119 

axiomatic system, 128 

center of dilation, 513 

characteristics of a reflection, 624 

check for reasonableness, 28, 249, 
338 

checking solutions, P18, 40, 897 

check your answer, 239 

circumcircle, 700 

clockwise rotation, 641 

common misconception, 432 

commutative and associative 
properties, 138 

comparing measures, 15 

completing the square, 758 

concentric circles, 748 

congruent angles, 405 

congruent triangles, 432 

coordinate proof, 304 

corresponding sides, 479 

determining the longest side, 550 

diagrams, 271 

dimensional analysis, P5, P7 

direction angles, 602 

distance to axes, 217 

dividing by zero, 189 

draw a diagram, 480, 857, 882 

drawing segments, 717 

drawing the shortest distance, 216 

elimination method, 217 

elliptical geometry, 890 

equidistant, 218 

estimation, 848 

Euclid’s Postulates, 208 

Euclidean Solids, 69 

experimental probability, P9 

figural patterns, 92 

finite geometries, 890 

finding what is asked for, 209 

flow proofs, 248 

formulas, 848 

geometric probability, 942 

given information, 118 

graphing calculator, 570 

great circles, 881 

heights of figures, 780 

identifying similar triangles, 471 

including a figure, 404 

indirect measurement, 582 

inscribed polygons, 725 

invariant points, 625 

irrational measures, 59 

isosceles trapezoids, 440 


isosceles triangles, 287 

isometry, 298 

key probability words, 960 

kites, 443, 792 

Law of Cosines, 589 

levels of accuracy, 700 

linear and square units, 60 

linear pair vs. supplementary 
angles, 47 

linear theorem, 152 

lines, P16 

locus, 218 

making connections, 855 

memorizing trigonometric ratios, 569 

Mental Math, 137 

midpoint formula, 416 

midsegment, 492 

midsegment triangle, 491 

multiple representations, 512 

multiplication rule, 917 

naming arcs, 707 

naming polygons, 57, 394 

negative scale factors, 676 

nonexample, 175 

obtuse angles, 590 

other proportions, 492 

overlapping figures, 268 

parallel postulate, 204 

perimeter vs. area, 58 

permutations and combinations, 926 

perpendicular bisectors, 325 

point symmetry, 664 

positive square root, 548 

precision, 22 

preimage and image, 626 

proportions, 481, 504 

proposition, 129 

proving lines parallel, 210 

Pythagorean Theorem, 26 

Pythagorean triples, 548 

quadratic techniques, 759 

randomness, 923 

random number generator, 940 

recognizing contradictions, 358 

rectangles and parallelograms, 425 

reflexive property, 257 

reorienting triangles, 538 

right angles, 304, 424 

rigid motions, 652 

SAS and SSS inequality theorem, 372 

scalar multiplication, 603 

segment bisectors, 29 


segments, 39 

segments as sides, 37 
side-side-angle, 266 

similar and congruent solids, 897 
similarity and congruence, 471 
similarity ratio, 470 

similar solids and area, 898 
simplify the theorem, 752 
slopes of perpendiculars, 191 
square and rhombus, 434 
standard form, 758 
substitution method, 219 
tangents, 762 
three-dimensional drawings, 7 
transformations, 297 

truth tables, 101 

turning the circle over, 925 
types of vectors, 601 
undefined terms, 128 

use an area model, 948 

use a proportion, 539 

use estimation, 933 

use ratios, 560 

use scale factor, 502 

using a congruence statement, 256 
using additional facts, 374 
using a ruler, 15 

vector subtraction, 603 

zero product property, 782 


Substitution method, P17 
Substitution Property of Equality, 136 


Subtraction 
finding area, 810 
to find measurements, 16 


Subtraction Property 
of equality, 136 
of inequality, 344 


Sufficient conditions, 126 


Supplementary angles, 47-48, 51, 
151-152 


Supplement Theorem, 152 


Surface area, 69-73 
of cones, 69, 856-860, 903 


of cylinders, 69, 848, 849-850, 858, 
903 

of hemispheres, 881, 884 

of prisms, 69, 846, 847, 848-850, 858, 
903 

of pyramids, 69, 854-856, 858, 903 

of rectangular prisms, 69 


of regular pyramids, 854-856, 859-861 
of solids, 858 
of spheres, 69, 880-882, 884, 903 
using great circles, 881 
Syllogism, law of, 119-121 
Symbols 
angles, 153, 346 
circle, 68 
combinations, 926 
conjunction, 100 
disjunction, 100 
factorial, 922 
inequalities, 346, 365 
negation, 100 
not congruent, 265 
not parallel to, 441 
not similar to, 470 
permutations, 923 
perpendicular lines, 48 
probability, 948, 949 
rectangle, 68 
scale factor, 511 
similar figures, 469 
triangle, 68 
Symmetric Property 
of congruence, 145, 153 
of equality, 136, 138 
of similarity, 481 
of triangle congruence, 258 


Symmetry, 663-669 
centers of, 664, 667 
lines of, 663, 666, 668 
magnitude of, 664, 667 
order of, 664, 667 
plane, 665, 667-668 
points of, 664 
radial, 664 
reflection, 663 
rotation, 663 
translation, 663 

Systems of equations 
with a circle and line, 759 
with a circle and circle, 761 
linear, P17-P18, 204 
with a parabola and line, 765 
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Tangent ratio, 568-577, 592 


Tangents, 732-739, 742-748 
to circles, 732-738 


common, 732, 734-738 
intersecting, 743-744 
intersecting with a secant, 753 
segments, 752 
to spheres, 880 

Tangent Theorem, 733 

Tangent to a Circle Theorem, 734 


Technology. See Applications; 
Calculator; Graphing Technology Labs; 
ConnectED; TI-Nspire™ 
Technology Labs 

Tessellations, 660-662 

graphing, 662 

not uniform, 660-662 
regular, 660-662 
semi-regular, 660-662 
uniform, 660-662 

Test Practice. See Standardized Test 
Practice 

Test-Taking Tips 

apply definitions and properties, 454, 
456 

coordinate plane, 265 

counterexamples, 168 

draw a diagram, 232 


eliminate unreasonable answers, 86, 
549, 910 


gridded responses, 442 

identifying nonexamples, 480 

make a drawing, 908 

mental math, 59 

multi-step problems, 832 

probability, 972 

read carefully, 318 

separating figures, 790 

set up a proportion, 532 

solve a simpler problem, 642 

testing choices, 365 

true vs. valid conclusions, 120 

use a Venn diagram, 950 

use formulas, 616, 618 

use properties, 774 

work backward, 690 

writing equations, 865 
Tetrahedrons, 68 


Theorems, 129 
30°-60°-90° Triangle, 560 
45°-45°-90° Triangle, 558 
Alternate Exterior Angles, 181 
Alternate Interior Angles, 181 
Angle-Angle-Side (AAS) 
Congruence, 276 
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Angle Bisector, 327 
Angle-Side Relationships in 
Triangles, 346 
Areas of Similar Polygons, 818 
Centroid, 335-336 
Circles, 707, 715, 716, 725, 726, 741, 
742, 743 
Circumcenter, 325-326 
Complement, 152 
Composition of lsometries, 652 
Conditions for Parallelograms, 413-414 
Conditions for Rhombi and 
Squares, 432 
Congruent Complements, 153 
Congruent Supplements, 153 
Consecutive Interior Angles, 181 
Diagonals of a Rectangle, 423-424 
Diagonals of a Rhombus, 430 
Exterior Angle, 248-249 
Exterior Angle Inequality, 345-346 
Geometric Mean (Altitude), 539 
Geometric Mean (Leg), 539 
Hinge, 371-375 
Hypotenuse-Angle Congruence, 284 
Hypotenuse-Leg Congruence, 284 
Incenter Theorem, 328 
Inscribed Angle, 723-724 
Isosceles Trapezoids, 439 
Isosceles Triangle, 285 
Kite, 443 
Law of Cosines, 589 
Law of Sines, 588 
Leg-Angle Congruence, 284 
Leg-Leg Congruence, 284 
Linear Pair Theorem, 152 
Midpoint Theorem, 129 
Perimeters of Similar Polygons, 471 
Perpendicular Bisectors, 324 
Perpendicular Transversal, 182 
Polygon Exterior Angles Sum, 396-397 
Polygon Interior Angles Sum, 393-395 
Properties of Angle Congruence, 153 
Properties of Parallelograms, 403-405 
Properties of Segment 
Congruence, 145 
Properties of Similarity, 481 
Properties of Similar Solids, 897 
Properties of Triangle Congruence, 258 
Pythagorean, 547, 550 
Pythagorean Inequality, 550 
Reflections in Intersecting Lines, 653 
Reflections in Parallel Lines, 652 
Right Angle, 155 
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Segments of Chords, 750 

Segments of Secants, 752 

Side-Angle-Side (SAS) Similarity, 479, 
482, 589 

Side-Side-Side (SSS) Similarity, 479, 
482, 590 

Similar Right Triangles, 538 

Special Segments of Similar 
Triangles, 501 

Supplement, 152 

Tangent to a Circle, 734 

Third Angles, 257 

Transitive Property of Congruence, 146 

Trapezoid Midsegment, 441 

Triangle Angle Bisector, 504 

Triangle Angle-Sum, 246-247, 257 

triangle congruence, 258 

Triangle Inequality, 364-366 

Triangle Midsegment, 491 

Triangle Proportionality, 490, 491 

Two Lines Equidistant from a 
Third, 218 

Vertical Angles, 154 


Theoretical probability, P9 
Third Angles Theorem, 257 
Three-dimensional figures, 67-74 


cones, 67, 69, 856, 857-858, 874-877, 


903 

congruent, 896 

cross sections of, 840 

cylinders, 67-68, 69, 848, 849-850, 
858, 864, 867, 868, 875, 903 

frustums, 861 

lateral area, 846-850, 854-858 

missing measures, 849 

nets of, 76, 846, 857 

orthographic drawing of, 75, 77, 
840-841 

perspective view, 10 

Platonic, 68, 76 

polyhedrons, 67-74 

prisms, 24, 67, 69, 665, 837, 839, 
846-847, 849-850, 858, 863, 866, 
868, 875, 903 

pyramids, 24, 67-68, 69, 583, 840, 
854-856, 858, 859-861, 873, 
875-876, 882 

representations of, 839-845 

similar, 896-902 

spheres, 67, 69, 880-881, 882, 
883-885, 888, 889 

surface area, 69-74, 846-853, 
854-858, 880, 881, 882, 883-884, 
903 


volume, 24, 69-73, 863-870, 871, 
873-879, 882-885, 903, 936 


TI-Nspire™ Technology Labs 
Areas of Trapezoids, Rhombi, and Kites, 
787-788 
Changing Dimensions, 871 
Congruence Transformations, 294-295 
Dilations, 672-673 


Topographic maps, 845 

Topography, 845 

Traceable network, 964—965 

Tracing paper, 341, 546, 639, 682-683 


Transformations 

compositions of, 650, 651-659, 684 

congruence, 294-295, 296-301, 623 

dilations, 301, 511-517, 672-673, 
674-681, 684 

images, 296-301, 511, 623, 675 

invariant points, 625 

isometries, 296, 298, 652, 675 

preimages, 296-301, 511, 623, 640, 675 

reflections, 296-301, 623-631, 684 

rigid, 296 

rotations in the, 296-300, 639, 
640-646, 654, 663 

similarity, 511-517, 524 

translations, 294, 296-301, 632-638, 
654, 663 

on triangles, 294-295 


Transitive Property 
of congruence, 145-146, 153 
of equality, 136, 138 
of inequality, 344 
of similarity, 481 
of triangle congruence, 258 


Translations, 296-300, 632-638, 654 
in the coordinate plane, 633 
symmetry, 663 
on triangles, 294 
with vectors, 632-637 


Transversals, 174-176 
congruent segments of, 494 
proportional segments of, 493 


Trapezoid Midsegment Theorem, 441 


Trapezoids, 439-447 
area of, 787-788, 789-790, 792-795 
bases of, 439 
diagonals of, 439-440 
height of, 791 
isosceles, 439-440 


legs of, 439 
midsegment, 441 


Tree diagram, 915-916 
Trials, P8,915 
Triangle Angle Bisector Theorem, 504 


Triangle Angle-Sum Theorem, 
246-247, 257 


Triangle Inequality Theorem, 364—366 
Triangle method, 601 


Triangle Midsegment Theorem, 
491-492 
Triangle Proportionality Theorem, 
490-491 
Triangles, 57 
30°-60°-90°, 559-564 
45°-45°-90°, 558-564 
acute, 237-243 
altitudes of, 334, 337-339, 537-539, 
559, 781, 809 
angle bisectors of, 339 
angles of, 237, 245, 246-254, 310 
area of, 58, 781, 792 
bases of, 781-782 
bisectors of, 323, 324-333 
circumscribed, 740 
Classifying, 237-243, 305, 310, 551 
congruent, 255-262, 264-272, 
275-282, 288, 294-295, 310, 432 
on a coordinate plane, 303 
decomposing polygons into, 807 
equiangular, 237-243 
equilateral, 238-242, 286-288, 310 
exterior angles of, 245, 248 
height of, 337, 781-782 
hypotenuse of, 26, 537-538, 547-555, 
558-559 
inequalities, 363, 364-370, 381 
in one, 344-350 
in two, 371-380 
inequality theorem, 551 
inscribed, 726 
interior angles of, 245 
isosceles, 238-243, 285-287, 310, 
558, 559, 809, 854 
legs of, 538, 547-555 
medians of, 334, 335, 339 
midsegment of, 491-492 
missing measures, 239, 249, 287, 304, 
782 
number of, 598-599 
obtuse, 237-238 


Pascal’s, 510 
perimeter of, 58, 781 
perpendicular bisectors of, 339 
points in, 339 
position on coordinate plane, 303 
proportionality, 490-491 
reflections in, 295, 296-301 
reorienting, 538 
right, 26, 237-243, 249, 283-284, 
537-539, 548, 549, 558-566, 569, 
571, 610 
rotations in, 295, 296-301 
scalene, 238-241 
sides of, 238, 347, 364 
Sierpinski, 509 
similar, 471, 478-487, 501-508, 524, 
538, 541, 568 
solving, 591-592, 594, 599 
special segments in, 381 
transformations on, 294-295 
translations in, 294, 296-301 
vertices of, 237, 304 
Triangular numbers, 510 
Triangular prisms, 67, 850 
Triangular pyramids, 67-69 
Triangulation, 344 
Trigonometric ratios, 568-577 
cosine, 568-576, 592 
finding direction of a vector, 602, 604 
graphing, 567 
sine, 568-576, 592 
tangent, 568-577, 592 
Trigonometry, 567, 568-577 
calculating height, 581-585 
cosine, 568-576, 592 
Law of Cosines, 589-597 
Law of Sines, 588-597 
sine, 568-576, 592 
tangent, 568-577, 592 
Truth table, 101, 103-105, 108, 109 


Truth value, 99-101, 103-105, 
108-111 


Turn. See Rotations 


Two-column proofs, 137-141, 150, 
164, 221, 422, 712, 720, 721, 727, 
728, 729, 747, 749 


Two-dimensional figures, 56-64, 
65-66 
circles, 697-705 
decagons, 57 
dodecagons, 57 


heptagons, 57 

hexagons, 57 

nonagons, 57 

octagons, 57 

pentagons, 57, 806, 807 

polygons, 56-64 

quadrilaterals, 57, 434, 787-788, 
792, 893 

symmetry in, 663 

triangles, 26, 246-254, 255-263, 
264-272, 275-282, 283-284, 
285-288, 294-295, 303-309, 310, 
334, 335-343, 344-351, 371-380, 
381, 432, 471, 478-487, 490-495, 
501-508, 524, 537-545, 547-555, 
558-566, 568, 569, 571, 591-592, 
594, 601, 610, 726, 740, 781-786, 
807, 809, 854 


Two Lines Equidistant from a Third 
Theorem, 218 

Two-point perspective drawings, 10 

Two-stage experiment, 916 

Two-way frequency table, 954-955 


- 


Undefined slope, 189 

Undefined term, 5 

Uniform tessellations, 660-662 

Union of Venn diagram, 102 

Unit analysis. See Dimensional analysis 


+ 


Vanishing point, 10, 842 


Vectors, 600-608 
adding, 601, 603, 609 
algebraic, 603 
component form of, 602 
commutative property with, 607 
direction of, 600-607 
equivalent, 601 
initial point of, 600 
magnitude of, 600-607 
multiplying by a scalar, 603 
operations with, 603 
opposite, 601, 603 
parallel, 601 
resultant, 601 
standard position of, 602 
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subtracting, 601, 603 
terminal point of, 600 
translation, 632-637 


Venn diagram, 101-105, 114, 119, 447, 


950, 957-958, 971 
vertex, 36 
Vertex angles, 285 
Vertical angles, 46-47, 154-155 
Vertical Angles Theorem, 154-155 


Vertical lines 
equations of, 200 
reflection in, 624 


Vertices 
of angles, 36-37, 40-41, 46 
of cones, 856 
corresponding, 255 
of a polygon, 56 
of polygons, 393-400 
of polyhedrons, 67-68 
of pyramids, 854 
of triangles, 237, 304 
Vocabulary Check, 78, 160, 225, 310, 
381, 449, 524, 610, 684, 766, 825, 
903, 966 
Vocabulary Link 
counterexamples, 94 
inscribed, 724 
intersection, 101 
symmetric, 145 
union, 102 
Volume, 24, 69-73, 936 
changing dimensions and, 871 
of cones, 69, 874-877, 903 
of cylinders, 69, 864, 867, 868, 
875, 903 
of hemispheres, 882, 884 
of oblique solids, 865 


of prisms, 69, 863, 866, 868, 875, 903 


of pyramids, 69, 873, 875-876, 903 
of rectangular prisms, 24, 863 
of solids, 875 


of spheres, 69, 882-885, 903 
informal proof, 886 
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Watch Out! 


analyzing conditionals, 109 

angles of elevation and 
depression, 581 

approximation, 572 

arc length, 709 

area of hemisphere, 881 

area of regular polygon, 808 

bases, 858 

Classify before measuring, 38 

conditional notation, 949 

cross-sectional area, 864 

dividing by a negative, P14 

equal vs. congruent, 16 

height vs. slant height, 69 

identifying circumscribed polygons, 735 

identifying side opposite, 345 

negation, 100 

order of composition, 653 

order of operations, P12, 589 

parallelograms, 415 

parallel vs. skew, 174 

perimeter, 472 

proof by contradiction vs. 
counterexample, 357 

rationalizing the denominator, P20 

right prisms, 847 

rounding, 591 

substituting negative coordinates, 199 

symbols for angles and 
inequalities, 346 

use the correct equation, 752 

volumes of cones, 874 

writing ratios, 819 


Web site. See ConnectED 


Which One Doesn’t Belong?. See 
Higher-Order-Thinking Problems 


Work backward, 690 


Worked-Out Solutions. See Selected 
Answers 


Writing in Math. See Higher-Order- 
Thinking Problems 


X-axis 


reflection in, 625-626 
x-coordinate, P15 


= y 
y-axis 


reflection in, 625-626 
y-coordinate, P15 
y-intercept, 198 


a. 


Zero slope, 189 


[ Formulas 


Coordinate Geometry 


Slope 
Distance on a number line: 


Distance on a coordinate plane: 
Distance in space: 

Distance arc length: 

Midpoint on a number line: 


Midpoint on a coordinate plane: 


Midpoint in space: 


aan 
a= Xo — Xy 
d= |a-)D 


d= \/(X)—%)° + (Yo — Hy)? 
d= \/(X2 — X41)? + Yo —N)* + (2. — 41)* 


l= 35° 20r 

_ a+b 

ss 2 

— (mH +% = he) 

m= | 2 7’ 2 

m= (47% Vi + Vo 574 
~ 2°’ 2° 2 


Perimeter and Circumference 


square P=As rectangle P=2€+4 2w circle C= 2nror C= 7d 
Area 
square A=s* triangle A= 4h 
rectangle A= wor A= bh regular polygon A= 4Pa 
parallelogram A= bh circle A=nr 
trapezoid A= ab, + by) sector of a circle A= aan - mr? 
rhombus A= 4d,d, or A= bh 
Lateral Surface Area 
prism L=Ph pyramid L= Pe 
cylinder L=2trh cone L=7r 
Total Surface Area 
prism S=Ph+ 2B cone S=nel+nr 
cylinder S = 2nrh + 2nr? sphere $= 4nr’ 
pyramid $= + Pe +B 
Volume 
cube V=s° pyramid V= =Bh 
rectangular prism V= éwh cone V= anr7h 
prism V= Bh sphere V= nr 
cylinder V=nr2h 
Equations for Figures on a Coordinate Plane 
slope-intercept form of aline y= mx-+ b circle (x— AP +y—he? =P? 
point-slope form of a line Y— Vy = mx — X,) 
Trigonometry 
Law of Sines sinA _ sinB _ sin€ Law of Cosines a2 = b2 + c2 — 2becos A 
a b c b’ = a? + c? — 2accos B 
\ Pythagorean Theorem a+ b? = c? c? = a + b*— 2abcosC _) 


Symbols 


. ; => magnitude of the vector 
# is not equal to | is parallel to | AB | fromAinB 
zy is approximately equal to i is not parallel to A the image of preimage A 
= is congruent to HE is perpendicular to = is mapped onto 
is similar to A triangle ©A circle with center A 
is greater than, is greater ; 
Z,& angle, angles >= than or equal to wT pi 
Pee degree measure of ZA ae is less than, is less than or AB minor arc with endpoints A 
equal to and B 
° degree (| parallelogram ABC ie cen endpolnis: 
7B line containing points A and B n-gon polygon with n sides mAB degree measure of arc AB 
AB a witvendponis 4 a:b ratio of ato b Kx) f of x, the value of fat x 
7s ray with endpoint A ‘ , 
AB containing B (x, y) ordered pair ! factorial 
measure of AB, distance permutation of n objects 
se between points A and B eye), “oldetaditilple Ar taken rata time 
. : ; combination of n objects 
~p negation of p, not p sinx sine of x Cr taken rata'tine 
PAQq__ conjunction of p and q cos xX cosine of x P(A) probability of A 
eee the probability of A given that 
pV q__ disjunction of p and q tan x tangent of x P(A|B) Bhas already occurred 
_ conditional statement, Zz eciors 
p q if p then q 
biconditional statement, p if —_ 
PG ang only if ¢ AB vector from A to B 
\ d 
| Measures 
Metric Customary 
Length 
1 kilometer (km) = 1000 meters (m) 1 mile (mi) = 1760 yards (yd) 
1 meter = 100 centimeters (cm) 1 mile = 5280 feet (ft) 
1 centimeter = 10 millimeters (mm) 1 yard = 3 feet 
1 yard = 36 inches (in.) 
1 foot = 12 inches 
Volume and Capacity 
1 liter (L) = 1000 milliliters (mL) 1 gallon (gal) = 4 quarts (qt) 
1 kiloliter (kL) = 1000 liters 1 gallon = 128 fluid ounces (fl 0z) 
1 quart = 2 pints (pt) 
1 pint = 2 cups (c) 
1 cup = 8 fluid ounces 
Weight and Mass 
1 kilogram (kg) = 1000 grams (g) 1 ton (T) = 2000 pounds (Ib) 
1 gram = 1000 milligrams (mg) 1 pound = 16 ounces (02) 
1 metric ton (t) = 1000 kilograms 
x y 


